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Abstract

In this project, we explore how observational type theory, in particular Pujet’s TT" system, can
be implemented in Haskell. We use the normalisation by evaluation technique to produce an effi-
cient normalisation function, which in turn is used to implement a bidirectional type checker. We
then extend the core TT°™ calculus with quotient types and inductive types, allowing for greater
expressivity. To better the practicality of using the system also explore various proof-assistant
features, notably pattern unification for inferring terms which can be deduced from context. For
way of evaluation, we implement proofs within the system to exemplify the capabilities of the

implementation.
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Chapter 1
Introduction

Dependent type theories provide a framework for expressing programs with precise constraints,
with proofs of correctness directly part of the program itself. Alternatively, they are a language for
higher-order constructive logic associated with a mechanical procedure for checking correctness of
proofs. This project details the implementation of a type checker for a dependent type theory with
observational equality, called TT™ [1, 2]. By implementing this type system, we can automatically
check correctness of proofs.

Central to dependent type theory is a relation for deciding when two terms are equal. We
introduce a relation of definitional equalities which are simple enough to decide automatically. In
general, semantic equality between arbitrary terms is undecidable, so we introduce an notion of
propositional equality, living in the system itself.

Observational equality [3] is one formulation of propositional equality. It encodes computation
of equality types: equalities reduce to their components, meaning proofs are broken down. We
prove equality between terms by their observable behaviour, instead of how they were constructed.
Observational equality behaves well with proof-irrelevance, where certain types contain at most
one inhabitant with no computational meaning. When equality types are irrelevant, we recover
canonicity of equalities by asserting that all proofs are equal. We also recover desirable properties
which are impossible to prove in other settings, including function extensionality of proposition
extensionality.

We explore how to apply normalisation by evaluation (NbE) [4] to observational type the-
ory. NbE is a technique for efficiently computing normal forms of open terms by avoiding naive
substitution.

Of particular interest is dealing with the proof-irrelevant layer of TT°®. As propositional
proofs do not reduce, they require special treatment. We develop a novel technique for dealing
with propositions in NbE in Section 3.2.3.

We first implement the core of TT°*, which includes the only the essential components neces-
sary. We design bidirectional typing rules and implement a type-checker (Section 3.3). Conversion
checking — deciding convertibility of terms — compares normal forms of terms computed using
NbE (Section 3.2). Next, we extend TT with a richer type system including quotient types

(Section 3.4) and inductive types (Section 3.5). Quotients allow us to maximally exploit observa-



tional equality, by defining custom equivalence relations on types, and inductive types provide
recursive data-structures with induction principles.

We then add pattern unification, a tool for automatically inferring terms which are uniquely
determined from the surrounding context (Section 3.6). This does not extend the type theory

itself, but improves the practicality of writing programs.

1.1 Related work

Normalisation by evaluation, both typed and untyped, is described in [4], also for dependent types.
The implementation style for evaluation and bidirectional type-checking is based upon Andras
Kovacs’ elaboration-zoo [5]. This is an extension of Coquand’s algorithm for type-checking
dependent types [6].

In [7], Fiore constructs a typed NbE algorithm from a categorical account. This is later
translated into Agda code.

Abel et. al. [8] describe normalisation in the presence of proof-irrelevance. They introduce
a special semantic value which canonically inhabits any proof-irrelevant type. This amounts to
proof erasure: proof witnesses are erased during evaluation.

TT°™ is given by Pujet and Tabareau in [1] and [2]. Metatheory and decidability are their
primary focusses. They also gives the typing rules and theory behind quotient types and non-
recursive inductive, which we build upon here.

Another earlier observational type theory was given by Altenkirch et. al. [9]. This paper gives
the first example of an observational type theory, which reduces compromises from intensional
and extensional type theories. TT°™ is inspired by this work, and in particular adds definitional

equality within proof-irrelevant types.


https://github.com/AndrasKovacs/elaboration-zoo

Chapter 2
Background

In this chapter, we give the necessary background on dependent type theory in Section 2.1 and

normalisation by evaluation in Section 2.5 required for the following chapters.

2.1 Dependent type theory

Before introducing dependent type theory, consider the following grammar for the simply typed

lambda calculus with syntax for types and terms respectively.

AB:=T|L|N|AxB|A—B
t,buz=x | % |abort t |0 | St|rec(t,0—ty;Sx—ts)| (t;u)|[fstt|sndt| e t]|tu

T is the unit type with one inhabitant, %, L is the uninhabited type with elimination principle
abort, and N is the type of Peano numbers generated by 0 and S, with a recursion principle rec.
Variables are placeholders which are substituted for other terms. We write t[u/xz] for the term ¢
with each free occurrence of x replaced by wu.

We generally use the convention of uppercase Latin letters, A, B, C, etc. for types and
lowercase Latin letters ¢, u, v, etc. for terms. Variables use letters z, y and z. We make a visual
distinction between object-language syntax using bold text (e.g. abort) and meta-language syntax
using sans-serif (e.g. Tm).

In a dependent type system, types depend on terms. A prominent example is dependent
function types, which allow the codomain type to depend on the value of the argument. We also
allow types and terms to depend on types and terms, giving the Calculus of Constructions [10].

Consider the following grammar from which we construct a dependent type system.

A Bty == x Variable
| = | T Unit
| abortt¢| L Empty
| 0|St]|rec[z.C|(t,0 = to;(S =) y — ts) | N Natural numbers
| (t;u) |fstt|sndt|X(z:A). B Dependent sums
| Az.t|tul|ll(z:A).B Dependent products
Iz Universe



Product and function types are replaced with ¥ and II types, their dependent analogues®. Both
of these forms introduce a variable x into B, expressing a dependency. There is a new term, U,
representing the universe of types, also referred to as a sort. As types are now terms, they too
must be typeable. Natural number recursion includes a motive [z. C], which is an indexed return
type, or an induction hypothese. This makes rec an induction principle.

Next, we introduce typing rules for these terms. We have three kinds of rules: formation rules,
checking a type is valid, introduction forms, describing construction of a type, and elimination
forms for using a value of a type. The context I" binds free variables in both the term and the
type in a judgement I' - ¢ : A.

Consider the rules for II-types.

II-ForM
'-A:U Ie:A-B: U

'FIl(x:A).B:U

II-INTRO II-Erim
Nx:A+Ft: B Pt 1(z: A). B F'Fu:A
F'FXe.t:Il(z:A). B ['Ftwu: Blu/x]

The formation rule says II(x : A). B has type U (read: is a type) when A is a type, and B is a
family of types indexed by A. The introduction rule says ¢t must have type B in the extended
context I',x : A. This implies B lives in the context I',x : A: it is allowed to depend on the
argument to the function. Application substitutes the argument u for = in the return type, B.

Next we create typing rules for natural numbers.

N-FORM N-INTRO-0 N-INTRO-S
'Ht:N
'-N:U I'FO:N I'FSt:N

N-ELIM
Iz:NFC: U 'Ft:N ['Fty:Cl0/7] Iy :Nyy:Cle/z|Fts: C[S x/z]

I'Frecz.C](t,0 — to; (S x) y — ts) : C[t/z]

The formation and introduction rules are as expected. The induction principle is more involved.
to is the base case. Indeed, it is an element of the motive at 0. tg is the inductive step. It
acts generically in a natural number, x, and accesses the hypothesis through the variable y. It
produces an element at index S x. Finally, the argument ¢ picks out the inductively generated
value at index t. This is computed by applying the inductive step to the base value t times.

As U is itself a term, it has a typing rule.

U-FOrRM

reu:-uU

This in fact leads to inconsistency in the system through the Burali-Forti paradox [11]. We

!Confusingly, dependent sums (X-types) are the analogue of products.



ignore this problem here, noting it is resolved by introducing a countable hierarchy of universes

of increasing size — each universe satisfies U; : U; 11, so no universe contains itself.

2.1.1 Definitional equality

Up to this point, we cannot convert types. For example, consider terms f : II(x : T).T and
w: (Ax.T) x. We want to judge u : T, as (A\x.T) % computes to T, making f u : T valid. In
other words, (Az.T) % should be equal to T. To address this, we introduce definitional equality,
't =wu: A, which says t and u, both having type A, are equal. With this, we introduce another
typing rule

Conv

't A 'FA=B:U

I'Ht:B

On terms, definitional equality is Sn-equivalence.

T-n
I'Ht=u: T

N-fo

I'Frec[z.C](0,0 — to; (S z) y — tg) =ty : C[0/ 2]

N-fg
rec, = rec[z.C|(t,0 — to; (S z) y — ts)

['Frec[z.C](S t,0 — to; (S x) y — tg) = tg[t/z,rec,/y] : C[S t/z]

X-p1 - >-n

CHfst (t;uy=t: A T Fsod (t;u) =u: Blt/z] I'F(fst t;snd t) =t:X(z: A). B

1I-5 II-n

I'F (A\z. t) u=tlu/z] : Blu/x] F'FXe.ta=t:1l(z:A). B

[-rules correspond to reduction of terms, where an elimination form is adjacent to an introduction
form. n-rules correspond to unicity principles: they exhibit the canonical form inhabiting a
certain type (e.g. T-n shows x is the only inhabitant of T). We do not have a n-rules for positive
types: such laws enforce canonical forms, but are expensive when deciding this relation, or even
undecidable. These rules define an equivalence relation on terms, however the S-rules are written
suggestively indicating reduction when read left-to-right.

Alongside these rules, we need congruence rules allowing definitional equality to act recursively

10



on terms. For example, the following computes the term inside a projection when it is not a pair.

CoNG-fst
F'Ft=u:%(x: A). B

ITHfstt=1fstu: A

Definitional equality on types computes by recursively comparing the subterms.

T-CoNv N-Conv U-CONV

r=tT=7T:U I'EN=N:U r-u=u:u

II-Conv
rA=A":U [,2:AF Blz/x] = B'[z/2']: U

FHEI(z:A). B=(' - A"). B :U

Y-type equality takes the same form as II-type equality. For deciding definitional equality between
[I-types, we check the domains are equal under I'; and the codomains are equal under I' extended
with a fresh variable of type A. Note that B’ is well-typed under I', x : A’, but z has type A, so
this substitution is only well-typed after establishing A = A’.

One final rule to tie this judgement together variable equality.

VAR-CONV

'Fe=2x:A

This states that all variables are definitionally equal to themselves. In general different variables

are not convertible.

2.2 Observational type theory

Observational type theory gives a notion of propositional equality. For an account of inductive
equality, see Appendix A. The motivating idea is to equate terms using their observable behaviour
instead of a uniform construction [9]. Using this, we add axioms like function and proposition
extensionality to the system, without problems with normalisation. We enjoy canonicity due to

proof-irrelevance.

2.2.1 Proof irrelevance

Before introducing observational equality, we require proof-irrelevant propositions to create types
serving only as propositions. As mentioned in Section 2.1, (proof-relevant) types have sort . We
introduce another sort, €2, of proof-irrelevant types. To axiomatise irrelevance, we introduce the
following definitional equality rule

Q-IRRELEVANCE

'EA:Q 't A 'Fu:A

'Ft=u:A

11



which says if two terms ¢ and u both have type A, which is a propositition (it has sort €2), then ¢
and u are equal. Therefore, we cannot distinguish between proofs, so their content is irrelevant,

implying proof-irrelevant types are subsingletons with at most one inhabitant.

2.2.2 Propositional logic

To define observational equality, we require additional machinery. We have a propositional uni-
verse containing proof-irrelevant types serving as propositions, however we have not discussed
how to construct them.

First, we repurpose T and L to act as true and false propositions (meaning they now live in
2) since they are already subsingletons.

Dependent logical implication and universal quantification are given by Il-types. We extend

[I-types with the ability to map between sorts.

II-ForMm
'FA:s Mrx,AFB:§

FF1(z:s A). B: s’

The symbol s is used for an arbitrary sort, U or 2.

Note that the context and II type include sort annotations, which are omitted when clear.

Dependent implication is given when both the sorts are €2: it is a map from propositions to
propositions. Universal quantification is given when the domain is relevant: the type represents
an indexed family of propositions, and an inhabitant is a mapping from any element of the domain
to a corresponding proof. Note that the sort of a II-type is given by the codomain sort, so both
implication and universal quantification are propositions.

We extend X-types in a similar manner. We reserve the notation of >-types for proof-relevant

dependent pairs, and introduce 3 for propositional dependent pairs.

J-FOrRM
'FA:s e AFB:Q

F'F3(x: A). B:Q

When s is 2, we obtain dependent logical conjunction. When s is U, we instead have existential

quantification.

2.2.3 Observational equality

Observational equality is introduced as a family of types.

EqQ-ForMm EqQ-INTRO
AU 'kt A 'Fu:A '-A:U 'H¢t: A
F"tNAUZQ Fl—reﬂt:tNAt

12



EQ-ELiMm
't: A

Dx:Ap:t~pgabC:Q C'Fw:Clt/x,refl t/p F-t:A FFe:it~yt
[+ transp(t,z p. C,u,t’,e) : C[t'/x,u/p]

We have a transport operator, transp for manipulating irrelevant proofs. This transports a
proof u, along a proof of equality, e. This is strong enough to prove that ~,4 is a congruence: an
equivalence relation supporting function application either side of the equality. To manipulate

proof-relevant content via equality, we introduce a casting operator.

CAST
I'FA:s I'FB:s I'te:A~, B I'Ft: A

['F cast(A, B,e,t): B

Casting works with both proof-relevant and propositional types, though the latter is subsumed
by transp.

An important observation is that casts and transports do not compute on refl like J does with
inductive. This is a feature of irrelevance: we care only that we have an equality proof, not that
it is reflexivity.

Next, we discuss the definitional equalities associated with observational equality. The ob-
servational equality type ¢t ~4 u behaves differently from other types we have seen. Equalities
reduce by decomposition into smaller components.

We give some of the rules for how equalities reduce (recall that reduction is expressed through

definitional equality). First, consider equalities concerning the natural numbers type.

EQ-N EQ-0 EQ-S

N~y N=T:Q FFO~yO0=T:0Q F'FSn~ySn'=n~yn:Q
EQ-5-0 EQ-0-S
'-Sn~y0=1:9Q 0~y Sn=1L:Q

Viewing propositions logically, T is the type of a true proposition, and L represents falsehood.
Thus, saying 0 ~y 0 reduces to T is means it holds trivially. Similarly, 0 ~y S n reducing to L
means 0 ~y S n is uninhabited: there are no proofs of this equality.
Next we define observational equality rules for 1I and X types.
EqQ-II
a = cast(A', A, e,a)
PEI(z:s A). By (2 g A'). B'=3(e: A" ~; A). 11(d' : A'). Bla/x] ~y B'ld' /'] : Q

EqQ-Fun

' frneapg=Il(a:A). fa~pamga:Q

13



EQ-Q

TFPraQ=(P=Q)AQ—P):Q

EQ-X¥
a' = cast(A, A e a)

I'EY(z: A). By X2l A BB=3(e: A~y A'). l(a: A). Bla/x] ~y B'ld’ /2] : Q

EQ-PAIR
ap B e = transp(fst ¢,z . Blfst t/z] ~y Blz/x],refl B[fst t/z], fst u, e)
ty = cast(B[fst t/x], B[fst u/z],ap B e,snd t)

I'Et~seaypu=3(e: st t ~yfst u). ty ~prst u/e) snd u:

The rule EQ-II says equality of II-types is equivalent to showing that their domains are equal,
and for any argument a’ : A/, their codomains are equal®>. EQ-X computes similarly, but with a
symmetric proof. The rule EQ-FUN says proving functions f and ¢ are equal is equivalent to a
proof of pointwise equality. We note that this is precisely function extensionality, posed as a def-
initional axiom: the original motivation for pursuing observational equality. We equate functions
observationally by saying they are equal when they have the same observable behaviour. EQ-{2
axiomatises propositional extensionality: equality of propositions is equivalent to bi-implication —
we denote non-dependent conjunction 3(_ : A). B by A A B. EQ-PAIR says equality of pairs is
a pair of proofs that the first and second components are equal. We use ap (implemented using
transp) to apply the type family B to either side of the equality e.

Other rules for observational equality reduction are similar, with composite propositions
equated with the appropriate combination of their components, trivial propositions equating

to T and false propositions equating to L.

2.2.4 Casting rules

Casts between relevant types also reduce. As a simple example, we consider casting in the natural

numbers.
CAsT-0 CAsT-S
'k cast(N,N,e,0)=0:N 'k cast(N,N,e, S n) =S (cast(N,N,e,n)) : N

These rules simply proceed by recursion on the structure of the given number. This anticipates

more general positive types appearing later on.

2We could equivalently formulate this symmetrically, with a proof e : A ~ A’. The chosen direction is more
convenient, as functions are contravariant in their domains.

14



There are casting rules for II and X types.
Cast-11
a = cast(A', A, fst e, a)
I'Fcast(Il(z: A). B, II(z' : A"). B'je, f) =
Ad'. cast(Bla/x], B'[d'/z],snd e ', f a) : II(2' : A"). B

CAST-X
a' = cast(A, A, fst e, fst t)

['Fcast(X(x: A). B,X(x' : A'). B' e, t) = (d’; cast(B|fst t/z], B[a'/x],snd e (fst t),snd t))

Propositional equality types between II and ¥ types reduce, so the projections extract their sub-
proofs. In each case, the second projection is a family of proofs, so we apply an argument to
extract a particular proof.

The general form of casts on positive types is to determine the head constructor of the term,
and then use the same constructor to build a new term, proceeding to recursively cast the sub-
terms. For negative types with a canonical introduction form (e.g. Il and ¥), the 7 laws let us
preemptively determine the head constructor by n-expanding the term being cast.

When casting a type between equal universes, cast also reduces.

CAST-UNIV

['F cast(s,s,e,A)=A:s
It seems natural to add a rule to reduce casts whenever the two types are definitionally equal;
after all, the term is already typeable under the target type. We might propose the rule
CaAsT-EQ
rA=A":U
'k cast(A A e t)=t: A

which subsumes many previous rules. However, this rule is problematic as it stands. If this rule
is treated as a reduction, then there are multiple paths to reduce some cast expressions, which
breaks determinism?®. It also makes reduction and conversion checking mutually recursive.

Alternatively, this rule can exist within the conversion checking procedure, but this necessi-
tates backtracking. We opt for this strategy here.

Another alternative is to add a propositional constant which witnesses this equality [1].

2.3 Quotient types

Quotient types allow us to exploit the setoid structure of types [1] by explicitly defining an
equivalence relation over a pre-existing type. Types formed from a quotient must obey this
artificial equivalence relation as if it were observational equality.

Quotient types are formed constructively from an underlying (proof-relevant) base type, a

3At this point we have no distinction between reduction and definitional equality. Mathematically, they play
the same role, so this foreshadows future concerns.
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binary relation on this type and a proof that this relation is an equivalence. Let A be the base
type. A binary relation on A is a function R : A — A — Q — each pair of elements maps to a
proposition which is either inhabited or not, making R a predicate. We require an explicit proof
that R is an equivalence relation.

The syntax for quotient types is as follows.

A/(zy. R,x R,z y zRy. Rs,x y z 2Ry yRz. R;)
We use the shorthand notation A/R.
Quotient formation is typed by the following rule.

QUOTIENT-FORM
AU Dx:Ay:AFR:Q I'Vo: AF R, : R[x,x]
Uyz:Avy: A zRy: Rlx,y| F Rs: Rly, z]
Doo:Ay:Az: A zRy: Rlz,y|,yRz: Rly,z] + Ry : R[z, 2]

'FA/(zy. R,z. R,z y zRy. Rs,xvy z tRy yRz. Ry) : U

We first check that A is a relevant type, and R is a binary relation over A. The proof term R,
is indexed over an arbitrary x : A, acting as a generic proof of reflexivity. The proofs R, and R;
act similarly, and symmetrise and compose proofs respectively.

Terms of the quotient type are introduced by 7 ¢, which projects a term ¢ of the base type
into the quotient. The equivalence relation divides the underlying type into equivalence classes
of related elements; projection sends an element to its equivalence class. The typing rule is as
follows.

QUOTIENT-INTRO
'Et: A
'kFnt:A/R

Finally, elimination is given by the term

Q-elim|z. B|(z. t;,x y zRy. t,u)

Elimination is a map out of the underlying type which preserves the equivalence relation. Con-
structively, this means associating the map with a proof that related elements in the quotient
map to observationally equal elements of the codomain.

QUOTIENT-ELIM

BlzRy| £ transp(7 =,z . B[t 2] ~, B[z],refl B[r z], 7 y, zRy)
I''z:A/R-B:s I'Voe: At : Blr x]
Do Ay A xRy : Rlx,y] - to : cast(B[r x|, B[m y|, BlzRy|,tx ) ~Bx 4 (tx y)
I'Fu:A/R
I'F Q-elim|z. B](z. t;,x y zRy. t.,u) : B[r u

The term t, is the dependent map out of the underlying type A. t. is the proof that the
equivalence relation is respected as observational equality in the codomain. This way, we enforce

the opacity of quotient types: distinct elements from A might both be projected into A/R, but if

16



they are related by R, they are no longer distinguishable.
Here, we treated xRy : R[z,y] as a proof of m & ~4/r 7 y to create a proof B[r x| ~; Bl y].

To justify this, we introduce observational equality rules for quotients in the following section.

2.3.1 Observational equality for quotient types

To integrate quotient types with observational type theory, we need to specify how observational
equality and casting behaves on them.

Between two quotient types, observational equality reduces to a composite equality between
the components: equality between the underlying types and the relations. The equivalence proofs
are irrelevant, and therefore trivially equal. The rule encapsulating this is

QUOTIENT-EQ
v’ 2 cast(A, A' e, x) y = cast(A, A e, y)
I'FA/R~y A /R =3(e: A~y A'). Tl(x 15 A)1(y :s A).R[z,y] ~q R'[2', 9]

which steps to a dependent proof-irrelevant conjunction of proofs that the base types are equal,
and at any pair of elements, the relations are equal.

Equality on projected terms resolves to the equivalence relation R. This unifies the artifi-
cial equivalence relation with the observational-equality-induced setoid structure, justifying the

QUOTIENT-ELIM rule.

QUOTIENT-PROJ-EQ

IE7mte~apmu= Rt
We also have a casting rule between projected elements.

QUOTIENT-PROJ-CAST

[+ cast(A/R, A" /R je,m t) =7 (cast(A, A, fst e, 1))

We reduce casts when the term being cast reaches a normal form, by pushing the cast under the
projection. To do so, we project the first component of the equality proof e, where e is a pair of

proofs between the base types and the relations.

2.4 Inductive types

Inductive types are recursively-defined positive types with named constructors. Indezed inductive
types are type families parameterised by an index type A. Each constructor specifies the index
of the value it constructs and recursive occurences may use different indices.

We start with some simple examples.

Example 2.4.1 (Length indexed vectors). Consider the type Vecn of length n vectors of natural

numbers. We define the following inductive type.
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uVee : N —U.
[ Nil: Vec 0
; Cons:1Il(n:N). N— Vecn — Vec (S n)
]

The Nil constructor creates a O-length vector as it contains no data. The Cons constructor takes
a number and a length n vector to create a length n + 1 vector. As we work in a constructive

setting, we also require the witness n to be present in the constructor.

Our inductive types are first-class [12, 13] meaning we can bind them to variables, pass them
into functions and generally treat them as any other value. Terms representing inductive type

have the following form:

pF:A—=U. [C;: (2 B) = F a

The variable F' is bound by u. A represents the index type. We have a finite set of constructors,
each with a name Cj, data of type B;, and an index a;, which depends on the data through z;.
The F' at the end of each constructor is syntax indicating the type being constructed; it is not a
free variable.

We restrict inductive types to exactly one parameter and one value in each constructor. This
loses no expressivity (albeit is more difficult to use practically) but simplifies the theory and
implementation.

The formation rule for inductive types is as follows.

INDUCTIVE-FORM
AU {ILF:A—-UFB;: U},
{IVF:A—U,z;: Bi[F|Fa;:A};

'FuF:A—-U.[Ci:(z;:B) = Fa]: A=U

This rule checks that A is a relevant type. Then, for each constructor, we bind F' and check that
B; is a type. B; recursively refers to the whole type via the variable F'. Finally, we check that
each index has type A.

Values of inductive types are created by the constructors. We use a trick called fording [3]
to allow all constructors build a value of type (uF') a for any index a, but require a proof that
a; ~4 a, rather than enforcing this condition definitionally.

INDUCTIVE-INTRO
uF & uF:A=U. [Ci:(xi:Bi)%Fa;]
I'Ft: BuF/F] T'ke:auF/F t/z)] ~aa

TEC(te): (WF:A—=U.[C;: (x:: B;) — F aj)a

We implicitly check that C; is a constructor in the inductive type. Then, we check that t has type
B;, substituting pF' into B; to check subterms. Finally, we check e witnesses that a and a; are
equal.

Elimination of inductive types is single-level, total pattern matching. Totalilty is necessary

for consistency; unmatched patterns could prove arbitrary propositions. The rule for pattern
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matching follows.

INDUCTIVE-ELIM .
Tht:(uWF:A—U.[C;:(z;:B)— Fa))a Die:(uF)akC:s
{F,xi . B,L[ILLF/F],G,L . CL,L'[ILLF, l’l] ~aAQ F t@ : C[(Cz (a:z,ez))/:c]}z

I' - match t as x return C with {C; (z;,¢;) — t;} : C[t/x]

First, we check the discriminant ¢ has an inductive type. Then, we check the return type C
is a type family indexed by the inductive type. Finally, for every constructor C;, we check
the corresponding branch ¢; has type C' with C; (x;, e;) substituted for z. Therefore, whichever
constructor is matched on is substituted into C', justifying the return type of the whole expression,
Clt/x].

This rule appears strange, as the type C' does not abstract over the index. Suppose we match
on Nil: Vec 0 from Example 2.4.1, so x : Vec 0 C : 5. In the Cons branch, we substitute Cons
into C. However, the given index of Cons is S n, so this appears ill-typed! But due to fording,
we can have Cons : Vec 0, given a proof S m ~ 0. We have access to this proof e in the Cons
branch, but S m ~ 0 = L, so we abort e into the correct return type. This makes sense, as the
Cons branch is unreachable.

We conclude matching with the S-reduction rule.

INDUCTIVE-(

'+ match (C; (t,e)) as x return C with {C; (x;,¢;) — t;} = ti[t/zi, e/e)]

This finds the matching branch and substitutes in the data from the constructor.

2.4.1 Observational equality for inductive types

Next we integrate inductive types with observational equality, so they interact with the rest of
the TT™ system.

First, we introduce observational equality between inductive types. We might wish to reduce
these to composite propositions proving the index and constructor types are equal. This is quite
complex, so we instead opt for only reducing syntactically equal inductive types. Therefore,
equality serves only to equate the indices. The reduction rule is

EQ-INDUCTIVE .
pF 2 uF A= U. [Ci: (z;: B) — F aj
CE(uF)a~y (WF)d =a~ad

Having a single index greatly simplifies this reduction — with an arbitrary number, we need to
compare telescopes of parameters with numerous casts to ensure deeper equations are well-typed.

Inductive equality between constructors behaves like equality between natural numbers. When
two constructors are equal, the proposition steps to equality of the contents. When the construc-

tors are different, the proposition steps to 1. This encodes injectivity of constructors — different
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constructors never construct equal values.
Eq-Cons
pF 2 uF AU [Ci: (v : B) — F aj
I'EC;(te) ~purya Ci (u,€) =t ~ppur u

EqQ-Cons-# .
Ci#C; pF2uF:A—=U [Ci: (x;:B;)— F aj
F l_ CZ (t, 6) N(uF)a Cj (U, 6/) =1

Casts on constructors reduce by composing equality proofs to correct the indices. Here we

exploit the fording proof.

CAsT-CONS
uF & uF:A—=U. [Ci:(xi:Bi)%Fa;]

['F cast((uF) a,(uF) d' e, C; (t,€')) = C; (t, e oe)

Here, o represents proof concatenation, defined by

(p:a~y)olg:y~z) = transp(y,w .z ~w,p,zq)
The proofs have types e : a ~4 @’ and €' : a;[uF,t] ~4 a, so their composite is ¢’oe : a;[uF,t] ~4 ',
making the constructor well typed at (uF") a’. Note that casting only modifies the proof at the

top layer and never traverses the structure.

2.4.2 Mendler induction

Pattern matching as elimination for inductive types does not fully exploit inductive types. In
particular, we have no notion of induction or recursion over data-structures — we can look only
one level at a time with pattern matching. This motivates adding the induction principle, fix.
The design of fix is guided by the categorical intuition found in Appendix B.

We present fix, in a style extending Mendler recursion [14] to dependent induction.

Fix

pF = uF A —U. [Ci:(xi:Bi)%FaZ]
FIX|2puF:A—=U. [C;: (v;: Bi[X/F]) = F ai]
IG:A—-Up:Ax:GpEC:s
DG:A—-U,f:TI(p: A). ll(z: G p). ClG,p,x],p: A,z : F|G] pkt: C[F|G],p, z]
F'Hfix [uFas G| fpar:C=t:1(p: A). ll(z: (uF) p). C[uF,p,x]

We make two auxilliary definitions. We abbreviate the inductive type to uF. F[X] represents the
functor defining the inductive type applied to the type family X. This is defined by constructing
a new inductive type, where X is substituted for F' into each B;. Therefore, F[X] is mute in the
variable F'. Intuitively, this represents adding a single layer of structure over the family X.
Next, we check that the fixed-point is well-formed. We require that the induction principle is
well-founded: recursive calls (corresponding to the induction hypotheses) occur only on strictly

smaller terms. Well-foundedness is essential for consistency of the system. Mendler induction
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operates by introducing a generic type family, GG, on which we make recursive calls. Then, we lift
G to F[G]. This adds a single level on top of GG, where each recursive position is replaced by the
opaque type G.

C' is the induction hypothesis. It depends on the opaque variable G, the index p and z, the
argument of the fixed-point (one may note this is not very useful as G is opaque so nothing can
be learned from x; this is addressed in Section 2.4.3). The body of the fixed-point additionally
depends on the recursive function f, which acts only on GG. Therefore, to invoke f recursively, we
deconstruct z : F[G] using pattern matching, so each recursive position is an element of G, and
can be passed to f. This ensures recursive calls occur only on subtrees.

Computation with fix occurs when it is applied to an index and a constructor.

Fix-6
fix; £ fix [uF as G fpx:C =t

I'-fix; u (C; (v,e)) =t[pF /G, fixs/f,u/p, (C; (v,e))/x]

The fixed-point reduces by substituting its own definition for f in t, so recursive calls have
access to the definition. The variable G is substituted with the inductive type pF', meaning the
fixed-point always semantically acts on the “real” type: the variable G indeed only serves as a
placeholder for statically ensuring termination. Finally, fixed-points only reduce when applied to
constructors — without this, conversion is undecidable, as fixed-points can unroll indefinitely.
Together, fixed-points and pattern matching admit catamorphisms: generalised folds over tree-
like structures. In the following section, we extension this to paramorphisms, providing primitive

recursion.

2.4.3 Views and paramorphisms

Mendler induction ensures fix is well-founded by restricting recursive appeals to the induction
hypothesis. However, in this process, we lose information about the inductive type.

This motivates extending catamorphisms to paramorphisms. We introduce an extra function
t:1(p: A). G p— (uF) p which views the opaque type G as the inductive type it represents.
Semantically, this is the identity — after all, the variable G is substituted for the inductive type.

To type-check the body of the fixed-point, we need to lift ¢ : II(p : A). G p — (uF') p into
J:1(p: A). FI[G] p— (uF') p. This requires the defining functor of uF to lift indexed functions.
Strict positivity is a sufficient condition to construct this functor. However, we do not check strict
positivity, so we instead require an explicit definition.

We extend inductive type definitions to include a proof of functoriality.

wF:A—=U. [Ci:(xi:Bi)%Fa;] functor X Y fpax =t
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The extended typing rule now checks the functor action on functions.
INDUCTIVE-FORM .
F[Z) & uF : A—U. [C;: (z;: Bi[Z/F)) — F aj
AU {IVF:A—-UFB;: U}, {IF:A—U,z;: Bj[F]Fa;: A}
DX A-UY A-Uf:IIp:A). Xp—=>Ypp:Azx: FX]|pEt:F[Y]p

TFuF:A—U [Ci:(2;:B;)— Faj) functor XY fpr=t:A—U

The definition of F'[Z] creates an inductive type without a functor instance. The new hypothesis
in this rule checks that ¢ defines the functor action on functions. For correctness, we need proofs
that ¢ satisfies the functor laws (F[idx| = idpx) and Flg o f] = F[g] o F[f]) which could be
checked by definitional equality. For simplicity, we ignore these proofs.

With this definition, we introduce a term fmap for projecting the functorial action from an

inductive type.

Fmap

AN

F[Z) & uF : A—U. [Ci: (z;: Bi[Z/F)) = F aj
pF = uF A= U. [Ci:(xi:Bi)%FaZ] functor X Y fpxz =t
I'Ffmap [pF]:I(X:A—=U). II(Y: A= U). (II(p: A). X p—=>Y p)
—1(p: A). FIX|p— F[Y]p

We also introduce a term witnessing the in : F[uF| — pF isomorphism.

INDUCTIVE-IN .
pF 2 pF:A—U. [C;: (z;: Bi) = F a)]
FIX] 2 uF A= U [C;: (1,: BIX/F)) = F )
Tkt (F[uF) a
I'Fint: (uF) a

Semantically, in is the identity function on constructors: in (C; (t,e)) = C; (¢, ¢€)
With this infrastructure, we extend the typing rule for fixed-points.
Fix

pF = uF A —=U. [Ci:(xi:Bi)%FaZ]
FIX]2puF: A= U. [C;: (v;: Bi{X/F]) = F ai»]

/2 \p. \v. in (fmap [uF] G puF 1 p ) id = A\p. Az, x
LG:A—-U:ll(p:A).Gp— (uF)pp: Az :GpkC:s
IG:A—=U,u:TI(p: A). Gp— (uF) p, f:U(p: A). ll(x : G p). C[G,t,p,z],p: A,z : FIG| p
Ft: CIF|G], !, p, x|
PFfix [uFasGview (| fpax:C=t:1l(p: A). ll(z: (uF) p). C[uF,id, p, x]

The variable ¢ is now accessible in both the induction hypothesis and the body of the fixed-point,
facilitating primitive recursion. At the top level, ¢ is substituted by the identity function. By

functoriality, this also means ¢/ is in o id, which also behaves as the identity.
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2.5 Normalisation by evaluation

We now turn away from the type theory, and towards how one might implement it. In particular,
we need a decision procedure for definitional equality of terms. This is done by comparing (-
normal forms structurally. S-normal forms are terms which cannot be further reduced. We do not
formally define reduction, but note that it corresponds to definitional equalities read left-to-right,
and excludes the n-laws.

Formally, a function nf, mapping terms to terms, computes S-normal forms if the conditions
(1) T'Ft=nf(t) (2) 'Ft=u=TFnf(t) =, nf(u) (3) nf(nf(t)) = nf(t)

cach hold. Condition (1) says the normal form nf(¢) is definitionally equal to ¢ (normalisation
does not alter the meaning of terms). (2) says definitionally equal terms have equal normal
forms. Note an important caveat here that we only require nf to compute S-normal terms; it does
not need to n-expand. The sub-relation =, relates terms which differ only by n-laws, but are
otherwise syntactically identical. We could alternatively define normalisation to compute n-long
normal forms and compare them purely structurally, though this is harder practically. Condition
(3) says normalisation is idempotent; iterating nf has no additional effect (= represents syntactic
equality).

Normalisation sends each term to a representative of its =-equivalence class. It is used to test
equality between terms by checking equality of their normal forms. Representatives of each class
are not unique, but are all equal up to n-equivalence, which is easy to check when equating terms

In dependent type-checking, it is necessary to normalise open expressions for checking defini-
tional equality. An implementation might perform normalisation by reduction rules using term
substitution. This fits the declarative mathematical style of typing rules, however in practice is
complex, error-prone and inefficient. The normalisation by evaluation (NbE) technique offers an
efficient alternative to normalise open terms.

The idea lies in constructing a semantic domain of values, rather than reducing them directly.
This domain is constructed to retain enough information to quote semantic values back to syntax.
The key property is that the terms produced by quoting are S-normal forms, so a normalisation

function is derived by first interpreting a term to a semantic value, and then quoting.

2.5.1 Semantic interpretation

To derive an NbE algorithm, we need an interpretation into a semantic domain. One way this
is achieved is by choosing a category with a structure capable of modelling the semantics of
the language. In this formulation, contexts and types are interpreted as objects, and well-typed
terms are morphisms. However, designing a suitable structure categorically becomes increasingly
difficult as the complexity of the language increases. Therefore, we use an untyped NbE algorithm,
like in [4].

To motivate NbE in a small dependently typed language, first consider the following syntax
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of terms, and their normal and neutral forms.

Tm > ABt,u == x| « | T|At|tu|TA B|U
Nf > ov,w,VVW == *|T| Ao |IIV.W|U|u
Ne > u,U n= x; |uw

Variables are represented by de Bruijn indices, making binder names redundant. De Bruijn indices
replace variable names by the number of binders between the variable and its binding-site*. In
practice, names are retained at binding sites for quoting to human-readable terms.

All variables are neutral forms, regardless of their type — this means we allow non-n-unique
normal forms, for example the variable f and the term Ax. f x are equal by n-equivalence, and
both normal forms.

We now construct a semantic domain D of values, given by the following mutually defined

abstract datatype.

D > a,bA B == Star|Unit|Lam (M)p |PiA(M)p|U]| Te
D™ 3> e x= Var, | Appea
Env > p z= ()| (pa)

Environments are interpretations for contexts, represented by lists of values. In the Lam and Pi
constructors we have a closure (At)p consisting of a term t € Tm and an environment p € Env.
Closures represent, continuations — computations which need another value before proceeding.

In the semantic domain, we use de Bruijn levels for variables. Whereas de Bruijn indices count
the binders between the variable and the binding site, levels count from the top level down to the
binding site. Indices are problematic for semantic values because they change when moved under
binders, which amounts to inefficient traversals of terms during substitutions. On the other hand,
levels are constant for each variable, so substitutions avoid traversals.

An interpretation maps well-typed syntactic terms into the semantic domain. An interpreta-
tion in typed NbE is total by construction, however, in untyped NbE, we have no such guarantees,

so we settle for a partial interpretation map

[]_:Tm—Env—D

We use — for partial meta-language functions.
This map is nonetheless constructed to be total on well-typed inputs. That is, if ' - ¢ : A,
and p interprets I', then [t]p is defined.

4With respect to the tree structure of the term, not a string representation.
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With this, we give the semantics of terms in Tm

[z0](p.a) = a
[eil(pr @) = i)
[*]p = Star
[T]p = Unit
I\ ]p = Lam (At)p
[t u]lp=Tt]p- [ulp
[ITA. B]p = Pi [A]p (AB)p
[U]p=U
We also need a mutually defined application operator, - :D — D — D. This is given by

(Lam (A)p) - a = [](p, )
(te)-a=1(Appea)
Here we see how closure continuations work. We store the environment when the A-term is
interpreted, which awaits one additional value: the argument to the function. When the Lam
value is applied to an argument a, we proceed by evaluating the stored term ¢ with the extended
environment (p, a).
In the second case, a blocked neutral applied to a value becomes a blocked application; there

is no way to reduce it.

2.5.2 Quoting

The final component of NbE is the quoting function. This maps the semantic domain back into
syntactic terms, however it targets just those terms living in the Nf fragment. We define two
mutually recursive functions q\f : D — Nf and g\® : D" — Ne. The subscript n represents the de

Bruijn level we are quoting at. This is used to recover the de Bruijn index of variables.

an'(1e) =ane(e)
q\(Star) = x
QN (Unit) = T
dn'(Lam (At)p) = A.ay1 ([l (p, T Vary,))
dn' (Pi A (At)p) = I(dn"(A4)). (anta([t)(p, T Var,)))
ay'(U)=U
an°(Var) = 2,1

dn"(App € a) = (az°(¢)) (aq"(a))
The interesting cases in quoting are Lam and Pi. In both cases, we quote a closure by creating a

fresh semantic variable and applying the closure to it. Note that semantic variables always quote

into variables, regardless of type. This re-emphasises that we do not n-expand at function types.

25



Using de Bruijn levels for quoting ensures Var,, is always fresh.
Now we have constructed a semantic interpretation map, which maps terms into the semantic
domain D, and a quoting function which maps semantic terms into normal forms. The final step

is to compose these to get a function
nber = q"\lLf‘ o[ J(1") : Tm — Nf

where |I'| represents the length of the context, and

1=
54 = (17,1 Varp)
constructs an environment of variables interpreting I'.
To summarise, we constructed a partial function [ ] which maps well-typed syntactic terms
' Ft: A and environments interpreting their free variables into a semantic domain D. Then we
created a quoting function qM to convert values back into normal forms. By composing these, we

ended up with a normalisation function nber.
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Chapter 3
Implementation

In this chapter, we discuss the implementation of TT°". The implementation is written in Haskell,
and makes extensive use of structural data types and declarative style to keep the implementation
as close as possible to the theory.

In Section 3.1, we cover the core syntax of the language. Then, we look at the implementation
of evaluation in Section 3.2. In Section 3.3 we implement the core typing rules of TT°, followed
by extensions. Finally, we look at pattern unification in Section 3.6 which provides an essential

tool for using the system in practice. Figure 3.1 gives a high-level overview of the implementation.

String Source code
parsee/ parse Parsing
Parse error PreTm Pre-syntax (Section 3.1)
inV infer Type inference and elaboration (Section 3.3.2)
Type error Tm All terms
/ \
T 5 NF < 5 Tm® Belevant terms, normal forms and
irrelevant terms.
[ q? 3¢ : -
— = gNf — — Interpretation and quoting
DY D% Semantic values (Section 3.2)
oy conv errors Conversion checking (Section 3.3.1) and
unification (Section 3.6)
Success Unification error

Figure 3.1: A high-level overview of the interaction of the components in the type-checker.

27



3.1 Syntax

Before discussing type-checking and normalisation by evaluation, we require an abstract syntax
for TT°>. In this section, we describe the core syntax; extensions are added later in this chapter.

TT° is a dependent type system, so types depend on arbitrary terms and we create one
combined grammar for everything, as described in Section 2.1. The grammar for terms is given
in Figure 3.2, and is approximately the grammar given in [1] with the addition of let bindings

and type annotations — these are important with bidirectional type-checking.

s = U|Q Universe sorts
A B,Ct,u,e == x Variable
| s Universe
| Aas. t|tw |T(x:5 A). B Dependent products
| 0] St|recz.C](t,0—to; (S x) y —ts) | N Natural numbers
| (t,u) |fstt|sndt|3(x:A). B Proof-irrelevant sums
| aborts t| L Empty type
R Unit type
| refl ¢ | transp(t,x y. C,u,t';e) | t ~4 u Observational equality
| cast(A, B,e,t) Casting
| letx:s A=tinu Let binding
| (t:A) Type annotation

Figure 3.2: Basic syntax for TT"

Note that application is tagged with the sort of the argument, and A-terms are annotated with
their domain sort. This is necessary for evaluation, but is always inferred during type-checking;
these annotations are not present in the source syntax.

This grammar inductively defines the type PreTm of pre-terms: syntactically well-formed, but
otherwise untyped terms.

We define another type Tm of well-typed terms. Every well-typed term has a (unique) sort:
U or Q. We let Tm¥ and Tm® be terms with sort & and Q respectively. Certain functions have
precondition restrictions on the terms they accept: notably, evaluation requires well-typed terms.
Pre-terms use named variables, but typed terms use de Bruijn indices.

Normals and neutrals are defined mutually as a predicate on Tm.

Nf > v,w,VVIW = nl|s| . o|ll(zV)W|0]|Sv|N|[Iz:V)W|L|T]e
Ne > n,N m= x; | nv® | rec[z.V](n,0 = v; (S x) y — w) | aborty ¢

| v~pyw|n~yv|v~yn|n~yv|ve~yn

| cast(N,N,e,n) | cast(N,V,e,v) | cast(V, N, e,v)

The normal forms are as expected and correspond to constructors and types. In contrast
to [1], these are not weak-head normal forms, so subterms are also required to be normal. The
neutral forms are somewhat more involved.

First, the observational equality type can be blocked in three places: the type of the terms,

or either of the terms themselves. There are no neutral forms when the type of the equality is at
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a II-type — this is because such equalities always reduce. Similarly, casts can also block in three
positions: either of the types, or the term being cast. Casts between universes and II-types also
always reduce, and so cannot be blocked by the argument.

Second, we note proof-irrelevant terms appear indirectly. As they have no notion of reduction,
we say all proof-irrelevant terms are normal forms, albeit they are treated slightly differently. The
normal form e stands for any well-typed term with irrelevant sort.

Third, note that there are some overlapping cases in the definition of neutrals, for example

n ~y v and v ~y n, which overlap on x ~y y.

3.2 Normalisation by evaluation

In Section 2.5, we exemplified untyped normalisation by evaluation. Here, we extend this to an
NbE algorithm for TT°". The overall picture is the same: we give a semantic interpretation into
an untyped domain of values, and a quoting function to reconstruct normal forms. In TT" we
must also account for proof-irrelevant propositions and complex reduction rules for propositions

and casts.

3.2.1 Relevant layer

The reduction of the proof-relevant fragment of TT°" is implemented as an untyped NbE algo-
rithm.

First, we construct the various domains data-structures in Figure 3.3. The domains DY and

Dv > a,b,A B = Us|Lams F, | Pis A B
| Z|SalNat| Exists A B; | Empty | Unit
| te
Dne 5 e = Var | Apped|Rec A e a Fy
| Abort Ap|Eqa Ad |Cast ABpa
D% > p,q,PQ = ...
D > d,f,9,D = Va|Pp
Ev 3 p — 0 1nd
Closure;, 3> Cy t= (At)p : Closure;,
| Liftd : Closure;,
| EqFuns fCig : Closure]
| EqPis D D' C, C; : Closure]
} EqPi's D D' C, C| p : Closure}

CastPis D D' Cy Cy p f : Closure]

Closure,i’ S5 Ay, By, Fi

Closurei2 > Py, Ok

Figure 3.3: Semantic domains, environments and closures.

D" represent proof-relevant values which reduce. The domain D! represents propositional values,
which are handled in Section 3.2.3. D is the union of D and D%, and we often omit the injections
V and P.
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The neutral terms for observational equality and casting given in Section 3.1 are simplified
in semantic neutrals D" — this is a tradeoff between a precise semantic domain, and a simpler
interpretation function. As the goal here is to implement the system, not prove its correctness,
we choose the simpler representation.

Environments contain values from both sorts. An environment interprets a context, where
each variable has a sort. It is a program invariant that the domain sort in each position in the
environment matches the typing context.

In Section 2.5.1, closures had a uniform representation of an environment and a term. Here,
there are multiple forms used to defunctionalise various reductions. We annotate closures with
their arity, as not all closures await a single argument. We use A, B, and F for closures with
relevant codomain, and P and Q for irrelevant codomain.

The precondition for relevant interpretation is well-typed terms of sort I{; that is, the set Tm¥.

Therefore, we construct the function

[ J¥ :Tm¥ — Env — DY

We discuss interpretation of propositions, [ ] € in Section 3.2.3. The interpretation is given in

Figure 3.4. The underlined functions and - are auxilliary functions handling reduction steps for
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[3(z: A). B]¥p = Exists ([A]Yp) (AB)p
[abort,s t]"p =1 (Abort ([A]"p) ([t]"p))
[L]¥p = Empty
[T]p = Unit
[t ~aulp = ea([t]p, [A]p, [u]“p)

Figure 3.4: Semantic interpretation for relevant terms into DY.

eliminators applied to introduction forms, defined mutually with evaluation.
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We also need a function

app” : CIosureﬁ’—> D—w...—D-—D¥
| ——
k
for applying a closure to k& values of either sort. Applying arguments of the correct sort is a

semantic invariant and not statically type safe. This could be formalised more precisely with
closures annotated with a type-level list of sorts. We use the shorthand notation C[dy, ..., d] for
app” C d; ... dj. Closure application intuitively corresponds to substitution.

As many closures are used to defunctionalise specific operations, we define those alongside
their associated usage. To begin with, we give the simple generic cases of a continuation, (At)p,
and Lift, which lifts a value into a constant closure which ignores each argument. These are the

primary closures used throughout.

appu (At>p dl cee dk = ﬂt]]u(pa d17 U 7dk)
app” (Lifta) d, ... dy = a

Application - : DY — D — D¥ is defined similarly to Section 2.5.1.

(Lam s F) - d = Fld]
(Te)-d=1(Apped)

Next, we introduce the semantics of natural number induction. This computes iteratively on

the structure of the number, and blocks when the principal argument is a neutral.

@(Aazya()va) = Qo
@(-’LLS n, (10,./—"5) = fS[”?@(AanaQOaFS)]
@<A7T €7a07‘/__-5) = T(Rec Ae Qo FS)

3.2.2 Equality and casting

To complete the NbE semantic interpretation of TT°”. we define the reduction semantics for
equality types and casts.

In TT°™, propositions are mechanically broken down so propositions can be proven by their
parts. Similarly, existing proofs can be decomposed back into their components. As proofs
themselves are irrelevant, the power of proof manipulation relies on the reduction of propositions.
Reduction of equality types is implemented by the eq function, which we give mutually with the
relevant closure application cases in Figure 3.5.

Equality reduction implements an equality decision procedure for natural numbers. Equality
at II-types implements function extensionality. Note that the reductino computation lives inside
the closure continuation. The case for irrelevant types implements propositional extensionality,
by stepping to a pair of implications A < B.

Equality between relevant types in U/ is handled by cases. For natural numbers and universes,
this is a trivial conjunction of zero components, hence the unit type. For equality between II-types,

this is a dependent conjunction of a proof the domains are equal, and a proof that the codomains
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eq(f,Pis AB,g) =Pi A (EqFuns f B g)
eq(A,U Q, B) = Exists (Pi A (Lift B)) (Lift (Pi B (LiftA)))
eq(Nat, U ¢, Nat) = Unit
eq(U s,U U, U s) = Unit
eq(A,U U, B) = Empty where hd(A) # hd(B)
eq(Pis A B,UU,Pis A" B') = Exists (eq(A’,U s, A)) (EqPis A A" B B')
eq(Z,Nat, Z) = Unit
eq(S a,Nat,S b) = eq(a, Nat, b)
eq(S a,Nat, Z) = Empty
eq(Z,Nat, S a) = Empty
) =

!/

eq(a, A, a 1(Eqa A d)
app” (EqFun s f B g) d = eq(f - d, Bld], g - d)
app (EqPis A A’ BB)p=Pis A (EqPi's A A' BB p)
app” (EqPi' U A A" BB p)d = eq(Bla],U U, B'[a’]) where a 2 cast(A', A,p,d’)
app (EqP Q A A" BB’ p) ¢’ =eq(Blq],U U, B'[¢']) where ¢ = PCast ¢(A") ¢(A) p ¢

Figure 3.5: Equality proposition reduction function.

are equal. This time, we need two defunctionalising closures — EqPi forwards the equality proof
into a second closure EqPi’ which performs the computation. This is necessary because we have
two positions requiring arity-one closures, so they cannot be combined. When the II-types have
an irrelevant domain, we need a propositional witness of type A, so we use PCast and the freeze
function ¢ : D < D% for embedding relevant values into the irrelevant domain, both of which will
be introduced in Section 3.2.3.

The last case in eq is a fall-through case applicable only when no other case matches. Typing

invariants mean we only reach this when at least one position is blocked.
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The final component of evaluation is the cast function.

cast(Nat, Nat, p, Z
cast(Nat, Nat,p,S a) = S (cast(Nat, Nat, p, a))

A
cast(Pis A B,Pis A" B p, f
cast(4, B, p,

Lam s (CastPis A A" BB p f)

Z) =

) =
&St(u 5, U 5, p, )

)_

a) =1(Cast A B pa)

app" (CastPid A A BB p f) d = cast(Bla], B[], PApp (PSnd p) ¢(d'), f - a)
where a = cast(A’, A, PFst p,a’)

app" (CastPi Q A A" BB p f) ¢ = cast(Blg], B'[¢'], PApp (PSnd p) ¢, f - q)
where ¢ = PCast A’ A (PFst p) ¢/

Reduction for natural numbers proceeds by iteration on the structure when both types resolve to
N, and the argument is a constructor. Casting a function between two II-types produces a new
A-term which casts the argument from A’ to A, calls the original function f and then casts the
result back to B'[a’]. Note the proof manipulation implemented by propositional application and
projection terms, and the embedding ¢ : D < D%; more details in Section 3.2.3. Like before, we

give a fall-through case for when the cast is blocked.

3.2.2.1 Quoting

Quoting is defined as described in Section 2.5.2. We give two mutually recursive functions qNf :
DY — Nf and gqN® : D" — Ne for quoting the domain back into normal and neutral forms at de
Bruijn level n. Quoted terms have de Bruijn indices, so there are no explicit binder names included,
however in practice these names are preserved for printing human-readable strings. Proposition
quoting, q,, is similar, so we omit it here.

First, we define a helper function vs¥ : Closure, — DY to fully apply a closure to k fresh

semantic variables.

vs“(A) = A[t Var,, ..., T Var,x_1]
With this, we define quoting in Figure 3.6.

This function follows the expected pattern. The cases for equality and casting do not ensure
statically that they produce neutral forms. However, it is a program invariant that one position

will be a blocking neutral, so the term lands in Ne.

3.2.3 Propositional layer

Inhabitants of propositions living in universe €2 do not reduce. By removing the computational
behaviour of propositional proofs, we treat propositions as proof-irrelevant, caring only whether
an inhabitant exists, and not the data it contains. This is reflected in evaluation by never reducing

irrelevant terms.
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ay (U
(Lam s F)=
B) =

(PlsA

Ne(Var,

(dn ())( ()

) =

(App ea)=

(Rec «4 e ag Fs) = rec[qn; (v (A))]
) =
) =
) =

(an°(e), an"(a0); an}a (vt (Fs)))
Ne(Abort A p) = abort, Ny (G 2(p))
Ne(Eqa Ad)=q\(a) ~ af(A) an'(a’)
(Cast ABpa)= cast( f(A), N (B), ¢X(p), aN(a))

Figure 3.6: Implementation of quoting for TT°"

3.2.3.1 Proof erasure

Inhabitants of propositions live solely for the purpose of type-checking. Well-typed terms are a
precondition for evaluation, so one strategy for handling proof-irrelevance is to erase irrelevant
terms at evaluation, as done in [8]. Practically, this amounts to introducing a single semantic
proposition. Therefore, we define D® ::= Witness as a type with one constructor, so all semantic
proofs contain no data. This simplifies the implementation, as many reduction rules in the system
are made complex by the intricate proof manipulations to ensure the reduced term is well-typed.

Unfortunately, this technique poses problems when quoting: all irrelevant information is
erased, so there is no hope of recoving arbitrary proofs. One solution is to indicate in the quoted
term where proofs exist, but leaving the witness blank. This solution falls short, as the quoted

term is no longer typeable, which is particularly important for pattern unification (Section 3.6).

3.2.3.2 Syntactic propositions

A natural alternative is to retain syntactic witnesses for proof terms during evaluation. The
motivation is that in NbE, reduction only occurs in semantic values, so the syntactic witnesses
are never reduced. For this, we define D ::= Prop t p — a witness ¢t and an environment p
interpreting the free variables in ¢.

This solution is still somewhat problematic, despite solving the problem with proof erasure.
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While they do not reduce, propositions still admit substitutions of their free variables which must
be accounted for. This is achieved using the closure of values, which are inserted in place of free
variables during quoting.

More challenging is the proof manipulation which occurs in casting reduction rules. This
requires inserting proof-relevant terms into the proof witness and shifting propositions to be well-
typed in a different context. Therefore, evaluation depends mutually on quoting, and care must
be taken to transform witnesses correctly. This solution is error-prone and unsatisfying, as we

would prefer evaluation and quoting not to become mutually dependent on each other.

3.2.4 Semantic propositions

Taking inspiration from the NbE treatment of proof-relevant values, we introduce a novel idea
for propositions designed to overcome the problems mentioned above. Instead of dealing with
syntactic proof witnesses, we create another semantic domain similar to DY. The idea is that
values in this domain never reduce, for example when an argument is applied to a A-expression.
The only admitted reduction is substitution, which is handled by closures. Semantic propositions
use de Bruijn levels rather than indices, so it is never necessary to shift or quote terms during
evaluation. We note that semantic propositions also include embedded relevant terms, as relevant
data might appear as subterms in propositions. However, these subterms still never reduce.

The domain of semantic propositions has a similar structure to terms, except we introduce

explicit closures whenever there are bound variables, and use de Bruijn levels for variables.

D® > P,Q,p,qge == PVar|PUs|PLams P, | PApppq|PPis P Q
| PZ|PSp|PRec Q) pqP,|PNat
| PPairpq | PFst p | PSnd p | PExists P Q;
| PAbort P p | PEmpty | POne | PUnit | PRefl p
| PTranspp Qs qp e | PEqp P/
| PCast PQep|PLet Ppgq|PAnnp P

We note even let bindings and type annotations have representation in semantic propositions.
Calligraphic letters represent closures, which are the same as in Section 3.2.1, but have values
from D® in place of DY.

Next, we introduce the inclusion ¢ : DY < D, which we think of as freezing semantic values
into propositions so they may be used in proof terms. ¢ is defined mutually with ®; : Closure} —
Closureg which embeds closures. The inclusion is natural, so we give only a few cases in Figure
3.7.

Semantic interpretation for propositions, [ ¥ : Tm — Env — D%, is particularly easy as

there are no reductions, apart from substitutions. We give only a few cases in the hope the rest
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o(1 o (e)
p(Us)=PUs

€) =
5) =
¢(Lam s F) = PLam s (®1(F))
¢(Exists B) = PExists (®1(B))
¢(Prop p) =

Ne(Varl)

oN(App € a) = PApp (¢"(e)) (¢(a))

@"(App e p) = PApp (¢™(e)) p

¢"(Rec A e ag Fs) = PRec (®1(A)) (¢™(e)) (¢(a0)) (P2(Fs))

PVar,;

O ((At)p) = (At)p
O (Lift a) = Lift (¢(a))

®,(EqFun s f B g) = EqFun s (¢(f)) (®(B1)) (¢(9))

Figure 3.7: Partial implementation of freeze embedding ¢ : DY «— D%

are obvious.

[zl (p, P p) = p

[20]%(p,V @) = ¢(a)

[z ] (p, d) = [2:]%p

[Azs. t]%p = PLam s (At)p
[t u]?» = PApp ([1]"p) ([u]?p)
Projections from the environment are like in relevant interpretation, only when the entry is
relevant, we freeze it with ¢ : DY — D®. This handles substitution — syntactic variables z;
are substituted by values from the environment. A-expressions introduce a closure which can
be entered, but this never happens due to application, only during quoting. Interpretation of
application always produces a PApp, even when the interpretation of ¢ is PLam.
We also define a function app® : Closurei2 —D — .- — D — D% for applying closures. This

works similarly to app”, only no reduction occurs. For example, consider the case for EqFun

app (EqFuns p Q p') ¢ = PEq (PApp p q) Qlg) (PApp p' q)
where we replace each reduction operator by a constructor, compared to the relevant interpretation
(Figure 3.5).
Finally, we also have quoting for semantic propositions. This computes in the same way as
quoting for DY, by fully applying closures to fresh variables. We omit the details of this, and

point instead to the code.
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3.3 Type system

Central to the implementation of TT is the type-checker. We implement a bidirectional type-
checker [15] which either infers a type for a term or checks a term against a type. The choice
between these strategies is driven by the syntax of the term. Bidirectional type checking also

naturally determines when to invoke conversion checking.

3.3.1 Conversion checking

Conversion checking is used to decide the conversion relation =, operating on semantic values.
We pointed out in Section 2.5 that our NbE does not perform n-expansion. We still want

to check n-equality (for negative types), so this is implemented as part of conversion checking.
Conversion checking is term-directed, so n-expansion is triggered when one side of the conversion
equation has the canonical introduction form for a given type, and the other is neutral. We give
the following example for II types

[I-n-Conv

I,z b= F[Varj| =t - Var,

I'klams F =t

Note that conversion checking is untyped, and I' is in practice a de Bruijn level representing the
context length. We apply the closure F to the fresh variable. Then, we use the - operator to
apply the same variable to the right hand side, and compare the results.

Conversion checking between irrelevant terms always succeeds. In fact, algorithmically we only
define conversion checking between values in DY. The only rule invoking conversion compares two
types, which always have sort . Therefore, proof irrelevance is implemented by not comparing

irrelevant terms. Consider the following two conversion rules for applications.

AprpP-U-CONV Aprpr-Q-CoONV
LHte=te 'a=d 'te=1¢
I'=1(App e a) =1(App € d') I'E1(App e p) =1(App € p)

When the argument is irrelevant, there is no check that p = p’, as it holds automatically.
We mentioned in Section 2.2.4 that we implement the definitional casting rule
CAsT-EQ
rA=A":U
'k cast(A, A e, t)=t: A

in conversion checking.

The implementation uses the following rules.

CAST-CONV
CAST-EQ-LEFT CAST-EQ-RIGHT r-A=A4 '-B=RB
r-A=RB 'tra=d THA=PB 'ta=d 'a=d
'Cast ABea=d F'Fa=Cast A B ¢ d I'Cast ABea=Cast A B ¢ d
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These rules require backtracking. When the left hand side of the equality is a cast between A
and B, we first check if A = B. If this check fails, we proceed with CAST-EQ-RIGHT, and if that
fails, CAsT-Conv. This backtracking is necessary when comparing two casts — it is impossible
to know a priori which strategy to attempt first. With these rules, we allow this definitional

equation without breaking the determinism of evaluation.

3.3.2 Bidirectional type-checker

A bidirectional type-checker is an algorithmic method used to implement typing rules. In the

declarative type system, we used the judgement I - ¢ : A, but here we instead use two judgements

[;pkt= A (infer) I'; ptt < A (check)

Besides the context I', we have an environment p interpreting I'. This is because for some rules
we need to evaluate terms during type-checking. Typing always uses semantic types, A € DY.
As well as type-checking, we elaborate terms. This maps well-typed pre-terms PreTm to Tm by
replacing variables with de Bruijn indices.

Intuitively, certain terms, for example abstractions Ax. t are easier to check so we know how to
extend the context to check the body t. Inference is far harder, as the type of = in ¢ is not known
a priori. On the other hand, certain terms such as applications ¢ u admit inference. Checking
is difficult, as the return type has insufficient information to check ¢ and u. Alternatively, if we
infer that ¢ has type II(x : A). B, we can check u : A, and infer ¢ u : Blu/x].

In general, constructors are checked, and destructors are inferred. From this, we derive algo-
rithmic bidirectional rules from the declarative rules of the type theory. As examples, the rules

for abstractions and applications are

II-I-CHECK II-E-INFER
[,z 5 A; (p, Varyy) - t <= B[Varjy| I'ipHt=Pis AB CipFu<= A
I'ipkXx.t<Pis AB Iy pbtu= Bl[u]’p

When we extend the context with the variable x in II-I-CHECK, we also extend the environment
with a fresh variable (we let Var® mean either Var or PVar depending on the sort). We apply the
closure B to this variable, giving a type to check against. When inferring the application, we
evaluate u in p, and apply the closure B.
Bidirectional rules also determine precisely when to invoke conversion checking. In particular,

all inferred terms can also be checked. We construct the rule

CoNv-CHECK

Cipkt= A r-A=A4A

ipHt<= A

This rule says to check such a term, we first infer a type for it then check the two are convertible.
The appeal of bidirectional rules is that they are simple to implement. In a sense, declarative
rules have an implicit existential quantification over types required for the derivation, however a

bidirectional system shows explicitly the source of all data required for each judgement.
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The reader may notice that a term like (Ax. z) t is untypeable in this system. It is an
application, so it is inferred, but inference of an application requires inferring the type of A\z. x,
which must be checked. In particular, we can only type normal forms. This is standard in many
systems, such as Agda [16]. We have a rule for transferring from checking to inference, CONv-
CHECK (where we have an excess of data), but switch from inference to checking (where we have
a lack of data) we need an explicit annotation.

To allow more general terms, we use both typed let-bindings and type annotations. Having
an explicit annotation allows us to invoke the checking procedure, even if the whole term is being

inferred. Consider the following rules

LET-INFER
LipkA<=Us  Dypkt<=[A% Do [A (o [t]p) Fu= B

prletzx s A=tinu= B

LET-CHECK
DipkA«=Us  Tipkt<=[A"  Tx: [A[Y (o [tlp) Fu<= B

prletx (s A=tinu< B

ANNOTATION-INFER
IipkA=Us Tjpkt<[A]%

Liph (t: A) = [A]%p

The first two rules indicate that let-bindings can be checked or inferred, and the current process
is then forwarded to the subterm u after the in keyword. The term ¢ is always checked, allowing
us to invoke checking from inference. We check against the type A, which is first evaluated. In
both cases, we extend the environment with the definition of the variable x, rather than just a
generic variable like with A-terms before. This way, the concrete definition can be used during
typing. Annotations behave similarly.

An interesting exception to the rule that constructors are checked, is the term refl which
constructs a reflexivity proof for equality. This term is hard to check due to the reduction of
equality types — equalities frequently reduce to other type constructors. Therefore, reflexivity is
inferred.

REFL-INFER

ipHt=A
s pErefl t = eq([t]Yp, A, [t]Yp)

We trigger the equality reduction procedure in the inferred type. So, for example, refl 0 will infer
the type T, as we immediately reduce the type 0 ~ 0.
Under this framework, the bidirectional formulation of rules for TT° is implemented naturally

in code.
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3.4 Quotient types

Our first extension to the core of TT°® is quotient types. These types allow us to exploit the
setoid structure of types by explicitly defining an equivalence relation over a pre-existing type.
The theory of quotient types in TT°™ is given in Section 2.3

We first extend the syntax with quotient types.

AR tu ==
| A/(zy. R,z R.,xy zRy. Rs,x y z xRy yRz. R;)
| mt]| Q-elim[z. Bl(x. t;,x y zRy. t..,u)

Three new syntactic elements are introduced: formation from a base type and equivalence relation,
introduction projecting from the base type into the quotient, and elimination, giving an equality-
preserving map out of the quotient type.

Normal and neutral forms are given as follows.

Nf > ov,w, VW =
| V/(xy W,z. R,z y zRy. Rs,x y z tRy yRz. R;)
| mo

Ne > n,N =
| Q-elim[z. V](z. v,z y 2Ry. to,n)

3.4.1 NDbE for quotient types

Next, we turn to the NbE implementation, which closely follows the same patterns as the core
implementation given in Section 3.2.
First, we extend the domains with new semantic values. We also need three new closures to

defunctionalise the equality type reduction between quotient types.

DY 5 A/ B,a,b =
| Quotient A By P P; Pi
| Qproj a

Dnre > e =
| Qelim By F; Qs e

D¢ 5 P,Q,p,q =

| PQuotient P Q, P P; Pi
| PQproj p
| PQelim 'Pl ’P{ Qg P

Closure;, > Cy =
| EqQuotientY pa D D' Cy Co : Closure]
| EqQuotientX p D D' Co C;  : Closure]
| EqQuotient D D’ Cy Co : Closure]

The three closures are needed to defunctionalise the rule QUOTIENT-EQ (Section 2.3.1), as it

introduces three binders.
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Relevant interpretation for quotients follows the same pattern as the core NbE algorithm.
Quotient types are interpreted into the Quotient constructor, with the appropriate closures. Pro-

jections are interpreted into the Qproj constructor. Elimination is defined by

[Q-elim[z. B] (tr, t, u)]“ (p) = Qelim((AB)p, (Atx)p, (At-)p, [u]”p)

where Qelim reduces quotient eliminators applied to projections.

Qelim(B, Fr, P, Qproj b) = Fx[0]
Qelim(B, 7, P., 1 €) = 1(Qelim B F, P. ¢)

Elimination reduces when the argument is of the normal form Qproj b by calling the function F
with the argument b.

Irrelevant interpretation, [ ] | is trivial. Once again, there is no reduction when an elimi-
nator is applied to a projection.

Quoting also takes the same form as before. The rule for quoting quotient types is very
cumbersome, as we fully apply each closure to fresh variables, so we omit the full rule here. The

full details are seen in the code.

3.5 Inductive types and Mendler induction

Our next extension is to add inductive types to TT°". Inductive types allow for sum-of-product
data types with named constructors. Furthermore, inductive types recursively refer to themselves
in constructors, and may be indexed. A detailed account of the theory is given in Section 2.4.

First, we extend the syntax with inductive types.

A B,C, M, t,u =

| pF:A—=U.[Ci: (2 : B) = F aj

| pF:A—=U.[Ci:(z;: B) = Fa;) functor X Y fpax=t
| C; (t,e) | match t as x return C with {C; (z;,¢;) — t;};
|

|

fix MasG| fpr:C=t|fix[MasGview fpax:C=t
in ¢ | lift[M] A | fmap[M|(A, B, f,u,t)

We note that we have parallel versions of inductive type and fixed-points definitions. This is due
to practicality considerations, and means it is not necessary to always provide a functor instance
when defining a type. This is in fact particularly useful when defining functor instances, as we
can access the inductive type within the functor definition. Morally, every inductive type must
define an underlying functor, however we do not enforce it syntactically. A future extension might
include a strict positivity check, from which a functor instance could be automatically derived.
Fixed-points first specify the inductive type they act on. This is given by the term M,
which must resolve to an inductive type definition statically. In Mendler induction, we control
termination by giving the inductive type an opaque name in recursive calls — this name is made

explicit by the variable G. We then have three binders: f, the recursively-bound name of the
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function, p the index parameter and z, the value. C' represents the induction hypothesis, or return
type, and t is the body of the definition.

The second fixed-point construction admits a view parameter . When the view is used, the
inductive type M must include a functor instance. The view parameter extends the fixed-point
to a paramorphism supporting primitive recursion.

Next, we have a term in witnessing the defining isomorphism of inductive types. This is useful
within fixed-points using views, as lifting ¢ : lI(p: A). G p — (uF) ptod : l(p: A). F|[G] p —
(uF) p is defined as the composition of the functorial action on ¢ and in. We also give a term
lift[M] A, which again requires M be an inductive type. This term is the functor action on
objects — it lifts type family A to M[A]. Similarly, fmap is the action on functions. These three
terms, in, lift and fmap, are admissible — each can be avoided by repeating the definition they
expand into.

Constructors and pattern matching are as defined in Section 2.4.

We also need to specify the normal and neutral forms. We omit the normal forms for inductive
types without functor instances and fixed-points without views; they follow the same shape as

those presented.

Nf > ovw, VW =

bV —U. [C’Z(a:ZVVl)—)FU/Z] functor X Y fpx=v
(WF:V = U. [C;: (z;: W;) = F ;] functor X Y fpx=0v) w
C; (vye) |fix [VasGview (| fpx: W =wv

(fix [V asGview (| fpa: W =v)w

Ne > n,N =
| match n as x return V with {C; (z;,¢;) = v; };
| fix[VasG| fpx:W=v)wn
| inn | lift[N] V | fmap[N](V, W, v, w,w")

Note that since inductive types form type families, they can be applied to an argument. Such
applications never reduce; hence also are in normal form.

We described fixed-points as an elimination principle for inductive types. However, fixed-
points also introduce Il-types. Therefore, a fixed-point in isolation is a normal form. Similarly,
when applied to a single index parameter, we also have a normal form. When the final parameter
is applied, we block if the term is a neutral form. This is to avoid infinite unfolding of syntactic
fixed-points.

The lift and fmap terms block when their inductive type is unknown — we cannot lift type

families and functions without the definition at hand. in blocks when applied to a neutral.

3.5.1 NDE for inductive types

As usual, the first step for NbE is to extend the domains, driven by the structure of the normal
and neutral forms. Like before, we omit values for inductive types without functor definitions (in

practice, we have optional value for the functor definition).
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D 5 A/B,a,b =

| Mu A (List (B, Az)) F5 (Maybe a)

| Cons Name a p | Fix A By F5 (Maybe a)
D" > e =

| Match e By (List As)

| FixApp A By Fsace

| Ine|Lift FEA|Fmap EABabc

The semantic value of inductive types, Mu, contains the index type, followed by a list of pairs
representing constructor types and indices. We have an optional value representing the application
of the inductive type to an index; as noted before, this never reduces. There is a similar structure
for fixed-points. Constructors hold both a value and a fording term. D% and Closure are also
extended, but we omit them here.

The neutral form FixApp represents the case when a neutral argument is applied to a fixed-
point. As mentioned before, this does not reduce.

We do not explicitly define the semantic propositions here, but as usual we have a semantic
proposition for every term which maintain the term structure, but include closures for each binder.
We also omit the defunctionalising closures.

The extension of semantic interpretation and evaluation now includes more intricate reduction

rules, especially in application reduction. First, we give the semantics of the newly added terms.

[uF - A—=U. [C;: (x;: By) %Fa\i] functor X Y fpa=1t]Yp=
Mu ([A]“p) [(AB)p, (Aai)pl; (At)p Nothing
[Ci (t,€)]p = Cons C; ([1]“p) ([e]"p)
[match ¢ as = return C with {t;},]%p tch([[ 1“0, AO)p, [(Aas)pl;)
[fix [M as G view ] fpz:C =t]"p ix ([M]“p) (AC)p (At)p Nothing
[in t]“p _n(ﬂ I“p)
[ift[M] A p = life([M]p, [A]“p)
[fmap[M](A, B, f,u,t)]"p = fmap([M]“p, [A]" p, [BI p, [f]" . [ul”p, [t] p)

The implementations of match, lift, fmap and in are omitted here, but found in the code.

Reduction of fixed points is a special case of application, as fixed-points are functions. We

extend - from Section 3.2.1 as follows.

(Mu A cs F Nothing) -a = Mu A ¢s F (Just a)
(Fix A C F Nothing) - a = Fix A C F (Just a)
(Fix AC F (Just a)) - (Cons C; b p) = F[A,id, Fix A C F Nothing, a, Cons C; b p
(Fix AC F (Just a)) - (1 e) =1 (FixApp AC F a e)
When either a semantic inductive type, or semantic fixed-point have not been applied to their

index parameter (indicated by their final component being Nothing), we shift this parameter

into the value. When a fixed-point with an index is applied to a constructor, we invoking the
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closure F. First, the inductive type is passed in. Then, we pass the identity function, defined as
id £ A\ a — ain for the view parameter. Next, we pass the whole fixed-point to give F recursive
access to the definition. Finally, we pass the index and the constructor value.

The propositional interpretation [ ]

_and quoting are also extended to support inductive
types. Both of these functions are entirely mechanical, so we choose to omit their explicit con-

struction.

3.6 Pattern unification

With the extended type system in place, we turn to a very different part of the implementation.
Pattern unification [17, 18] does not extend the type theory, but instead makes writing proofs
more practical. Often when writing dependently typed programs, many terms are kept purely
for bookkeeping purposes, and are uniquely determined from the surrounding context. Pattern
unification deduces these unique terms and substitutes them into the code to reduce unnecessary
handwritten code.

An example of this phenomenon is the map function

map : II(A:U). II(B:U). (A — B) — List A— List B

When called, we write

map A B f s

In particular, we write the types A and B, even if we know the type of f is A — B.

When type-checking this term, we work from left-to-right. First, we infer the type of map.
We then check each argument in turn. When we reach f, we check against the type A — B. As
f is a variable, we infer the type A — B, then check these types are convertible.

Consider instead if the values A and B were omitted, and replaced by unknown term place-
holders ?m; and ?my called metavariables. These stand for terms which are currently unknown,
but should be solved for. During checking we now attempt the conversion ?m; —7m, = A — B.
This is satisfied by defining ?m; := A and ?my := B.

We rewrite the term as

map s

where _ represents a “hole” to be inferred. A natural extension of this is truly implicit parameters

which are omitted altogether; we leave this as future work.

3.6.1 The metacontext

Syntactically, we leave holes in the program. Each hole represents a metavariable.
Metavariables require a new context which records solutions. This context contains both

solved and unsolved metavariables. Metacontexts are defined by the following structure:

You=-| X my | 8,7m; =1 | 3,78 | X,7s;: =8

44



We have entries stating variables exist, and entries mapping variables to their definitions. The
definitions are syntactic terms.

As noted, metavariables are solved during conversion checking. Solving metavariables is a
stateful action. We only ever commit to definitionally unique solutions, so we reuse the first

solution we find. The type and conversion checking judgements are now of the form
Silipbt~—~t < A; Y SiDipbt~~t = A; Y SiThHt=u; ¥

where X is the initial metacontext, updated to ¥’ with new solutions. We also make the elaborated

term t' explicit in the judgement. The metacontext is threaded through judgements monadically.

We add an inference rule for holes.

HOLE-INFER
?m;, tm; fresh in ¥

S I'E ~tmy =%my; X, %my, Tm,

To infer a hole, we create two new metavariables, one representing the term, and one representing

its type. We add both to the metacontext.

3.6.2 Solving metavariables

To motivate metavariable solving, we first inspect a syntactic reduction system. We relate this
to NbE in the next section.

The syntactic form of metavariables is extended to include a parallel substitution. A parallel
substitution, I' - ¢ : A, is a map from context I' to A. Here, o is a list of terms typed in I', one
for each variable in A. We can act contravariantly on a term A F ¢ : A by replacing each free
variable with its definition in o, giving a term I' - t[o] : A[o] typed in .

We give some cases of substitution on terms.

wolo, 1] =t
ipa[o, 1] = wilo]
(t w)lo] = (t[o]) (ulo])
(Az. t)]o] = Az (i1 0, z0)
o]

(l(z : A). B)lo

Here, 1 shifts the substitution pointwise: each term shifts its free de Bruijn indices by one. In

(x : Alo]). B[t o, x|

the A and II cases, we extend the substitution by a variable xy. This behaves as the identity on
nested variables, as ¢ should not update them.

An example of when substitution is triggered is in reducing an application. we reduce I' -
(Az. t) uw = t[tidp, ul.

The motivation behind adding substitutions is that metavariables stand for an unknown term,
which might depend on its free variables. So, we maintain a substitution to apply when the term
is known. We write ?m;[o] for the metavariable with a captured substitution o.

At the point the metavariable is created, it is typed under a context I". We initialise the
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captured substitution to idr: the identity substitution. This is updated when another substitution

is applied. We add the following definition to the substitution procedure.
m;[o][e’] =?m;lo o o]
Composition of substitutions o o ¢’ is defined by replacing free variables in o by their definitions
in o’
The substitution ¢ on a metavariable ?m;[o] has type A F o : I, where I' is context ?m; was
created in, and A is the context typing ?m;[o]. Therefore, o is a list of A-typed definitions for

each free variable in I".

Now we consider the case of conversion checking ?m;[o]| against ¢ in context A.
YA RMmylo] =Y

The equation A F?m;lo] = t gives a constraint on the definition of ?m,. If we can solve
this equation for ?m;, such that the solution is unique up to definitional equality, then we have
achieved our goal.

To find a solution, we construct a partial right-inverse substitution o~* for A = o : I'. This
o~ 1 is a section of o, meaning o o o~! = idp.

With o1, we solve the equation as follows.
I F2mgo)[e] = tle™ ]
[ F2m; = tlo!
yielding a solution ?m; := t[c~'] in context T.

A unique 07! solving the equation A F?m;[o] =t is constructible when the following pattern

conditions are met.

1. The substitution ¢ contains only variables;
2. No variable in ¢ appears more than once;
3. Every free variable in ¢t appears in o;

4. The metavariable ?m; does not appear in t.

We call the first two conditions [linearity. The third condition checks there are no escaping
variables: variables used in the solution which are not in scope at I". The final condition is the
occurs check which prevents self-referential solutions.

There is one subtlety to the first condition when a variable is defined by a let-binding. We

say t is defined in a substitution when it arises from a reduction

I'Flet z: A=tinu= u[tidr,{]

Definitions violate linearity, as they are arbitrary terms, not variables. However, since definitions
can be unfolded, we ignore them during the linearity check.
As o contains a unique variable x; from A for each variable y; in I', there is an injective map

1

s:I'— A, sending y; — z,;. This is precisely a partial inverse c~": at each variable z; in A, if
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there is a unique y; such that s(y;) = z;, then o; ' = y;. Otherwise, o; ' is undefined. Since every

free variable in ¢ appears in o, t[oc~!] never accesses an undefined position in o'

3.6.3 Pattern unification and NbE

In the NbE world, substitutions become environments. Instead of lists of terms, environments
are lists of values interpreting the free variables of a term.
We begin by extending the domains of values and propositions. We also add a data-structure

for partial renamings.

D" > e =

| Meta ?m; p
D% > p =

| PMeta ?m; p
Renaming > 6 == ()| (6,Var) | (0,1)

In both domains, the semantic metavariable is the variable with an environment. Metavariables
are also neutral — they block further computation. Note that unlike regular variables, metavari-
ables can unblock when solved.

Partial renamings are lists of variables (represent as de Bruijn levels) and undefined values, 1.
We equivalently view renamings as partial functions on variables.

Semantic evaluation now requires ambient access to the metacontext ¥ to substitute in solved

metavariables. In practise, this is achieved using a reader monad providing implicit access to the

metacontext.
['m]¥p = [t]4p when ¥ =¥/ ?m; :=¢,%"
[?mi]¥p = Meta ?m; p  when & =X/ ?m;, X"
[2mi]%p = [t]%p when ¥ =3 ?m; :=t, %"
[?m;]%p = PMeta ?m; p when ¥ = X', ?m;, X"

When the solved term exists in the metacontext, we evaluate it in the current environment.
Otherwise, we store the environment and metavariable in a semantic meta value.

Metavariables are solved during conversion checking. For example, we might have an equation
A Meta 'm; p=a

In the previous section, we described how partial inverse substitutions are created. We create
a partial function invert : Env — Renaming which succeeds when the environment satisfies the
linearity conditions.

In conversion checking, we always compare values. However, metavariable solutions are terms.
Therefore, when applying the renaming p~! to the value a, we both update free variables and
quote the semantic value into a term. We define a function rename}, : DY — Renaming — Tm.
Like with quoting, the level n representing the depth we rename at. We also have access to the

metavariable ?m, for the occurs check.
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rename?y, . (Var,)0 = 1,111 when 0(Vary) = Var,
rename?, (T (App n a) (rename?m (T n)0) (rename?, (a)0)

)

rename?, (Meta 7m;)0 = when ?m; #?m;
)0
)0 = ;. (renamel !t !(F[Var,]) (0, Var, 1))

rename?, (T (Lam 5 F)

The first rule ensures the variable Var; is not escaping; by checking it is defined in 8. The second
rule implements the occurs check by ensuring the metavariable ?7m; does not appear in its own
solution. This way, we isolate the concerns of linearity, which depends only on the environment
p, from the other checks. When going under a binder, we apply the closure to a fresh variable
and extend the renaming in the natural way.

The final step is to piece these parts together to solve metavariables in conversion checking,

then update the metacontext.

CONV-SOLVE

p~ ! =invert(p) t= renameLAI (a)p™?

(32, ?my, X0 A Ftmylp] = a; (3, 7m; = 1t,%)

Both invert and rename might (validly) fail, so we take = to mean both that the result is defined,
and is assigned to the variable on the left. When both of the hypotheses are defined, we find a

valid solution for the metavariable and replace it in the metacontext.

3.6.4 Extended unification for negative types

We can extend pattern unification to apply to more general situations. Currently we cannot solve
equations when the metavariable is inside an eliminator, even when there is a unique solution.

Consider the follow example equations

I'Ffst (?mlo]) =t L'k (?m'[o]) z =t

In both cases, the metavariable has a negative type with a single constructor. Therefore, we can
expand the metavariables using the n law. We therefore define ?m = (?mq;?msy) and ?m’ :=
A. ?m for freshly created metavariables ?my, ?mq and 7m/.

Now the eliminators can compute, so we resolve the equations to

I'F?myfo] =t L'Etmifro,x] =t

both of which now have the form from the previous section, and can be solved provided the

pattern conditions hold.
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Chapter 4
Evaluation

In this chapter, we evaluate our TT°™ implementation. The goal of this project was to create a
suitable, practical implementation of TT™ [2, 1].

We give a quantitative evaluation of the features of the system. Expressivity of the language is
important, but also tools such as helpful error messages allow the user to efficiently write correct

code.

4.1 Error messages

Bidirectional type-checking identifies locations for suitable errors, for example when rules have
hypotheses with a specific structure, we throw an error when the shape of the term is incorrect.
We start with lexer and parser errors which detect an ill-formed term. We then have precise errors
for type-checking, inference, conversion and pattern unification.

One of the most prominent errors is the conversion error, thrown when conversion between
two types fails. The error message shows the macroscopic view of the two types when checking
began, and the specific point at which conversion failed.

While error messages are extremely useful, they are problematic for more complex terms.
Quoted terms are normal forms, which tend to be extremely large because let-definitions are
always unfolded. A useful future improvement would add controlled unfolding of let-bindings to

avoid unnecessary expansions which harm readability.

4.2 Proof assistant tools

In Section 3.6, we introduced pattern unification. This tool assists users by reconstructing terms
from the surrounding context, helping reduce verbosity of programs. Furthermore, we introduce
syntactic sugar which creates terms with holes in them.

A useful example of this is in proof concatenation. We include a term trans(A, B,C,e,¢e')!

which concatenates proofs ¢ : A ~ B and ¢ : B ~ C. In general, we need the endpoints A, B

ltrans (transitivity) is admissible as it is subsumed by transp (transport).
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and C for type-checking. But often the endpoints are inferrable from e and ¢’. Therefore, we
introduce the following shorthand.
! A /
eoe =trans(_, , e€)

Another tool we include is proof goals. Goals are inserted into the source code to throw an
error at a specific location. The error message indicates the expected type at that point, if known.
Additionally, goals optionally contain lists of terms whose types are reported to the user. We

write
iy, toy o tn}
For example, consider the following example program, in which we insert a proof goal.

let f : N - N =

AX. S X
in
let x : N =
S (S (S 0))
in
f 2{f, x}

Running the checker on this input, we get the following message.

[error]: Found proof goal.
—>» <test-file>@8:7-8:14

8 | f ?2{f, x}
L] -'_
. - Expected type [N] at goal.
. List of relevant terms and their types:
. f:N->N
J x : N
1

4.3 Quotient types example

We demonstrate implementation of the Booleans via a quotient on the natural numbers. This
works by creating an equivalence relation which artificially equates all numbers n > 1, leaving
exactly two elements: zero and “everything else”. The full code for this example is given in
Appendix C.

The implementation has two primary components: the relation R and proof it is an equivalence,
and the dependent if expression to eliminate the booleans. Since our underlying type is N,
the equivalence proofs are by induction. The proofs themselves are somewhat complex, but
manageable. Elimination of quotients requires an underlying function on the base type, and a
proof that the equivalence relation is preserved. The preservation proof is relatively complex, and

again proven by natural number induction.
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It is very hard to write such a proof without the assistance of the type-checker. We make use
of pattern unification when writing equality proofs, and utilise the syntactic sugar ¢ ~ u, which
infers the type at which the equality is formed. We also use use e o €’ for proof concatenation.

We use goals to help write proof terms. In fact, goals also help us simplify code. Consider the

following subterm of the proof in Appendix C, lines 31 — 33.
rec(x'. Rx" (S1) - R (S1) (S k) -Rx" (S Kk),

DA LW,
LA LA LK, X)

If we place a goal in the code, we quickly learn the expected type is

rec(_.Q, L, _ . T, X)->T>rec(_.Q, 1, . T, X)

which is inhabited by Aw. A_. w. This helps us determine this nonobvious simplification.

4.4 Simply typed lambda calculus example

Our final example exhibits Fiore’s implementation of NbE for the simply typed lambda calculus
[7]. This proof demonstrates the expressivity of the system, and makes extensive use of inductive
types. Despite the proof being almost 500 lines long, the type-checker completes in under three
seconds The code listing is found in Appendix D.

In this proof, we use miz-fiz operators. These let us construct custom mathematical syntax,
for example [7] for type denotations. We also redefine various type constructors to more readable
names, for example we alias the 'Function constructor.
let - : Type ! - Type ! - Type ! =

Adom. Acod. 'Function ((dom; cod), *)
in

A major difficulty encountered was making mutually inductive definitions for normal and
neutral forms. We have no direct mutual definitions, so we instead use a work-around. We
construct a datatype representing the union of normals and neutrals, and use the index as a
predicate to divide the definition into two types. A similar trick is used in defining the quote and
unquote functions, which are mutually recursive.

While this demonstrates a difficult barrier in the system, it also shows the expressive capabil-

ities, and that even in a relatively primitive stage, it is possible to construct complex proofs.
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Chapter 5
Conclusions

In this project, we used untyped normalisation by evaluation to create the first implementation
of TT°P. We designed suitable bidirectional typing rules to implement the typing relation. Then,
we constructed an NbE algorithm to produce normal forms of terms for conversion checking. We
introduced a novel technique for handling semantic propositions using a second untyped domain
and another interpretation function performing no reduction besides substitution.

On top of the core calculus in [1] and [2], we added extensions of quotient types and inductive
types. Quotient types exhibit the power of observational equality by providing control over
the equivalence relation in types — a feature hard to recreate in other popular proof assistants.
Inductive types are essential to use the language in a practical setting; datatypes are a core feature
of any language. We designed and implemented a well-founded induction principle for inductive
types corresponding to primitive recursion. Facilitating induction over arbitrary structures is
another key feature of a useful proof assistant.

We added pattern unification to improve the practicality of using the system — with it, we can
omit terms which are automatically determined from the context. Alongside this, we introduced
proof goals to give type information while writing programs.

Overall, the product created throughout this project was a success and proved capable of
implementing challenging proofs. While implementing these examples, the tool responded with

useful messages to guide the user in filling out the details of the proof.

5.1 Future work

Designing a fully featured proof assistant is a huge task. Therefore, there are a large number
of extensions this work would benefit from. We mentioned various extensions throughout the

exposition, but here highlight some interesting ideas.

« Quotient inductive types [19]. A useful extension would be inductive definitions specifying
quotients directly. The user would specify the points of a type, and equalities between them.

The equivalence relation would be the reflexive transitive closure of the defined paths.

o Irrelevant proof term solver. Pattern unification only commits to definitionally unique
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solutions. By definition, irrelevant terms are unique, so we might create a more aggressive

solver which searches for proofs of a given proposition.

Explicit mutual induction. Currently, we implement mutually defined datatypes and func-
tions using a proxy. This is impractical and becomes very verbose. A first-class notion of

mutual induction would make this process much easier.

Generalised pattern matching. Nested pattern matching would allow for easier destructuring
of datatypes. Matching on built-in types like natural numbers and Y-types would offer

greater flexibility, especially in nested patterns.
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Appendix A

Inductive propositional equality

Here we give background on Martin-Lof-style inductive equality. This is not central to the TT°>
system, as we introduce the alternative notion of observational equality. Also, we do not revisit
these rules, so they are only serve as a reference.

Definitional equality decides many equalities between terms. However, there exist many se-
mantically equivalent terms which are not definitionally equal; for example some equalities must
be proven by induction. Propositional equality allows us to construct an explicit proof of equality
between terms, and use it to judge them equal. With equality types, we introduce a form of
Martin-Lof Type Theory [20].

We add the following terms to the grammar given in Section 2.1.
A B t,u == - |reflt| Jx 2.C|(t,u,v) | t =4 u Propositional equality

t =4 wu is the type of proofs that t equals u at type A. In a constructive setting, proofs
themselves are objects. The introduction form refl ¢ constructs a reflexivity proof for any term at
any type. The eliminator J is a based path-induction principle on equality proofs [21]. This means
we create a motive C' which depends on a variable x, and a proof that t =4 x. We start with a
value u inhabiting C' when x is defined as t — therefore, in this context, they x is definitionally
equal to t. We then pull the endpoint x from ¢ to ¢’ along their proof of equality, v. This path
induction is based because the first endpoint stays fixed throughout. This is provably equivalent
to full path induction, where both endpoints are transported 77.

Typing rules for inductive equality are as follows.

ID-FORM ID-INTRO
'EA: U 'kt A F'kFu:A 'k¢t: A
I'tt=4u:U I'kreflt:t=4t
ID-ELIM
't A

FEt':A Tyx:Az:t=42HC:U Tru:t=ut I'Fov:Clt/z,refl t/z]
L'k Jz 2.0t ', u,v) : Clt' )z, u/z]

The formation and refl rules are self-explanatory. The induction principle is more involved. The

motive is a family indexed by a term x : A and an equality proof z : t =4 x. The term u : t =4 t/
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is a proof that ¢ is equal to t’. We then give a term v which inhabits C[t, refl t], so the endpoints
of the equality proof are definitionally equal. This lets us locally treat propositional equality as
if it were definitional. The result of the J eliminator is the term v is transported along the proof

of equality u : t =4 t: the motive C' now mentions ¢’ in place of t.

Example A.0.1 (Casting). Given a propositional proof p : A = B of equality, we construct a

casting function.

JIB . A— B(A B,p,Ax.x): A— B

where A — B is shorthand for the non-dependent II type II(_ : A).B. The motive says to
construct a function type A — B, it suffices to construct a function of type A — A. J then
transports the codomain to B using the proof A =, B. Of course, A = A (definitional equality),
so the identity function inhabits A — A.

As with the other types, we have definitional equality rules.

ID-EQ
Al
Ip-5 rA=A":U
F'Ft=t:A l'ru=u: A
I'E Jx 2.C)(t, t,refl t,v) = v : C[t/z,refl t/2] FE(t=au)={=4u):U

The B rule says J reduces when its argument is a reflexivity proof, at which point v has the
correct type. This indicates Example A.0.1 ultimately dissolves to the identity function, which
makes sense: casting from A to B should amount to doing nothing.

Despite only having a single constructor, refl, propositional equality types express many prop-
erties. Nonetheless, there are still useful properties which cannot be proven. A notable example is
function extensionality, where proving pointwise equality of two functions is insufficient to prove

the functions themselves are equal. At first, it seems a reasonable extension to add the rule

FuNEXT
F"p:H(Z:A).fZZB[Z/x]gZ

't ext(p) : f =n(wa). B Y

however this breaks canonicity, meaning there are closed identity proofs which never reduce to
refl, and J blocks on these proofs. A resolution is to add equality reflection, postulating that
propositional equalities hold definitionally, but this breaks decidability of type checking [22].

This propositional equality is proof relevant: the proof itself is a term with computational
content. It is, in particular, possible to construct definitionally distinct proofs of equality between
two terms. For this reason it makes sense to reason with iterated proofs of equality (i.e. equalities
between equalities, and so on). This gives rise to an co-groupoid structure on types [21], where
equalities are witnessed up to higher equivalences, which themselves have higher witnesses and
so on. In TT°, we instead have a setoid structure. Setoids are sets equipped with a truncated
equivalence relation. That is to say, there are no higher equivalences: all proofs of equality are

definitionally unique.
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Appendix B

Categorical interpretation of Mendler

induction

To motivate the induction principle, we look at inductive types from a categorical perspective. We
view inductive type definitions as defining an endofunctor EF:U* — U* on the functor category
U4 representing A-indexed types. This functor is a sum-of-products signature functor defined in

the form

F(F)=By+By+---+ B,

where each B; is some functor A — U, possibly depending on F'. In particular, given a functor
X : A — U, we obtain a new type family F(X) : A — U. Here, X is thought of as an
interpretation for the free variable F' in each type B;. Now suppose we start with the empty
type family £ — that is, at each index p : A, £(p) is the empty type. Consider the type F (€).
Every constructor which depends on the free variable F' will be empty, as it is a product with the
empty family. Therefore, the only inhabitants are those which do not include recursive data; in
other words the trees of depth at most one. Iterating the endofunctor again introduces another
level to these trees, and so on. Ultimately, we want to reach a fized point with this process —
that is, when adding one more layer does not add more elements to the type. This type must
satisfy F (uﬁ’ ) = ul:" , meaning substituting the family uF into F gives the same type uF (up to
isomorphism). In this sense, ,uF is a fixed point of the functor F'.

For elimination of inductive types, we need an induction principle. Categorically, this is given
by a univeral mapping-out property from the object ,uﬁ . In particular, for every other functor
X : A — U with a morphism F/(X) 2 X, we want a (unique) map pF X X such that the

diagram
F(uF) —— pF
F(ﬁXX)l ﬁXX
F(X) —25 X

commutes. Here, fixy is a natural transformation, so given an index p : A, we have a function

from the inductive type at index p, (uF )ps to X,. This is the diagram for an initial F-algebra,
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which is indeed a suitable construction for inductive types. By Lambek’s lemma, this additionally

gives us the desired isomorphism between F(uﬁ) and uﬁ’ witnessed by

We generalise the induction principle fixx to allow the type X, to depend on the value of type
(pﬁ’ )p for the fully dependent induction principle.
The type-theoretic induction principle given in Section 2.4.2 does in fact correspond to the

initial algebra uﬁ’ . Recall the following typing rule.

Fix

pF = pF:A—U. [C;: (z;: Bi) = F a;]
FIX| & uF : A= U. [C;: (z;: Bi{X/F]) = F a
ILG:A—-Up:Ax:GpEC:s
DG:A—-U,f:TI(p: A). II(z: G p). ClG,p,x],p: A,z : F[G] pkt: C[F[G],p, z]
I'Ffix [uFasG| fpax:C=t:1(p: A). ll(x: (uF) p). C[pF, p, x]

In fact, f is really a natural transformation between G' and C', and therefore a morphism in
the functor category 44. We can lift it using F' to give F(f) : F(G) — F(C). We consider z as an
element of F(G), so F(f)(z) is an element of F'(C) as an immediate consequence from the data
of G, f and z. Since ¢ is a map from this data into C, we can equivalently view ¢ categorically
as a morphism F'(C') — C, making (C,t) a candidate F-algebra; in this sense Mendler recursion
does indeed correspond with the unique induction morphism fixe : uF — C induced by initiality.

Section 2.4.3 details how we extend the induction principle for inductive types to allow prim-
itive recursion. This operates by introducing an extra parameter ¢ : II(p : A). G p — (uF) p,
which allows us to “view” the opaque type G as the real type pufF'.

Categorically, ¢ is a natural transformation G — uF . Therefore, we can lift it using F to get

a natural transformation F(1) : F(G) — F(uF). But, F(uF) is isomorphic to uF', so we define
/2ino F(1): F(G) — uF

At the top level of the rule, we substitute the identity function in for «. In typing the body, ¢,
we create «/ = in o F'(¢). This becomes in o F(id). By functoriality, F'(id) = id. So this resolves

to in, which is an isomorphism, and behaves like an identity.
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Appendix C

Code for quotient types example

Here we give a formalisation implementing Booleans as a quotient on the natural numbers.

let cast compose : (A :U U) - (B :U U) - (C :U U)
- (AB :Q A~B) - (BC :Q0B ~ ()
-» (x :U A)
- cast(A, C, AB - BC, x) ~ cast(B, C, BC, cast(A, B, AB, x)) =
M. AB. AC. AAB. ABC. Ax.
transp(B,
B' BB'.
cast(A, B', AB - BB', x) ~ cast(B, B', BB', cast(A, B, AB, x)),
refl (cast(A, B, AB, x)), C, BC)
in
letR : N> N> Q =
AX. Ay. rec(_. Q, rec(_. Q, T, _ . 1L1,vy), _ _.rec(_.Q, L, . T,Y¥), x)
in
let Rr : (x :UN) - R X x =
Ax. rec(z. Rz z, *, _ _.*, Xx)
in
let Rs : (x :UN) - (y :UN) > Rxy->Ryx-=
AX. Ay. rec(y'. Rxy"' - Ry' X,

rec(x'. Rx" 0@ -RO X', Aw. w, _ . Aw. w, X),
k . rec(x'. Rx" (S k) >R (S k) x", Aw. w, _ _. AW. w, X),
y)

in
let Rt : (x :UN) » (y :UN) - (z :UN) s> RXy-Ryz->Rxz-=
AX. Ay. Az. rec(z'. Rxy->Ryz'" - Rx2z',
rec(y'. Rxy' -Ry' 0-RxO0,

AXO. A . X0,
k . A . Aw. abort(R x 0, w),
y),

k . rec(y'. Rxy" >Ry" (Sk)->Rx (S k),
A . Aw. abort(R x (S k), w),
1 . rec(x'. Rx" (S1) R (S1) (S k) »Rx" (S k),
AW. A . w,
A AL R x), ), 2Z)

in
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let Bool :

U =

N/ (xy. Rxy,

X. Rr x, x y xRy. Rs x y xRy, x y z xRy yRz. Rt x y z xRy yRz)
in
let true : Bool = m O in
let false : Bool =1 (S 0) in
let if : (B :U Bool - U) - (c :U Bool) - B true - B false - B c =
AB. Ac. At. Af.

let congB : (x :UN) - (y :UN) > Rxy->B (nx)~B(ny) =

AX.
in

Ay. AxRy. ap(U, x. B x, (m x : Bool), m y, xRy)

let choose : (x :UN) - B (mm x) =

AX.

in

rec(x'. B (mx'), t, k _. cast(B false, B (m (S k)),
congB (S 0) (S k) *,
), x)

let presTRhs : (x :UN) » (y :UN) > Rxy-> Q=

AX.

(choose x) ~ cast(B (my), B (m x), congBy x (Rs x y xRy), choose y)

in

Ay. AXRy.

let presT : (x :UN) - (y :UN) - Q =

AX.
in

Ay. (xRy :Q R x y) - presTRhs x y xRy

let pres : (x :UN) - (y :UN) - presT x y =

AX.

Ay. rec(x'. presT x' vy,
rec(y'. presT 0 y',

A . refl t,
1 . Aw. abort(presTRhs 0 (S 1) w, w),
y),

k

rec(y'. presT (S k) y',
Aw. abort(presTRhs (S k) 0 w, w),

1 _. A_. cast compose (B false) (B (m (S 1))) (B (m (S

- k)
(congB (S 0) (S 1) *)
(congB (S 1) (S k) *)
f,y), x)
in
Q-elim(z. B z, x. choose x, X y e. pres x y e, C)
in

if (Ab. if (A_. U) b N (N x N)) true (S 0) (6; S (S 0))

Lines 11 — 12 implement the equivalence relation R on the naturals. We relate R 0 0 and
R (S n) (S m) for all n,m € N. This gives two equivalence classes, {0} and {1,2,3,...}.

Lines 14 — 33 prove that R is an equivalence relation.

Lines 35 — 40 construct a new type of Booleans by quotienting the naturals with the relation
R, and values for true and false.

Lines 41 — 72 implement the dependent eliminator for the Booleans: if. This includes an

underlying map choose (lines 46 — 49), which sends 0 to ¢ and all other numbers to f. We then
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prove that this preserves the relation R on lines 51 — 70. This is enough information to construct
a map out of the Booleans.

Line 74 shows a simple use-case of the dependent eliminator. We first specify the return type:
in the true branch, we return a number, and in the false branch, a pair of numbers. Then we

provide the data for the two branches.
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Appendix D

Code for simply typed lambda calculus

example

Here we give the code listing for the NbE implementation of the simply typed lambda calculus.

let Type : 1 - U =

MTy @ 1 - U.
[ 'Unit : 1 - Ty !
; 'Product : (Ty ! x Ty !) > Ty !
; '"Function : (Ty ! x Ty !) - Ty !
]

functor AB f _ x =
match x as _ return (lift [Ty] B) ! with
| "Unit (_, _) - 'Unit (!, *)
| 'Product (t1-T2, _) - 'Product ((f ! (fst t1-712); f

I (snd Tt1-T2)), *)
| 'Function (ti1-Tt2, _) - 'Function ((f ! (fst ti-t2); f !

(snd T1-12)), *)
in
let 1 : Type ! = 'Unit (!, *) in
let _*x_ : Type ! - Type ! - Type !
At. Au. 'Product ((t; u), *)
in
let - : Type ! > Type ! - Type ! =
Adom. Acod. 'Function ((dom; cod), *)
in
let FuT =
pCtx : 1 - U.
[ '"Empty : 1 - Ctx !
; 'Extend : (Ctx ! x Type !) - Ctx !
1
functor AB f _ x =
match x as _ return (lift [Ctx] B) ! with
| 'Empty (_, _) - 'Empty (!, *)
| "Extend (F-t, _) - 'Extend ((f ! (fst I-t); snd I-t), *)

in

let - : FuT ! = "Empty (!, *) in

let _:_ : FuT ! - Type ! - FuT ! =
Al. At. 'Extend ((F; T), *)

in

let Ix =

pIx : (Type ! x FuT !) > U.
[ 'Ix0 : (t-F : Type ! x FuT !) » Ix (fst t-IF; (snd t-IF) = (fst t-IN))
; 'IXS ¢ (T-T-t' ¢ Z(t : Type !). (Z(F : FuT ). Type ! x Ix (t; IN)))
- Ix (fst t-F-t'; (fst (snd t-F-t')) = (fst (snd (snd t-T-1'))))
]

in
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11 let Fut @ (FuT ! x FuT !) - U =

42 ACs.

43 let A : FuT ! = fst Cs in

44 let ' : FuT ! = snd Cs in

45 (t :U Type !) -» Ix (t; A) - Ix (t; IN)
46 1in

47 let Term =
48 uTm : (Type ! x FuT !) - U.

49 [ 'Var : (t-F : Z(t : Type !). (I : F¢T !). Ix (T; IN))

50 -» Tm (fst t-I; fst (snd t-IN))

51 ; 'One @ (M : FuT ') - Tm (1; I)

52 ; 'Pair @ (Ti-t2-T & Z(t1 : Type !). Z(t2 : Type !).

53 E(F : FuT ). (Tm (t2; T) x Tm (t2; T)))

54 > Tm ((fst ti-t2-T) * (fst (snd T1-7t2-T)); fst (snd (snd T1-T2-T)))
55 ; 'Fst @ (t1i-T @ Z(t1 : Type !). Z(F : FuT !).

56 (T2 : Type !). Tm ((T1 * T2); IN))

57 -» Tm (fst t:1-I; fst (snd 11-T))

58 ;o 'Snd i (T2-T @ Z(t2 : Type !). Z(F : FuT !).

59 Z(t1 @ Type !). Tm ((T1 * T2); IN))

60 -» Tm (fst t2-I; fst (snd 12-T))

61 ; 'Lambda : (ti-t2-T : Z(t1 : Type !). Z(t2 : Type !).

62 (M : FuT ). Tm (Tt2; (T = 11)))

63 > Tm ((fst t1-t2-T) = (fst (snd T1-7t2-T)); fst (snd (snd T1-T2-T)))
64 ; "App ¢ (t2-T @ Z(t2 : Type !). Z(F : FuT !). Z(t1 : Type !).

65 Tm ((t1 = 12); ) x Tm (11 I))

66 > Tm (fst t2-T; fst (snd t2-T))

67 ]

68 in

69 let Form =
70 pForm : 1 - U. ['Ne : 1 > Form !; 'Nf : 1 - Form !]

71 in
72 let Ne : Form ! = 'Ne (!, *) in
73 let Nf : Form ! = 'Nf (!, *) in

74 let Normal =
75 puNormal : (Form ! x (Type ! x FuT !)) - U.

76 [ 'War : (t-F : Z(t : Type !). Z(I : F¢T !). Ix (T; IN))

77 - Normal (Ne; (fst t-I'; fst (snd t-I)))

78 ; 'VOne : (I : FuT !') - Normal (Nf; (1;r))

79 ; '"VPair : (Ti1-Tt2-T : Z(t1 : Type !). Z(t2 : Type !). (I : FuT !).

80 Normal (Nf; (t1; I)) x Normal (Nf; (t2; IN)))

81 - Normal (Nf; ((fst ti-t2-T) x (fst (snd T1-12-T)); fst (snd (snd T1-12-T))))
82 ; 'VFst @ (t1-T : Z(t1 : Type !). Z(F : FuT !). Z(t2 : Type !).

83 Normal (Ne; (Tt1 * 12; IN)))

84 - Normal (Ne; (fst t:-I; fst (snd 11-T)))

85 ; 'VSnd @ (t2-T @ Z(t2 : Type !). Z(F : FuT !). Z(t1 : Type !).

86 Normal (Ne; (t1 * 12; IN)))

87 - Normal (Ne; (fst t2-I; fst (snd 12-T)))

88 ; 'VeLambda : (ti-t2-T @ Z(t1 : Type !). Z(t2 : Type !). Z(I : FuT !).

89 Normal (Nf; (t2; (I = t1))))

90 - Normal (Nf; ((fst T1-T12-T) = (fst (snd T1-12-T)); fst (snd (snd T1-12-T))))
91 ; '"VApp : (t2-T : Z(t2 : Type !). Z(F : FuT !). Z(t1 : Type !).

92 Normal (Ne; (t: = t2; I)) x Normal (Nf; (tx; I)))

93 - Normal (Ne; (fst t2-T; fst (snd 12-T)))

94 ]

95 in

96 let # : Type ! » FuT ! » U = At. Al. Normal (Ne; (t; I)) in
97 let # : Type ! - FuT ! - U = At. Al. Normal (Nf; (t; I)) in
o8 Llet pshf : (t :U Type !) » (A :U T !) > .7 T A

99 > (F:UFRT !) Fut (A; T) -7 T T =
100 AT. AA.

101 (fix [Normal as N] pshf f-t'-A' v :

102 let f = fst f-1'-A' in

103 let t' = fst (snd f-t'-A') in
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104 let A' = snd (snd f-t'-A') in

105 (F :UFT !) > Fut (A'; T) - Normal (f; (t'; I)) =

106 let f = fst f-1'-A' in

107 let t' = fst (snd f-t'-A') in

108 let A' = snd (snd f-t'-A') in

109 Al Ap.

110 match v as _ return Normal (f; (t'; I)) with

111 | *war (t'-A''-ix, pf) -

112 let t' = fst t'-A''-ix in

113 let A'' = fst (snd T'-A''-ix) in

114 let ix = snd (snd t'-A''-ix) in

115 let p' =

116 cast(FisT (A'; T), FuT (A''; T),

117 ap(U, =. Fu% (Z; T), _, _, sym (snd (snd pf))), p)
118 in

119 ‘War ((t'; (F; p' t' ix)), <fst pf, <fst (snd pf), refl >>)
120 | 'Vone (_, pf) - 'VOne (I, <fst pf, <fst (snd pf), refl I>>)
121 | 'VPair (ti1-t2-A''-t-u, pf) -

122 let t1 = fst T1-T2-A"'-t-u in

123 let t2 = fst (snd ti-T2-A'"'-t-u) in

124 let A'' = fst (snd (snd T1-T2-A''-t-u)) in

125 let t = fst (snd (snd (snd Ti1-T2-A''-t-u))) in

126 let u = snd (snd (snd (snd Ti1-T2-A''-t-u))) in

127 let p' =

128 cast(Fit (A'; ), FuT (A'"; T),

129 ap(U, =. Fu% (Z; T), _, _, sym (snd (snd pf))), p)
130 in

131 ‘VPair ((t1; (t2; (F; (pshf (Nf; (ta; A'")) t T p';

132 pShf (Nf, (TZ; A”)) r p')))),
133 <fst pf, <fst (snd pf), refl I'>>)

134 | 'VFst (t1-A'"'-T2-t, pf) -

135 let 11 = fst t1-A'""'-T2-t in

136 let A'' = fst (snd T1-A''-T2-t) in

137 let t2 = fst (snd (snd t1-A''-T2-t)) in

138 let t = snd (snd (snd T1-A''-T2-t)) in

139 let p' =

140 cast(FiT (A'; ), FuT (A'"; T),

141 ap(U, =. Fu% (Z; T), _, _, sym (snd (snd pf))), p)
142 in

143 'VFst ((t1; (F; (t2; pshf (Ne; (t1 * t2; A'")) t T p'))),
144 <fst pf, <fst (snd pf), refl I'>>)

145 | 'vSnd (t2-A''-T2-t, pf) -

146 let t2 = fst 12-A''-T1-t in

147 let A'' = fst (snd t2-A''-T1-t) in

148 let t1 = fst (snd (snd t2-A''-Ta2-t)) in

149 let t = snd (snd (snd T2-A'"'-T1-t)) in

150 let p' =

151 cast(Fit (A'; ), FuT (A'"; T),

152 ap(U, =. Fut (=; ), _, _, sym (snd (snd pf))), p)
153 in

154 'VSnd ((t2; (F; (t2; pshf (Ne; (t: *x t2; A'')) t T p'))),
155 <fst pf, <fst (snd pf), refl I>>)

156 | 'VLambda (t1-T2-A'"'-t, pf) -

157 let t1 = fst T1-T2-A""'-t in

158 let t2 = fst (snd Tt1-T2-A''-t) in

159 let A'' = fst (snd (snd Ti-T2-A''-t)) in

160 let t = snd (snd (snd Ti1-T2-A''-t)) in

161 let p' : Fu¥ (A" =t t1; T 2 T1) =

162 AT. Aix.

163 match ix as _ return Ix (t; T = T1) with

164 | '"Ix0 (t''-Z, pf') -» "Ix0 ((fst t''-Z; IN),

165 <fst pf', <refl I, snd (snd pf')>>)
166 | "IxS (t''-Z-t'-ix, pf') -
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let t'' = fst t''-Z-1'-ix in

let = = fst (snd t''-Z-t'-ix) in
let t' = fst (snd (snd t''-Z-t'-ix)) in
let ix =

cast(Ix (t''; ), Ix (T; A'),
<fst pf', fst (snd pf') o snd (snd pf)>,

snd (snd (snd t''-Z-t'-iX)))
in
'IXS ((t; (F; (t'; p Tt ix))), <refl 1, <refl I, snd (snd pf')>>)
in
‘VLambda ((t21; (t2; (F; pshf (Nf; (t2; A'' = 12)) t (F 2 12) p'))),

<fst pf, <fst (snd pf), refl I>>)
| "VApp (t2-A'-T1-t-u, pf) -
let t2 = fst T2-A'-T1-t-u in
let A'' = fst (snd T2-A'-Tt1-t-u) in
let t1 = fst (snd (snd t2-A'-T1-t-u)) in

let t = fst (snd (snd (snd T2-A'-T1-t-u))) in
let u = snd (snd (snd (snd T2-A'-T1-t-u))) in
let p' =

cast(Fust (A'; T), Fut (A''; T),

ap(U, =. Fut (=; ), _, _, sym (snd (snd pf))), p)
in
'VApp ((t2; (F; (t2; (pshf (Ne; (t1 = t2; A'")) t T
pshf (Nf; (t1; A'")) u T p'))
<fst pf, <fst (snd pf), refl I>>)
) (Ne; (t; A))

p';
)

’

)

in
let [_]_: Type ! > FuT ! - U =
(fix [Type as Ty] SemTy _ ty : FuT ! - U = Al'.
match ty as _ return U with
| *Unit (_, ) -1
| *Product (p, _) -
let 11 = fst p in
let 12 = snd p in
SemTy ! t1 I x SemTy ! 12 T
| 'Function (f, _) -
let 11 = fst f in
let 12 = snd f in
(A :U FuT ') - Fut (F; A) - SemTy ! ta A > SemTy ! 12 A) !
in
letN: uT ! > T ! - U =
(fix [F«T as Ctx] Env _ T : FuT ! - U = AA.
match ' as _ return U with
| "Empty (_, _) -1
| 'Extend (F-T, _) -
let I = fst -1 in
let T = snd I-T in
Env ! TAx [ t]A) !
in
let rm : (F :UFT ') » (A :UFeT ') > Fut (A; T) - (t :U Type !)
s[tJA-[T]T-=
AT AA. Ap.
(fix [Type as Ty view 1l rn _ Tt : [ (v ! ©) JA-T (v ! T) 1T =
match Tt as t' return

let t' : Type ! = in (fmap[Typel(Ty, Type, 1, !, T')) in
[t TA-[<T IT
with

| *Unit (_, ) - A_. !
| 'Product (t1-T2, _) -
let t1 = fst T1-T2 in
let t2 = snd T1-T2 in
Apair.
let t = fst pair in
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230 let u = snd pair in

231 (rn ! t1 (fst pair); rn ! T2 (snd pair))

232 | 'Function (t1-T2, _) -

233 let 11 = fst T1-T2 in

234 let t2 = snd T1-T2 in

235 Af. AA' L Ap'. A (Ax. Aix. p' x (p x ix))) !

236 1in

237 let lookup : (Tt :U Type !) - (I :U FuT !) - Ix (t; IN)

238 > (A:URT!)->NTFTrA-[T]A-=

239 AT. Al

240 (fix [Ix as I] lookup t-F ix : (A :U FuT !) - 0 (snd t-T) A > [ (fst =-F') ] A =
241 let Tt = fst t-T in

242 let I = snd t-T in

243 AA. Aenv.

244 match ix as _ return [ t ] A with

245 | "Ix0 (t'-Tr', pf) -

246 let ' = snd t'-I* in

247 let env-cast =

248 cast(M r A, 0 (r* =) A, ap(U, =. m=z A, _, I =1, sym (snd pf)), env)
249 in

250 snd env-cast

251 | "IxS (t'-F'-t''-ix, pf) -

252 let t' = fst t'-F*-t''-ix in

253 let ' = fst (snd t'-F'-t''-ix) in

254 let t'' = fst (snd (snd t'-F'-t''-ix)) in

255 let ix = snd (snd (snd t'-F'-t''-ix)) in

256 let ix' =

257 cast(I (t'; r'), I (v; r'), apu, x. I (s r'y, _, _, fst pf), ix)
258 in

259 let env-cast =

260 cast(n r A, n(r* = =<') A, ap(U, =. m =z A, _, T" 1", sym (snd pf)), env)
261 in

262 lookup (t; ') ix' A (fst env-cast)) (t; IN)

263 1in

264 let [ ] : (F:UFT !) - (t :U Type !) - Term (t; I')

265 S (A:URT!')->NTA-[T]A-=

266 Al AT,

267 (fix [Term as Tm ] eval t-F tm : (A :U FuT !) - 0 (snd t-F) A - [ (fst t-F) J A =
268 let t = fst t-T in

269 let I = snd T-T in

270 AA. Aenv.

271 match tm as _ return [ t ] A with

272 | 'var (t'-r'-ix, pf) -

273 let t' = fst t'-F'-ix in

274 let I'' = fst (snd t'-T'-ix) in

275 let ix = snd (snd t'-T'-ix) in

276 let env' =

277 cast(n r A, nr* A, ap(u, =. m=z A, _, _, sym (snd pf)), env)
278 in

279 cast([ ©t 1 A, [ t 1A,

280 ap(u, t''. [ " 14, _, _, fst pf), lookup t' I'" ix A env')
281 | '‘One (_, pf) - cast(1, [ T 1A, ap(U, t'. [ t 14, 1, t, fst pf), !)
282 | *Pair (ti-t2-T'-t-u, pf) -

283 let t1 = fst T1-Tt2-T'-t-u in

284 let t2 = fst (snd t1-T2-F'-t-u) in

285 let ' = fst (snd (snd ti-t2-F'-t-u)) in

286 let t = fst (snd (snd (snd ti-T2-F'-t-u))) in

287 let u = snd (snd (snd (snd Ti1-Tt2-T'-t-u))) in

288 let env' =

289 cast(n raA, nr* A, ap(u, =. m=z A, _, _, sym (snd pf)), env)
290 in

291 let vt : [ T2 ] A =

292 eval (t1; ') t A env'
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294
295
296

298
299
300
301
302
303
304
305
306
307
308
309
310
311
312
313
314
315
316
317
318
319
320
321
322
323
324
325
326
327
328
329
330
331
332
333
334
335
336
337
338
339
340
341
342
343
344
345
346
347
348
349
350
351
352
353
354
355

in
let vu : [ T2 J A =
eval (t2; ') u A env'
in
cast([ T+ JAx [ T2 ]1A, [ T1]A,
ap(U, t'. [ t 1A, T2 x 12, T, fst pf),
'Fst (t2-F'-Tt2-t, pf) -
let t1 = fst T1-T'-T2-t in
let I'" fst (snd t1-F'-Tt2-t) in
let T2 fst (snd (snd t1-T'-t2-t)) in
let t = snd (snd (snd T:1-F'-T2-1t)) in
let env' =

(vt; wvu))

cast(nraA, nr* A, ap(u, =. n =z A, _, _, sym (snd pf)),

in
let vt : [ t2a JAx [ T2 1A =
eval (t1 x t2; ') t A env'
in
cast([ T« 1 A, [ T 1A, ap(u, t. [ = 14, _,
‘Snd (t2-T'-Tt2-t, pf) -
let t2 = fst t2-F'-T1-t in
let ' = fst (snd t2-F'-t1-t) in
let t1 = fst (snd (snd t2-F'-t1-t)) in
let t = snd (snd (snd t2-F'-t1-t)) in
let env' =
cast(P r A, Anr" A, ap(u, =. n
in
let vt : [ tT: JAx[ t2]A-=
eval (t1 * T2; ') t A env'
in
cast([ T2 1 A, [ T 1A, ap(u, t. [ = 14, _,
‘Lambda (t1-Tt2-T'-t, pf) -
let 11 = fst t1-T2-T'-t in
let 12 fst (snd t1-t2-F'-t) in
let I'" fst (snd (snd ti-t2-F'-t)) in
let t = snd (snd (snd Ti-T2-T'-t)) in
let env' =
cast(nr A, nr A, ap(u, =. n

_, fst pf),

A, , _, sym (snd pf)),

_, fst pf),

in
let At : (A" :UFRIT !) o Fut (A; A') - [ ta J A" - [ 12 ]
AL AT AY.
let rn-env : (Z :UFMT !) >N ZA->TFit (A; A') -1 =
(fix [F«T as Ctx view 1] rn-env _ = : 1 (v ! Z) A >
M (v ! Z) A =
match = as =' return
let ='' : uT ! = in (fmap[FiT](Ctx, FiT, 1, !,
nz'""A-TFit (A; A') -0 ='" A'
with
| "Empty (_, ) - A . A_. !
| 'Extend (Z'-T', _) -
let ' = fst Z'-t' in
let t' = snd Z'-t' in
Ae-X. Ap. (rn-env ! ="' (fst €-x) p; rm A" A p T'
in
eval (t2; " @ 12) t A" (rn-env I'' env' f; x)

in

cast ((A" :U FuT !) - Fu® (A; A') > [ T2 J A" - [ T2 ] A",

ap(u, t'. [ T 1A, T2 » 12, _, fst pf),
‘App (t2-T'-t1-t-u, pf) -

let t2 = fst T2-F'-t1-t-u in
let ' = fst (snd t2-T'-t2-t-u) in
let t1 = fst (snd (snd t2-F'-t1-t-u)) in

let t = fst (snd (snd (snd T2-F'-T1-t-u))) in
let u = snd (snd (snd (snd T2-F'-T1-t-u))) in

68

At)

env)

fst vt)

env)

snd vt)

A, , _, sym (snd pf)), env)

(snd g-x)))

[ T1a4,



356
357
358
359
360
361
362
363
364
365
366
367
368
369
370
371
372
373
374
375
376
377
378
379
380
381
382
383
384
385
386
387
388
389
390
391
392
393
394
395
396
397
398
399

401
402
403
404
405
406
407
408

410
411
412
413
414
415
416
417
418

in

let env' =
cast(f r A, nr* A, ap(u, =. n = A, _, _, sym (snd pf)), env)
in
let val : [ t2 ] A =
(eval (t1 = t2; ") t Aenv') A (A_. Ax. x) (eval (t1; ') u A env')
in
cast([ t= 7 A, [ t1lA, ap(U, =*. [ = 14, _, _, fst pf), val)) (t; I

let q-u : (t :U Type !) -

AT.

le

in
le
in
Af

(f :U Form ') - (I :U F«T !) >

(match f as _ return U with

| 'Ne (_, ) »#TT->[T1T

| 'Nf (_, ) -[TlITlT->/T) =

(fix [Type as Ty view 1] q-u _ T :

(f :U Form !) - (F :U T !) -

(match f as _ return U with

| '"Ne (_, ) >z (x ' )y T > (0! T)IT

[ 'NF (L, DT ! IrF- (0! 1)) =
tg:(x' :UTy !) > (M :URT ) >[ (! t) T > (! t)rI' =
At'. gq-u ! t' Nf

tu:(xn :UTy !) > (F" tUFRT ) >z (0Pt )" > (0! x) T =
At'. gq-u ! t' Ne
. AT,
match f as f return
let t' : Type ! = in (fmap[Typel(Ty, Type, 1, !, T)) in
match f as _ return U with
| '"Ne (_, ) »# ' T - 1T
| 'NF (_, ) >[I T I TFT->+'T
with
-- Unquote
| 'Ne (_, _) -
(match t as t' return
let t' : Type ! = in (fmap[Typel(Ty, Type, 1, !, T')) in
M T[T 1T
with

| "Unit (_, ) - A_. !
| 'Product (t1-T2, _) -
let t1 = fst T1-T2 in
let t2 = snd T1-T2 in
Am. (u ta T ("VFst ((v ! ta; (F; (V! 125 m))),
refl ((Ne; (1 ! ta; T)) : Form ! x (Type ! x FuT !))));
uTt2l ('VSnd ((v ! Tt2; (F; (v ! T2; m))),
refl ((Ne; (v ! t2; I)) = Form ! x (Type ! x FiT !)))))
| 'Function (t1-T2, _) -
let 11 = fst T1-T2 in
let t2 = snd T1-T2 in
let Ti=T2 : Type ! = (v ! T1) = (v ! 7T2) in
Am. AA. Ap. AY.
uTt2 A ("VApp ((v ! T2; (A; (v ! T1; (pshf ta=t2 F'm A p; g 12 A X)))),
refl ((Ne; (v ! t2; A)) : Form ! x (Type ! x FuT !))))

)
-- Quote
| 'NFf (_, ) -
(match t as T return
let t' : Type ! = in (fmap[Typel(Ty, Type, 1, !, 1)) in
[t ]IrFr- 41T
with
| "Unit (_, _) - A_. 'VOne (I, <*, <*, refl I>>)
| 'Product (t1-T2, _) -
let t1 = fst T1-T2 in
let t2 = snd T1-T2 in
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429
430
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432
433
434
435
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437
438
439
440
441
442
443
444
445
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448
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459
460
461
462
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465
466
467
468
469
470
471
472
473
474
475
476
477
478
479
480
481

in
let

AT.

in
let

AT.

in
let

AT.

Ap.

let t = fst p in

let u = snd p in

'‘VPair ((tv ! T21; (v ! T2;
<*, <<refl (1 ! T2

| 'Function (t1-T2, _) -

(r;
)I

(@Tua T t; gt2Tu)))),
refl (1 ! 12)>, refl I>>)

let 11 = fst T1-T2 in
let tT2' = 1 ! 11 in
let t2 = snd T:1-T2 in
let t2' = 1 ! 12 in
AT
let x : [ ta' J (F 2 11') =
u Tt (F = Ta') ("VWar ((ta'; (I ta'; "IX0 ((ta'; M),
<refl t1', <refl T,
<*, <refl tT1', <refl I, refl 11'>>>))
in
let 1+ : Fut (F; T 2 1a') =
AT'. Aix[. "IxS ((t'; (F; (t2'; ixM))), <refl t', <refl T,
in
‘VLambda ((t2'; (t2'; (F; g t2 (F = ta') (F(FC = ta') tx)))),
<*, <<refl t1', refl t2'>, refl I>>))) ! =t
g: (t :UType !) > (T :URT !) [ T]lF-> 4Tl =
g-u T Nf
u: (t:UType !) > (T :UFRT ') > #ZTT->-[T]T=
g-u T Ne
nbe : (t :U Type !) - (T :UFT !) > Term (t; T) » A& T T =
AT At
let xs : T T =
(fix [F4T as Ctx view 1] xs _ T : 0 (v ! T) (v ! T)=
match I as I return
let ' : FuT ! = in (fmap[FsT](Ctx, FuT, 1, !, T)) in
nr'r'
with

| "Empty (_, _) - !
| 'Extend (F'-t, _) -

refl t1'>>))),

refl t1'>>)

let ' = fst -t in
let ' =1 ! 1" in
let Tt =snd -t in
let x : [ T ] (' = 1) =
uTt (r'" =) (‘war ((t; (r'* = t; 'Ixe ((t; r+),
<refl 1, <refl I''', refl 1>>))),
<*, <refl 1, <refl I''', refl w>>))
in
let shift : (A :UFRT !) - NAT'" >NA(F" 1) =
(fix [FsT as Ctx view 1] shift _ A : M (v ! A) ' >0 (v ! A) (F'" = 1) =
match A as A return
let A' : FuT ! = in (fmap[F:T](Ctx, FuT, 1, !, A)) in
nA"T'" - nA" (F''" 1)
with
| "Empty (_, _) > A_. !
| "Extend (A'-T', _) -
let A' = fst A'-t' in
let t' = snd A'-t' in
let + : Tt (FC''; ' 1) =
ATt AIxI' ',
'IXS ((t''; (Pt (t; ixr''))), <refl t'', <refl I''', refl t>>)
in
Aenv. (shift ! A' (fst env); rn (I''* = t) ''" 2 " (snd env))
) !
in

70



482
483
484
485

487
488
489
490
491
492
493

(shift (v !' ") (xs ' T"); x)
) ' r
in
gl (Tt t]T xs)
in
nbe 1 - ('App ((1; (-; (1;
("Lambda ((1; (1; (-;

‘Var ((1; (- = 1; '"Ix0 ((1; -), <*, <%,

<k, <X, ¥>2)))),
<<k, k> ks,
‘One (-, <*, *>))))),
<k, *¥>))
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