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1 Overview

The basic approach of this paper is to build a realizability model of dependent LNL in the style of Harper [4].
Essentially, we give an untyped operational semantics for the language, and then construct a PER for the
syntactic types, and a function mapping each semantic type to a PER giving the equality relation for that
type. For linear types, we give a map from semantic types to a map from monoid elements to PERs. This
generalizes the pattern of L [1] from unary to binary relations.

Below, the first occurence is the statement of the theorem, and the second is the proof. (The proofs all
begin on page 19.)
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2 Untyped Syntax

See figures.



e t, X A

Mx:X.Y| A—B | Ax:C.e | ee’ | Ax.e
111 () |let()=eine’

Ix:X.Y| AQB | (e,e/) | me | me | let(x,y)=eine’
Ge | Gle

Fx:X.A | F(e,t) | letF(x,a) =tint’

T | A&B

Ux: XY | Ix:x. Y

e=xe’ | refl

N | 0| s(e) | iter(e,0 = eg,s(x),y — €1)
Ui [ ki

x | fixfx=e

Al | let[x] =eine | *

e— X | Loc | newxe | free(e,t) | 1

TA | vale | letvalx =eine’

Ax:A.e| ()] (ee) |refl | Ge | 1] * | 0] s(v)
Mx:X.Y| A—B | T | A&B

111 ] Zx:X.Y| A®B | Fx:X.B

e=xe | e—=X|Loc | U; | L

A.e | ()| (ee) | Flee) | Ax.e | (ee’)
x | vale | letvalx =eine | newxe
let (x,a) = get(e,e’)ine” | e :=¢c» €’

-l o l:v

Figure 1: Terms e, t, X, A, values v, linear values u, stores o



3 Operational Semantics

See figures.

4 CPPOs and Fixed Points

A pointed partial order is a triple (X, <, L) such that X is a set, < is a partial order on X, and L is the least
element of X. A subset D C X is a directed set when every pair of elementsd x,y € D has an upper bound in
D (i.e, thereis a z € D such that x < zand y < z). A pointed partial order is complete (i.e., forms a CPPO)
when every directed set D has a supremum | | D in X.

The following lemma is in Harper '92, and is Theorem 8.22 in Davies and Priestley.

Lemma 1. (Fixed Points on CPPOs) If X is a CPPO, and f : X — X is a monotone function on X, then f has a least
fixed point.

Proof. Construct the ordinal-indexed sequence x, where:

X0 = 1
xpr1 = f(xp)
XA = |_|(3<)\ Xp

Because f is monotone, we can show by transfinite induction that every initial segment is directed, which
ensures the needed suprema exist and the sequence is well-defined.

Now, since we know there must be a stage A such that x) = x,41. If there were not, then we could
construct a bijection between the ordinals and the strictly increasing chain of elements of the sequence x.
However, the elements of the sequence x are all drawn of X. Since X is a set, it follows that the elements of
x must themselves form a set. Since the ordinals do not form a set (they are a proper class), this leads to a
contradiction. Hence, there must be a stage A such that x, = xx1. O]

5 Partial Equivalence Relations and Semantic Type Systems

A partial equivalence relation (PER) is a symmetric, transitive relation on closed, terminating expressions. We
further require that PERs be closed under evaluation. Given a PER R, we require that for all e, e’,v,v’ such
thate || vand e’ || v/, we have that (e,e’) € Rif and only if (v,v’) € R. Given a PER P, we write P* to close
it up under evaluation.

A partial evaluation relation on configurations (CPER) is a symmetric, transitive relation on terminating
machine configurations (o;e). We further require that they be closed under evaluation. Given a CPER M,
we require that for all (o7; e1) such that (oy; e1) | (o7;u1) and (oo; ep) such that (oy; €2) | (05;u,), we have
((o1;€1), (02;€2)) € M if and only if ((o7;u1), (o U2)) € M.

Note that since evaluation (both ordinary and linear) is deterministic, an evaluation-closed PER is de-
termined by its sub-PER on values (or value configurations).

A semantic linear/non-linear type system is a four-tuple (I € PER,L € PER, ¢ : I — PER,{ : L — CPER)
such that ¢ respects I and \ respects L. We say that I are the semantic intuitionistic types, L are the semantic
linear types, and ¢ and 1 are the type interpretation functions.

The set of type systems forms a CPPO. The least element is the type system (0, 0, 'per, !cper) with an
empty set of intuitionistic and linear types. The ordering (I, L, ¢, ¥) < (I, L', ¢/, ¢’) is given by set inclusion
onI CI’"and L C L/, when there is agreement between ¢ and ¢’ on the common part of their domains, and
likewise for P and 1’ (which we write ¢ C ¢’ and T 1’). Given a directed set, the join is given by taking
unions pointwise (treating the functions ¢ and 1 as graphs).

We define the following constructions on PERs in Figure ??.



elv

et JAx:A. e leo/xle v

v{v erex v
el (e, e) e v el (e, e exlv
melv melv
elv el 0 e v
s(e) I s(v) iter(e,0 — eg,s(x),y —e1) § v

el s(n) iter(v,0 — eg,s(x),y — e1) v m/x,v/yle v/
iter(e,0 — eg,S(x),y — e1) I v

el fixfx=eg [(fix f x = eg)/f, e’ /x]ey | v

ee' v
(o;e) I (0';1)
. (o;e1) I (0";Ax. ef) (0 [ea/xley) I (o”;u”) A
(o;u) | (o;u) At (0;e1 e2) I (o”;u") o
(o;e1) | <G’;5\x. e) (o';lea/xle) |} (c”;u”) o (o;e) I {(o';(eq, e2)) (o/;e1) I} (o”;u") .
(o;e1 e2) I (o”;u”) o (o;me) | (o”;u”) .
(o;e) I (0;(e1,e2))  (07;e2) I (0”;u") s (o;e) 4 (0';0)) (o) I (o) Lot
(o;me) | (o”;u”) N (o;let()=eine’) | (o”;u) N

(o;e) | (0'; (e1, €2)) (0';[e1/a, ez/ble’) | (0”;u)

(o;let (a,b) =eine’) || (o”;u) LPAIR
(0;€) |} (0/;F (e1, €2)) (0’;[e1/x, ex/ale’) |} (o”;u) o el Ge’ (o;€") | (o/;u) Runc
(o;letF(x,a) =eine’) | (o”;u) (0;G 1 e) I (o)
(o) U {o'ju) LIRRDROP (0;[x/a, x/ble) | (o;u) LIRRSPLIT
(o;let ] =epine) I (o)1) © (o;let [a,b] = eg in€) | (o/;1)
el (o;e") | (o', 1:v; %) (o, L:v;[v/x, x/cle”) || (o”;u)
(o;let (x,c) = get(e,e’)ine”) | (o”;u) LDERER
’ (o;€e) ~ (o’;valv) ‘
(o;e) | {(o’;u) e #valug {o;u) ~ (c”;valu’)
(o;vale) ~ (o;vale) (0;€) ~ (o”;valu')
(0;e) ~ (op;valer) (o1; [ey/x]e’) ~ (o’;valv) elv 1 € dom(o)
(o;letvalx =eine’) ~ (o’;valv) (o;newx e) ~ (o,1:v;valF (1, %))
el e v (") | (07, 1:v/; %) 4 elll  {opt) | (o/,1:v;%)
(0,1:v;e :=¢n €') ~ (0/,1:v;val *) LAssIoN (0;free (e, 1)) ~ (o’;val () FDELETE

Figure 2: Operational Semantics



(C&D)

(C 5 D)

v,V ) |V(a, a ) € E. (va,v'ad’) € ®(a)}
(a,b),(a’,b)) | (a,a’) € EA(b,b') € ®(a)}
V1 ((5e), (e € )

V(e,e’) € E. (v,v') € O(e)}

a(e,e') €E (vv') e 0(e)}

s*(0)) | k is a natural number }

v 6 Val Av’ € Val}

Q\_/
o

{{o; ()),(c’;())) | 0,0’ € Store}
{ ({0 (a, b)), ((o;a), (0’;a’)) € AA }
(o’;(a’, b)) ({(o;b),(c’;b")) € B
{((0), ¢ON
30'(:, O0p,0c/,0p-.
(o3¢, ), o=oc o/
(o/;(c,d)) | O =Cocon/
((oc;c),(og;¢)) € CA
((op; d),(op;d)) € D

Yoo#o, ogfo’, c,c’.
((o;u), if ((op;¢), (oh;c’)) e C

(o’;u”)) then (0 op;uc), cD
(o’ - opu'ch)

((o;F (a,b)), E(a,a’) A }
(o/;F(a’,0")) (<6b> (0’;b")) € ¥(a)
((o;u), V(e e’) € }
(o’;u')) ({o;ue), <0 u' e’)) e Y(e)
({o;u), V(e e) € }
(o/;u)) (o), < u)) € ¥(e)

(<<G;u , J(e,e’) €

i
wr) | (o) (o) € vle) }
Vos#oy, 0'9#0'2. Jo7, 07, U1, Us.
({o1;€1), (01 0¢;€1) ~ (07 - og;valug) A
(02; €2)) (02 - 0g;€2) ~ (03 - 0g;valuy) A

(<U{;u1>,[<0§;1]12>) eA[ |
or=[l:w] Aoy =[1:v] A
{(<cl;*>,<oz,-*>) ] oLl e =l
{((o;%),(a";%)) | Fa,a’. ({0;a),(0;a’)) €A }

Figure 4: Linear PER Constructions
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¢’ (Loc) = Loc

¢'(N) = I§T

¢'(T1) = T

d'(e1 =x e2) = Id(ey, e, d(X))

O'(Tx: X YIX]) = TI(d(X),Av. d(YM]))

¢ (Ix: X YI]) = Z(d(X),Av. d(YV]))

¢'(Vx: X YIX]) = V(P(X),Av. d(YV]))

OB X YR = 3(d(X), Av. d(Y))
¢'(GA) = G(A) R
¢’ (Uy) = let (U,¢,L,P) =fix(Ty) inU
¢’ (L) = let (U, $, L) =fix(Ty) inL
P(1) =1

V(A ®B) = Y(A) & P(B)

P'(T) = T

P'(A&B) = YP(A)&WP(B)

P'(A — B) = P(A) S P(B)

Y (Fx: X . AX]) = Fb(X), . w(AM]))
V(Mx: X A = TTL($(X), Av. b(AN])
¢'(Vx: X AlX]) = YL(d(X),Av. W(A]))
¢'(Fx: X AK) = IL(G(X),Av. p(AN]))
P(TA) = T(A))

P'(e X) = Ptr(e, $(X))

Figure 5: Definition of Ty, interpretation part

We can now define an operator Ty on type systems:
Tk(I/ ]—/ q)/lb) = (I/*/ I—/*/ (b//ll)l)
where I’ and L’ are defined in Figure 6 and ¢’ and 1’ are defined in Figure 5.

Lemma 2 (Ty is a type system operator). We have that Ty is a monotone function on type systems.
Lemma 3 (Expansion). Ifi < k and tis a type system then T; (1) < Ty (7).

Lemma 4 (Universe Cumulativity). Ifi < k then T; < Tx.

The interpretation of the i-th universe is the least fixed point of T;.

The Ty are monotone operators, and so they have least fixed points. Furthermore, our definition of Ty
refers to the fixed point itself, but only for smaller stages i < k.

Define T; as the least fixed point of T;. Notice 7; T Ti,q1. We shall thus consider the following type

system in the sequel:
To:=| | T

ieN



I'=

L/

{(Loc, Loc)} U
{(N,N)} u
(T, T} U
{(e1 =x ez, t1 =v t2) [ I(X, Y) A D(X)(e1, t1) A D(X)(e2, t2)} U
(Mx : X. Y, ‘ 1(X,X') A } !
Mx : X" Y'[x]) V(v,v') € ®(X). I(YP], Y'[v'])
(Zx : X. Y[x] ‘ I(X,X)A U
Ix: X Y'[x]) Y(v,v') € ©(X). (Y], Y'V'])
(¥x : X. Y] 1(X,X') A |
x: XY/ [x]) V(v,v') € ©(X). I(YW], Y'V'])
(Ix: X. Y[x] I(X, X)) A U
Ix : XY [x]) V(v,v') € ©(X). (Y], Y'v])
{(GA,GA")|L(A,AN} U
{(U, U i<kt U
{(Li, L) [1 < Kk}
{(,n}u
{(A®B,A’®B’) | L(A,A’) AL(B,B")} U
{{(A —-B,A" - B’)|L(A,A")AL(B,B")} U
(Fx:X. Alxl, I(X, X)A } U
Fx: X'. A'[x]) V(v,v') € ®(X). L(AN],A'V'])
(TTx : X. Alx], I(X, X)) A } U
Mx : X'. A/[x]) V(v,v') € ®(X). L(AN],A'V'])
(Wx: X. Alx], I(X, X)) A U
vx : X' A'X]) Y(v,v') € ®(X). L(AN], A'V'])
(Ix: X. A, 1(X,X") A !
Ix: X' A'[x]) V(v,v') € ®(X). L(A],A'v'])
T,T) U

A&B,A’&B’) | L(A,A") AL(B,B’)} U
TATAN|(AA) el U
e X,e' = X')]|(ee’)elocA (X, X') e U}

[t Nt e Rt
—_—— —~

Figure 6: Definition of type part of Ty



6 Environments

6.1 Semantic Environments

6.1.1 Intuitionistic

[ = {0}
IMx:XI = {(v,(er,e2)/x) |y € [TTA (v1(X),v2(X)) € Ui A (e1, €2) € di(y(X))}

6.1.2 Linear
[1 = {({& ), (&N}

! !
Jdoy, 02, 07, 03.
o=01-0 /A0 =07 05\

A dal =3 o 82 (5800 | (16,51, {o1;587)) €[] A
((02;82), (05;85)) € [A2]
[a:Al = {({o;e/a),(c’;e'/a)) | (A,A) e Li A\ ((o;e),(0;e")) € W(A)}

7 Typing Rules
The judgements are:

e [0k
o ' Aok

' X type
e '+ A linear

' X=Ytype
'+ A =B linear

e [Fe: X

AFe: A
elFe=e':X
e NAFe=¢e: A
We maintain the following implicit premises in all of the rules:
e Every rule of the form I' - e : X has ' - X type as a premise.
e Every rule of the formTHe=¢’:XhasTFe:X,and T+ e’: Xand I - X type as premises.
e Every rule of the form I'; A e: A has '+ A linear as a premise.
e Everyrule of theform T A-e=¢e’:AhasT;AFe:A,andI A e’ : Aand T - A linear as premises.

In the figures, we suppress these premises for readability.



8 Fundamental Property

Theorem 1 (Fundamental Property).
Assuming that T okand y € [I] and T+ A ok and (o,8) € [y1(A)], we have that:

1. IfT F X type then y(X) € U(y1(X)).

2. IfT - X = Y type then (v1(X),v2(Y)) € U(y1(X)).

3. IfTte: Xthenvy(e) € d(y1(X)).

4. IfT e = ey : Xthen (vi1(e1),v2(e2)) € d(v1(X)).

5. IfT = A linear then y(A) € L(y1(X)).

6. IfT'= A = B linear then (y1(A),v2(B)) € L(v1(X)).

7. IfT; A e Athen ((01,v1(81(e))), (02, v2(82(e)))) € b (v1(X)).

8. IfT; Ak er =ey: Athen ((01,v1(81(e1))), (02,v2(82(e2)))) € W(y1(X)).
9

. IfT; A b e<A then there exists t and t’ such that for everyy € [l and every (o, ) € [y1(A)], ((01,81(v1(t))), (02, S2(ya(t’
Y(va(A)).

9 Technical Lemmas

Lemma 5 (Context Shrinking).
IfT, T ok then T ok.

Lemma 6 (Linear Context Shrinking).
IfTHA,A okthenT = Aokand T = A’ ok.

Lemma 7 (Substitution Shrinking).
Ify € [Ty, T1] then there are 'yo,y1 such that vy =y, v1 and yo € [Tol.

Lemma 8 (Free Variables of Linear Contexts).
IfT = A ok then FV(A) C dom(T").

Lemma 9 (Linear Heap Preservation).
If (o;e) | (o’;u) then 0 = o’

Lemma 10 (Linear Evaluation Frame Property).
If (o;e) | (0/;u) and o¢#o then o'#0¢ and (o - o¢;e) | (o’ - of;u).



I ok

I ok ' X type

E CTXNIL r,X "X ok CTXCONS
' A ok ' A linear
I'F - ok LCTXNIL - A, o Aok LCTXCONS
'+ X type ' A linear
'eEX: Ui 'EA: Li
———— Tp ———— LTp
'+ X type I'E A linear
'-X=Ytype ' A =B linear
r'EX=Y:U; I'FA=B:L;

PEQ TPEQ

Fl—XzYtypeT I“}—AEBIinearL

Figure 7: Structural judgements

Fke:Y TFX=VYtype

T X T FxX MFe:X e TEQ:1
e: X F'kFe':[e/x]Y NFe:Xx: XY le:Xx: X. Y
; IPAIRI —— IPAREl IPAIRE2
I'-(ee):Zx: X. Y NEme: X N'-me:[me/x]Y
I'=TIx : X. Y type INx:Xke:Y N-e:Tx: XY F-e': X
IFUNI IFUNE
MEAx.e:Tx: XY o M-ee':[e'/x]Y o
l'Fe=e': X I-Fe:A
- IEQ —  _1al
Nrefl:e=x e’ © FI—Ge:GAG
N-e:N
- INI - INI
FEO:N e FEs(e):N U

rN-C:N—->1u N-e:N l-ey:CO Ix,y:Cxte:C(s(x))
I'kiter(e,0 — eg,s(x),y = e1):Ce

INE

Figure 8: Intuitionistic Typing
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— IU ——— IL
rl—UiZUi+1 rl—Li:Ui+1

N=X:U; IFx: XFY:U; Ne=X:U; Ix: XEY:U;
1P1 ISIGMA
FETx: X Y: U Ne-Ix:X. Y:U;

FI—A:Li
FEN:U;, FEGA: U, ©

MeEX:U; N-e:X N-e’: X
Fl—e:Xe’:Ui

1IEQ

F}—A:Li FI—B:Li FI—ALl

IONE ITENSOR

NE1:U;

rl_Bl_1

r|_|L1 FI—A®BL1 Fi—AwBLl

N=X:U; Fx: XFA:L N=X:U; Ix: XFA:L
ILP IF
TETIx:X AL : TFFx:X AL

FI—A:Li F}—BLI
I'-A&B:L;

IWITH

Figure 9: Type Well-formedness

FFT:Li

Ike:Loc IN'eX:U; 'EA:L

ILocC IPTR

I'F Loc: U; TFem X: Ly TETA:L

EA:L
ME[A]: L

IIRR

M= X:U; Ix: XFY:U; N'-=X:U; Mx: XFY:L

Ne=vx: X Y:Ug N=vx: X Y: L

N=X:U; IFx: XFY:U; N=X:U; Fx: XEY:L

Ne=3x:X. Y:U; Ne3ax: X Y:L

TANY

FI—TI:Ui

Figure 10: Well-formedness of extensions

11
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N"Ate:B ' A =B linear

LHYP LEQ
Na:AFa:A AFe: A
MAFe:l LA e :C
LONEI LONEE
BEO:1 LAA Flet()=eine :C O
MAFe: A A e :B MnAFe:A®B A, a:A,b:BlFe':C
y ; LTENSORI y — LTENSORE
AA (e, e):ARB A A Flet(a,b)=eine’: C
MAa:AlFe:B MNMAFe:A—B LA e : A
LFUNI LFUNE
MAFAa.e:A —B MAA Fee :B
F'x: X;AFe: A NAFe:TIx: X A e : X
- LPII LPIE
AFAx. e:TTx: X. A MAFee :[e/x]A
—————— LTorl
ARE(Q):T
IAFe : Aq NAFe: A MAFe:A&B NNAFe:A&B
LWITHI ——— LWITHEFST —— — LWITHESNDI
F;Ak(el,ez)ZAl&Az F;Al—me:A F;A}_ﬂzeiB
FFe:X IAFt:[e/x]A It C linear AFe:Fx: X A Ix:X;A,a:AFe :C
LFI y —
INAFF(et):Fx: X A AA FletF(x,a)=eine’:C
'-e:GA
-G e A
Figure 11: Linear Typing
MNx:XkFe:Y x € FV(e) Ne:¥x: XY ke : X
lFe:vx: XY I'Fe:[e/xX]Y
Fx:X,y:Yke:Z x¢gFV(e) I,x:XFEYtype M-e’: X M'ke:[e’/x]Y
Ny:Ix:X.Yke:Z Ne:Ix: XY
I'x: X;AFe:A x & FV(e) NAFe:Vx: X A Fe':X

NMAFe:Vx: X A

I''x:X;A,a:Ake:C x & FV(e)
A a:Ix: X.Ake:C

MAFe:[e'/x]A

e’ : X
AFe:Ix: XY

I',x:XFYlinear T;AFe:[e'/X]Y

LFE

In:NFETIx: X[n]. Yn] type
I N, f:TIx: XM Y[n],x: X[s(n)] - e:Y[s(n)]

NEfixfx=-e:vn:N.Tlx: X[n]. Y[n]

I f:T1,x:X(0)Fe:Y(0) negFV(fixfx=e)

Figure 12: Intersection and Union Types
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It e:Loc MAFt:[e— X INx:X;A,a:[e—~ X Ft':C
;A A et (x,a) = get(e, t)int’ : C

LGET

MAFe: A MAFe:TA MA,a:AkFe :TC
— Y LTI , ——— LTLET
IAFvale: TA A A Fletvala=eine’ : TC

Ne: X I'+e:Loc NAFt: e X]
LN LF
I';-Fnewxe:T(Fx:Loc. [x — X]) o I AL free (e, t) : Tl e

It e:Loc MAFt:[e— X] Fe':Y
MAFe:= e :Tle—Y]

LSET

MNMAFe- A MAFe: A MAFe:[Al A, x:AFe' =C
TAF Al F NAFexA T'AA Fletlxl —eine = C

MAFe: |l A e :C MAFe:[A®B] A, a:[ALLb:[BlFe' :C
LIRRUNIT LIRRPAIR

oA A Flet[l=eine’:C A A Fletla,bl=eine’:C

Figure 13: Typing of Imperative Programs
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MAFt=t:A

IFUNBETA IFUNETA

l'-(Ax.e) e’ =[e'/xle: Z FFe=Mx.ex:TIx: X. Y

IPAIRBETAFST IPAIRBETASND

F'kFm(ee)=e:Z F'm(ee)=e :Z

IPAIRETA
N-e=(meme): Ix: X

TUNITETA

Fl'Fe=e':1

IGETA IGBETA

r-G(G'le)=e:GA r-FG 1 (Gt)=t: A

, INZBETA
I'titer(0,0 — ep, S(x),y > e1) =ep: X

[ iter(s(e),0 — e, 8(x),y — 1) = le/x, ter(e,0 — e, 800,y — ex) /yler : X

IAEF (Ax.e)e’ =[e'/xle: C FFUNBETA MNMAFe=Ax.ex:A —B FEUNETA
~ LPIBETA ~ LPIETA
IAF (Ax.e)e’ =[e'/x]le: C MAFe=Ax.ex:TIx: X. A
————— LToPETA
NAbFe=e : T
7 LWITHBETAFST 7 7 LWITHBETASND
AR (e,e)=e: A AR (e,e')=¢e :B
LWITHETA
MNMAFe=(me me): A&B
- LONEB - LONEE
LAFlet()=(ine=e:C 0 DAFlet()=tin [ /Xt = t/xt’ :C
LT B
TAFlet (a,b) = (ty, 1) Nt/ = [t1/a, tp/blt - C oo
LTENSORETA

;AR let (a,b) =tin[(a,b) /Xt = [t/x]t': C

GAFIetF(x,a) =F (e t) int = [e/x,t/alt’ :C

TAFIetF(x,a) =tin[F(ya) /ylt =yt :C

Figure 14: fn-Equality
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Nx:XFe=¢e':Y F'Fe=e :¥x: XY N-t:X

IALLETA IALLBETA
FTFe=e :¥x: XY F'e=e':[t/xX]Y
F'Fe=e':[t/xX]Y Ft:X Fx:X,y:Yre=e':Z x € FV(e,e’,Z)
IEXBETA IEXETA
l-e=¢€e:Ix: XY Ny:Ix:X.Yke=e':Z
MAFletvalx =valtint’ = [t/x]t': TC HTBETA MAFletvalx =tinvalx=t:TC HETA
X Q/FV(tz)
LTAssocC

IAFletvaly = (letvalx =t inty) ints =letvalx =t; inletvaly =t int;: TC

TAFe=e :[A] e

Nx: X;Ake=e A MAFe=¢e :Vx: X A Ft:X
LALLETA LALLBETA
MAFe=¢e :¥x: XY MNAFe=e:[t/x]A
MAFe=e :[t/x]A Ft:X I'x:X;A,a:AFe=¢e':C x Z FV(e,e’,C)
LEXBETA LEXETA
MAFe=¢e :Ix: X A FAa:3x:X.A=e:e'C

IFIXBETA

Nk (fixfx=e)e' =[(fixfx=e)/f e /xle:Z

Figure 15: Imperative Equality
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FEp:e=xe’ F'Fp:e=xe l'q:e=xe
_— K

7 IREFLECT
l-e=e:X '-p=q:e=xe
Fe: X ARt A
——— IREFLEX ——————— LREFLEX
Fe=e: X NMAFt=t: A
le=e':X TkFe' =e”:X NAFt=t:A NAFt =t": A
Fre=e:X s

77 LTRANS
NAFt=t": A

r|-A=A":L r'-B=B':L;

r}—AEA/ZLi r}—BEB/ZLi
7 7 ILOLLICONG
'FA—oB=A"—-B:L;

7 7 ITENSORCONG
I’'FAB=A'"®@B’:L;
Fr’FA=A":L; r'B=B':L;
7 7 IWITHCONG
I'NFA&B=A"&B’:L;
FTrFA=A":L;
ITC
TFTA=TA :L, ¢
rx=X:U; Nx: XFY=Y':U; r-x=Xx:U; Ix: XFY=Y':U;

C S C
FET: XY =TIk X.Y U, e TEox: X Y=2x:X.Y :U; [SiemacoNG

Fre-Xx=X:U;  Dx:XFY=Y':U; FrEX=X:U;  Dx:XFY=Y:U
TIALLC IEXC
FEwvx:X Y=vx: XY :U; rEone M X Y=3x:X. Y : U xone
r=x=Xx:U; I'x:XFA=A":L r-x=Xx:U; Ix:XFA=A":L
LALLC LEXC
FEvx:X. A=vVx:X.A :L; rone MTEax:X. A=Jx:A.Y L xone
r-x=Xx:U; Ix:XFA=A":L r=x=X:U; Ix: XFA=A':L4

1
IFC ILP1C 3
TEFx: X A=Fx:X.A:U; ONe TETx:X. A=Tx:X.A :U; one

'-e=e’:Loc r-xX=Xx":U;
Fl'Fe—»X=e' — X :U;

IPTRCONG

r-xX=x":U; e =e:X THel=ep: X

IEQCONG
r|—€1 =X ezEG{ =X eﬁ:Ui

Figure 16: Congruence rules, part 1
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Nx:XFe=e':Y Mep=ef:Tx:X. Y MFey=ej: X

C C
FEAR:X e=Ax: X e Thx: X, Y | oveone TFeer=el e Yiea/x] HATrCONe
MFe =ef:X e =ej: Yley /x|
IPAIRC
T (e, e2) = (e}, eh) : Ix: X. Y Areone
lFe=e :Zx:X. Y lFe=e :Zx:X. Y
IFSTC ISNDC
FrN-me=me' : X ST-ONG FrFme=me':Y[me/x] NpEoNe
Nx:XFe=e':Y x € FV (e, e’)
JIALLCONGTM

FFe=e :¥x: XY

FFe=e':[e"/X]Y F'Fe”: X I',x:XFYtype
lFe=e :Ix: XY

IEXCONGTM

l-e=e':N
I'ks(e)

INSCoONG

Il
%)
—
o

l-e=e':N M-e=¢e):Cz IFx:N,y:Cxke =ej:C(s(x)) Ik C typeN — U;
I iter(e,0 — ey, s(x),y — e1) =iter(e’,0 — ej,s(x),y —ef): Ce

INITERCONG

LA Rt =t ARt =t,:B
AA Flet()=tiint,=let()=t]int;:B

LUNITECONG

ARt =t{:A A Fty=t:A
TAA T (t,t) = (t,t):A®B

LTENSORCONG

MAFt =t :A®B LKA x:Ay:Brty=t:C
MAA Flet(x,y)=tint,=let (x,y)=t;inty: C

LTENSORECONG

MmMAx:AFt=t':B ARt =t{:A —oB KA Rty =t A
LFUNCONG LAPPCONG

MAFAX:A t=Ax:A.t':A—B MAA Rt =t t;:B

T;Ae=e: A A Fey;=e):B MAFe=¢e':A&B
LPAIRCONG

;A A (e1,e) = (ef,e5) : A& B MAFme=me : A

LFSTCONG

MmMAFe=¢':A&B
MAFme=me :B

LSNDCONG

INx:XFA=e:e'A x ¢ FV(e,e’)
FrNFA=e:e'vx: X. A

LALLCONGTM

NAFe=ce':[e”/x]A e’ : X Ix:XFYtype
MAFe=¢e:Ix: X A

LEXCONGTM

Mx:X;AFe=e': A MAFer=e:TIx:X.A  ThHA=e:eX

LPIFUNCONG LPIAPPCONG

MAFAx.e=Ax. e :TIx: X. A A A Fee=efe}:[e/xIA

Fl'Fe=e': X I A tel&] = t'[e/x] : Ale/x]
IAFF(e,t)=F(e/,t'):Fx: X. A

LFICONG

ARt =t :Fx: X A Fx:X;A,a:AFt,=t):B
A A FletF(x,a)=t;inty, =letF(x,a)=t]int;:B

LFECONG

Figure 17: Congruence rules, part 2



MAFe=¢e': A MAFe =e:TA A ,a:Atex=¢ej:TC

LVALCONG " N LLETCONG
MAFvale=vale’ : TA A A Fletvala=e ine;=letvala=ejine;: TC
le=e': X
LNEWCONG
I;-Fnewxe=newxe’ :T(Fx:Loc.x+— e)
l'e=¢e':Loc TAFt=t:e— e
LFREECONG

T;AFfree (e, t) =free(e/,t') : TI

l'-e=¢€':Loc HKAFt =t :e— X Fx:X;A L a:e—=XFty=t):C
I;A A" et (x,a) = get(e, t1) int, = let (x,a) = get(e’, t{) int): C

LGETCONG

I-e =e;:Loc ARt =t :e— X ley=ej:Y
MAFe ==t ea=e] i=¢ €:T(e—Y)

LASSIGNCONG

Figure 18: Congruence rules, part 3
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10 Proofs

Lemma 2 (Ty is a type system operator). We have that Ty is a monotone function on type systems.
Proof. We proceed by strong induction on k:

1. First, we check that To(L, L, ¢, ) is a type system.

To check this, we check that ¢’ and 1’ respect equivalence on I’ and L’. Since PERs are determined
by their values, we need only consider the value cases of (X, X’) € I’ and (A,A’) € L".

e Case (Loc,Loc) e I":
Immediate.

e Case (N,N) eI"”:
Immediate.

e Case (T, T1) el
Immediate.

e Case (1,1) e I":
Immediate.

e Case (TTx: X. Y, TIx: X".Y) el
We know that (X, X’) € L.
We know that V(v,v’) € $(X). (lv/x]Y, V' /x]Y') € 1

Since ¢ respects I, we know that ¢(X) = (X’).

Assume that we have (v,v) € $(X) = d(X').

Then we know that ([v/x]Y, [v/x]Y') € 1.

Since ¢ respects I, we know that ¢([v/x]Y) = d([v/x]Y’).
Therefore Av € &(X). d([v/x]Y) =Av € $(X'). d([v/x]Y’).

Therefore TT($(X), Av. d([v/x]Y)) = TT(p(X'), Av. dlv/x]Y').
Therefore ¢’/ (TTx : X. Y) = ¢/(TTx : X'. Y').
Therefore ¢’ respects I'.
e Case (Ix:X.Y,Zx: X.Y') el
Similar to TTx : X. Y case.
e Case (Wx: X.Y,¥x: X.Y) el
Similar to TTx : X. Y case.
e Case (Ix: X.Y,Ix: X.Y) el
Similar to TTx : X. Y case.
e Case (GA,GA") eI”"
We know that (A, A’) € L.

Since (A, A’) € L, we know that {(A) and \(A’) are CPER’s.
Hence G(\(A)) and G(\(A’)) are PER’s.

We know that 1 respects L and that (A, A’) € L.
Therefore P(A) = P(A’).

Therefore G(P(A)) = G(P(A')).

By definition of ¢/, $'(GA) = ¢'(GA’).

So ¢ respects L'.
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e Case (e =x e, €] =x’ €5) € I":
We know (X, X’) € L.
We know (ej, e]) € ¢(X).
We know (ey, e3) € ¢(X).

We want to show ¢’(e; =x e) = ¢’ (e] =x’ €3).

By definition, it suffices to show Id(eq, ep, $(X)) = Id(eq, e5, $(X')).
Since ¢ respects I, we know ¢(X) = $(X').

So it suffices to show Id(e1, ex, (X)) = Id(e], e}, d(X)).

We know Id(eq, ep, (X)) = {(refl, refl) | (e1,e2) € dp(X)}.
We know Id(e], e5, &(X')) ={(refl, refl) | (e, e}) € d(X')}.

So we want to show that (e, e;) € ¢(X) iff (e, e5) € $(X).

Assume (e, e3) € d(X).

We know (ef, e1) € $(X

We know (ey, e}) € ¢(X
),
(

—

By transitivity of ¢(X
Therefore (eq, e;) € ¢

e, e3) € d(X).
implies (ef, e3) € ¢(X).

N

Similarly, (ef, e5) € ¢(X) implies (e, e2) € d(X).

Therefore (e1, e2) € ¢(X) iff (ef, e5) € d(X).
Therefore Id(eq, ex, (X)) = Id(e], e5, d(X)).
Therefore Id(eq, es, (X)) = Id(eq, e, (X)).
Therefore ¢’(e1 =x e2) = ¢'(e] =x’ €3).
e Case (Ui, U;) € Iwherei < k:
Since i < k, by induction we can assume that T; is a monotone function on type systems.
Hence the fixed point fix(T;) exists, and Ty is well-defined at this case.
Then it is immediate that ¢/(U;) = ¢/ (U;).
e Case (I,I) e L":
Similar to previous case.
e Case A®B,A’®B")eL"
We know that (A,A’) € Land (B,B’) e L".
Since 1 respects L, P(A) =Pp(A’) and Y(B) = P(B’).
Therefore P(A) & W(B) = Pp(A’) @ Y(B').
Therefore ¢’'(A ® B) = ¢/(A’ ® BY).

e Case (A —oB,A’ —oB')el”"
We know that (A,A’) € Land (B,B’) e L.

Since 1 respects L, Y(A) =Pp(A’) and P(B) = P(B’).
Therefore (A) o P(B) = P(A’) Zo P(B’).
Therefore ¢p’'(A — B) = ¢'(A’ — B').

e Case (Fx: X. A,Fx: X'.A")eL”

We know that (X, X’) € L.
We know that for all (v,v’) € ¢(X), we have ([v/x]A, [v//x]A’) € L.
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Assume (v,v’) € $(X).

Then ([v/x]A, V' /x]A') € L

Since 1 respects L, we know ([v/x]A) = P ([v/x]A").

By extensionality, Av € ¢(X). W([v/x]A) =Av € $(X'). Pp([v/x]A).

Hence F(¢p(X), Av € d(X). W([v/x]

By definition, {’(Fx : X. A) =’ (Fx : X". A").

Case (T,T) e L"

Similar to (1, 1) case.

Case (A&B,A’&B’) e L

We know that (A,A’) e L nd (B,B’) e L.

Since 1 respects L, Y(A) =P (A ) and Y (B) = P(B’).
Therefore P (A) &1])( ) =P(A") &P(B').

Therefore ¢’ (A& B) = ¢'(A’ &B’).

Case (TTx: X. A, TIx: X. A’) e L":
We know that (X, X’) € L.
We know that for all (v,v’) € ¢(X), we have ([v/x]A, [v//x]A’) e L

Assume (v,v’) € $(X).

Then ([v/x]A, V' /x]A") € L

Since 1 respects L, we know {([v/x]A) = P ([v/x]A").

By extensionality, Av € ¢(X). W([v/x]A) =Av € $(X'). Pp([v/x]A).

Hence T (¢(X), Av € ¢(X). b([v/x]A)) =TTL(H(X'), Av € G(X"). b([v/x]A

By definition, {/(TTx : X. A) =/(TTx : X". A').
Case (Vx: X. A, Vx: X".A') e L

Similar to TTx : X. A case.

Case (Ix: X. A, Ix: X'.A") e L"

Similar to TTx : X. A case.

Case (TA, TA)eL”"

We know (A, A’) € L.

Since 1 respects L, (A) = P(A').
Therefore T(P(A)) = T(Pp(A")).
By definition, /(T A) =9/ (TA’).
Case (e~ X, e/ = X') e L

We know that (e, e’) € Loc.

We know that (X, X’) € L.

We want to show that /(e — X) ={’'(e’ — X').
This is equivalent to showing Ptr(e ¢ (X)) = Ptr(e’, d(X)).

It suffices to show that ({o; @), (c’; e)) € Ptr(e, (X)) iff ((c; @), (c’; ®)) € Pir(e’,

=: Assume ({(0; ), (c’;e)) € Ptr(e, d(X)).

Therefore o = [l:vland ¢’ = [1: V]

where (e, 1) € Loc and (v,Vv’) € ¢(X).

By symmetry, (e’, e) € Loc, and by transivity (e’,1) € Loc.
We know that since ¢ respects I, $(X) = (X’).
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Therefore (v,v’) € $p(X’).
Therefore ({o; e),{(0’;®)) € Ptr(e’, d(X')) .

«: The other direction is similar.

2. NeXt/ we will show that that if (Ill Llr (blr ll)l) < (IZI LZI (bZr .LI)Z) then Tk(Ill ]—1/ (1)1/ l-l)l) < Tk(IZI LZ/ d)Z/ 1!-’2)

Let (I, L{, d1, 1) = Ti(Iy, Ly, 1, 1) and (15,15, d3,1;) = Ti(Iz, Lz, d2,P2). We have four cases to
show:

(a) I} C Ij: To show this, we want to show that if (X, X’) € Ij, then (X,X’) € Ij. Since PER’s are
closed under evaluation, it suffices to consider the value forms of (X, X’):
e (X,X’) = (Loc, Loc):
By definition of Ty, (Loc, Loc) € 1.

o (X, X)=(1,1):
Similar to previous case.

e (X,X") = (N,N):
Similar to previous case.

° (X,X/) = (TI,TI)Z
Similar to previous case.

° (X,X/) =(e=yt, e’ =y, t/)Z
By definition of Ty, we know that (Y,Y’) € I; and (e, e’) € ¢1(Y) and (t,t') € ¢1(Y).
Since I; C I, we know (Y,Y’) € I,.
By the definition of the preorder, ¢>(Y) = d1(Y).
Therefore (e, e’) € ¢po(Y) and (t,t') € b, (Y).
Hence (X, X’) € Ij.

o (X, X =Ty:Y.ZIyl,Ty: Y'. Z'lyD):
By definition of Ty, we know (Y, Y’) € 1.
By definition of Ty, we know Y(v,v’) € $1(Y). (Z[v], Z'V']) € 1.
Since I; C I, we know (Y,Y’) € I,.

Assume (v,v’) € ¢po(Y).

Since (Y,Y’) € I, it follows that ¢1(Y) = b2 (Y).
Hence (v,v’) € ¢1(Y).

Therefore (Z[v], Z'[v']) € 1.

Since I; C I, we know (Z[v],Z'V']) € L.
Therefore V(v,v’) € $o(Y). (Zv], Z'[V']) € 1.

Therefore (X, X’) € 1.

e Case (X, X")=(Zy:VY.Z Xy:Y'.Z"):
Similar to the pi case.

e Case (X, X")=(Vy:Y.ZVy:Y'.Z):
Similar to the pi case.
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(b) L] C Lj: To show this, we want to show that if (C,C’) € L], then (
closed under evaluation, it suffices to consider the value forms of (X,

Case (X, X')=3y:Y.Z3Iy:Y'.Z):
Similar to the pi case.

Case (X, X') = (GA,GA"):

By definition of Ty, we know (A, A’) € L;.
Since L1 C L,, we know (A, A’) € L,.
Hence (GA,GA’) € 1.

(X, X") = (U, Uy):
By the definition of Ty, i < k.
Hence (Ui, Uy) € 15.

(X/ X/) = (Li/ Li):
Similar to the previous case.

Case (C,C") = (I, D):
By definition of Ty, (I,1) € L.

Case (C,C")=(A®B,A’®B’):

By definition of Ty, we know (A, A’) € L;.

By definition of Ty, we know (B, B’) € L;.

Since L1 C L, we know (A, A’) € L,.

Since L1 C L,, we know (B, B’) € L.

By definition of Ty, we have (A ® B,A’ ® B') € L.

Case (C,C')= (A —B,A’ — B’):
Similar to the previous case.

Case (C,C') = (A&B,A’&B’):
Similar to the previous case.

Case (C,C’) = (T,T):
By definition of Tk, (T,T) e Ls.

Case (C,C")=(TA,TA'):

By definition of Ty, we know (A, A’) € L;.
Since L1 C L, we know (A, A’) € L,.

By definition of Ty, we have (TA,TA’) € L.

Case (C,C’) = (Fx: X. Alx], Fx: X’'. A’[x]):
By definition of Ty, we know (X, X’) € I.

By definition of Ty, we know V(v,v’) € ¢1(X). (A], A'v']) € L;.

Since I; C I, we know (X, X’) € I,.

Assume (v,v’) € $o(X).
Since (X, X’) € I, by properties of extension, ¢»(X) = ¢1(X).
Hence (v,v’) € $1(X).

Hence (A[v],A’V']) € L.
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Since L1 C L,, we have (A[v],A'[V']) € L,.
Therefore V(v,v’) € $o(X). (AN],A'V]) € Ly.

Therefore (Fx : X. A[x], Fx : X". A’[x]) € Lj.

e Case (C,C’) = (TTx : X. Alx], TTx : X'. A/[x]):
Similar to previous case.

e Case (C,C') = (Vx: X. Alx],vx : X'. A'[x]):
Similar to previous case.

e Case (C,C') = (Ix: X. Alx], Ix : X'. A'[x]):
Similar to previous case.

e Case (C,C')=(e— X, e/ — X'):
By definition of Ty, we know (e, e’) € Loc.
By definition of Ty, we know (X, X’) € I.
Since I; C I, we have (X, X’) € I,.
Therefore (C,C’) € Lj.

(c) Next, we want to show that if (X, X’) € Ij, then ¢{(X) = $5(X). Since PERs are determined by
values, we proceed by cases on the value part of (X, X’) € I;.
e Case (X, X’) = (Loc, Loc):
By definition of Ty, we see that ¢{(Loc) = ¢p;(Loc) = Loc.

e Case (X, X') =(1,1):
Similar to previous case.

e Case (X, X’) = (N,N):
Similar to previous case.

e Case (X, X') = (T, T1):
Similar to previous case.

e Case (X, X')=(GA,GA'):
By definition of Ty, we know that (A, A’) € L;.
Since L1 C L,, we know that (A, A’) € L,.
Since {1 C P2, we know P1(A) = Pa(A).
Therefore G(P1(A)) = G(P2(A)).
Therefore ¢p{(GA) = ¢;(GA).

e Case (X, X")=(TTy:Y. Zlyl, Ty : Y. Z'[y']):
By definition of Ty, we know that (Y,Y’) € I,.
By definition of Ty, we know that V(v,v’) € ¢1(Y). (YIV], Y'V'] € I;.

Since I; C I, we know (Y,Y’) € I,.
Since ¢1 C ¢, we know ¢1(Y) = d2(Y).
Assume (v,v) € ¢po(Y).

Then we know (v,v) € &1(Y).

Hence (Z[v], Z'V]) € 1.
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Since I; C I, we know (Z[v], Z'[v]) € L, too.

Since ¢1 C ¢o, we know ¢1(Z[V]) = da2(Z[v]).

Therefore for all (v, v) € ¢2(Y), we have ¢1(Z[v]) = ba(ZV]).
By extensionality, Av. ¢1(Z[V]) = Av. do(Z[V]).

Therefore TT($p1(Y), Av. d1(Z[V])) =TT (d2(Y), Av. b2(Z[V])).
By definition of Ty, we have ¢{(TTy : Y. Z[y]) = ¢5(TTy : Y. Z'[y’]).

e Case (X, X")=(Zy:Y.Z[yl,Zy: Y. Z'ly']):
Similar to the previous case.

e Case (X, X")=(Vy:Y.Z[yl,vy:Y'. Z'ly']):
Similar to the previous case.

e Case (X, X)=(3y:VY.Zlyl,3y: Y. Z'ly']):
Similar to the previous case.

e Case (X, X') =(e=vy t, e/ =y, t'):
By definition of Ty, we know (Y, Y’) € I,.
Since I; C I, we get (Y,Y’) € L.
Since ¢1 C 2, d1(Y) = ¢2(Y).
Therefore Id(¢1(Y), e, t) = Id(da(Y), e, t).
Therefore ¢{(e =y t) = dpj(e =y t).

o (X, X') = (U, Uy):
By definition of Ty, &/ (Us) = d4(Uy) = let (U, _, ) = fix(T;) in W

o (X, X) = (Li, L)
Similar to previous case.

(d) Finally, we must show that if (C,C’) € Lj, then 1 (C) = 4(C). Since PERs are determined by
value configurations, we proceed by cases on the value part of (C,C’) € L.
e Case (C,C') = (I
By definition of Ty, ¥ (1) = ¥3(1) = I.

e Case (C,C')=(A®B,A’®B’):
By definition of Ty, we know (A, A’) € L;.
Since L; C L, we get (A, A’) € Ly.
Since {1 E o, we get P1(A) = Pa(A).

By definition of Ty, we know (B, B’) € L;.
Since Ly C L,, we get (B,B’) € L.
Since P C Py, we get P1(B) = 2(B).

Therefore 1 (A) @ P1(B) = P2(A) ® P2(B).
By definition of Ty, we have {{(A ® B) ={;(A ® B).

e Case (C,C')=(A —B,A" - B'):
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Similar to the previous case.

Case (C,C') = (A&B,A’&B’):
Similar to the previous case.

Case (C,C") = (T,T): )
By definition of Ty, W1 (T) =y4(T) =T.

Case (C,C’) = (Fx: X. Alx], Fx: X’'. A’[x]):
By definition of Ty, we know (X, X’) € I;.
By definition of Ty, we know V(v,v’) € ¢1(X). (A, A'v']) € L;.

Since I; C I, we get (X, X') € L.
Since ¢1 C ¢2, we have ¢1(X) = d2(X).

Assume (v,v’) € ¢(X).

Then (v,v’) € d1(X).

Therefore (A[v],A’'V']) € L.

Since L; C L, we get (A[v], A’V']) € L,.

Since 1 C 1y, we have 11 (AMV]) = P2(AM]).

Therefore V(v,v’) € ¢o(X). Y1(AN]) =P (AV]).

By extensionality, Av € ¢1(X). p1(AN]) =Av € da(X). Ya(AN]).

Therefore F(¢p1(X),Av € d1(X). P1(AWV])) = F(d2(X), Av € da(X). Wa(AM])).
By definition of Ty, we have {{(Fx : X. A[x]) =5 (Fx : X. Alx]).

Case (C,C’) = (TTx : X. Ax], TTx : X'. A’[x]):
Similar to previous case.

Case (C,C’) = (Vx : X. Alx],Vx : X'. A'[x]):
Similar to previous case.

Case (C,C’) = (Ix: X. Alx], Ix : X'. A/[x]):
Similar to previous case.

Case (C,C")=(TA, TA"):

By definition of Ty, we know (A, A’) € L;.
Since L; C L, we get (A, A’) € Ly.

Since {1 E 1y, we get P1(A) = Pa(A).

Therefore T(P1(A)) = T(Pa(A)).
By definition of Ty, we have Y{(TA) = Pj(T A).

Case (C,C')= (e~ X, e/ — X'):

By definition of Ty, we know (X, X’) € 1.

Since I; C I, we have (X, X’) € I,.

Hence ¢1(X) = ¢2(X).

Hence Ptr(e, d1(X)) = Ptr(e, d2(X)).

By definition of Ty, we have ¢1(e — X) = dj(e — X).
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Lemma 3 (Expansion). Ifi < k and 7 is a type system then Ti (1) < T (7).
Proof. Immediate, since the definition of Ty only adds those universes U; such thati < j < k.
Lemma 4 (Universe Cumulativity). Ifi < k then T; < Tx.

Proof. First, note that by monotonicity, T;(t) < Ti(t’) for any T < 7’.
Then by expansion, we know that T;(t’) < Ty (1).

Hence by transivity, T; (1) < T (T').

Next, consider the ordinal-indexed sequences:

e sp=10
® sp.1 = li(sp)

® S\ = |_|[5<)\ Sp

[ ] to = (Z)
o tgi1 = Ti(tp)

o th = |_|[5<?\ tp
Now observe that for every ordinal «, s < tq.

Since both of these sequences reach fixed points, it follows that T; < Ty.

Lemma 5 (Context Shrinking).
IfT, T ok then T ok.

Proof. The proof is by induction on the structure of I'":

o Casel' =

We have I, T’ ok.
Then T, T =T, and so we already have I' ok.

e Casel" =T",x: X:

We have I', T, x : X ok.
By inversion, we get I', " ok.
By induction, we get I' ok.

Lemma 6 (Linear Context Shrinking).
IfT+=A,A" ok then T+ Aokand T A’ ok.

Proof. The proof is by induction on the structure of A’:

o Case A/ =

We have ' - A, A’ ok.

ww Then A,A’ = A, and so we already have I' - A ok.
By LCTXNIL, we have I I- - ok.

i Therefore ' = A’ ok.
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o Case A’ =A",a:A:

Wehavel' = A,A”,a: A ok.

By inversion, we get I' - A linear.

By inversion, we get ' = A, A” ok.

v By induction, we get T' - A ok.

By induction, we get T = A” ok.

By LCTXCONS, we get ' = A”,a: A ok.
ww Therefore I' - A’ ok.

Lemma 7 (Substitution Shrinking).
If v € [To, 1] then there are yo,y1 such that y = yo,v1 and yo € [Io].

Proof. We proceed by induction on I7:

e Casel] ==

Then r(), F1 = r().
Sovy € [Ig].
Take yo =y.
Take y1 = ().
w  Sovo € [lo].
w Notey =7v,() =vo,71-
e Casel =TY{,x: X:
We have y e [Io, I, x : X].
By definition of [—], we know vy = (v, (e, e’)/x).
By definition of [—], we know y’(X) € L.
By definition of [—], we know (e, e’) € ¢(v{(X)).
By definition of [—], we know v’ € [Ty, T{].
By induction, we have vy, y; such that y’ = yo,v].
v By induction, we have yg € [Ip].
Take y1 =1, (e, e')/x.
== Note thaty = (v/, (e, e')/x) = (vo,v1, (e,€")/x) = (vo,71)

Lemma 8 (Free Variables of Linear Contexts).
IfT = A ok then FV(A) C dom(T").

Proof. We proceed by induction on A:

e Case A = -

Then FV(A) = 0.
Immediately, FV(A) C dom(T).

e Case A=A’,a:A:
By inversion on " - A ok, we get ' = A’ ok.
By inversionon I' - A ok, we get I' - A linear.
By induction, FV(A’) C dom(T").
By properties of typing, FV(A) C dom(T).
Hence FV(A’) UFV(A) C dom(T).
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Hence FV(A’,a: A)

€ dom(I").
By equality, FV(A) C dom(T").

Lemma 9 (Linear Heap Preservation).
If (o;e) | (o/;u) then 0 = o’

Proof. Routine induction on derivations. The only interesting case is dereference:

el (o;e") I} (o', 1:v; %) {0/, L:v;[v/x,x/cle”) | (o”;u)

e Case LDEREF: (o;let (x,c) = get(e,e’)ine”) | (o”;u)

By induction, we know that o = (o/,1: v).
By induction, we know that (¢/,1:v) = ¢”.
By transitivity, o = o”.

Lemma 10 (Linear Evaluation Frame Property).
If (o;e) | (0/;u) and og#to then o'#0¢ and (o - o¢;e) | (o’ - of;u).

Proof. We proceed by induction on the derivation of (o;e) | (c/;u).

e Case LVAL: (o;u) |} (o;u)

v By assumption, o#oy.
Since o#os, we know o - 0¢ is defined.
v Hence by rule LVAL, (- ¢”;u) |} (- 0”;u).

(0;e1) I {0/;Ax. ef) (0’; [ea/xle]) I (o”;u")
e Case LAPP: (0;e1 e2) I (o”;u”)
By assumption, we have o#o+.
By inversion, we have (o;e1) | (o/; Ax. ef).
By inversion, we have (o’; [ex/x]e]) | (o”;u”).

By induction, we get (o - of;e1) || (07 - o¢;Ax. €7). (a)

We also get o'#07.

By induction, we get (0’ - o¢; [e2/x]e]) || (0" - og;u”). (b)

= We also get o”#0y.

= By rule LAPP on (a) and (b), we get (0 - o;e1 €2) | (¢ - op;u”).

(0;€) 4 (0";0)  (0';e) I (")
e Case LUNIT: (o;let () =eine’) | (o”;u)
By assumption, we have o#o7.
By inversion, we have (o;e) | (
By inversion, we have (0’;e’) |

I (a’; ().
(o’

o’;u).

By induction, we get (o - or;e) | (¢’ - of; (). (a)

We also get o'#07.

By induction, we get (o’ - o¢;e’) | (6" - o¢;u). (b)

ww  We also get 0" #0y.

= By rule LUNIT on (a) and (b), we get (- o;let () =eine’) || (¢” - of;u).

29



(07€) U (0'; (e, e2))  (0';ler/a,ex/ble’) | (0”;1)
e Case LPAIR: (o;let (a,b) =eine’) || (o”;u)

By assumption, we have o#o7.
By inversion, we have (o; e) |} (0’; (e1, e2)).
By inversion, we have (0’; [e1/a, ez/ble’) |} (a”;u).

By induction, we get (o - o¢;e) | (o’ - of; (e1,e2)). (a)

We also get o'#0.

By induction, we get (o’ - o¢; [e1/a, ez/ble’) |} (6" - o¢;u). (b)

w  We also get o”#07.

w= By rule LPAIR on (a) and (b), we get (0 - o;let (a,b) = ein [e1/a, e/ble’) || (0" - of;u).

(o;e1) I {0';Ax. €) (o';lea/xle) |} (a”;u")
e Case LPIAPP: (0;€1 e2) I (o”;u")
By assumption, we have o#o+.
By inversion, (o; e1) | (0/;Ax. e).
By inversion, (o”; [e;/xle) | (o”;u”).

(a) By induction, (0 - of;e1) | (0’ - o¢; Ax. e).

We also get o'#07.

By (b) induction, (¢’ - o¢; [e2/x]e) | (o - o; 1),

ww  We also get o”#07.

= By rule LPIAPP on (a) and (b), we get (o - o¢;e1 e2) | (0" - op;u”).

(o;€) | (0';(e1,e2)) (0';e1) | (a”;u")

e Case LFsT: (o;me) § (a”;u”)

By assumption, we have o#o+.
By inversion, (o;e) | (0’; (e1, €2)).
By inversion, (o/;eq) { (o”;u").

By induction, (o - of;€) | (o’ - 0¢; (e1, €2)).
We also have o'#07.

By induction, (¢’ - of;e1) | (6" - op;u”).
ww  We also have o”#07.
w= By rule LFST on (a) and (b), we get (- o;me) | (0" - o;u”).

(o;€) I (0"; (e1, €2)) (0';e2) |} (o”;u")

e Case LSND: (o;me) | (o”;u”)

Similar to previous case.

(0;€) § (0;F (e, e2)) (0 ler/x,ex/ale’) | (o”;w)
e Case LF: (o;letF (x,a) =eine’) || (o”;w)
By assumption, we have o#o+.
By inversion, we have (o;e) |} (0/;F (e, €2)).
By inversion, we have (o”’; [e1/x, e2/ble’) || (c”;u).
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By induction, we get (o - o¢;e) | (0’ - or; F (e1, €2)). (a)

We also get o'#0.

By induction, we get (o’ - o¢; [e1/a, ez/ble’) |} (6" - o¢;u). (b)

ww  We also get 0" #0y.

w= By rule LF on (a) and (b), we get (0 - o¢;let (a,b) =ein [e1/a, ex/ble’) |} (¢ - o u).

el Ge'  (o7¢)) | (o)
e Case LRUNG: (0;G7"e) I (o;u)
By assumption, we have o#oy.
(a) By inversion, we get e || Ge'.
By inversion, we get (o;e’) |} (o/;u).

(b) By induction, we get (o - o¢;e’) | (o' - o).
ww  We also get o'#07.
By rule LRUNGon (a) and (b), (o - ;G e) | (0 - of;u).

el (0;e") | (0/,1:v;e) (o/,L:v;[v/x,e/cle”) || (¢”;u)
e Case LDEREF: (o;let (x,c) = get(e,e’)ine”) | (¢”;u)

By assumption, we have o#o.

(a) By inversion, e J 1.

By inversion, (o;e’) || (0/,1:v;e).

By inversion, (o; [v/x,e/cle’) || (¢/,1:v;u).

(b) By induction, (o,1:v, o¢; [v/x,e/cle”) || (¢’ - o¢;u).
We also get o/, 1 : vifoy.

(c)By induction, ((0’,1:v) - o¢; [v/x,e/cle”) | (o” - o¢; ).
= We also get o”#0y.

By rule LDEREF on (a), (b) and (c), we get

(0-0y;let (x,c) =get(e,e’)ine”) | (¢" - or;u)

Theorem 1 (Fundamental Property).
Assuming that T ok and y € [Tl and T' = A ok and (o, 8) € [y1(A)], we have that:

1. If T+ X type then y(X) € U(y1(X)).

IfT =X = Ytype then (v1(X), v2(Y)) € Uly1(X)).

IfT Fe: Xtheny(e) € d(vi(X)).

IfTF e = ey : Xthen (vi(e1),v2(e2)) € d(y1(X)).

IfT + A linear then y(A) € L(v1(X)).

IfT = A =B linear then (y1(A),v2(B)) € L(yi(X)).

IfT;AE e Athen ((01,v1(81(e))), (02,v2(82(e)))) € W (y1(X)).

IfT; At e = ep: A then ((01,v1(81(e1))), (02, 72(82(e2)))) € b (y1(X)).

IfT; A+ e+A then there exists t and t' such that for everyy € [I'] and every (o, 8) € [y1(A)], ((01,81(v1(t))), (02, 82 (va(t’
Y(y1(A)).

© % N & KR WD
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Proof. Assume that " ok and y € [I'].
This proof has 9 main cases, all mutually inductive:
1. If T+ X type then y(X) € Uk (y1(X)) for some k.
We case analyze the derivation of I' - X type.

MeX:U;
e Case Tpr: T+ X type
By induction, we know that (y1(X),v2(X)) € ¢(Uy).
Thus (y1(X),v2(X)) € T at T3.
2. If T E X =Y type then (y1(X),v2(Y)) € U(y1(X)).
We case analyze the derivation of ' F X =Y type.

r’EX=Y:U;
e Case TPEQ: TH X =Y type
By induction, we know that (y1(X),v2(X)) € ¢(Us)).

Thus (v1(X),v2(X)) is in the I of type system T;.
3. IfTFe: Xthenvy(e) € d(y1(X)).

We case analyze the derivation of ' e : X:

e CaseIU: '+ U; : Uy
Notice that y(U;, U;) = (Ui, U;y) € d(Uiyq) in Ty since itisin Tin Ty .

e CaselIL: THL;:Uiq
The same remark applies if one substitutes U; by L.
Ne=X:U; Ix:XFY:U;
e Case IPI: FETIx: X Y:U;
By induction and T', x : X ok, we have
- ((X),72(X)) € d(Us)
= V(ey, e2) € d(v1(X)), ((v1, e1/x)(Y), (v2, e2/x)(Y)) € d(Us)

which is exactly the requirement needed for ITx : X. Y to be in I in T;(7;) = TJ; and thus in ¢ (U;)
inT,.

M= X:U; Mx: XFY:U;
e Case ISIGMA: MNe=Xx: X Y:U;
The argument is the same as in the case IP1.
M= X:U; Ix: XFA:L
e Case ILPL: F'ETIx: X ALy
The argument is similar to the IF case.
N'-=X:U; I'x: XFY:U;
e Case: NEvx: X Y:U;
The argument is similar to the IF case.
N=X:U; Fx: XFY:L;
e Case: F'Evx: X Y: L
The argument is similar to the IF case.
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N=X:U; Ix: XFEY:U;
Case : Ne=3ax:X.Y:U;
The argument is similar to the IF case.
N=X:U; Ix: XFY:L;
Case : NE3x: X Y: L
The argument is similar to the IF case.
FEA:L N'EB:L;
Case IWITH: 'FA&B:L;
Same argument as the ITENSOR case.

Case IUNIT: T+ 1: U;
Clearly, v(1,1) = (1,1) e I at 7;.

Case ILOC: T Loc: U;
Same argument as IUNIT.

Case INAT: T N: U;

Same argument as TUNIT.
N=A: Li

CaseIG:THFGA: U;

By induction, (y1(A),v2(A)) € ¢(vi(Li)), thusin I at T;.

Since it is a fixpoint of T;, we have also (Gy1(A), Gv2(A)) € d(Uy).
MEX:U; FFe:X e : X

Case IEQ: F'Fe=xe :U;

Similar to IPTR.

Case IONE: T+ | : L3
Same argument as TUNIT.
AL N'EB:Ly
Case ITENSOR: I'FA®B:Ly
Same argument as IG.
N=A:L; '=B:L;
Case ILOLLI: 'EFA —oB:L;
Same argument as IG.
N'e=X:U; Ix: XFA:L
Case IF: F'ERx: X AL
By induction and ', x : X oK,

(v1(X),v2(X)) e U
V(e e2) € U, ((y1,e1/x)(A), (v2,e2/x)(A)) € L
Thus by definition, (y1(Fx:X. A),y2(Fx:X. A)) € L since we're in a fixpoint of T;. Thus, we
have the expected result.
l'e:Loc N-X:U; FFe' : X
Case IPTR: Ne— X:L;
By induction

(v1(e),v2(e)) € d(Loc)
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(v1(X),v2(X)) € $(Uy)
Thus by definition, (yi(e — X),v2(e — X)) € L since 7; is a fixpoint of T;. Thus, We have the
expected result.
N'=A:L;
CaseIT: THTA:L;
Same argument as IG.

Case IHYP: T, x: X,T" Fx: X

By hypothesis, y € [T, x : X, T"].

We can therefore get a restriction vy’ of y belonging to [I', x : X] such thaty and y" agreeon T, x : X.
Therefore, since all free variables in X appear in T, we have y(X) = v/(X) and y(x) = y’(x). By
definition of T', x : X ok, we have (y1(x),v5(x)) € ¢(v1(X)).

Case IUNITLI: T () : 1
(v1(0),v2(0)) = (0, 0) € $(1)
N-e:Y ' X=Ytype
Case ITPEQ: Ne: X
By induction, we have:

- r1(X),v2(Y)) el
= (v1le),v2(e)) € d(va(Y))
- (v1(X),v2(X)) € Usince Xis a type
Thus we have ¢(v1(X)) = d(v2(X)) = d(y1(Y)). Then (v1(e), v2(e)) € db(y1(X)).
l-e: X I'Fe':le/x]Y
Case IPAIRI: Tk (e,e/): Zx: XY
By induction, we have:

- (vale),v2(e)) € d(v1(X))
- ((yavale)/x)(e’), (va, va(e)/x)(e")) € b((y1,v1(e)/x)(Y))
Which gives us the result.
NFe:2x: XY
Case IPAIRE1l: ThFme:X

By induction, we know that (vi(e),v2(e)) € ¢(y1(Zx: X. Y)) = d(Zx : y1(X). v1(Y)).
Thus we have some ((ef, e{'), (e, e5')) such that

vi(e) | (ef, ef)

vale) b (ehef)
(e, e) € S(1(X))

It means in particular that
m (vi(e)) 4 e

m (v2(e)) I e

Since our PERs are closed under evalutation, (y1(7 €),v2(m (e))) € d(y1(X)).
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NFe:2x: XY
e Case IPAIRE2: T me: [m e/x]Y
By induction, we know that

(vile), v2(e)) € d(Zx :y1(X). y1(Y))

Thus we have some ((ef, e{'), (e}, e)')) such that
vi(e) b (ef, ef)

va(e) | (e3,e5)
(e1,€3) € d(v1(X))
(e, e5) € d((v1,e1/x)(Y))

It means in particular that
m (vi(e)) ¥ e; A (vile)) & ef

i

m (v2(e)) I e A (v2(e)) | €3

Since (711 (v1(e1)), e1) € d(v1(X)), d(lef/xIyi(Y)) = d ([ (vi(e))/xlyi(Y)).
Then, by closure under evaluation, the PER structure and the previous equality, we have (m,v1(e), myy2(e)) €

o (v1([m e/x1(Y))).

e Case INIZERO: THO0: N
Note that y(N) = (N, N) and y(0) = (0,0).

A

We know that ¢(N) = N.
By definition of N, we have (0,0) € N.

N-e:N
e Case INIsuccC: T'+s(e): N

Note that y(N) = (N,N), and ¢(N) = N.

By induction (yi(e),v2(e)) € N.

Hence yi(e) | vand y»(e) | v/ such that (v,v') € N.
Hence v = v’ = s*(0) for some k.

By evaluation rules, s(e) {} s**1(0) and s(e’) | s**1(0).
By definition (s**1(0), s**1(0)) € N.

'N-C:N—Uu N -e:N l'ey:CO Mx,y:Cxke:C(s(x))
e Case INE: I'titer(e,0 — ep,s(x),y > e1):Ce

By induction, (vi(e),v2(e)) € ¢(v(N)) = N. .
Hence y1(e) | vi and y»(e) | v, such that (v{,v,) € $(N) =N.
Hence v = v, = s¥(0).

We proceed by nested induction on k:

— Case k =0:
Thenv; =v, =0.
By induction, (y1(eo), v2(eo)) € ¢ (y1(C 0)).
Hence there are v{ such that yi(eg) | v{ such that (v{,v3) € $(y1(C 0)).
We want to show that ¢(y1(C z)) = ¢(y1(C e)).
By induction, we know (y1(C),v2(C)) € $(N — U).
Hence (v1(C),v1(C)) € $(N — U).
We know (y1(e),0) € N.
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Hence (v1(C) v1(e), v1(C) 0) € L.
By properties of substitution (y1(C e),y1(C0) € L.
Since ¢ respects I, we know ¢(v1(C e)) = ¢y1(C 0).
By reduction relation, iter(yi(e),0 — vi(eo),s(x),y — vile1)) 4 vi.
Hence y(iter(ep,0 — x,s(y),e1 = )) € d(y1(C e)).
- Casek=j+1:
Then v; = v, = s/11(0).
By nested induction, y(iter(s’(0),0 — e, s(x),y — e1)) € ¢(y(C s7(0))).
Note that (s7(0),s(0)) € N.
Hence (v, (s7(0),s7(0))/x,y(iter(s'(0),0 — eo, s(x),y — e1))/y) € [T, x: X,y : Cx].
By induction, (v, (s'(0),s'(0))/x, y(iter(s'(0),0 — eo, s(x),y — e1))/y)er € d((v,(s'(0),8'(0))/x, y(iter(s!
0, 5(x),y e /) (C(s()). |
Simplifying, [(s(0),s7(0))/x, y(iter(s'(0),0 — ey, s(x),y — e1))/yler € d(y1(C s71(0))).
By a similar argument to the previous case, ¢(y1(C s/*1(0))) = ¢(v1(C e)).

Nx: XFe:Y
e CaseIFUNL: THAx.e:TIx: X. Y

By inductionand T, x : X ok, we have V(ej, e;) € d(v1(X)), ((v1,e1/x)(e), (v2,e3/x)(e) € d(le/x]y1(Y)),
which directly implies that

Y1(Ax. e) = Ax. vi(e) € d(TTx : y1(X). v1(Y)) = $(y1(TTx : X. Y))

The:Tix:X. Y FFe':X
e Case IFUNE: FT'Fee :[e'/x]Y
By induction, we have:

= (vale”),v2(e”) € b(v1(X))
- (vale),v2(e)) € d(Tx: y1(X). v1(Y))
This second hypothesis tells us that

Vier, e)) € d(v1(X)), (vile) ef, vale) e5) € d(lef'/x]ya(Y))

In particular, (v1(e e’),va(e e’)) € d([yi(e’)/xly1(Y)).
le=e':X
o Case IEQIL: T Frefl: e =x €’
Notice that (y1,v1) € [T].
By induction, (yi(e),vi(e’)) € ¢(v1(X)) at some Tj.
But then it means that (refl, refl) € ¢ (vi(e) =, (x) v1(e’)) at Ti(T;) = T3, which is what we want.
I -Ft: A
e Case IG: THFGt:GA
By induction, y(t) € P(y1(A))e, which is what we need.
In:NFETIx: X[n]. Y[n] type
I f:T,x:X(0)Fe:Y(0) I N, f:TIx: X[n). Yinl,x: X[s(n)] Fe: Y[s(n)]
e Case: Efixfx=-e:vn:N. TIx: X[n]. Y[n]
Assume vy € [I'].
We want to show that y(fix f x = e) € d(y1(Vn: N. TTx : X[n]. Y[n])).
So it suffices to show that y(fix f x = e) € ¢p(Vn : N. y(TTx : X[n]. Y[n])).
To show this, assume (e, ej) € ¢(N).
Hence ey || s*(0) and e} { s*(0) and (s*(0),s*(0)) € $(N).
Hence we want to show that y(fix f x = e) € &((y1, eo/n)(TTx : X[n]. Y)). We proceed by nested
induction on k, to show that y(fix f x = e) € &((y1, (s¥(0),8%(0))/n)(IMx : X[n]. Y)).
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— Case k = 0: We want to show y(fix f x = e) € ¢((y1,0/n)(TTx : X[n]. Y[n])).
By properties of substitution, it suffices to show y(fix f x = e) € ¢(y1(ITx : X[0]. Y[0])).
So for all (t1,12) € d(v1(X[0])), we want to show that (y1(fix f x =e) t1,v2(fix fx =e) tp) €
d((y1, t1/x)YI0]).
Note that (v, (t1, t2)/x) € [T, x : X[0]].
Note that y(fix fx =e) € &(T7).
Hence (v, y(fix f x = e)/f, (t1, t2)/x) € [T, f: T1,x: X[O]].
By induction, (y,y(fix f x = e)/f, (t1,t2)/x)e € $((v1, t1/x)Y[0]).
So (yi,valfix fx =e)/f, t1/x)e | v
and (v2, v2(fix f x =e)/f, ta/x)e | vo
such that (vi,v2) € ¢((y1,t1/x)YI[0]).
By properties of substitution, (yi(fix f x = e)/f, ti/x)(vi(e)) § vi.
By evaluation rules, eval(fix f x = yi(e)) tiv;.
Hence y(fix f x = e) € &((y1,0/n)(TTx : X[n]. Y[n])).

- Case k =j + 1: By induction, we know y(fix f x = e) € ¢((y1,5(0)/n)(TTx : X[nl. Y[n])).
We want to show that y(fix f x = e) € ¢((y1,$971(0)/n)(TTx : X]. Yn])).
So for all (t1,t2) € d(y1(X[s711(0)])), we want to show that (y;(fix f x = e) t1,va(fix f x =
e) t2) € d((v1, t1/x)YISTH(0)]).
Note that (v, (t1,t2)/x) € [T, x : X[sI+1(0)]].
Hence (v, y(fix f x = e)/f, (t1,t2)/x) € [T, f : TTIx : Xn]. Y[n],x : X[s'T1(0)]].
By induction (and n ¢ FV(fix f x = e)), we have(y, y(fix f x = e)/f, (t1, t2)/x)e € d((y1, t1/x)YISITL(0)]).
So (v, valfix fx=e)/f, t1/x)e | v
and (v, v2(fix fx =e)/f, ty/x)e | v»
such that (vi,v2) € ¢((y1, t1/x)Y[ST1(0)]).
By properties of substitution, (yi(fix f x = e)/f, ti/x)(vi(e)) § vi.
By evaluation rules, eval(fix f x = yi(e)) tiv;.
Hence y(fix f x =€) € &((y1,$771(0)/n)(TTx : X[n]. Y[n])).

Since (ep, s*(0)) € ¢(N), by induction (y1, (€9, s(0))/n)(TTx : X[n]. Y[n]) € L.
Then by PER properties and the fact ¢ respects PERs,

we have ¢((y1,877"(0)/n)(TTx : X[n]. YInl)) = d((y1, eo/n) (TTx : X[n]. Ynl)).
Hence y(fix f x = e) € &((y1, eon)(Mx : X[n]. Yn])).

MNx:XkFe:Y x € FV(e)
Case: N'Fe:¥Vx: XY
By inductionand ', x : X ok, we have V(ej, e;) € d(v1(X)), ((v1,e1/x)(e), (v2, e3/x)(e)) € d(lej/xly1(Y)),
so since x is free in e, (e, e5) € W(y1(X)), (vi(e), v2(e) € d([e]/xly1(Y)). which directly implies
that

vi(e) € ¢(vx 1 y1(X). v1(Y)) = d(va1(vx : X. Y))
NFe:¥x: XY ke :X
Case : FFe:le'/X]Y

By induction, (yi(e),v2(e)) € d(v1(¥x : X. Y)), which means there exits (e]’, e)) € d(yi(vx: X. Y))
such that for every (e{”, ;) € ¢(v1(X)), we have

vile) I e’ Ayale) | &)

(ef, e5) € dler” /x]ya1(Y))
Thus by compatibility with reduction, it means

(vi(e), v2(e)) € d(ler” /xly1(Y))
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Now we can take (e1”, e5’) := (y1(e’),v2(e’)) and conclude.

IK'x:X,y:Yke:Z x € FV(e)
o Case: Ny:Ix:X.Yke:Z
Let (v1,v2) € [T and (ef, e3) € d(yi(Ix: X. Y)).
That last fact tells us there exists some (e{’,e)) € &(y1(X)) such that (ef,e;) € d(yi(le]’/x]Y))
modulo a bit of reasoning with reductions.
Thus, by noticing that ((v1,e{'/x, e{/y), (v2, €5 /x,e]/y)) € [, x: X,y : Y], by induction (and x ¢
FV(e)) we have

(v1(le1/yle), va(ley/yle)) € b(v1(Z))

T, x:XFYtype e’ :X FkFe:le'/x]Y
e Case: MFe:Ix: XY
By induction, we have:
- (vale”),v2(e”) € b(v1(X))
- ((vi,va(e”)/x)(e), (v2, v2(e’)/x)(e)) € d((v1,v1(e)/x)(Y))
Which gives us the result once we notice x ¢ FV(e) thanks to typing.

4. If T Fe; = ex: X then (yi(e1),v2(e2)) € dp(y1(X)).
We case analyze the derivation of ' e; = e : X:

e Case IFUNBETA: TF (Ax.e) e’ =[e//xle: Z
By induction:

= (valle’/x]e), v2(le’/x]e)) € b(v1(Z))
- (v1i((Ax. e} €), v2((Ax. e) e')) € $(v1(Z))
This means that we have (e{, e}') such that

vi(le'/xle) |} ey’
va(le'/xle) I} ey
We then build

Ax. yi(e) J Ax: A.yq(e) lyi(e")/xlyi(e) I ef
yi(Ax.ee’) | e

Since our PER ~:= ¢(y1(Z)) is closed under evaluation, we have

Yi((Ax. e) e') ~e)' ~ &) ~ya(le’/x]e)

e CaseIFUNETA: THe=Ax.ex:TIx: X. Y
By induction
(v1(e),v2(e)) € d(TTx : y1(X). v1(Y))

(v1(Ax. e}, v2(Ax. e)) € d(TTx : y1(X). y1(Y))

Let (e}, e;) € ¢(y1(X)).
We know that there is (v1,v2) € ¢((v1, e1)/x)(Y)) such that

vi(e) e; 4 vy

va(e) ey d va
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We can use this to build a derivation

A va(e) x I Alva(e) x  vale) ef v
Ax. va(e) x 5§ vo

Then we have (yi(e) e], v2(Ax. e) ) € ¢((v1,e{/x)Y) which is what we need.

Case IPAIRBETAFST: '+ 7 (e, e’) = e : Z By induction (y1(e),va(e)) € d(vi(Zx: X.Y)), so
vi(e) Jvi Avyzle) | vz

(vi,v2) € d(v1(Z))

Thus
ville, ) bvil(ee))  yile) $ v

Yi(m (e, €')) § vy

so (y1(m (e,e)),v2(e)) € d(v1(Z2)).

Case IPAIRBETASND: '+, (e,e’) =e’: Z
By induction (yi(e),v2(e)) € d(v1(Zx: X. Y)), so

(v1(e), v2(e") € b(v1(2))

vi(e') b vi Ayale) vy
Thus
(vi,v3) € d(y1(2))
Yille,e)) dyillee))  vile') Ivy
Yi(m2 (e,e’)) 4 vy

so (v1(mz (e,€)),v2(e”)) € d(v1(Z)).

Case IPAIRETA: TFe=(me,me) : Zx: X. Y
By induction (v1(e),v2(e)) € d(y1(Zx : X. Y)), so there exists e], e, e/, ey’ such that

vi(e) | (ef, ef)

vale) U (e ef)
(e1,3) € d(v1(X))
(e, e3) € d((y1,e1/x)(Y))
It suffices to show that ((ef, e;’),v2((mm1 e, me))) € d(y1(XZx: X.Y))

We can build the following derivations
vale) ¥ (e 6))  es e va2le) ¥ (eye)) & ey

/

mva(e) | e} M y2(e) I e

Thus we have
(e1, mv2(e)) € d(y1(X))

(e1, M2 v2(e)) € d((v1, e1/x)(Y))
Which brings us the conclusion by the definition of Z.

39



e Case IUNITETA: TFe=¢':1
By induction (y1(e),v2(e)) € $(1), so

vile) 4 O Avyale) 4 ()

and (), 0)) € ¢(1).

e Case IGBETA: TG (G 'e)=e:GA
By induction, (yi(e),v2(e)) € ¢(v1(A)). Thus there is (t1, t2) such that

vi(e) § Gty

v2(e) § Gta
((e,t1), (e, t2)) € P(y1(A))
Hence there is ((01,u1), (02, u3)) € P (v1(A)) such that
(e;t1) I (o1, w1) N (e t2) | (02,u2)

vi(e) | Geg (e;t1) | (o1 u1)
(6;G " ya(e)) 4 (op;u1)

Thus, we have
((e,G ™" vi(e)), (e,t2)) € (y1(A))

So from the definition of G,

(G (G "yi(e)),Gta) € d(y1(A))

and we can conclude by recalling (v»2(e), Gt2) € dp(vi(A)).

Nx:XFe=e':Y
e Case IALLETA: THe=¢':Vx:X. Y
Since x ¢ FV(e,e’), the result follows directly from the induction hypothesis which tells us
v(e”, e") € b(y1(X)), (va(e), v2(e) € d(ya(le”/x]vx : X. Y))
N-e=e :Vx:X.Y TFt:X
e Case I[ALLBETA: F'Fe=e':[t/x]Y

By induction (y1i(e), y2(e’)) € d(v1(vx : X. Y)) and (v1(t),v2(t)) € d(v1(X)).
Thus we have values (v,v;) € d(y1(Vx: X. Y)) such that y1(e) | vi, v2(e’) | v» and (vi,v,) €

d([yr(t)/xly1(Y)).
Hence (v1(e), v2(e’)) € d(ly1(t)/xly1(Y)).

F'Fe=e':[t/X]Y N-t:X
e Case IEXBETA: F'Fe=¢e :Ix: XY
By induction

(vi(e), v2(e")) € d(yi1([t/x]Y))
(v1(t), v2(t)) € d(v1(X))

which gives us our result by taking y1(t) as our witness.
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Nx:X,y:Yre=e':Z x € FV(e e, Z)
Case IEXETA: y:x:X.Yre=e':Z
Lety € [T and (t1,t2) € d(y1(Ix: X. Y)).
By this second hypothesis, there exists (t/,t") € ¢(y1(X)) such that (t1,t2) € ¢(v1([t'/x]Y)). Thus
((vi, t'/x,t1/y), (v2,t'/x, t2/y)) € [T']. By induction, since x ¢ FV (e, e’, Z),

(It1/ylvi(e), [t2/ylya(e)) € d([t1/yly1(2))

which is what we wanted.

Case IFIXBETA: TH (fix fx =e) e’ =[(fix fx =e)/f,e'/xle: Z

Lety € [T'].

By induction, y((fix f x =€) e’) € d(y1(Z)).

By induction, y([(fix f x = e)/f, e’/x]e) € b(v1(Z)).

So (fix f x =y(e)) y(e') € d(v1(Z)).

So, [(v(fix f x = e))/f,v(e')/x]y(e) € d(v1(Z2)).

Hence [(vi(fix f x = e))/f,vi(e')/xlyi(e) |} vi such that (vi,v2) € d(v1(Z)).
By evaluation rules, (fix f x =vi(e)) vi(e’) | v;.

Hence ((fix f x = y1i(e)) yi(e’), [(v2(fix f x = e))/f,v2(e’)/xly2(e)) € d(v1(Z)).

FFp:e=xe
Case IREFLECT: TFe=¢':X
The statement of the induction hypothesis and the conclusion are the same thing.

'Ep:e=xe '-q:e=xe

Case K: l-p=q:e=xe
By induction

(v1(d),v2(q)) € d(yi(e =x e))
Thus, we have
vi(p) { refl Aya(q) | refl
(vile),vile)) € d(v1(X))
Thus by compatibility of evalutation with PERs, we have (y1(p),v2(q)) € d(vi(e =x e)).
NFe: X
Case IREFLEX: TFe=e: X
The statement of the induction hypothesis and the conclusion are the same thing.
lFe=e': X F'Fe'=e”:X
Case ITRANS: TFe=e":X
Lety € [I']. We also know [I'] to be reflexive, thus by induction:
- (vale),va(e") € d(v1(X))
= (va(e’),v2(e")) € d(v1(X))
Since PERs are transitive, (yi(e),v2(e”)) € ¢(y1(X)).
rFA=A":L r'-B=B':L;
Case ILOLLICONG: T’NFA—-B=A"—-B":L;
By induction, we have




But we know that the L-component of T; (¢ (Li)) is ¢(Li). Thus, by the definition of T; we have
our result

(Y1(A — B),y2(A" — B')) € d(Ly)
r-A=A":L; r-B=B':L;
Case ITENSORCONG: Fr’FAB=A'"®B’ : Ly

Similar to ILOLLICONG.
r-A=A":L; r'-B=B":L;

Case IWITHCONG: rNFA&B=A"&B’:L;
Similar to ILOLLICONG.
rFA=A":L;

Case ITCONG: TFTA=TA': L
Similar to ILOLLICONG.

rEX=Xx":U; Ix: XFY=Y:U;
Case IPICONG: FEMx: X.Y=TIx: X.Y" :U;

Let (e1, e2) € d(v1(X)).
By definition, (v, (e,e’)/x) € [I',x : X] By induction, we have

(v1(X), v2(X") € (Us)

((v1,e1/x)(B), (v2,e2/x)(B")) € $(Uy)

We know that the U-component of T; is ¢ (UL).
Thus, by universal quantification of (e, e;) and the stability under T;,

(v1(TTx : X Y), v2(TTx : X7 YY) € $(Uy)

rExX=x":U; Ix: X;AFA=A": L
Case ILPICONG: FTETIx: X.A=TIx: X . A': L
Similar to IPICONG.

r-x=x’":U; Ix: XFY=Y':U;
Case ISIGMACONG: FEXx: X.Y=x: XY :U;
Similar to IPICONG.
rEx=X:U; Nx: XFY=Y':U;

Case IALLCONG: FEvx: X.Y=vx: XY :U;
Similar to IPICONG.

r=x=x’":U; Ix: XFY=Y":U;
Case IEXCONG: FE3x: X.Y=3x: XY :U;
Similar to IPICONG.

FrEX=Xx":U; Ix: XFY=Y":L;

Case LALLCONG: FTEVx: X Y=wx: XY :L
Similar to IPICONG.

rEx=X:U; Tx: XFY=Y':L
Case LEXCONG: FEIx:X.Y=3x:X".Y:L
Similar to IPICONG.

rEX=Xx":U; Ix: XFA=A":L;

Case IFCONG: FFFx: X A=Fx:X.A":U;
Similar to IPICONG.
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r-xX=Xx":U; I'e; =ej:Loc
Case IPTRCONG: M-e—»X=e — X :U;
By induction

(v1(X), v2(X") € (Us)
(v1(e1),v2(eq)) € $(Loc)

We know that the U-component of T; is ¢(U).

Thus we can conclude thanks to the stability under T; of T;.
r=x=X:U; ke =ep: X F-ef=ej: X

Case IEQCONG: N-ej=xe=e; =x e :U;

Similar to IPTRCONG.

INx:XFe=¢e':Y
Case IFUNCONG: THAx: X.e=Ax:X. e/ :TIx: X. Y

Notice that for alle” € ¢(v1(X)), (v, e”/x) € [T, x : XI.
Thus by induction

Ve € d(v1(X)), (ley /xlvi(e), [e) /xlya(e)) € d(ler /xIyi(Y)

which gives us the result we want by definition of the IT operator in the semantics.
M-e;1=e;:Mx:X.Y Tre=e:X

Case IAPPCONG: e e =efe;:Yley/x]

By induction

(vi(er), v2(e1)) € ply1(TTx: X. Y))
(v1(e2), v2(e3)) € d(v1(X))

Thus there exists (u1, uy) such that
Yiler) 4 Ax. ug Aya(er) I Ax. up

(fy1(e2)/xIug, bya(e3)/xlua) € d(lyr(e2)/xly1(Y))

There exists (vi,Vv») such that
[yi(e2)/xlug 4 vi Alya(es)/xlus 4 vo

(vi,v2) € d(vi(le2/x]Y))

So we can build

yiler) ¥ Ax: Xy le2/x]ug { v Yalep) UM Xoup  [eg/xlup dvo

e e v ere; | vy

And conclude.
M-e;=e;: X I'ey=ej:Yler/x]
Case IPAIRCONG: I (e, e) = (ef,e5) : Ix: X. Y
Similar to IFUNCONG.
lFe=e :Zx:X. Y
Case IFSTCONG: THFme=me’: X
Similar to IAPPCONG.
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lFe=e :Zx:X. Y
e Case ISNDCONG: N'Fme=me’: Y[me/x]
Similar to IAPPCONG.
Nx:XFe=e':Y x Z FV(e,e’)
e Case: l'Fe=e :¥x: XY

Lety € [T']. Then, for every (t,t’) € d(v1(X)), ((v1,t/x), (v2,t'/x)) € [T, x : X], thus we get the
expected result thanks to the induction hypothesis.

T'kFe=e':[e”/x]Y
e Case: N'te=e':Ix: XY
We get the expected result directly from the induction hypothesis.

5. If T+ A linear then y(A) € L(y1(X)).
We case analyze the derivation of I' - A linear:
M-A:L

e Case LTP: '+ A linear
By induction, y(A) € ¢(L;i) at some T;, so y(A) € Lin Ty (Ti41) = T5.

6. If ' A = B linear then (y1(A),v2(B)) € L(y1(X)).
We case analyze the derivation of I' - A = B linear:

r'FA=B:L;
e Case LTPEQ: ' A = B linear
By induction, y(A, B) € (L) at some T;, so Y(A,B) € Lin Ti+1(Ti4+1) = Ti.

7. UT;AF e: Athenvy(d(e), o) € b(y1(X)).
We case analyze the derivation of ;A - e A:

e Case LHYP: T;a:AFa: A

Lety € [T and ((01,81), (02,82)) € [y1(A)].
Then we have by definition ((o4, 81(a)), (02, 82(a))) € P(y1(A)), which is what we require.

INN"AFe:B ' A =B linear
e Case LEQ: MAFe:A
By induction, we have:
- (v1(A),v2(B)) €L
- (81(e)) € Y(v1(Y))
- (v1(A),v2(A)) € I'since A is a linear type
Thus we have P (v1(A)) =P (v2(A)) =P (v1(B)). Then ((o1, 81(v1(e))), (01, 81(v1(e)))) € W(v1(A)).

e Case LONEL: T;-F () : |
Straightforward.
MAFe:l A e’ :C
e Case LONEE: T;A,A'let() =eine’: C
Begin by separating ((o1, 81), (02,82)) € [A, A']into ((o1, 81), (02,82)) € [A] and ((o7, 81), (03,85)) €
[A’] (we will do that implicitely from now on).
By our first induction hypothesis ((o1,v1(81(e))), (02, v2(52(e)))) € W(l), so

(o1;81(v1(e))) § {&; ()
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(02;82(v2(e))) | (; ()
By our second induction hypothesis, ((o1,v1(81(e))), (02,v2(85(e)))) € P(v1(C)), so

(01;81(v1(e")) 4 (o1 v1)

(02;85(v2(e"))) 4 (03 v2)
((o7,v1), (07,v2)) € W(y1(C))

Thus, we have (o0; - 0/, (8:,0{)(let () = eine’)) = (o; - of,let () = di(vi(e)) in &{(yi(e’))) which
evaluates to (of',v;) fori=1,2.
Therefore the conclusion follows by closure under evaluation of CPERs.

NAFe: A A e :B
Case LTENSORL: T;A,A’F(e,e’):A®B
By induction

= ((01,81(v1(e))), (02, 82(v2(e)))) € W(v1(A))
= ((07,81(v1(e"))), (03, 85(v2(e"))) € W(y1(B))
Thus the conclusion follows immediately from the definition of ®.
MmMAFe:A®B MmMA,a:A,b:BFe :C
Case LTENSORE: A A Flet(a,b)=eine’ : C
Our first induction hypothesis yields ((o1,1(e)), (02,82(e))) € b(y1(A @ B)). Thus
(o1;81(v1(e))) U (o1 - 07" (ef, e1"))

(02;82(v2(€))) I (07 - 03”5 (€3, €5"))
(o1’ e, (07, 7)) € b(v1(A))
(01", e1"), (07", ")) € W(y1(B))
From ou second induction hypothesis, we get
(o101 - 01", (81, 1 /a,e1"/b)(e")), (0 - 03 - 03", (83, €5 /a, €5"/b)(e"))) € W(v1(C))

by checking that

(o101 - 01", (51,1 /a,e1"/b)), (03 - 03 - 03", (83, €7'/a, e5"/b))) € [A",a: A, b : B

with the obvious decomposition.

We can then evaluate these and deduce that (o; - o/, vi(let (a,b) = di(e) in &(e’))) yields the
same evaluation for i = 1,2 to conclude.

A, a:AFe:B
Case LFUNL: T;AFAa.e: A—B

Let ((o1,t1), (05, t2)) € P(vi(A)) with o1#0] and or#03.
We then have

((o1- 01, (81,t1/a)), (02 - 03, (82, t2/a))) € [y1(A, a: A)]
Then, by induction

((o1 - 01, v1((81([t1/ale1))), (02 - 03, v2((82([t2/ale2)))) € W(y1(B))

Which is what we wanted.
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MAFe:A —B A et A
Case LFUNE: MAAFee :B
By induction

((o1,v1(e)), (02, v2(e))) € Y(y1(A — B))
((01,v1(e"), (03, v2(e"))) € W(y1(A))

We thus have some ((07, e{'), (05, e)')) such that

(o1;v1(e)) U (o1 Ax. e1) A (025 72(e)) I (075 Ax. €7)

(o7, M. e1"), (04, Ax. e} )) € PY(y1(A — B)) and thus

(o1 - o1, lya(e)/xlef), (07 - 0, [v2(e”) /x]ey)) € W(v1(B))
From which we have ((07”,e{"), (04", e5")) € P(y1(B)) such that
(o1 - o1; [ya(e)/xler) U (o1";e1") A (0y - o35 [va(e’) /x]ey) U (0375 €”)

We can then build the following derivations

(o1-0p;v1(e)) 4 (o7 - o1;Mx. ¢y (o7 - o1; ya(e’)/xlet) I (o7"; ")
(o1-01;v1(ee))  (07";e{")

(02 - 0g;v2(e)) U (o) - o5 Ax. ef)  (oF - o3; [yale’)/xlef) | (03; el")
(02 - 0;v2(ee)) I (0375 5")

And conclude.

Fx:X;AFe:A
Case LPIL T;AF Ax.e:TTx: X. A
Let (t1,t2) € d(y1(X)).

We have ((v1,t1/%), (v2, t2/%)) € d(v1(X)).
Notice that x is not a free variable of A.

Thus, by induction ((oy, [t1/x]y1(81(€))), (02, [t2/x]v2(82(e)))) € W([t1/x]y1(A)). We then know
that there exists ((o7,v1), (03,v2)) € W([t1/x]y1(A)) such that

(o1; [t1/xIy1(81(e))) U (o1;v1) A (025 [ta/x]v2(82(e))) 4 (05;v2)

So we can derive
<61,'§\X. yl(él(e)) t1> l} <O'{;V1> VAN <62,'7\X. Yz(éz(e)) t2> l} <O'£;V2>
And conclude by closure of CPERs under evaluation.
MAFe:TIx: X A e : X

Case LPIE: T;AFee :[e//x]A
By induction, we have

V(ty, t2) € d(v1(X)), (v1(81(e)) t1,v2(82(e)) t2) € P([t1/x]y1(Y))

(vi(e"), v2(e”) € d(v1(X))
Thus, by applying the first hypothesis to the second, we have what we need.

(v1(d1(e) e’),v2(d2(e) e)) € d(lyi(e")/xly1(Y))
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Nx:X;AkFe:Y x & FV(e)
Case : NAFe:Vx: XY
By inductionand T, x : X ok, we have ¥(ej, e;) € d(v1(X)), ((01,01((v1,e1/x)(e))), (02, 82((v2, €5/%)(e)))) €

P (lef/xly1(Y)), so since x is free in e, ((01,81(v1(e))), (02, 82(v2(e)))) € P(lef/x]y1(Y)) which di-
rectly implies that

((o1,81(v1(e))), (02, 82(v2(e)))) € W(Vx :y1(X). y1(Y))

MAFe:Vx: XY e : X
Case : IAFe:[e'/x]Y

By induction, ((o1,v1(81(e))), (02, 82(v2(e)))) € W(y1(¥x : X. Y)), which means there exits (e, e)') €
P (y1(Vx : X. Y)) such that for every ((o7,e1”’), (05, €5")) € d(v1(X)), we have
(o1;v1(e)) U (o1, e') A (o2;v2(e)) I (035 €))

((o1,€1), (03, €5)) € W(ler"/xlya(Y))
Thus by compatibility with reduction, it means

((o1,71(e)), (02,v2(e))) € W(ler”/x]y1(Y))

Now we can take (e;”, ej”) :== (v1(e’),v2(e’)) and conclude.

Fx:X;Ay:Yhe:Z x & FV(e)
Case : AyYy:Ix:X.Yke:Z
Let (v1,v) € [ and (o], €]), (0% €3)) € by (Fx: X. Y).
That last fact tells us there exists some (e;’, e;) € &(y1(X)) such that ((o7,e1), (03, e5) € d(vi(le]/x]Y))
modulo a bit of reasoning with reductions.
Thus, by noticing that ((v1,e{/x), (v2,e)/x)) € [T, x:X,y:Y] and ((o1 - o, (51, e{/y)), (01
o1, (81,e1/y))) € [y1(A)], by induction (and x & FV(e)) we have

((o1 - 01,81(v1(ler/yle))), (o2 - 03, 82(v2(les/yle)))) € d(v1(Z))

I',x: XFYlinear e’ : X IAFe:[e'/x]Y
Case : NAFe:Ix: XY
By induction, we have:

= (va(e’),va(e") € d(v1(X))
= ((o1, (v, v1(e")/x)(81(e))), (02, (2, v2(e”) /%) (82(e)))) € W((v1,v1(e”)/x)(Y))
Which gives us the result once we notice x ¢ FV(e) thanks to typing.
FAFel A1 F;AF622A2
Case LWITHI: A (e, e) : A& A
Similarly to the LTENSORI case, the result follows directly from the induction hypothesis and the

definition of the semantic & .
NAFe:A&B
Case LWITHEFST: T;AFme: A

By induction ((o1, 81(v1(e))), (02, 82(v2(e)))) € W(v1(A & B)), so there is some (o7, (vi, w1, )) (03, (v2,W2,))) €
P (A & B) such that

(o1;81(v1(e))) | (o7; (vi,w1)) A (02; 82(v2(e))) I (035 (v2, W2))
Thus, we have ((o7,v1), (03,v2)) € W(y1(A)) and
(o1, y1(81(e))) U (o1;v1) A (02,711 v2(82(€))) I (025 v2)

Thus, we have the expected result.
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INMAFe:A&B
Case LWITHESNDI: T;AFme: B

By induction ((o71, 81(v1(e))), (02, 02(v2(e)))) € W(v1(A & B)), so thereis some ((o7, (v, w1, )) (03, (v, W2, ))) €
VP (A & B) such that

(o1;81(v1(e))) I (01; (vi,w1)) A (02; 82(v2(€))) I (035 (2, W2))
Thus, we have ((o], w1), (03, W2)) € P(y1(B)) and

(o1, my1(81(e))) ¥ (o1, w1) A (02,2 v2(82())) | (03, w2)

Thus, we have the expected result.
Fe: X AR t: [e/x]A
Case LFI: T;AFF(et):Fx: X A
Induction gives us:
= (v1le), va(e)) € b(v1(X))
= ((01,81(v1(1))), (02, 82(v2(1)))) € W(y1(le/x]A))
which directly gives us the conclusion.
MAFe:Fx: X A Ix:X;A,a:AFe :C
Case LFE: MAA FletF(x,a)=eine’ :C
By induction, ((01,v1(81(e))), (02, v2(82(e)))) € b(y1(Fx : X. A)), thus

(o1 (81(v1(€)))) U (01 F (ef, e")

(02; (82(v2(e)))) I (07 F (&7, €)"))

In particular, (ef’,e)) € d(v1(X)) and (e;”,e;”) € W(y1(A)). Notice that by I' - A’ 0k, x is not a
free variable in A’. Then we have

((Yl/ e{//X), (VZI eél/x)) S [[rlx : X]]

(o1 o1, (81, €1"/a)), (03 - 07, (83, €5"/a))) € [(y1, €1 /x)(A, a: A)]

By our second induction hypothesis, we can check that

(o7 - 07, (81, e"/a)(e'), 05 - 07, (83, €5"/a) (")) € W((y1, €' /x)(C))
We then have
(o - 01;v1((81, €1 /x, e{"/a)(e")))
(03 - 03;v2((85, €5 /x, € /a)(e))) 4 (03";va)
((o1”, 1), (63", v2)) € $(1(C))

From which we can construct derivations

(o1;v1(81(e))) I (o1 F (1, e1")) (01 - o1;le1'/x, ey /aly1(81(e1))) 4 (o7";u)
<Gl : ()'{,"et F(X, ) _yl(él( )) in Yl(él( ))> U <0‘1/”,\;1>

(01" v1)

¢
¢

(02;v2(82(e))) I (075 F (€5, €5")) (o) - b ley /x, €5 Jalya(82(e3))) I (o3;u)
(02 - 03;let F(x, a) =v2(82(e)) inv2(82(e"))) 4 (035 v2)

And we can conclude thanks to the closure of CPERs under evaluation.
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l'Fe:GA
Case LGE: T;-F G le: A
Our inductive hypothesis tells us that

(vi(e),v2(e)) € d(v1(GA))

Therefore yi(e) || Ge; and y»(e) || Ge; and by closure of CPERs under evaluation and definition

of G, (e, e5) € W(v1(A)).
Hence

(e;e1) I (o;v1)
(€;e3) I (02;v2)

and
((o1,v1), (02,v2)) € W(v1(A))

From there, we can build

v2(e) $ Ge;  (eje5) I (0'v2) vi(e) $ Gei  (ejeqf) I (0'v1)
(0;G M yale)) I (o2;v2) (0;G " yale)) U (o1;v1)
and deduce the expected conclusion by closure of CPERs under evaluation.
NAFe: A

Case LTI: T;Atvale: TA
By induction
((o1,v1(81(e))), (02, v2(82(e)))) € W(v1(A))

Let os1#01 and op#to,. We have

(o1 op1;valyi(d1(e))) ~ (o1 - or1;valyr(81(e)))
(02 - of2;valya(82(e))) ~ (o2 - or2;valya(82(e)))
Thus we are trivially in ¢(T A).
NAFe:TA A, a:AFe :TC
Case LTLET: T;A,A'Fletvala=eine’ :TC

Let opi#01 - 0f and op#o; - 03.
By induction,

(01,81(v1(e))) € W(v1(A))
(02, 82(v2(e))) € Y(y1(A))
thus we have ((o7’,e{'), (05, ) such that
(o101 0o71;81(v1(e)))) ~ (01 - 01 - o¢1;valef)

(02 - 05 - 02; 82(v2(€)))) ~ (07 - 05 - opp;val €))
((07,e1), (07, €))) € b(y1(A))

Thus
(07 - 01,(81,e{/a)) € [y1(A', a: A)]

(07 - 03, (83,€5'/a)) € [y1(A',a: A)]

By our second induction hypothesis,

(01" o1, v1((81, €1 /a)(e)), (07 - 03,v2((82, €5 /a)(e)))) € W(T (v1(C)))
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Hence we have ((07”, e;"), (05", e5")) such that

(01 - 01 - 01;v1(81(€)))) ~ (07" - o¢1;valel”)

(07 - 05 - 02;72(85(€)))) ~ (03" - o5 val e)”)

(01", €1"), (02", €3")) € (v1(A))

Therefore, we can deduce the following reductions

(0107 - op;vi(letvala = §1(e) in 81(e’))) ~ (07" - o41;vale]”)

(00 - 05 - op;v2(let vala = §y(e) in 85(e”))) ~ (03 - opp;vale)’)

and conclude.
'Fe: X
Case LNEW: I';- Fnewxe: T (Fx:Loc. [x — X])

Let 01 and oy, be arbitrary stores and a location | ¢ dom(o1) U dom(oy).
By our induction hypothesis

(vi(e), vale)) € d(y1(X))
We thus have a pair of values (vi,v2) € ¢(y1(X)) such that
vi(e) § vi Ayale) dva

Then the reduction relation gives us

(o71;v1(81(newx e))) ~ (o1, Lz vi;valF (1, %))

(012;v2(82(newx e))) ~ (o2, Lz vo;val F (1, %))
We can check that

(([L:va], F (L)), (L val, F (1, %)) € b(y1(Fx : Loc. [[x — X]]))

to conclude.

I'ke:Loc INAFt: e~ X]
Case LFREE: A free(e, t) : T
Let o¢ and o4 be heaps such that o¢#0; and og4#05.
By induction

(v1(e), v2(e)) € d(Loc)
((o1,v1(81(t))), (02, v2(82(1)))) € P([y1(e) = y1(X)])
Then we have 1, (v{,v;) such that
(o1;v1(81(1))) U ([L:vil; %)
(02;v2(02(1))) 4 ([L:val; %)
(vi(e1),1) € Loc
vi(e) LA yz(e) 41

From there we can build the following derivations

vile) §1 (o1 - 05,01 () U ([L:w] - 05 %) Y2(82(e)) 4 1 (02;82(1)) 4 ([L:wal; %)

(o1 - or;v1(free (e, 81(t)))) ~ (o ()) (02 - 0g;v2(free (e, 82(t)))) ~ (og; ()

And check that since ((€, ()), (e, ())) € W(l), we have the required result by definition of T.
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I'te:Loc ARt [e— X] Ix:X;A,a:[le—~XFt':C
Case LGET: A A et (x,p) =get(a,t)int’: C
By induction

(vi(e), v2(e)) € ¢p(Loc)
((o1,v1(81(1))), (02, v2(82(1)))) € W([y1(e) = yi(e")])
Then we have 1, (vi,v2) € ¢(y1(X)) such that

(o v1(01(1)) 4 ([L:vil; %)

(02;v2(82(1))) U ([L:val; %)
(vi(e1),1) € Loc
vile) $ 1A ya(e) § 1

Thus
((v1,v1/x), (v2,v2/x)) € [T,x : X, p : x =x €']

Let us denote that pair of substitution (y7,v3).
We then have

(((0-{/1 . Vl), (5{1 */a))r ((O'é,l . VZ)/ (6ér */a))) S [Y{(A// a: [e — X])]]
Then by our last induction hypothesis
(((o1, L:v1), v1((81,%/a)(t')), (03, 1: v2), ¥3((83,%/a) (1)) € Ly1(C)]

Thus

t) I (o7 ty)

(02, L:vg; (85, %/a)(t)) I (075 t7)
(o7, 1), (07, t5)) € d(v1(C))

)
Notice that since ' ok and " - C type, v{(C) =v1(C) and v{(t) =vi(t) fori=1,2.
Now we can build derivations

yile) b1 (ovi(81(1) U (0, L:vi;%) (o, L:vi;[vi/x, */cly1(81(e”))) I (o';t)")

(01,1:v1; (81, %/a

)
)

(o;v1(let (x,p) = get(c, d1(e)) in 81(e’)d1(e”))) U (o;t])

Ya(e) b1 (o2;v2(82(1))) U (0, Livas%) (o, Lo [va/x, %/clya(8,(e”))) I (0’5 t))

(o;v2(let (x,p) = get(c, 52(e)) in 52(e’)d5(e”))) | (o;t))

And conclude.

I'-e:Loc ARt [e— X] r-e”:yY
Case LSET: MAFe = e":T(le—Y])
Let o¢ and o4 be heaps such that o1#0¢ and o#0.

By induction, there exists a location 1 and values (v, Vv;) such that

vi(e) $ LA yz(e) 41



(vi,v3) € d(v1(Y))
We build the derivations

vile) b1 vi(e”) vi  (o1-05v1(81(1)) U (of, Livy; %)
(01 0¢;v1(81(€ 1= 1)) ~ (0f, L:vi; %)

Yale) b1 vale”) vy (02-0g;v2(82(t))) I (Liva;%)
(02 - 0g;v2(82(e i=er 1)) ~ (0g, L:vy;%)

AFe+ A
Case LIRR: T; A % : [A]
This is a direct consequence of the induction hypothesis.
MAFe: ]l A e’ :C
Case LIRRUNIT: T;A,A'Fletl=eine’:C
By induction, we have

((o1,v1(81(e))), (02,v2(82(e)))) € W(v1([l]))

((o1,v1(81(e))), (03, v2(85(e")))) € W(y1(C))
Thus there exists ((o1,v1), (02,v2)) € V(v1(C)) such that

(o1;v1(81(e")) 4 (o7 v1)

(02;72(82(€")) 4 {075 v2)
Thus, we have
(o1 o vallet [ = 81(e) in 81(e”))) 4 (o7 - o1;v1)
(07 - o2;v2(let [ = 82(e) in 83(e"))) | (07 - 02;v2)
And we can thus conclude by compatibility of CPERs with evaluation.
MAFe:[A®B] A, a:[ALb:[BlFe' :C
Case LIRRPAIR: A A Fletla, bl =eine’: C
By induction, we have

((o1,v1(81(e))), (02, v2(82(e)))) € W(v1([A ® B]))

Thus we can split the o; into 0/’ and o]” such that

(o1, %), (01,%)) € Y(v1(A))

({02, %), (03, %)) € Y(v1(B))
Hence, we have

((o1,v1(81([x/a, +/ble’))), (03, v2(85([/a, */ble’)))) € W(y1(C))

Thus there exists ((07,v1), (05,v2)) € P(v1(C)) such that

(o1;v1(81(e)) 4 (o1 v1)

(02;v2(85(e"))) 4 (035 v2)
Thus, we have
(01 - o1;va(let [a,b] = 81(e) in d1(e”))) I (o7 - 01;v1)

(03 - 02;v2(let [a, b] = 82(e) in 85(e”))) I (07 - 02;v2)
And we can thus conclude by compatibility of CPERs with evaluation.
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8. If ;A e; = ey : Athen ((01,v1(81(e1))), (02, v2(82(e2)))) € W(v1(A)).
We case analyze the derivation of ;A e; = ey A:

AFtL:A
e Case LREFLEX: AFt=t: A
The induction hypothesis directly solves this case.
NAFt=t:A LMAFt =t": A
e Case LTRANS: MAFt=t":A

Intanciating the first induction hypothesis with (v1,v1), ((01,81), (01,81)) and the second with
(Y1,v2), ((01,01), (02, 82)) solve this case by transitivity in CPERs.

e Case IGETA: T;- FG ' (Gt)=t: A
By induction ((e,v1(t)), (e,v2(t))) € W(y1(A)), we have

(€;v1(51(1))) I (of;u1)

(€v2(82(1))) I (o5 u2)
((o,u1), (03,u2)) € W(y1(A))

We can then build the following derivation

Go1(v1(t)) I Gar(yi(t) (€;81(y1(t)) ¥ (o, u1)
(G GH (1)) U (of;ur)

Thus, by closure under evaluation, ((e, G™! (G 81(v1(t)))), (€, 82(v2(t)))) € W(y1(A))

e Case LFUNBETA: IAF (Ax.e) e’ =[e'/xle: C

By induction
((o1,v1(le'/xle)), (02, v2([e’/x]e))) € P(y1(C))

So we have ((o7,v1), (03,v2)) such that
(o1;v1(le’/x]e))) I (o;vi) A (o2;v2(le'/x]e))) I (og;va)
We can build

(o1; M. v1(e)) U (o1;Ax. v1(e)) (o1;v1(le’/x]e)) U (o1;v1)
(o1;v1(Ax. e e’)) I (o7;v1)

And conclude.

e Case LFUNETA: T;AFe=Ax.ex:A —oB

Let ((07,e1), (03, e5)) € W(y1(A)).
By induction, we have

((01,81(v1(e))), (02, 82(v2(e)))) € W(v1(A — B))

Hence there exists ((o7, e1’), (05, e5')) such that

(o1;v1(81(€))) U (07 Ax. ef) A (02;v2(82(€))) | (05 Ax. e)

(o1, Ax. e1'), (03, Ax. 7)) € Y(y1(A — B))
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Thus, we have ((o] - 01, Ax. e{’ e{), (05 - 03, Ax. e) e3)) € P(y1(B)). Hence

(07 - o1;ler/xler’) U (07" v1) A (03 - 0p; [ey/x]e)) | (0775 v2)

((01",v1), (03", v2)) € ¥(y1(B))

We can then build
(o1-07;81(v1(e))) U (o7 - of; Ax. ef) (01 - 01;ler/xlel’) I (o7";v1)
(o1 - 01;81(v1(e)) er) I (o7";v1)
(02 - 03;82(v2(€))) | (07 - 05;Ax. €)) (07 - 0p;[e3/x
(02 - 03;Ax. 82(v2(e)) x) I (02 - 0; Ax. 82(v2(e)) X) (02 - 03;82(v2(e)) e3) I (0375 v2)

(02 - 0; Ax. B2(v2(e)) e3) I (05”5 v2)
And conclude.

Case LONEBETA: ;A let()=()ine=e:C

By induction ((o1,v1(81(e))), (02,v2(52(e)))) € w(y1(C)).
Thus we have ((o7, e1), (05,€5)) € P(y1(C)) such that

(o1;v1(81(e))) I (o7; e1) A (02;v2(82(€))) I (03 €3)

We can build

(o1; ) ¥ (o1, 0) (o1;v1(81(e))) 4 (o715 €1)
(o;let () = () inyi(81(e)) I (o7;e1)

And conclude.

TAFt:] A, x: -t :C
Case LONEETA: T;A A Flet () =tin [() /x]t’ = [t/x]t': C
By induction

((o1,v1(81(1))), (02, v2(82(1)))) € Y(y1(1))
(o1, v1(81([t/x]t")), (03, v2(8;([t/x]t")))) € W(y1(C))
Hence, there exists ((07', (), (07, ())) € P(l) such that
(o1;71(81(1))) U (07’; (e1, 1))

(02;72(82(t))) I (07 (e2, t2))

Hence ((07’, (), (02, v2(82(t)))) € p(1).
Thus ((o7 - o7, (81, () /%)), (03 - 02, (83, v2(82(t)) /X)) € [y1 (A, x: D]
Therefore, by our second induction hypothesis

(o1 - o1, [0) /xIv1(81(t"))), (03 - 02,v2(8,([82(t) /y]t)))) € W(v1(C))
", 1), (0),1,)) such that

(o1 - 01 [0 /xlyi(81(t))) ¥ (o7 ur)

(03 - 02;v2(8,([82(t) /XIt"))) 4 (05" ua)

Thus we can build the following derivation

(o1 01;v1(81(1))) U (07 - 07, ()) (o7 - o1; 1) /X Yl(‘s ) I (of")
<0'1 . O'{,"et (a,b) =vy1(81(t)) in y1(5 (10 > < , u1>

Hence, there exists ((o]

And conclude.
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AR [ti/a,t/b]t" : C
Case LTENSORBETA: T; A F let (a,b) = (t,tp) int’ = [t1/a,t,/b]t’ : C
By induction

((o1,v1(81([t1/a, t2/b]t"))), (02, v2(82([t1/a, t2/b]t")))) € Y(v1(C))
Thus, there exists ((o7, e1), (03, €2)) € W(y1(C)) such that
(01;81(v1([t1/a, t2/bIt"))) I (07; e1) A (02; 82(v2([t1/a, t2/blt"))) | (0; €2)

Thus we can build the following evaluation tree and conclude.

(o1;v1(81((t1,t2)))) ¥ (o1;v1(81((t1, t2)))) (01; [t1/a, t2/bly1(81(t))) U (o7;e1)
(o1;v1(81(let (a,b) = (t1,t2) int"))) I (o7; e1)

MAFt:A®B MA ,x:A®BFt :C

Case LTENSORETA: T;A, A’ Flet (a,b) =tin[(a,b) /x|t = [t/x]t': C
By induction

((01,v1(81(1))), (02,7v2(82(1)))) € W(v1(A @ B))
(o7, Y1 (81 ([t/x]t"))), (03, v2(8;([t/x]t")))) € W(y1(C))
Hence, there exists ((o7’, (e1,t1)), (04, (e2,t2))) € W (v1(A ® B)) such that
)
)

)
)
(o1;v1(81(1)) ¥ (07 (e1, 1))
(02;72(82(1))) U (07 (€2, t2))

Hence ((07’, (e1, t1)), (02, 2(82(1)))) € (y1(A ® B)).
Thus ((o7 - o7, (8], (e1, t1) /X)), (03 - 02, (83, v2(82(1))/x))) € [yv1(A,x : A @ B)].
Therefore, by our second induction hypothesis

(o1 - o, [(e1, t1) /x]y1(8{(t"))), (03 - 02, ¥2(85([82(t) /yt")))) € W(y1(C))
Hence, there exists ((07”,u1), (05, u,)) such that
(o1 - of [le1, 1) /Xy (81 (£))) b (o5 w)
(03 - 02;v2(85([82(1) /X]t))) U (07”5 u)

Thus we can build the following derivation

<0-1 . U{rYl(él(t))> ‘U’ <0'{/ . 0‘{, (elrt1)> <0'1 0‘1, h’l(é ((elrtl)))/ ]Yl(él( l))> U <0-{N,LL1>
(01 o;let (a, ) = ya(8:(1)) in v (5{{[(a, b) /<)) & (o ;1)

Case LFBETA: T;AF letF(x,a) =F (e, t) int’ = [e/x, t/a]t’ : C By induction

((o1, v1(81(le/x, t/alt"))), (o2, v2(82([e/x, t/alt’)))) € W(y1(C))
Thus, there exists ((o7, 1), (03, u2)) € P(y1(C)) such that

(o1;81(v1(le/x, t/alt")) | (o1, w1) A (02;82(v2(le/x, t/alt’))) | (o9, u2)

Thus we can build the following evaluation tree and conclude.

(o1;v1(81(F (e,1)))) I (o1, v1(81(F (e, 1)))) (o1; [y1(e)/x,v1(81(t)) /aly1(81(t"))) I {of; 1)

(o1;v1(81(letF (e t) =F (e,t) int)) 4 (og;u1)
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MAFt:Fx: X A A, y:Fx:X.ARt :C
Case LFETA: T; A letF(x,a) =tin [F (x,a) /ylt' = [t/ylt’: C
By induction

((o1,v1(81(t))), (02, v2(82(1)))) € (y1(Fx: X. A))
(o7, v1(81([81(t) /ylt"))), (o3, v2(85([81(t) /ylt)))) € W(v1(C))
Hence, there exists ((07', F (e1,t1)), (07, F (e, t2))) € P (y1(Fx : X. A)) such that
(o1;v1(8:())) 4 (o7 F (e1, t1))

(02;¥2(82(1))) I (07, F (e2, t2))

Hence ((07, F (e1, t1)), (02,v2(82(1)))) € b(v1(Fx: X. A)).
Thus ((oy - o', (8], F (e1, t1) /y)), (03 - 02, (85,v2(82(1)) /y))) € [v1(A,y : Fx: X A)].
Therefore, by our second induction hypothesis

(o1 - o1, [F (e1, t1) /yly1 (81 (), (07 - 02,v2(85([82(t) /y]t")))) € W(y1(C))

Hence, there exists ((07”,w1), (05", uz)) such that

(01 01;[F (e1, t1) /ylya(81(t")) U (07" u1)

(07 - 02;v2(85([82(1) /ylt))) 4 (03”5 u2)

Thus we can build the following derivation

(o1 - 01;v1(81(1)) I (o7 - 01, F (e1, t1)) (01 - op; [F (e, t1) /yly1(81(t")) ¥ (01" u1)

(01 of;let F(x,a) = v1(81()) in v1(81([F (x, a) /ylt")) 4 (07" w1)

And conclude.

Case LPIBETA: T; A (Ax. e) e’ = [e//x]le: C
By induction:

- ((o1,01(v1(le’/x]e))), (02, 82(v2(le’/x]e)))) € P(v1(C))
- ((01,81(v1((Ax. e) ")), (02, 82(v2((Ax. €) €')))) € W(y1(Z))

This means that we have ((o7, e{’), (03, ¢5')) such that
(o1;v1(le'/x181(e))) | (o1;€1)

(02;v2([e’/x182())) | (03; €5)
We then build

(o1 Ax. 81(y1(e))) I (o Ax. S1(va(e)))  (o1;[ya(e’)/x]81(v1(e))) I (o7;ef)
(o1;v1(Ax. 81(e) €')) I (07 ef)

Since our CPER 1 (y1(Z)) is closed under evaluation, we have the expected result.

Case LPIETA: TAFe=Ax.ex:Tx: X. A
By induction
((o1,81(v1(e))), (02, 82(v2(e)))) € W(TTx : y1(X). y1(A))

(01, v1(81(Ax. €))), (02, &2(v2(Ax. €)))) € W(TTx : y1(X). y1(A))
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Let (e, e5) € d(y1(X)).
We know that there is ((07,v1), (03,v2)) € d((v1,e1)/x)(A)) such that

(o1;81(v1(e)) eg) I (op;v1)
(02;82(v2(e)) eg) I (o5 v2)
We can use this to build a derivation

(o1;Ax. 82(yv2(e)) x) I (o1;Ax 1 AL Sa(v2(e)) ) (01;82(v2(e)) e3) I (of;v2)
(o1 Ax. 82(v2(€)) x €3) I (07;v2)

Then we have ((o1,81(v1(e)) e])(02,82(v2(Ax. €)) e3)) € d((v1,e1/x)Y) which is what we need.
Ix: X;AkFe=¢e':Y
Case LALLETA: T;AFe=¢':Vx: X Y
Since x ¢ FV(e,e’), the result follows directly from the induction hypothesis which tells us
v(e”, e") € d(v1(X)), ((o1,81(v1(e))), (02, 82(v2(e")))) € W(yi(le”/x]Vx: X. Y))
MAFe=¢e :Vx: XY Frt:X
Case IALLBETA: AFe=e :[t/x]Y

By induction ((o1,81(v1(e))), (02, 82(yv2(e’)))) € W(y1(¥x : X. Y)) and (v1(t), v2(t)) € d(v1(X)).
Thus we have ((01,v1), (02,v2)) € ¥(v1(Vx: X. Y)) such that (o1;v1(e)) | (of;v1), (02;v2(e’)) |

(02;v2) and ((o7,v1), (03, v2)) € W(ly1(t)/xly1(Y)).

Hence ((01,81(v1(e))), (02, 82(yv2(e’)))) € d(bya(t)/xly1(Y)).
AFe=e :[t/x]Y N-t:X

Case IEXBETA: MAFe=e :Ix: XY

By induction

((02,71(81(e))), (02, v2(82(€")))) € d(y1([t/x]Y))
(v1(t), v2(t)) € b(y1(X))
which gives us our result by taking y1(t) as our witness.
Fx:X;Ay:Yhe=e':Z x € FV(e, e, Z)
Case IEXETA: FFAyY:Ix:X. Y=e:e'Z

Let ((01,81), (02,82)) € ¥(y1(Z)) and((o7, t1), (03, t2)) € (y1(Fx: X. Y)).
By this second hypothesis, there exists (t,t’') € &(y1(X)) such that (t1,t2) € d(yi([t'/x]Y)).

Thus ((y1,t'/x), (v2,t'/x)) € [TT and (((01 - 07), (81,t1/Y)), ((02 - 03), (82,t2/y))) € [A,y: Y] By
induction, since x € FV(e, e’, Z),

([t1/yly1(81(e)), [t2/ulv2(82(e))) € W([t1/ylvi(Z))

which is what we wanted.

Case LWITHBETAFST: T;AFm (e,e') =e: A
)

By induction, ((o1,81(v1(e))), (o1, 81(v1(e)))
that

€ P(v1(A)), so there exists ((o7,v1), (03,v2)) such

(01;81(v1(e))) I (01;v1) A (02;82(v2(e))) I (o3;v2)
((o1,v1), (02,v2)) € W(y1(A))

Thus we can build the following and conclude.

(01;81(v1((e,e)))) I (o1;81(v1((e,e')))) (o1;v1(e)) I (o1;v1)
(01;01(v1(mi (e, e )))> J (o1;v1)
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Case LWITHBETASND: T;A -, (e,e’) =¢e’: B

By induction, ((o1, 81(v1(e’))), (o1, 81(v1(e’)))) € P(v1(B)), so there exists ((o7,v1), (04,V2)) such
that

(o1;81(v1(e)) ¥ (o;v1) A (02;82(v2(e"))) I (03;v2)
((o1,v1), (02,v2)) € P(y1(B))

Thus we can build the following and conclude.

(01;81(v1((e,e)))) I (01;81(v1((e,€")))) (o1;v1(e)) 4 (o7;v1)
(01;81(v1(mm2 (e,€7)))) U (op;v1)

Case LWITHETA: TAFe= (me,me): A&B
By induction ((o1,v1(e)), (02,v2(e))) € W(y1(A & B)), so there exists ej, e, ef’, e}’ such that

(o1;v1(e)) 4 (o1; (e1, €1))
(02;72(e)) U (0 (3, €5))
(o1, e1), (03,€3)) € W(y1(A))
((01,€1), (03, €5)) € ¥(y1(B))
It suffices to show that ((o7, (e, e])), (02, v2((m1 e, 2 €)))) € Y(y1(A & B))

We can build the following derivations

(02;v2(e)) I (09; (e3,€7))  (og:€3) I (035 €5)
(0,11 v2(€)) 4 (03 €5)

(02;v2(e)) I (03;(e3,e)))y  (o5;e3) |} (o5;e5)
(02,2 y2(e)) I (035 5)

Thus we have
(o1, e1), (02,711 v2(e))) € W(y1(A))

((01, 1), (02, m2v2(e))) € W(y1(B))

Which brings us the conclusion by the definition of the semantics of & .

Case LTBETA: ;AR letvalx =valtint’ = [t/x]t' : TC
Let or and 04 be heaps such that o¢#0; and og#0>.
By induction ((o1,v1(81([t/x]t"))), (o2, v2(82([t/xIt)))) € W(Ty1(C)).
Thus, there exists ((o7,v1), (05,v2)) € W(y1(C)) such that
(01 - 0671 (81([t/x]t"))) ~ (o7 - o; valvy)

(02 - 0g;v2(82([t/x]t))) ~ (03 - 0g;valva)

Hence we can conclude with the following derivation.

(o1 - og;valt) ~ (o7 - og;valt) (01 - o¢; [t/x]t") ~ (07 - o;valvy)

(01 - of;letvalx =valtint’) ~ (o7 - o¢;valvy)
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e Case LTETA: T; A letvalx =tinvalx=t:TC

Let or and 04 be heaps such that o¢#0; and og#0,.

By induction ((o01,v1(81(t))), (02,v2(82(t)))) € $(Ty1(C)).
Thus, there exists ((07,v1), (05,v2)) € W(y1(C)) such that

(01 - 06;v1(81(1))) ~ (o7 - of;valvy)

(02 04;Y2(82(1))) ~ (03 - 0g;valvy)

Hence we can conclude with the following derivation.

(o1 - 0p;v1(81(1))) ~ <U{ -oy;valvy) (o1 - o;valvy) ~» (o7 - of;valvy)
(01 - 05;v1(81(let valx = tin valx))) ~ (o - o¢;valvy)

MAFtH:TA A ,x:AFt,:TB A", y:BFt3:TC
e Case LTASsSOC: T; A, A, A" Fletvaly = (letvalx =t inty) intz; =letvalx =ty inletvaly =t int;: TC
Let ¢ and o4 be heaps such that o#0y - 01 - 07 and og#0, - 05 - 07
By induction ((o1,v1(81(t1))), (02,v2(82(t1)))) € W(Ty1(A)), thus there is ((07”,11), (07", 12)) €
VP (y1(A)) such that

(o1-07-07 05 81(y1(t1))) ~ (0" - o1 - 07 - op; valwy)

(0205 -0y - 05;82(v2(t1))) ~ (07" - 0y - 07 - 0g;valuy)

Notice that

((O-{ : O-{I// (6{,111/7()), (Ué : Gél// (ééluZ/x))) S [[A//X : A]]
Thus by induction ((o7-01",v1(8{(t2))), (0305, v2(85(t2)))) € W(Tv1(B)), thus thereis (01", v1), (05", v2)) €
UP(y1(B)) such that

01" - o1 - 01 - og; [ur /x]8{ (v1(t2))) ~ (07" - o7’ - o; valvy)

(07" - 03 - 05 - 0f; [Ua /X185 (v2(t2))) ~ (07" - 05 - 0g;valvy)

Notice that

(o1 - 01", (87, v1/x)), (05 - 0", (85, v2/x))) € [A",y : B]
Thus by induction ((o7 - o7”,v1(8{ (t3))), () - 05", v2(85 (t3)))) € W(Ty1(C)), thus there is
((07"",w1), (0", W2)) € ¥(v1(B)) such that

<O‘{”/ . (Y{/ .o [V1/y]5{/h/1(t3))> > (o‘{l/// - og; val w1>

(08" 0f - 05; 2 /yIB4 (va(13))) ~ (03" - 0;valw)

We can then build the following derivations to conclude.

(o1-01-07 - o5y1(81(t))) ~ (07" - 07 - 0y -ovalu) (0" -0 - 07 - of; lur /x]y1(81(t2))) ~ (07" - 07 - ¢
(010707 opyi(letvalx = §;(t1) in §1(t2))) ~ (07" - o7 - of; valvy)

(010707 - op;yv1(let valy = (let valx = 81(t1) in §;{(t2)) in &7 (t3)

(07" - 03 - 07 - 0g; ua/x]y2(83(t2))) ~ (03" - 07 - 0,
1

(020,05 - 0g;v2(82(t1))) ~ (03" - 05 - 05 - 0g;valuy) (0" - 0509 - 0g; [up/xlys(let
(020505 - 0g;v2(let valx = 8,(t1) in let valy = §5(t) in 85 (t3))
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ARt =t{:A A Ft,=t5:B
Case LTENSORCONG: T;A,A"F (ty,t2) = (t,13) :A®B
By induction

(o1, v1(81(t1))), (02, v2(82(t1)))) € W(v1(A))
((01,v1(81(t2))), (02, v2(8;(t3)))) € W(y1(B))
And with o1#0] and oy#05, we have all we need.
At =t :A®B A, a:Ab:BrEty=t,:C
Case LTENSORECONG: T;A,A’Flet (a,b)=t1int; =let (a,b)=t{int;:C
By our first induction hypothesis,

((o1,v1(81(t1))), (02, v2(82(t1)))) € W(y1(81(A ® B)))

Therefore, there exists ((o7 - 07", (ui,uy)), (o3 - O'é/’ ,(uz2,u3)) € P(v1(A @ B)) such that

",

(o1;v1(81(t1))) U (o7 - 07" (ur, g

)
)

n

1)
(02;v2(82(7))) I (0 - 077 (U2, 1y
(
((o7",uq), (03", u3)) € P(y1(B))

((o7,w), (0, u2)) € W(yi(A))
)

In particular, it means that
((o1" - 01" - 01, (81, w1/a,ui /b)), (07" - 03" - 03, (8, u2/a,u3/b))) € [y1 (A", a: A, b : B]]
Thus, by our second induction hypothesis
((o1" - 01" - 01, [wr/a, ug /bly1(81(t2))), (03 - 03" - 03, [ua/a, 1z /bly2(85(13)))) € W(v1(C))
We then have ((o1",v1), (65",v2)) € ¥(y1(C)) such that

n n

(o107 - 01" v1(81([ua /a,ui /blt2))) I (o7";v1)

"

<0-£ : 0-2 : 0-2 ;VZ(éz([uZ/a/uz/b]tz)» I (03" v2)
Hence we can build the following derivations and conclude.
(01 - o v1(81(t1)) U (o1 - 07" - of; (wp,ug)) (07 - 01" 0f; /@, ui/blv1(81(t2))) U (07";v1)
(o1 - 01;v1(81(81(let (a,b) = t1 in t2)))) 4 (0" v1)

-, "

(02 - 09;v2(82(t1))) U (07 - 07" - 035 (U, ) (05 - 03" - 03 [ua/a, 1y /bly2(85(t5))) I (0" v2)
(02 - 02, v2(82(85(let (a,b) =t in t5)))) I (07", v2)

MAx:AFt=t':B
Case LFUNCONG: T;AFAx:A.t=Ax:A. t':A—B
Let ((o7,u), (05,u’)) € P(y1(A)) such that o{#07 and oj#oy.
We can notice

((o1 - 01, (81, 4/%)), (02 - 03, (82,u/x))) € [y1(A, x : A)]
Thus, by induction

((o1 - o1, [w/x]y1 (1)), (02 - 03, [u'/x]y2(t"))) € W(v1(B))
Which is what we need to conclude that

((o1,Ax. 1), (02, Ax. t')) € Y(y1(A — B))
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ARt =t{:A—B KA Fty=t:A
Case LAPPCONG: MAA Rt ty=tt):B
Our first induction hypothesis states

V((o,1), (0’,t)) € (v1(A)), ottor = o'#o2 = ((01-0,v1(81(t1)) t)(02:0,72(82(t2)) t')) € W(y1(B))

Thus we can apply it to our second induction hypothesis

(01,81 (v1(t2))), (02,85 (v2(t2)))) € W(v1(A))
to get the expected conclusion.
l-e=e': X NAFt=t:Ale/x]
Case LFICONG: T;AFF(e,t)=F(e,t'):Fx: X. A

By induction, (v1(e), v2(e’)) € ¢(v1(X)) and (01, 81(y1(t))), (02, 82(v2(t")))) € W(y1(Ale/x])).
These are exactly the hypothesis we need to conclude.

ARt =t :Fx: X A Fx:X;ALa:AFt,=1:B
Case LFECONG: T;A,A'FletF(x,a)=t1int, =letF(x,a) =t{int;:B
By our first induction hypothesis,
((o1, v1(81(t1))), (02,v2(82(t1)))) € W(y1(81(Fx : X. A)))

Therefore, there exists ((o7, F (e1,u1)), (07, F (e2,u2))) € W(y1(Fx : X. A)) such that
(o1;v1(81(t1))) I (01 F (e1,11))

(02;v2(82(t1))) I (07, F (e2,u2))
(e1,e2) € d(vi(X))
(o7, ler/xIug) (07, [e2/x]uz)) € P(y1([er/x]IA))

In particular, it means that

((v1,e1/x), (v2, €2/x)) € [T, x : X]
and (recall that x is not a free variable of A’ by I' - A’ ok)

(01" - 01, (81, w1/a)), (07 - 02, (83, u2/a))) € [(y1,e1/x) (A", a: A)]
Thus, by our second induction hypothesis
((o1- 07, v1(81(ler/x,wi/alt2))), (03 - 07, v2(83([e2/x, u2/alty)))) € W(y1(ler/x]B))

Now since I' - B linear, [e1/x]B = B.
We then have ((07”,v1), (05",v2)) € W(y1(B)) such that

(o1 - 07;v1(81(ler/x, w1 /altz))) I (o7";v1)

(03 - 05;v2(85([ea/x, uz/alty))) 4 (0375 v2)

We can then build the following derivations and conclude.

(o1 - 01;v1(81(t1))) U (o7 F (er, w1)) (o1 - of; ler/x, ur /aly1(81(t2))) 4 (o7";v1)
(o1 - 07;v1(81(81(let F (x,a) =t in t2)))) 4 (07";v1)

(02 - 03;v2(82(t1))) 4 (07, F (e2,u2)) (05 - 03; lea/x, ua/aly2(85(15))) I (037 v2)
(02 - 03;v2(82(85(let F (x, a) = t{ in t3)))) 4 (03”;v2)
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MAFe=¢e A
Case LVALCONG: T;Atvale=vale’ : TA

Let or and 04 be heaps such that o¢#0; and og#0>.
By induction ((o1,v1(81(e))), (02,v2(82(e)))) € W(Ty1(A)), so thanks to the linear evalutation
frame property, there exists ((o7,v1), (03,V2)) € Y(y1(A)) such that

(01-05v1(81(e))) I (o7 - of;valvy)

(02 - 0g;v2(82(€"))) | (03 - og;valvy)

Thus we have the following derivations

(01-05;v1(81(€))) ~ (o7 - o;valvy) (02 - 0g;v2(82(e"))) ~ (07 - 0g;valvy)
(o1 - 0¢;v1(81(€))) ~ (o7 - o¢;valvy) (02 0g;v2(82(e"))) ~ (07 - 0g;valvy)

—~

Thus we can conclude thanks to the definition of P (y1(T A)).

MAFe =e:TA A, a:AkFey=¢e;:TC
Case LLETCONG: T;A, A’ -letvala=ejine; =letvala=ejine,: TC
Let o and o4 be heaps such that o¢#0; - 0] and og#0; - 0.

By induction ((o1,v1(81(e1))), (02,v2(02(e1)))) € Y(Ty1(A)), so there exists ((o7,v1), (07,v2)) €
UP(y1(A)) such that

(01-01-0gv1(81(e1))) ~ (07 - 07 - o;valvy)
(0205 0g;v2(82(e1))) ~ (05 - 03 - 0g;valvy)

Thus, we have
(01 - 01, (81,v1/a)), (03 - 07, (85,v2/a))) € [y1(A", a: A)]
So by induction

(o1 - o1, v1(81([v1/ale2))), (07 - 03, v2(85([v2/ale;)))) € (T (v1(C)))

Therefore, there is ((o7”, w1), (057, W2)) € P(y1(A)) such that

(0101 - o v1(81([vi/alez))) ~ (07" - of; valwy)

(0307 - 0g;v2(82([v2/aley))) ~ (07" - og;valwy)

Thus we have the following derivations

(01- 01 05v1(81(e1))) ~ (o7 - 01 - o;valvy)
(o7 - 01 - og; [vi/x]y1(81(e2))) ~ (07" - a¢; valwy)

(o101 05;v1(81(let valx = ey in e))) ~ (o7 - of; valwy)

(02 05+ 0g;v2(82(e1))) ~ (05 - 03 - 0g;valvy)
(07 - 03 - 0g; [va/x]v2(82(€3))) ~ (05" - 0g;valwy)

(02- 0y - 0g;v2(02(let valx = e] in e3))) ~~ (05" - 0g;valw,)

Thus we can conclude thanks to the definition of P (v (T C)).
F'Fe=e':X
Case LNEWCONG: T;- Fnewx e =newxe' : T(Fx:Loc. [x — X])

By induction, (v1(e),v1(e’)) € d(v1(X).
Thus we have (v, v2) € ¢(y1(X)) such that

vi(e) dvi Avale) 4 vo
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Let o and o4 be heaps.
There exists some location 1 ¢ dom(o¢) Udom(og4). Hence we have the following

vile) § vy 1 ¢ dom(o¥)
(og;newx yi(e)) ~ (og, L:vy;valF (1, %))

Ya2(e) 4 v2 1 ¢ dom(og)
(0g;neWx y2(e)) ~ (og,L:vy;valF (1, %))

Itis easy to check that (([1: 1], F (1, %)), ([L: v2l, F (1, %))) € ¥(y1(Fx : Loc. [x — X])) with (v1,v,) €
¢ (v1(X)) and conclude.

l'-e=¢€':Loc AFt=1t":[e— e
Case LFREECONG: T A free (e, t) =free(e’,t') : T
Let o and o4 be heap such that o1#0 and ox#0 .
By our first induction hypothesis (y1(e), v2(e’)) € b(Loc), so there is some 1 € Loc such that

vi(e) $ LAY2(e’) 41

By our second induction hypothesis ((o1,v1(81(t))), (02,v2(82(t")))) € P(vi(le — X])), we have
values (v1,v2) € d(v1(X)) such that

(01;v1(81(1))) U ([L:val; %) (02572 (82(t))) & ([L:wal; %)

Then we can build the following derivations

yile) 41 (o1 - 0pv1(81()) U (of - L vy; %)
(01 - of;v1(free (e, 01(1)))) ~ (o ()

Yale) b1 (0g-02;v2(82(t"))) I (0g, L:vy; %)
(01 - 0g;v2(free (e, 82(t)))) ~ (og; ()

Notice that ((€, ()), (€, ())) € ¥(l) and conclude.
l'e=e¢e':Loc MAFt =1t:[e— X Fx: XA a:le—»XFty=1t:C

Case LGETCONG: ;A A let (x,a) = get(e, t1) int, = let (x,a) = get(e’, t{) int;: C
By our first induction hypothesis (y1(e), v2(e’)) € b(Loc), so there is some 1 € Loc such that

vi(e) $ LAY2(e") 41

By our second induction hypothesis ((o1,v1(81(t1))), (02,v2(82(t])))) € W(vi(le — X)), we have
values (v1,v2) € d(v1(X)) such that

(01;v1(81(11))) U ([L: vil; %) (02;v2(82(t1))) I ([L: val; %)

Now we can notice that

(Y1, vi/x), (v2,v2/x)) € [T, x : X]
Let us denote that new substitution y’. We also have

((o7 - L:val, (81, %/a)), (0F - [L:val, (85, %/a))) € [y1 (A, a: e — X])]

Let us denote the substitution 6.
By our third induction hypothesis (v (81 (t2)), v5(85 (t3))) € W(y1(C)), wehave ((o7,w), (05, u2)) €
P(v1(C)) such that

(o1, L:vi;vq (87 (t2))) 4 (o7 u1)
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(03, L:vo;v5(85 (1)) U (055 1)

Then we can build the following derivations

vile) b1 (o1-05v1(81(t1))) I (o, L:v;%) (o1, L:v; [v/x, #/aly1(81(t2))) 4 (07 u1)
(01 - op;va(let (x, a) = get(e, 81(t1)) in 81(t2))) I (o7;wa)

Ya(e) I 1 (o2 05v2(82(t1))) U (o3, L:v;%)  (0p, Liv; [v/x, x/alya(82(t5))) U (07 u)
(07 - 02;v2(let (x, a) = get(e’, 82(t)) in 82(t3))) 4 (07 ua)

And conclude.
l-e =ej:Loc HAFtY =t :[e—X] lex=ejp:Y
e Case LASSIGNCONG: MAFe == ea=e; i=¢ €:T([e—=Y])
Let o and o4 be heaps such that o¢#0; and og#0,
By our first induction hypothesis (vi(e1),v2(ef)) € Pp(Loc), so there is some 1 € Loc such that

viler) 4 LA y2(er) 1

By our second induction hypothesis ((o1,v1(81(t1))), (02, v2(82(t])))) € W(vi(le — X])), we have
values (vi,v2) € d(y1(X)) such that

(o1 v1(81 () I ([L:vil; ) (02 v2(82 (1))  ([L: vl %)

And our third hypothesis (vi(e2),v2(e5)) € d(y1(Y)), we have (u1,up) € ¢(y1(Y)) such that
vi(e2) I wi Avya(ey)  wp
Then we can build the following derivations

yile) b1 vile) by (o1-05v1(81(t1))) I (of, Livis*)
(o1- 05 v1(e1 =5,(1,) €2)) ~ (o, L:ug; )

Yale) U1 ya(ey) Yy (02 - 0g;v2(82(t1))) I (0g, L:vo;%)
(02 0g;v2(e] =5,(1/) €3)) ~ (0g, L:u; %)

And conclude.
Ix:X;AFe=e':Y x € FV(e,e’)
e Case: MAFe=¢e :Vx: X Y
Lety € [I]. Then, for every (t,t') € d(v1(X)), ((v1,t/x), (v2,t'/x)) € [T, x : X], thus we get the
expected result thanks to the induction hypothesis.
TAFe=e :[e”/X]Y
e Case: AFe=¢e':Ix:X. Y
We get the expected result directly from the induction hypothesis.

e Case LIRREQ: ;A e=c¢e’:[A]

By induction, ((o1,81(v1(e))), (01,81(y1(e)))) € W(v1([A]) ((02,82(v2(e"))), (02, 82(v2(e')))) €
W(y1([A])) So we have ((o7, %), (03, %)) € Y(v1([A])) such that

(o1;71(81(€))) I (o1;%) A (02;v2(82(€"))) 4 (035 %)
Thus there exists a such that ((o7, a)(o7, a)) € P(y1(A)).

9. If ;A e — A then there exists (t,t’) such that for all v € [I'], for all ((o1,51),(02,8,)) € [y1(A)l,
((o1,81(v1(1))), (02, 82(v2(t")))) € W(y1(A)).

We case analyze the derivation of ;A e + A:
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AFe: A
e Case: Atk e+ A
The induction hypothesis tells us that (e, e) gives us the result.
MAFe+ A A, x:AFe =C
e Case: A A Fletix] =eine’ = C
By our first induction hypothesis, there exists (t1, t;) such that for every v, 8, o, (o1, 81 (v1((t1)))), (02, d2(v2(t2)
Y(y1(A)).

Thus we have So, by our second induction hypothesis, there exists (t{, t;) such that

(071 - 01,v1(81([81(t1) /x]t1))), (07 - 02,85 (v2([82(t2) /x]t3)))) € W(y1(C))
for every ((o7, 81), (05,85)) € [A']
((01- 01,81, a1/x), (02 - 03,85, a2/x)) € [A',x: A]

Thus, ([t1/x]t], [t2/x]t;) fullfills our desiterata.
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