MiniSail: A core calculus for Sail
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1 Introduction

Giving Sail a formal specification and proving safety and decidability will provide us with a contract
between users of the language and builders of an implementation of the language. It will ensure that
changes to the language are carefully controlled and that we do not rely on a blessed implementation
for a complete reference of the language and clever engineering for a type checker that works ‘most
of the time’. With this in mind, we have developed MiniSail a core calculus that captures key
features of Sail and is a first step toward formalising the complete language. In this work we
present the syntax of MiniSail, a type system and operational semantics. We then prove a number
of lemmas leading to proofs of preservation, progress and safety. MiniSail, particularly the use of
bidirectional typing [2], the use of constraints and the interaction with the SMT solver, has already
informed the design of the Sail type system

We choose the features of Sail to include in MiniSail to be those that interact highly with
other features, those that are involved in the generation of SMT constraints and those that pose
interesting challenges for features satisfying the first two criteria. The features included are:

e Lightweight dependent types. This cuts across many of the other language features. It permits
immutable program variables to appear in types and means that reduction steps making use
of substitution, and hence the substitution lemmas, need to take into account substitution
into types and the type context.

e Refinement types with constraints that are limited to expressions within the decidable logic
of the SMT solver Z3 [1].

e Simple arithmetic expressions. These give us points where constraints are synthesised and
gives rise to arithmetic expressions in our constraint logic.

e Mutable variables. These require us to have an operational semantics that includes a mutable
store, a guarantee that values in the store preserve their types and a substitution function
substituting into the declared type for a mutable variable.

o While loops.
e Pairs and their associated typing syntax.
e Generalised sum types (corresponding to union types in Sail).

e Function definition and function application. Both of these require a subtyping check. For
function definition, we need a subtype check that the value returned from the function body
is a subtype of the return type given in the function signature. For function application we
need a subtype check that the provided function argument is a subtype of the argument’s
type as given in the function’s type signature.

As MiniSail is intended to be a calculus rather than a programming language, it has been designed
for mathematical rather than programming convenience. To achieve mathematical convenience, the
syntax of MiniSail is based on let-normal form and a stratification of what are expressions in the
Sail language into values, expressions and statements in MiniSail. This leads to a corresponding
stratification of the typing judgements and makes reasoning about the type system clearer. Ex-
pressions are function applications, binary operations + and < and projection from a pair but the
arguments to these can only be values. Hence complex expressions, such as function application
to a sum of two variables, need to be broken into a nesting of let-statements where the parts of
the complex expression are bound to variables. This ensures that the types of the components of
complex expressions are made explicit as the typing of the nested let-statements, possibly nested,
will give us the type of each sub-expression.



We make use of bidirectional typing for defining the type system with the main typing rules
for values and expressions being type synthesis and the typing rules for statements being type
checking. This provides clarity on where any type annotations are necesary in the language and
also aids implementation of a type checker.

Some of the features in Sail that are missing from MiniSail are:

e Vectors, including bit vectors.

e Complex pattern matching including bit vector pattern matching
e Records and mutable records.

e Overloaded functions.

The complete grammar, type system and specification of the operational semantics can be found
in the Appendix.

2 Decidability of Type Checking

Both Sail and MiniSail draw inspriration for their type systems from Liquid Types [3]. Syntactically,
types in MiniSail are composed of a program variable, a base type and a refinement predicate.
Unlike other refinement type languages, Sail and MiniSail do not include higher order functions
and so we are able to provide a strong argument that the constraints arising during MiniSail type
checking, and that are passed to the SMT solver, form a logic that is decidable within the solver.
We can go further and claim that the MiniSail type system is decidable - there is an algorithm for
type checking a program that will terminate with the correct answer. We sketch an algorithm and
indicate which features of the language are important for decidability:

e To each type checking judgement corresponds a function taking contexts, a term and a type.
It returns a boolean indicating that the term has the type with respect to the supplied
contexts.

e To each type synthesis judgement corresponds a function taking contexts and a term. It
returns a type.

e In each of the checking and synthesis functions, we have a match statement that matches on
the syntactic form of the term. As our typing rules are syntax directed we can put into each
branch the logic for a single inductive rule and all of the rules for a judgement will appear in
exactly one branch.

e In each branch we check the premises for the rule the branch corresponds to. The checks are
as follows:

— Lookup in a context. These are decidable since the contexts are finite.

— Invoking a check or synthesis typing function. As these are invoked with a simpler term,
the recursion will bottom out.

— Subtype check.

e The premises of some rules will reference ‘existential variables’ by this we mean that these are
variables appearing in the premises but not in the conclusion of a rule. All of the existential
variables in the MiniSail rules can be calculated deterministically. For example, in the rule
for INFER_V_DATA_CONS we have a 7, C;, 7; that appear just in the premises however the
choice of values for these is determined by the C in the rule conclusion and that C' can only
appear in one union definition by our well-scoping conditions.



e The subtyping check can be implemented as a function to construct an SMT problem derived

from the constraints for each of the types being checked. The details of this are covered in
Section 7.3. We have ensured that the constraints generated are from a logic fragment that
is decidable within the SMT solver. We make use of the follow logics that are decidable in
73:

— Presburger arithmetic with inequality

— Algebraic data types

3 Syntax

In the syntax description below, we use the following metavariables:

n - Numeric literals. We use n to refer to the actual natural number corresponding to the
literal n.

x - Program variables and variables bound in monotypes. Also used are z and w.
u - Mutable variables.

f - Function names.

tid - Type identifiers.

C - Datatype constructors.

We stratify the terms of the language into values, expressions and statements: Values are the things
that we want our program to produce when provided with an empty context, expressions are how
we combine values and statements give the principal structure to our programs. Values, expressions
and statements are defined by the following grammar:

Value v = z|n|T|F|(vv)|Cuvl()
Expression e == wvl|v+v|v<v|fo|u]fstv]|sndwv
Statement s = wv|letx=eins/letz:7=sins

| if v then s else s |

| matchv { Cy 1 = 51, .., Cp 2, = s}
|var u :7=wvin s

| u:=v

| while (e) do {s}

| 51382

Expressions only occur in let and while statements. During reduction, let is where the re-
duction of expressions occur and reduction of while involves unfolding it to a let-if-while
construct with the let containing the expression. Using expressions in the guard of the while
loop allows us to reference mutable variables in the guard and for these variables to change
value as the while body is processed. Any other occurrence of an expression, for example
function application to an expression, can be handled by writing as let.

Mutable variables are expressions and the scope of a mutable variable is the statement in the
var statement.

The grammar for the calculus omits bracketing with round brackets or curly brackets; these
would be included in a grammer for a MiniSail programming language.



Typing constructs are as follows:

Base type b == int|bool|tid|b x b
Constraint ¢ == T|F|le =e |e <e |pAP|dVO| 0
Monotype 7 == {z:b| ¢}

The nonterminal e~ is identical to the expression nonterminal e with the omission of mutable
variables and function application. e~ defines what is permitted in the logic of SMT solver such as
73. Note that we are including pairing, pair projection and data-constructors in the logic we pass
to Z3. These are supported in Z3.

Constraints can include program variables and so well-scoping conditions are needed to ensure
that free variables in constraints are either bound in the monotype form {z : b|¢} (as z is here) or
are in the domain of the typing context. This is detailed below.

The top level structure of a program is composed of a sequence of type and function definitions
and a single statement:

Function Definition fd == wval f:(x:0b[¢]) = T
function f(z) =s
Union Definition td == wunion tid = {Cy : 71,...,Cp : T}
Definition def == td|fd
Program p == def; ;.. ;def,;s

Note that function definition is a combination of a type signature for the function and a function
body definition. In Sail these are two separate terms in the language.
We use the word ‘term’ to refer loosely to any syntactic construct.

4 Relationship to Sail

Apart from types, MiniSail is a sub-language of Sail. Types in Sail are constructed a little differently
from MiniSail types and in this section we define a mechanism for converting Sail types to MiniSail
types. Types in Sail are polymorphic in number, order and other types and constraints making
use of type level number expressions can be included in a type. In this respect, Sail types resemble
refinement types as described in [3, 4]. In refinement types, there is a value variable, a base type
and a constraint making use of the value variable and program variables that are in scope. In Sail,
constraints can be a separate component of the type but can also be implicitly combined with the
base in a type constructor such as range. Here the base type is int and the constraint is that the
value variable is between two type level number expressions. Furthermore, types in Sail can be
nested - for example a pair type is a nesting of two types. In MiniSail, this doesn’t occur - a pair
type of two types is indicated by a single top level mono-type with a paired base type and suitable
constraint. Finally, a type bind contain zero or more type level variables; in MiniSail they bind
exactly on value variable. We thus need to mechanism that extracts the base type and constraint
components from a Sail type and tells us how to map type level variables to value variable terms.

Types in Sail can be specified in a number of different ways and one of these is as an exis-
tential type. Prior to converting to a MiniSail type, we require that the Sail type is rewritten as
a Sail existential type without any nesting of existentials. More formally, we define the following
subgrammar of the Sail grammar and we require that the Sail type match this grammar. In the
grammar we have that n is a numeric literal and k is a Sail type level integer variable.



Value v u= k|n|

Expression e == v|lv+v|v<w

Constraint ¢ u= T|Fle=ele<e|dpNd|dVo| 0
Simple Type o == atom(k) | range(n,n) | (o,0) | tid
Type T u= Aky.kp, 00} |0

Function Type ¢ == forall k1..ky, .0 — T

As part of the conversion we will construct a mapping, p, that is a partial map from Sail
type level variables to MiniSail values. We define a series of partial functions that carry out the
conversion and Sail types not in the domain are not convertible.

We define a partial function that takes a 7 and returns a MiniSail base type.

B(atom(k)) = int
B(range(ni,ng)) = int
B((r1,72)) = B(m) x B(n)
B(tid) = tid
B({kt,kn 60}) = B(o)

Next we define a function taking a MiniSail value, a mapping p and a 7 and returns a constraint
and a mapping.

N(o, p.atom(k) = {wzp%xm,ﬁke@m@>
(T, plk — v]), otherwise
N(v,p,range(ci,c2)) = (n1 <vAv<nap)
N(v,p,(11,72)) = let (¢p1,p1) = N(fst v,p,71) in
let (¢1,p1) = N(snd v, p1,72) in
(91 A @2, p2)
N(v,p, tid) = (T,p)

N(v,p,{k1,..kn,0.0}) = {z:B(o) |let (¢',p') = N(z,p,0) in ¢ Ap'(d)}

We write p[k — t] to indicate p extended with a mapping of k to v. The function that performs
the top level conversion is:

M(o) = let (6,p) = N(z,0) in {z : B(o)|6}
M({ky,...kp,0.0}) = N(z,-,{k1,...kn,0.0})
M (forall ky..ky,p.0c — 1) = let (¢1,p1) = N(z,-,0) in
let (¢2,p2) = N(z,p1,7) in
z: B(o)[p1 A p1(9)] = {z : B(7)|d2}

We restrict the mapping to range types that only have numeric literals as their end points
and atom types that only include a type level variable. Sail permits a wide range of arithmetic
expressions in these positions however most of these can be rewritten by putting the expression
into the constraint.

Examples of translation are:

M({n,10 < n. int (n)

M({n,42 < n.( atom (n),atom(n))

M (range(0, 31

M({n,4 < n. (range(0, 10), atom (n))}

{z :int|10 < z}

tint x int|[42 < fst z A fst z = snd z}
(int|0 < z A2 < 31}

= {z:int*xint|0 < fst z Afst 2 <10A4 < snd z}

([
—_
N N



An example of a function type translation is:

M (forall n m.{p, T.(atom(n),atom(m))} — {k, k =m + n. atom(k)})
=z:int X int [T] — {z:int|]z = fst x+ snd z)}

The following type will not be translated:
M({n,10 <n.int (n+1)})
but this following equivalent type will be:
M({n,11 <n.int (n)}) = {z:int |11 <z}
The following type will not be translated:

forall n m k, k =m + n. {(atom(n),atom(m))} — {atom(k)}

5 Example Programs

We present three short programs that illustrate a number of language features rather than being
a realistic example of how Sail is used to model ISAs. The first program is written in ‘idiomatic’
Sail making use of a number of short-hands, the second is an equivalent Sail program, de-sugared
somewhat to match the MiniSail grammer and the third is the corresponding MiniSail program
that has had the type translation described above applied to it.

default Order dec

$include <prelude.sail>
$include <flow.sail>

union foo = {
Bar : int(42),
Baz : int

}

val £ : foo -> int(42)
function £ ( x ) = {
y : int(42) = 42;
foreach(i from 1 to 10) {
if i==9 then

match x {
Bar(j) =>y = j,
Baz(j) => y = 42

The following is the de-sugared version and is still valid Sail. The typing constructs that we
need to convert are indicated with a grey background.

default Order dec

$include <prelude.sail>



$include <flow.sail>

union foo = {
Bar : { ’n, ’n =42 . int(’n) },

Baz : { ’n . int(’n) }

val h : foo -> { ’m , ’m = 42 . int(’m) }
function h (y ) = {

var w : foo = Baz (1) in
var u : { ’m , ’m =42 . int(’m) } = 42 in
var i : {’m . int(’m) } =1 in

while (i <= 10 ) do {
let x1 =i+ 1 in i = x1;
if i == 9 then
w = Bar(42)
else
w = Baz(i);

match w {
Bar(j) => u = j,
Baz(j) => u = 42

The third is the MiniSail version that has undergone translation of the types:

{

union foo
Bar : {
Baz : {

}

val h : x : foo [T] > { z : int | z = 42 }
function h (y ) = {
var w : foo = Baz (1) in
var u : { ’m , ’m = 42 . int(’m) } = 42 in
var i : { ’m . int(’m) } =1 in
while ( i <= 10 ) do {
let x1 =i+ 1 in i = x1;
if i == 9 then
w = Bar(42)
else
w = Baz(i);

N N
.
[=}
ct

match w {
Bar(j) => u = j,
Baz(j) => u = 42



6 Substitution

Substitution is the key mechanism used to execute MiniSail program and is used extensively in the
typing rules. We are careful to only allow substitution of immutable variables by values. We use
__[v/z] to denote the substitution of variables appearing in terms, constraints and types with values.
Substitution associates to the left and distributes over connectives. So the following equivalence
holds:

(6 = )V /2[v/x] = ((8lv'/2Dv/]) = ((¢'['/2])[v/2])

We now define substitution for each sort of term in the language. In the following, the notation
T#v means that x does not occur in v this is to ensure capture avoiding substitution and renaming
of variables is permitted to ensure this occurs.

Substitution in values:

v,if x =2
/2l = {x, ifx #z
nv/z] = n
T[v/z] = T
Flv/z] = F
Olv/z] = 0
(vi,v2)[v/2] = (vi[v/z], v2lv/2])
(CV)w/z] = C (W[v/2])
Substitution in expressions:
(v +v2)[v/2] = wilv/z] 4 vaolv/Z]

= wiv/z] < valv/7]

[v/2]

[v/2]

w/d = /)
(fst v')[v/2] = fst (V'[v/2])
(snd v')[v/2] = snd (V'[v/z])

ulv/z] = wu

Substitution in statements. Where a statement includes a type annotation, substitution needs to
occur in the type as well.

(let x =€ in s)[v/z] = let z =elv/z] in s[v/z]
(provided = # z and x#wv)
(if v; then s; else s9)[v/z] = if v1[v/z] then si[v/z| else so[v/z]
(let x : 7 =51 in s9)[v/2] = let x:7[v/z] = s1[v/z] in s3[v/z]
(provided = # z and x#wv)
(u:=v)v/z] = u:=1[v/z]
(var u :7=7"in 8)[v/z] = var u :7[v/z] =v'[v/2] in s[v/z]
(while (e) do {s})[v/z] = while (e[v/z]) do {s[v/z]}
(match o' { Cy 21 = 81, .., Cp mp = s,})[v/2] =
match (v'[v/z]) { C1 21 = (s1[v/2]) , .., Cn zn = (sn[v/2])

(provided z # x; and x;#v, for i = 1..n)

9



Substitution in constraints:

Tv/z] = T
Flv/z] = F

(er =ex)lofz] = erfvfa] = eslo/a]

(e < ex)lo/a] = elvfa] < ealofa)

(@1 A @2)lv/z] = drlv/z] A ¢olv/x]

@1V @2)lv/z] = darlv/z]V ¢2lv/x]

(91 = da2)[v/a] = ¢nfv/a] = ¢olv/x]
(=)v/z] = —(g[v/z])
Substitution in monotypes:
({z:blp})[v/x] = {z:b|¢[v/x]} provided z # z and z#v

7 Type System

7.1 Contexts

We have a type context, I', for immutable variables defined as follows:

I' = 21 :01[d1], .., xn 2 bu[dn]

New variables are added to the right. We also have a definition context II that contains the list of
functions and type definitions. As in Sail, we do not allow the same string to be used as a function
identifier, type identifier, constructor or variable name, hence II can contain both function and
type definitions without conflict. We have a context for mutable variables, A. These three contexts
can be viewed as functions with the domain of I' being immutable program variables, domain of II
being function names and type identifiers and the domain of A being mutable variable names.

D(z;) = bi[¢i]

II(f;) = wval fi:(z;:bi[¢s]) — 7; function fi(x;) =s;
II(tid;) = tid; : {Ci1 : 71 .. Cin © Tin}

A(u;) T

It is important to note that the context I' has an ordering since the constraint in the type of a
variable might make use variables introduced earlier in the context and so we need these latter
variables to appear in the list prior to the variable being defined. We use well-scoped rules to
capture this formally and these can be found in the appendix.

We do not include the side condition z ¢ vars(I') in the G_.wWS_CONS rule. Instead, globally,
we adopt the Barendregt Convention where we apply alpha-conversion as needed to ensure that
capture avoiding substitution is possible and a variable doesn’t appear twice in the context. With
the latter, the renaming will occur when a new variable and type is added to the context as in the
CHECK_ANF_LET and CHECK_ANF_LET2 rules below: we rename the variable x bound in the let
statemewnt if it already appears in the context.

Context I' is wellformed in context II

ITws

———  G_WS_EMPTY
II+-ws

10



ITFI'ws

ITF bws

ILT,z:b[T|F ¢ws

z ¢ dom(T")
IMET,z: b[¢]ws

G_WS_CONS

We also define a substitution operation on the context I'. If I' is as above then:
Llo/z] = z1: ba[ga[v/]], ..., 2 - bn[@n[v/a]]
also in the case where x appears in the context we have:
(T, 2 b[g], I')[v/x] = ', I'[v/2]
We do need define substitution on A:
{(u1,71), s (un, 7) }o /2] = {(ur, m[v/2]), ., (un, Tuv/2])}

We do not need to apply substitution to the contexts II.

7.2 Bidirectional Typing Rules

In this section we introduce and describe the key typing judgements and their inductive definitions.
The first of these is the subtyping judgement. This provides the link between the typing rules and
the SMT solver through the validity judgement II; T" = ¢ which we discuss below.

ILTHET S7

ILTF {2z : bl¢1} ws
ILT - {2 : blgpa} ws
IGT, 21 2 b[¢n] = a2/ 2]

SUBTYPE_SUBTYPE
IET {212 blg1} < {2 : b|da}

For the typing judgements for values, expressions and statements we make use of bidirectional
judgements. We have the type synthesis judgements II;T' - v = 7 and I;T'; A - e = 7 for values
and expressions respectively. It is important that the rules for these judgements synthesise types
that have constraints that are within the decidable logic of the SMT solver. With some of the
rules, for example INFER_E_PLUS, we do not need to include the constraints ¢1 or ¢ explicitly in
the conclusion of the rule: If v; is a variable then it and ¢, will appear in I'; if v; is a number or
a boolean then ¢ is a trivial equality constraint and will be reflected in the type synthesised by
INFER_E_PLUS as v] appears in the constraint of the type.

Infer that type of v is 7

IT-Tws
z:b[¢] el
ILTF 2= {z:blz=1}
ITFT'ws
ILTF () = {z:unit|z = ()}
IT-Tws
ILT'FT = {z:bool|z =T}
II-Tws
ILTFF = {z:bool|z =F}

INFER_V_VAR

INFER_V_UNIT

INFER_V_TRUE

INFER_V_FALSE

11



II+T ws
ILTFn={z:int|z =n}
H;F H v = {Zl : b1|¢1}
H;F + U = {ZQ : bg|¢)2}
ILTF (v, 1) = {z: by *x ba|z = (v, 1)}

INFER_V_NUM

INFER_V_PAIR

uniontz’d:{C’i:ni} eIl
ILTFv<=T
ILT F Cjv={z: tid|]z = Cj v}

INFER_V_DATA_CONS

ILT;AFe= 7| Infer that type of eis 7

ILTH Aws

H,F" U] = {21 : int|¢1}
ILTF v = {2 :int|ds}

ILT; AR v 4 vo = {23 : int|23 = v; + v}

ILTH Aws

ILT F v = {2z :int|¢;}
ILT F v = {ZQ : int|¢2}

ILT;AF v < vy = {2z :boollzz = v < 1}

ILTFAws

valf: (z:b[¢p]) -1 €1l

ILT F o< {z:b|¢p}

ILT;AF fo=1[v/2]
ILTHF Aws

ILTF o= {z:b % b}

ILT;AFfsto = {z: b1z =fsto}
ILTF Aws
ILTFov={z:0b % bo}
ILT;AFsndv = {z: by]z =sndv}
ILTHAws
u:T €A
ILT;ARFu=71

INFER_E_PLUS

INFER_E_LEQ

INFER_E_APP

INFER_E_FST

INFER_E_SND

INFER_E_MVAR

We also require for values and expressions type checking judgements. The rules for these
synthesis a type and then check that it is a subtyping of the type that we are checking against.

Check that type of v is 7

H;F o= {ZQ : b|¢2}
ILT - {2z : blga} < {21 : bl1}
ILT Fo <« {21 : b’(bl}

CHECK_V_VAL

ILT;AFe<«< 7| Check that type of e is 7

ILT;AFe= {zn:blpa}
ILT F {2 : blg2} S {21 : blon}
ILT;AF e< {2z :b|¢1}

CHECK_E_EXPR

12



For statements, we have just a checking judgement. For the typing of the if statement we make
use of knowledge about the value of the condition in each of the two branches. We do similar in
the match statement. Note also the two different forms for let statements. The first is the one
without the type annotation and here we need to synthesis the type to give to the variable x. The
second is the one without the type and here we merely need to check the type of the statement s;
against the type in the annotation. The second of these is used when reducing function application
where the s; is the function body.

ILT;AF s<«< 7| Check that type of s is 7

ILTHAws
ILTFv<eT

AR v<=T
u ¢ dom(0)
ILTFv<eT
LA u:TH s <
ILT;AFvaru:7:=vins < m
ILT - Aws

u:T €A
ILTFov<=T

ILT;AF u:=v < {z:unit|T}
ILTF v = {z:bool|s; }

ILT;AE 51 <= {21 : b|(v =T A(¢1[v/2])) = (¢[21/2])}
ILTAE 59 <= {2 : b[(v =F A (¢1[v/2])) = (d[/2])}
ILT; AFif vthen s else s < {z : b|¢}

ILT;A R e= {z:b|¢p}
ILT,z: b[p[x/z]]; A s<= T
ILT;AFletz =eins < 7
ILT;AF s < {z:b|¢p}
ILT, z: b[plx/z]; A so <=7
IET;AFlet z:{z:b|¢o}=s1in s <= T

CHECK_S_VAL

CHECK_S_VAR

CHECK_S_ASSIGN

CHECK_S_IF

CHECK_S_LET

CHECK_S_LET2

union tid = { C; : {z; : bi|¢>i}i} ell
ILT F o= {z: tid|p} 4
ILT, 2 : bi[ds[xi/zi] ANv=Cizi AN(pv/z])]; Ak s < T
i CHECK_S_MATCH
ILT; AFmatchvof Ciz; = s, <7
ILT;AF e < {z:bool|T}
ILT;AF s < {2z : unit|T}
ILT; A+ while (e)do{s} < {z : unit|T}
ILT;AF s <= {z : unit|T}
ILT AR s <1
ILT;AF 158 <7

CHECK_S_WHILE

CHECK_S_SEQ
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7.3 SMT Validity

We have a judgement I' |= ¢ that represents the property that a constraint ¢ when considered as
a logical predicate is valid in the context I'. In an implementation judgements of this form will be
checked using an SMT solver such as Z3.

We introduce a function || that translates judgements of the form I' | ¢ into SMT logic
fragment. If T' = 21 : b1[d1], ..., Tn : by[py] then:

TE¢ol = [[=l¢|
Tl = [@1] A Aol

The conversion of constraints, expressions and values are done in the obvious way. The exceptions
to note are that expressions that are mutable variables or function application do not have a
conversion, however, as we will argue below, these will never appear in refinement constraints. We
take advantage of the support for algebraic data types in SMT solvers such as Z3 so that we permit
forming of pairs, projection out of pairs and use of data constructors in the expressions that can
appear in constraints.

The use of the I' = ¢ appears in the subtyping judgement and an important use of the subtyping
check is during function application. By means of an example, we show how the SMT solver is
used. Suppose we have a function with the signature:

val f:(z:int xint [0 <fst zA0< snd z]) - {z: int | fst z <z A snd z < z}
and that we need to prove the following function application judgement:
ILa:int [a=9],b:int [b=10;AF f (a,b) = T
The derivation of the judgement will include this subtyping check:
ILa:int [a=9],b:int [b=10]F {z:int xint |z = (a,b) } S{z:int xint [0 <fst 2 A0 < snd z}
and this validity check judgement:
a:int [a=9],b:int [b=10],z:int X int [z = (a,b)] F0<fst 2zA0< snd z

To check the validity of this, we generate the following Z3 script where we ask Z3 to check the
satisfiability of the negated goal.

(declare-datatypes (T1 T2) ((Pair (mk-pair (fst T1) (snd T2)))))

(declare-const a Int)
(declare-const b Int)
(declare-const z (Pair Int Int))

(define-fun constraint () Bool (and (= a 9) (= b 10)

(= z (mk-pair a b)) (not (and ( <= 0 (fst z )) (<= 0 (snd 2))))))
(assert constraint)
(check-sat)

The first line is a datatype declaration for a pair type. If our context included variables of union
type then we would add a declaration for those types. The next three lines declare the variables
used; one declaration for each variable in the context. The Z3 type is derived from the MiniSail
base type for the variable as per the context. The final three lines are where we define the goal
and request Z3 to check that the goal is satisfiable. If the goal is satisfiable then it means that the
subtype check has failed.

14



8 Operational Semantics

In this section we describe the operational semantics; that is how we ‘run’ a MiniSail program.
As indicated above, a MiniSail program is a set of definitions and a single statement. We assume
at this stage that the definitions have been processed so that running a program is equivalent
to reducing the single statement. Our aim is to reduce the statement to a value however as we
have permitted non-terminated while loops and unbounded recursion into the language, a program
might not terminate. Since we have mutable variables, we need a store for these variables and so
the reduction is the reduction of a store-statement pair to a new store-statement pair. To avoid
overwriting existing mutable variable values, for example during recursive function calls, we assume
renaming of mutable variables in a function body to fresh variables when applying a function (the
rule REDUCE_LET_APP below) The reduction relation is defined in the context of II that contains
the function definitions that we will need when reducing function application.
One step and multi-step reduction is defined as follows:

‘H F (6, s) = (0,5 ‘ One step reduction

REDUCE_IF_TRUE

IT+ (6,if T then s; else s3) — (0, s1)

REDUCE_IF_FALSE

IT+ (4,if F then s; else sp) — (0, s2)

REDUCE_LET_VALUE

IT+ (0,letz =vins) — (4, s[v/z])

v+ v =0

REDUCE_LET_PLUS
I+ (6,letz = v; + vrins) — (d,letz = vins)

< v =v
I+ (6,letz =v; < wyins) — (§,letz = vins)
valf:(z:b[¢]) > 7€ 10
functionf(z) = s € II
ITF (5, lety = fvins) — (0,let y : T[v/x] = s1[v/x] in s2)

REDUCE_LET_LEQ

REDUCE_LET_APP

REDUCE_LET_FST

IT+ (0,let z = fst (v, ) ins) — (d,let x = vy in s)

REDUCE_LET_SND

IT+ (d,let z = snd (v1, 12) in s) — (4,let z = 1 ins)
v=0(u)
IIF (0,letz =uins) — (d,letz = vins)
u ¢ dom(9)
I (4, varu: 7:=vins) — (0[u — v],s)
8 = 6[u — v
I (6, u:=v) = (&, ()
ITE (5, s1) — (0, s])
ITF (6, s158) — (0,83 s)

REDUCE_LET_MVAR

REDUCE_MVAR_DECL

REDUCE_MVAR_ASSIGN

REDUCE_SEQ1

REDUCE_SEQ2

I (6,();8) — (9, s)

REDUCE_LET2_VAL

ITF (5,let z: 7 =v in s3) — (J, s2[v/x])
ITE (6, s1) — (&, s1)

REDUCE_LET2_STMT
ITF (d,1let z:7 =9 in s2) — (0',let z : 7 = 5] in s7)
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REDUCE_MATCH

T+ (5, match (Cj v) of Crz; = 5; ') — (8, 5[v/1;])
z fresh
IT+ (6, while (e)do {s}) — (J,let z = einif z then (s; while (¢) do {s}) else ())

REDUCE_WHILE

ITF (61, 81) X (02, S2) Multi-step reduction

IT+ <51,81> — <(52, 82>
ITF (61, 81) 5 (62, $2)

REDUCE_MANY_SINGLE_STEP

91, 81) = (62, s2)

ITH (
I+ <(52,82> — <53,83>
I+ (

REDUCE_MANY_MANY_STEP

*

91, 81) — (63, s3)

We prove later that the rules presented above are the only rules needed to ensure progress.
Although the if statement takes any value, we only need to include the cases for T and F. We can
excluded the case where v is a variable as the statement being reduced contains no free variables (it
will contain none when the reduction starts and the preservation typing lemma tells us that it will
continue to have no free variables after each reduction). Similarly, from the premises of the preser-
vation lemma, we are only considering well typed statements and so v cannot be anything other
than boolean literals. A similar argument applies to the REDUCE_LET_PLUS and REDUCE_LET_LEQ
rules.

The ‘let z : 7 = 51 in s’ construct is a form that is introduced during the function application
reduction step and allows us to process the body of a function, step-wise reducing the body until
we get a value and then using REDUCE_LET_APP to substitute this value into the body of the let
statement. The type annotation on the let-bound variable is needed for the proofs below.

In the reduction rule for application, occurrences of z, the function argument variable, in types
(particularly types for mutable variables in the statement of the function body, s1) will have been
substituted away and so these types will contain no free variables. This is important for the
operational typing rule where we check that the value for each variable in the mutable variable
store is a subtype of the variable’s type as specified in A.

9 Lemmas

This section states and proves and number of lemmas that build up to a proof of the type safety
property of MiniSail. We start with the inversion lemmas, then move on to the regularity lemmas
that tell us that well-scoping is preserved in the judgements that we work with. Next are lemmas
that link the constraints in the types to validity. Following are substitution lemmas, proofs of
preservation and progress, and finally the safety lemma.

9.1 Inversion Lemmas

Each typing judgement is defined by a set of inductive rules that can include in their premises
instances of the judgement being defined, instance of other judgements defined by other rules or
predicates such as membership in a context. The complete set of valid judgements of any form is
the set of judgements that can be generated by all of rules and no more. Each valid judgement has
a derivation tree associated to it where each node represents the application of a rule and the root
node represents the rule that leads directly to the judgement. It is a feature of the MiniSail type
system that there is only one possible derivation tree for a valid judgement and in particular only
one rule for the root node. This is a consequence of the fact that the type synthesis rules for value
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and expression and the type checking rules for statement have been constructed so that there is
one rule per syntactic form of values, expressions and statements. To put it another way: the rules
are syntax directed.

Associated with each judgement, and its rules, is an inductive proof principle. This principle
allows us to prove that a property holds for every valid judgement if we can show for every rule the
following holds: If the property holds for the premises of the rule then the property holds for the
conclusion of the rule. A consequence of this, and the syntax directness property, is that given any
valid judgement then the only way that the judgement can arise is by an application of exactly one
of the rules. This is known as “inversion” and will be used extensively in the subsequent proofs.
We state the inversion lemmas for each of the key typing judgements and give one of example of
a proof for one of the cases. We use a more canonical form of the rules in the statement of the
lemmas: the type part of the rule conclusion is in a general form and the premises include equalities
relating terms in the conclusion to more specific forms.

Lemma 1 (Inversion-= values).
IfIL,T o = {z : b|¢} then

IET ws
x € dom(T)Np = (z=x)

IfIL,T Fn = {z:b|p} then

T ws
b=1intNo=(z=n)

IfILT - T = {z:b|lp} then

IIET ws
b=boolNp=(z=T)

IfII;T = F = {z : b|¢} then
IIET ws
b= boolN ¢ = (2 =F)
IfILT F (v1,v2) = {2z : b|¢} then there are by, by, ¢1 and ¢o such that:
H;F Fouv = {21 : bl|¢1}
H;F F oy = {ZQ : b2|¢2}
b="byxba A= (z=(v1,v2))
IfIL,T F C v = {z:b|lp} then there is a type id tid and T such that:
b=tidN¢p= (2= Cv)
ILTFv<=rT
union tid ={Cy :7y,..,C:7,...Cp : T} €11
IfILT = () = {z : b|¢} then:
T ws
b=unit\¢p=(z=())

Proof. We use proof by rule induction with the type synthesis rules for values. We need to show
that for each rule the statement of the lemma holds for the conclusion of the rule if it holds for the
premises and any side conditions are satisfied. We only show the proof for the pair rule, for the
other rules, the proofs follow in the same manner.
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Case INFER_V_PAIR. From the induction principle, we assume that the premises of the rule IN-
FER_V_PAIR hold. Hence we have

H;F Fouv = {21 : bl|¢1}

H;F F oy = {ZQ : b2|¢2}

b=byxba A= (z=(v1,v2))
The property we need to prove is a conjunction of implications and we need to prove that it holds
for ILT F (v1,v2) = {2z : b|¢}. All of the implications, except for the pair one, hold immediately
as their antecendants do not. For the pair part, the antededent holds and the consequent holds as
these are precisely the assumptions we made following the induction principle. Hence the lemma

conclusions holds for this rule.

The proof for the other cases follows the same pattern with a different implication taking the

role of the pair implication depending on the rule being considered.
O

Lemma 2 (Inversion-< values). If ILT - v < 7 there there is a 7' such that I,T F v = 7" and
ILT 7 <7

Lemma 3 (Inversion-=- expressions).
If
ILT;AF v +ve = {z:0|¢}
then there are ¢1 and ¢o such that:
ILTHFA ws
b=int
¢ =(z=v1+v2)
H;F Fuv = {21 : int\d)l}
ILT Fvg = {29 : int|pe}
If
ILET; AR v <wve= {z:0¢}
then there are ¢1 and ¢o2 such that:
ILTHFA ws
b = bool
¢ =(z=1v1 <v2)
ILT F o = {z :int|é1}
ILT Fvg = {21 :int|p2}
If
ILT;A R f o= {z:0bl¢}
then there are by, ¢1, T and ¢o such that:
ILTFA ws
fu(r:bfe)]) »Tell
ILTFv={z:b1|¢p1}
IGTF {21 :bilgn} S {212 biloy}
¢ =r1lv/2]
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If
ILT;AFu= {z:bl¢}
then:

ILTHA ws
{z:blo} = A(u)

If
ILT;A ¢ fst v = {z:b|¢}
then there are V' and ¢' such that:

ILTHA ws

p=(z= fstwv)
IGTFv={z:bxb|¢'}

If
ILT;AF snd v = {z:b|¢}
then there are b’ and ¢’ such that:

ILTHA ws
p=(z= sndv)
IGTFo = {z:0 xb|¢'}

Proof. Proof follows the same pattern as the one for Lemma 1.

Lemma 4 (Inversion-< expressions).
IfII;T; A+ e < 7 there there is a 7' such that ILT;AbFe= 7" and ILT -7 <7

Lemma 5 (Inversion-< statements).

If
ILT; AFv<=T
then:
ILT F A ws
ILT F v<er1
If

ILT; AR 4f v then s1 else sy <= T
then there are b, ¢1 and ¢ such that:

ILT;A F v={z: bool |p1}

ILT;A F s1<={z:blv=TA¢i[v/z] = ¢|z1/7]}
ILT;A B so<={z:blv=FAdi[v/z] = ¢[22/z]}
T = {z:0¢}
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If
IT;AkRletz=cins<T
then there are b and ¢ such that:

ILT;A F e={z:b|¢}
ILT, z:b[p[x/2];A F s<T

If
ILT;AFletx:7 =51 in sy <=7
then there are b and ¢ such that:

7 ={z:bl¢}
ILT;A F s < {z:0b|¢}
ILT; Az :b[g[x/z]] B se<=T

If
ILT; A+ while (s1) do {s2} <7
then
T = {z: unit |T}
ILT;A F sp<{z: bool|T}
ILT;A F sy<={z:unit|T}
If
ILT;AFwvaru :7=v in s< 71
then
ILTA F v<r
I A u:7 F s<71
If

ILTAFu:=v<T1
then there is a 7' such that:

T={z:unit|T}
= A(u)
ILT; Ao <=7

If
H;F;AF81;82<=T
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then

ILT;A Fsg < {z:unit|T}
ILT;A Fsy <=7

If
ILT;AFmatcho { Chx1 =51, .., Cp Ty = sp}<T
then there is a tid and ¢ such that:

unton tid = {Cy : {z : V]|d]}..Cp i {2 2 0|0} } € T
ILT o= {z: tid¢}
IGT, @ 0[] ANv=C; zi ANp[v/2]; Ak si<T i=1.n

Proof. Proof follows the same pattern as the proof of Lemma 1. ]

9.2 Regularity Lemmas

The following lemma guarantees that for valid typing judgements, the component terms are well-
scoped. This means that we can limit the use of well-scoping premises in the rules and only need
to use them when well-scoping for a term cannot be inferred from other premises that may include
well-scoping judgements.

Lemma 6 (Regularity lemma for values with type synthesis). If II;T = v = {z : b|¢} then
ILTFv ws and ILT F {2z :b|¢} ws and IFT ws

Proof. We prove the first part of the conclusion by induction on v.

If v is a literal then by inversion of the appropriate type synthesis rule for literals we have
II+T ws. Using this with the appropriate well-scoping rule for literals we have II;I"' - v ws.

If v is a variable then using inversion of INFER_V_VAR we have that z € dom(I") and IT +I'" ws.
Using these with the rule v_.WwS_VAR we get required conclusion.

If v is a pair (v1,v2), then using inversion and then the induction hypothesis we have that vy,
vy and I' are well-scoped and hence (v1,v2) is well-scoped using the rule V_WS_PAIR.

If v is the application of a data comstructor, i.e. v = C </, then from inversion of IN-
FER_V_DATA_CONS we have:

ILT o =7
union tid ={Cy:7,..,C:7,..C : 7, } € I

By the induction hypothesis, v' and I" are well-scoped and so we have the required premises for the
V_WsS_CONS rules and so C v’ is well-scoped.

We now prove the second conclusion. For values, ¢ always has the form z = v. To show that
I'F {z:b|z = v} ws we need to show that I', z : b[z = v] - z = v ws and to show that we need to
show:

[z:b[z=v]F 2z ws
[z:bz=v]Fv ws
The first follows from the rule V_Ws_VAR rule as z is provided by the context I', z : b[z = v| and the

second from the first part of this proof making use of weakening of well-scoping: v is well-scoped
under T" and so is well-scoped under T, z : b[z = v] - 2 O
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Lemma 7 (Regularity lemma for values with type checking).
IfFILT o< {z:b|¢} then I, T Fv ws and IL,T + {z:bl¢p} ws and IIFT ws

Proof. From inversion with the rule CHECK_V we have that there is a 7 such that:

ILTFv=rT1
ILTF7 < {z: 00}

From the previous lemma we have that v and I are well-scoped and using inversion on SUBTYPE_SUBTYPE
we have that {z : b|¢} is well-scoped. O

Lemma 8 (Regularity lemma for expressions with type synthesis). If ILT; A e = {z:b|¢p} then
ILT;AFe ws and IGT - {z:b|¢} ws and IIFT ws and I;T + A ws

Proof. Proof is by cases on the structure of e

Case e = v1 + v2
Using the inversion lemma with INFER_ANF_PLUS we have:

ILT F Aws (1)
{z:b]¢} = {z:int |z =v1 +vo} (2)
ILT + vy ={z:int |¢1} (3)
ILT F vy = {z:int |2} (4)

From the last two, and the previous lemma, v, vo and I' are well-scoped so using the rule
E_WS_PLUS, v1 + v2 is well-scoped. To show

ILTF{z:int |z = v; +v2} wWs
We need to show that:

ILT,z:int [z =v1 +v2] F 2z ws

ILT, z:int [z =v; +v] F v ws

ILT, z:int [z =v1 +vg] F vo ws
and then use the rules wr_CONS_PRED and E_WS_PLUS, The first holds as z is in the domain of the
context; the second two hold using Lemma 6 and (2) and (3) with weakening.

Case e = v1 < vg
Similar to above.

Case e = fv
Using inversion with INFER_ANF_APP we have that

ILT F Aws (1)
val f:(z:bi[p1]) — 7Te€ll (2)
ILT F v={z:b|¢2} (3)
IGT F {z:blgo} S {z: blgn[z/x]} (4)

Using using Lemma 6 with (2), we have that v and " are well-scoped and this along with (1) and
(2), gives us that e is well-scoped using the rule E_ZWS_APP.

22



Case e = fst v
From the inversion lemma, we have that there is a b’ and ¢ such that

ILT - Aws (1)
I F v={z:bxb]¢} (2)
T = {z:bi|z =fst v}. (3)

Thus II;T" + v ws, using regularity for values, and so II;T" F fst v ws from E_Ws_FsT. With
weakening we have II; T, z : b1[z = fst v] F fst v ws and we have II; T, z : b1[z = fst v| F z ws and
so we have IL T F {2z : by|z = fst v} ws by WF_CONS_EQ and WF_TYPE_TYPE.

Case e =snd v
As for the previous case.

Case e =u
From inversion of INFER_E_MVAR we have that:
{2z :b|o} = A(u)
ILTHA wf

From the first and using E_ZWS_MVAR we have that II;T"; A - v ws. From the second with a finite
number of inversions of rule D_wS_CONs, we have that II;T' - {z : b|¢} bf and so II;T' F 7 ws
O

Lemma 9 (Regularity lemma for expressions with type checking). If II;T; A e < {z : b|¢} then
ILT;AFe ws and ILT F{z:0|¢} ws and [IFT ws and II; T F A ws

Proof. From inversion with the rule CHECK_E_EXPR we have that there is a 7 such that:

ILAFe=1
ILTF7 < {z:blp}

From the previous lemma we have that e, I" and A are well-scoped and using inversion on SUBTYPE_SUBTYPE
we have that {z : b|¢} is well-scoped. O

Lemma 10 (Regularity lemma for statements). If ILT; A F s < {z : b|p} then ILT; A F s ws
and ILT F {z:b|¢} ws and IGTF A and IFT ws
Proof. Proof is by cases on the structure of s

Case s =v
Using inversion with rule CHECK_S_VAL we have that II;T' - v < {z : b|¢} and that A is well-scoped
and so from Lemma 7 we have that v and {z : b|¢} are well-scoped.

Case s = if v then s; else s9
Using inversion with CHECK_S_IF, we have that there is a ¢’ such that

ILT o= {z:bool|¢'}
IGT; AR sy < {21 :blv=TA¢v/z] = ¢[z1/2]}
IGT; AR sy <= {20:bjv =F A @' [v/z] = ¢[22/2]}
From Lemma 6 and the induction hypothesis, we have that I', A, v, s; and s are all well-scoped

and so s is using rule S_WS_IF.
Using the second of the above with the induction hypothesis we have:

ILT {2z :blv =T = ¢[21/2]} ws
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Using inversion of TYPE_WS_TYPE we have
ILT, 21 : [T F (v =T = ¢[z1/2]) ws
and with inversion of CONS_WS_IMP we have:
ILT, 21 : b[T] F ¢[z1/2] ws
We know that z doesn’t appear in I' ! so we have:
ILT,z:b[T]F ¢ ws
and so using TYPE_WS_TYPE we have
ILTF {z:b|lp} ws
Case s=let z=—¢ in s
From the inversion lemma, we have that there is a b’ and ¢ such that
;A B oe={z:V|¢}
I,z b[¢ [z/2]; A F s < {z:b|¢}
From the first we have that: I' F e ws and from the second using the induction hypothesis we
have that:
IGT, 2 b[¢ [z/2]]; A F s ws
ILT F {z:b|p} ws
and using the rule Wr_LET we have that s is well formed in this case.
Case s=let z:7 =351 in s9
From the inversion lemma we have that there are b’ and ¢’ with 7 = {z : ¥/|¢’} such that:
IGT;A sy <= {z:0|¢'}
ILT, z: bp[x/2]]; A F s2 < {z:0b|¢}
From the induction hypothesis, we have that 7, s; and so are well-scoped and so s is. Furthermore,
the induction hypothesis tells us that II;T' - {z : b|¢} ws
Case s=matchv { C; z1 = 51, .., Cp z, = s}
From inversion with CHECK_S_CASE we have that there exists a tid and ¢ such that:
union id = {Cy: {z1: b]|¢]}...Cp s {20 1 V] |@ )} € 11
ILT o= {z:tid|p}
T, 20 b (¢ [wi /2] ANv=C iz Adlv/2]]; A b s; <= {2z :blg} i=1.n
Case s = while (s1) do {s2}
Using inversion of CHECK_S_WHILE we have:
ILT;A F sp < {z:bool|T}
ILT;A F sg < {z:unit|T}
and using the induction hypothesis on both s; and s we have:
ILT;A F sp < {z:bool|T} ws
ILT;A F sg < {z:unit|T} ws
ILT;A F {z:unit|T} ws

The third of these is the second part of the conclusion. Using the first two of these with Wr_S_WHILE
we have the first part of the conclusion.

!Following the convention, if z had appeared in I' then we could rename z in {z: bo}
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Case s=var v : 7 =wv in s
Using inversion of rule CHECK_S_VAR we have

ILT F v<er
ILT; A, (u,7) B s<{z:b|¢}

By Lemma 6 on the first of these and the induction hypothesis on the second we have:

ILT F v ws
ILT; A (u,7) F s ws
ILT F {z:b|¢} ws

using S_WS_VAR the conclusion follows.

Case s =u:=w
Using inversion of CHECK_S_ASSIGN we have that there is a 7 such that:

I Tz - b1[¢1],rl Fv<erT
(u,7) € A
{z:b|¢p} = {z: unit |T}

From the first of these we have
ILTx : bl[qbl],F’ Fo<r

and so can apply WF_S_ASSIGN and observe that {z : unit | T} is well-scoped to obtain the required
conclusion.
Case s = s1; 89
By inversion of CHECK_S_SEQ, we have
ILT;A B sp < {z:unit |T}
ILT;A F sy <= {z:0¢}

From the induction hypothesis we have:

ILT;A F s1 ws
ILT;A F s1 ws
ILT;A F {z:0]¢} ws

From the first two using WF_S_SEQ we have the first part the conclusion and the the third is the
second part of the conclusion. ]

9.3 Soundness

The following lemma is a form of soundness property: it tells us that constraints in the type of
a value are valid when that value is substituted into the constraint. This follows from how the
inferences rule for values specify exactly the form the constraints in the type of the value can take.

Lemma 11 (Soundness for values).
IfFILT F v = {z:b|¢} then T = p[v/z]

Proof. For all forms of v, ¢ is z = v and substituting v for z we get a tautology. O
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9.4 Statement checking subtyping

We will need the following lemma during the preservation proof.

Lemma 12 (Subtyping typing for statements).
If

ILT;A F o s<mn
H;F - 7'157'2

then

ILTA F s<n

Proof. Proof is by induction on the structure of s. When required we use the following: 7 = {z:
blp1} and 2 = {2z : b|¢p2}

Case s=v
From the first premise and inversion of CHECK_S_VAL we have,

ITFv<emn
and using inversion of CHECK_V_VAL we have that there is a 7/ such that

LT Fov=1
ILT -7 <7

From transitivity of subtyping we have
ILT 7 <

and so using CHECK_V_VAL and CHECK_S_VAL we have the required conclusion.

Case s = if v then s else sy

From the first premise and inversion with rule CHECK_ANF_IF we have that there is a ¢3 such
that:

ILT F v= {z3:bool |¢p3} (1)
ILT;A B sy < {z:blv=TA(¢3[v/23])) = é1} (2)
ILT;A B so<={z:blv=F A (¢3[v/z3]) = ¢1} (3)

We have the following subtyping relations:

IGTE{z: 0o = T A (¢s[v/z3]) = d1} S {z:blv = T A (¢3[v/23]) = @2}
IGTE{z: 0o = F A (¢3[v/23]) = ¢1} S {z: bl = F A (¢3[v/23]) = ¢2}

and so from the induction hypothesis we have

ILT;A F sy <{z:blv=TA(¢3[v/z3]) = ¢2}
ILT;A B sg<={z:blv=FA (¢3[v/23)) = ¢}

and using CHECK_ANF_IF with these and (1) we obtain the required conclusion.
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Case s=let x = ¢ in s
From the first premise and inversion with rule CHECK_ANF_LET we have that there is a b3 and ¢3
such that:

ILT;A F e= {z3:0b3|p3}
IL, T,z : bg[os[x/z3]; A F s1<={z:b|p1}

Using the induction hypothesis on the last of these we get
IL T,z : bg[os[x/z3]]; A F s < {z:b|p2}

and so we can use CHECK_ANF_LET to obtain the required conclusion.
Case s=let x: 7 =51 in s9
From the first premise and inversion with rule CHECK_ANF_LET2 we have that, given 7 = {23 : b3|¢3}
ILT;A sy < {z3:bs|p3}
IL, T,z : bg[os[x/z3]; A F sy <= {z:b|p1}
Applying the induction hypothesis to the second of these and then CHECK_ANF_LET2 with the first
we obtain the required conclusion.

Case s=match v { C; z1 = 51, .., Cp xp = Sp}
From the premises and inversion of the CHECK_S_CASE rule we have that there is a tid such that:

union tid = {C1:{z :V]|¢]} .. C,:{z 0ol } ell (1)
ILT F v= {z:tid|¢} (2)
T, 20 b (¢ [wi/zi] ANv=Ci z; Adlv/2]]; A F s <={z:b¢1} i=1.n (3)

Apply the induction hypothesis to the last of these we have:
T, 20 b (@ [wi/zi]) ANv=Ci m; Adlv/2]]; A F s <= {2:b¢pa} i=1.n (4)

And so we can use CHECK_S_CASE to obtain the required conclusion.

Case s = while (s1) do {s2}

From the premises and inversion of CHECK_S_WHILE we that b = unit and ¢; = T. From the
second premise of this lemma we can only have that ¢o = T and so 7 = 7 and the conclusion
follows.

Case s=var v : 7 =wv in s
From inversion of CHECK_S_VAR , we have:

LT - ver (1)
ILT; A (u,7) F s<{z:bl¢1} (2)

Applying the induction hypothesis to the second of these we get:
IET A, (u,m) B s <= {z:blda} (3)

and so applying CHECK_S_VAR to (1) and (3) we get the required conclusion.

Case s=u:=v
From inversion of CHECK_S_ASSIGN, we have that b = unit and ¢; = T. From the second premise
of the lemma we can only have ¢o = T and so 71 = 7 and the required conclusion follows.

27



Case s = s1; 89
By inversion of CHECK_S_SEQ, we have

ILT;A F sp<{z: unit [T} (1)
ILT;A F so<={z:bl¢1} (2)

Applying the induction hypothesis to the second we get:
ILT;A F sg < {z:0b|p2} (3)

and applything CHECK_S_SEQ to this and (1) we get the required conclusion

9.5 Context Subtyping

The lemmas in this section give us subtyping properties for the I'-context. What this means is that
if we have a judgement making use of a ['-context that contains a variable = of type 7 then we can
replace 7 with a subtype of 7 and the judgement remains valid. We will make use of the context
subtyping lemma, for statements when we prove the substitution lemma for let statements as it will
allow us to have a subtype of the bound x of the let statement in the context. We split the proofs
into two goups: One group for the well-scoping judgements and one for the typing judgements.

9.5.1 Context Subtyping for Well-Scoped Judgements

Lemma 13 (Context subtyping for well-scoped T', values, constraint expressions and constraints).

If
II - T ws
II - b ws
I+ I,IV ws
IGT F {z:0¢'} < {z: 00}
¢ dom(T, 1)
then

1. IfT+T, 2 : b[px/z]],T" ws then IT+ T,z : b[¢'[x/2]],T" ws

2. If ILT, z : b[p[x/z]], T F v ws then I; T,z : b[¢'[z/z]], T F v ws

8. If LT, 2 : b[g[x/2]],T" 1 e ws then ILT, x : b[¢'[x/2]],T I¥ e ws

4. IfILT 2 2 b[g[z/2]], T+ ¢ ws then IL; T, x : b[p[x/z]],T" F ¢" ws
Proof. We prove this by induction on I”. Assume that I is empty.

1. Using inversion of SUBTYPE_SUBTYPE with the fourth premise we have:
IGTF{z:b|¢'} ws
and from this using inversion of TYPE_WS we have
LT,z :b[T]F ¢ ws
Since x does not occur in I' we can rename z to & and obtain:
I,z :b[T| F ¢'[x/z] ws

and using G_WS_CONS with the premises we have the required conclusions.
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2. We prove this by induction on v.

If v is a variable y then from the premise of this case and using inversion of V_.WS_VAR we
have IT + T,z : b¢p[z/z]] ws and y € dom(T",z : b[p[x/z]]). Using the previous case on the
first of these we have I - T', x : b[¢/[x/z]] ws . Furthermore we have dom(T', x : b[¢[z/z]]) =
dom(T, x : b[¢'[x/z]]). Hence the premises of v_.ws_VAR hold and the conclusion follows.

If v is a literal then using inversion on the approppriate rule we have I - T', x : b[¢[z/z]] ws
and from the previous case we have Il + T,z : b[¢'[z/z]] ws. Hence we can apply the
appropriate rule and obtain the required conclusion.

If v is a pair (v1,v2) then from inversion of V_WS_PAIR we have

IL T,z : blp[x/z]] F v1 ws
ILT, x: blp[x/z]] F va ws

and by the induction hypothesis we have

LT, x: b[¢ [x/2]] F vy ws
ILT, 22 b[¢ [x/2]] F ve ws

and then using V_wsS_PAIR we have the required conclusion.

If v is the application of a data construction v = C' v’ then from inversion of V_WS_CONS we
have

union tid ={C; :7,..,C:7,..C, : 1, } €I
ILT, 2z : blglx/2]] H " ws

applying the induction hypothesis to the second of these and then v_ws_CONS we obtain the
required conclusion.

We prove this by cases on e. For each rule for 12, we apply inversion and obtain a well-scoping
judgement for one or more variables of the form IL; T, z : b[¢[x/z]] F v ws . We can then use
the previous case to obtain IT; T, x : b[¢'[x/z]] - v ws and then apply the rule in the forward
direction to obtain the required case.

We prove this by induction on ¢. For each rule for well-scoping of ¢, we apply inversion and
obtain well-scoping judgements for one or more expressions or ¢’ that are simpler than ¢.
For the first of these we can appeal to the previous case and for the second make use of the
induction hypothesis. We then apply the rule in th forward direction.

Assume that I is T, 21 : by[¢1].

1.

From the induction premises we have II - T, x : b[p[x/2]], T, x1 : bi[¢1] ws. Using inversion
of G_.ws_coNs we have II - T',x : b[¢[x/z]],T” ws . Applying the induction hypothesis we
have IT+ T,z : b[¢'[z/z]],I" ws

Furthermore from the inversion G_WS_CONS we also have II; T,z : b[¢[x/2]], T, 21 : b1[T]
¢1ws and from the induction hypthesis (recalling that this is mutually induction across all 4
conclusions) we have IT; T, x : b[¢[x/2]], T, 21 : b1[T] F ¢p1ws. We can thus apply G_WS_CONS
to obtain the required conclusion.

. We prove this by induction on v similar to the IV = + induction case.

If v is a variable y then from inversion of Vv_WS_VAR we have II - ',z : b[¢[z/z]],I” and
y € dom(T,x : b[p[x/z]],T”). Using the previous case on the first of these we have IT - T,z :
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bl¢'[z/z]], T ws . Furthermore we have dom(T,z : b[p[x/z]], ") = dom(T, x : b[¢'[x/z]],T).
Hence the premises of v_WS_VAR hold and the conclusion follows.

If v is a literal then using inversion on the approppriate rule we have IT - T', = : b[¢[z/2]], TV ws
and from the previous case we have II + ',z : b[¢'[x/2]],I” ws . Hence we can apply the
approprate rule and obtain the required conclusion.

If v is a pair or the application of a data constructor then we make use of the induction
hypothesis.

3. For e the same argument as for the base case can be used.

4. For ¢ the same argument as for the base case can be used.

Lemma 14 (Context subtyping for well-scoped types). If

ILT, 22 by[gp1[x/z1]],T' - 7 ws
IET F {21 0 b1l¢i} S {212 balon}

then
IGT, 2 by [@)[z/z1]], T F 7 ws

Proof. Let 7 = {z : bl¢p} where 2z ¢ dom(I',xz : bi[¢1][x/21]],T’). From the first premise and
inversion of TYPE_WS_TYPE we have IL; T,z : by[¢1][z/21]], 7,2 : b[T] F ¢ ws . Applying Lemma 13
we have IL T,z : by[¢)[x/z1]],T",z : b|T] F ¢ ws . Finally using TYPE_WS_TYPE we have IL;T', z :
bi[¢)[x/z1]], " {2 : blo} ws

O

Lemma 15 (Context subtyping for well-scoped A-context). If

ILT, 2 by[g1[z/z1]], T F A ws
IGTF {21 : 011} S {210 bulon}

then
ILT, 2 by[dy[z/z1]], T F A ws

Proof. Induction on A. Assume that A is empty. The conclusion for this case follows from the rule
DELTA_WS_EMPTY
Assume that A = A’ (u,7) From inversion of DELTA_WS_CONS we have the following:

ILT, z: bifdife/]], T = A ws
ILT, 2 by[r[x/21]], T F 7 ws

using the induction hypothesis on the first and Lemma 14 on the second we have

ILT, z: by[¢
ILT, z: by[¢

[#/2],T" + A ws
[#/]],T" + 7 ws

=~ =~

and then using DELTA_WS_CONS we obtain the required conclusion.
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9.5.2 Context Subtyping for Typing Judgements

Lemma 16 (Context subtyping for validity).
If

ILT, 2 by[g1fz/z1]], T = ¢
IGT {21 b1]¢)} S {21 bulgn}

then
T2 ba[ /2], T |= ¢
Proof. Using inversion of SUBTYPE_SUBTYPE on the second premise we have:
ILT, 21 : 1[¢)] = ¢ (1)

Assume that for a particular interpretation that |I',x : by[¢)[z/21]],I"| is true. Hence each of |I'|,
|z @ b1[¢)[x/z1]]| and |IV| are true. Hence |I',z : by[¢)[x/z1]]| is true and using (1) we have that
¢1[x/21] is true. Recombining these parts, we then have that |, x : bi[¢1[x/21]], | is true and so,
using the first premise, ¢ is true. O

Lemma 17 (Context subtyping for subtyping).
If

ILT, 2 : byl [x/z1]], T F {22 : ba| @} S {22 : bo|ga}
ILT = {z1:b1|d1} S {z1: balopn}

then

IGT, 2 by[d)[x/21]], TV F {22 : ba|dy} < {20 : balgo}
Proof. Using inversion of SUBTYPE_SUBTYPE on the first premise we have:

I, 2 bi[pr[z/21]], T {z2: bo|y} ws
ILT, 2 bi[pr[z/21]], T {z2:bo|po} ws
IGT, 22 bi[gn[z/21]], T, 20 0 ba[gh] |= oo

Using Lemma 14 on the first two and Lemma 16 on the third we have :

ILT, 2 by[@)[x/21]], T = {z2: bo|y} ws
IT, z: by (@) [x/z1]],T" +  {z0:bo|do} ws
IGT, 22 b[¢h[2/21]], T, 20 : ba[gh]  |= dalz/ 2]

and using SUBTYPE_SUBTYPE the conclusion follows. O

Lemma 18 (Context subtyping for =-values).

If

ILT, 2 by[g1[z/z1]], T F v = {290 : bo|ho}
IGT F {21 : bil¢)} S {212 bilon}

then there is a ¢, such that:

IGT, 2 : by @) [2/21]], T F v = {20 : bo|dh}
IGT, 2 by[¢[a/21]], T F {22 1 ba| b} S {22 @ bada}

31



Proof. If v is a literal or a variable then from inversion of the relevant typing rule we have that
¢2 = (z = v) and that T',x : b1[¢1][x/21]],T” and II are well-scoped. From the second premise, we
have that ¢} only has variables from I and so I', x : by [¢][z/21]],I" is well-scoped. Thus the literal
or variable typing rules can be used and we have the first conclusion:

IGT, 2 by @) [2/21]]), T F v = {29 : ba|z = v}

and the second conclusion holds due to reflexivity of subtyping.
If v is a pair (v1,v3) then we have ¢o = (2 = (v1,v2)) and

ILT, z: bi[g) [x/z1]], T" F o1 = {221 : boa|dhy }
LT, 2 by[d)[x/21]], TV b o = {229 : bao|dye }

Let ¢4, = (2 = (v1,v2))) and the conclusions follow.

If v is = then, from the first premise, the variable typing rule and inversion, we have that
2 = ¢1. We pick ¢, to be ¢}. The first part of the conclusion holds, using the variable typing
rule, and the second part holds from the second premise.

If v is the application of a data constructor C' v/, then from inversion of INFER_V_DATA_CONS
we have that there is a tid and k such that C, = C, ¢2 = (2 = C V') and

union tid = {Cy: {27 : b{|¢]}..Cp : {20 - V! |pl}} € 11
T, 2 : by[pr1[z/z1]], T F C v = {29 : tid|zo = C v’}
ILT, 2 b fo/z0]], T F o' <= {2 ble);

From the last of these and inversion of CHECK_V_VAL we have that there is a 7/ that is a subtype
of {z}/ : V}/|#;}. Applying the induction hypothesis, we have that there is a type for v’ under the
context I',x : by[¢][x/z]],I" that is a subtype of 7/ and hence also a subtype of {2} : b}/|#]} by
transitivity of subtyping. Thus the premises of INFER_V_CONS hold and we have the first part of
the conclusion

IGT, 2 (g [z/z1]], T F C o' = {2:tid]zg = C v}

The second part holds from reflexity of subtyping. O
Lemma 19 (Context subtyping for <-values).
If
ILT, 2 bi[pr[z/21]], T F v < {22 : ba|do}
IGT {21 : 01|t} < {21 balgn}
then

ILT, 2 by[@)[x/21]], T F v < {22 : bo|do}
Proof. From inversion of CHECK_V_VAL, we have that there is a ¢} such that:

H;F,.%' : bl[qbl[ac/zl]],l“’ Fo= {ZQ : bz|¢/2} (1)
Uya:bifprfa/z1]], T F {221 ba| @b} S {22 @ bada} (2)

and so we can apply Lemma 18 to get that there is a ¢} such that

LT,z : b[g)[z/z1]], T v = {2z : ba|gh (3)
T,z b [w/21]], T F {22 : balg} < {{z2 : balgh}} (4)
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From Lemma 17 with (2) we have:

D2 by [z/z1]), T F {22 ba|ds} S {221 ba|opa} (5)
and so from transivity of subtyping, we have

Doz by[@h[a/z]], T {22 baldg} S {22 : balda} (6)
With this and (3) using CHECK_V_VAL we have the required conclusion. O

Lemma 20 (Context subtyping for =-expressions).

If

T, 2 by ]x/21]], T A F e = {29 : balgpo}
LT {212 b1l } S {21 balen}

then there is a ¢f such that:

LT, 2 by[d)[x/21]], T A F e = {22 : bo|y}
IGTE {290 baldn} S {222 bofd2}

Proof. Proof is by cases on the structure of e

Case e = v + vy
The first premise is

IGT, 2 by[gr[z1/2]], T Ak e = {z:int]z = v) + va}
From the inversion of INFER_E_PLUS, we have

I T, 2 : by[ér[21 /7)), T F vy = {2 : int|¢p3}
T, 2 : by[ér[21 /7)), T F va = {2 : int|ps}

Using these and the previous lemma, there are ¢4 and ¢/ such that:

ILT, z: by[o
ILT, z: by[o

[2/21]],T" F vy = {2 : int|¢}}
[#/21]], T F vy = {2z : int|¢} }

=~ =~

With these and the rule INFER_ANF_PLUS the first part of the conclusion holds:
T, 2 by[¢)[z/21]]), T Ak e = {z:int|z = vy + va}

and so does the second part as ¢, = ¢o

Case e = 11 < vy
Similar to the previous case.

Case e = f v
Instantiating the first premise we have:

ILT, x : b1[¢1[$/21]],rl; Ak f’U = {ZQ : b2|¢2}

Using the inversion of INFER_E_APP, we have that there is a b3 and ¢3 such that:

val £+ (z: boldhle/zsl]) — {z2: balgo} €T 1)
T,z by[gr[z/z1]], T+ v={z3:bs|p3} (2)
ILT, 2 bafdufw/a]l, T b {zs:bslds} < {23 - bslds} (3)
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Applying the previous lemma with the second of these, there is ¢4 such that

ILT, x : by[g
L,z :bi]¢

[z/21]],T" F v={z:b¢}
[z/2]],T" F {z3:b3]d5} < {23 : balds}

=~ =~

Applying Lemma 17 to (3) above we have:
ILT, 2 bi[dy[w/21]], T F {23 : b3|s} S {25 : bs|¢s}
and with subtyping transitivity we have:
ILT, @ by [w/z1]], T - {25« bsls} S {25« bs|¢}
and so we can apply INFER_E_APP to get the first part of the conclusion:
IGT, 2 by [z/z1]), T A F f v = {29 : bo|po}

The second holds through reflexivity of subtyping.

Case e = fst v
Using inversion of INFER_E_FST on the first premise we have that there is a ¢’ and b},

IGT, 2 by[g1]z/z1]], T F v = {29 : bo x by|¢'}
and that ¢ is of the form z = fst v. Then applying Lemma 18, we get that there is ¢” such that

ILT, x : bi[o
F,x : bl[d)

[2/21]],T" + v={z:by*bh|¢"}
[2/2]],T" {231 bax b5[¢"} S {23 : b2 % byld'}

=~ =~

Applying INFER_E_FST to the first of these gives the first part of the conclusion:
IGT, 2 : by [¢)[z/z1]], T A - fst v = {2 : bo|z = fst v}

The second part holds through reflexivity of subtyping.

Case e =snd v
Similar to the case for fst.

Case e =u
From inversion on INFER_E_MVAR we have:

T, x:bypr|x/21]], T ws
D,z :bi[gnfx/z1], ' F A ws
IT ws

(u,{z2 : ba|p2}) € I

Use subtyping of context for well-scoping we have:

T2 by[d)[x/21]], T ws
T,z :by[d)[x/z1]], T F A ws

and so can use INFER_E_MVAR to get the first part of the conclusion:
H;F,.’I} : b1[¢,1[$/21]],F/;A Fu= {ZQ : b2’¢2}

Again, the second part holds through reflexivity of subtyping. O
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Lemma 21 (Context subtyping for <-expressions).

If

ILT, x: b1[¢1[a;/21]],F’;A Fe<« {22 : bg‘(ﬁg}
IGT {21 :b1|dy} < {21 2 bulodn }

then
H;F,x : bl[¢’1[:6/21]],f"; Abe<« {22 : bg‘(;sg}
Proof. From inversion of CHECK_E_E, we have that there is a ¢}, such that:

ILT, 2 by[g1fz/z1]], T A e = {2 : ba|gh} (1)
IGT, 22 bi[gn[z/21]], T {20 bl } S {22+ ba| 2} (2)

and so we can apply Lemma 21 to get that there is a ¢} such that

ILT, 2 by [x/1]], T A e = {z: bo|dy (3)
ILT, @2 by [y [a/21]], T F {22 : ba|ghy} < {{z2: ba|@a}} (4)

From Lemma 17 with (2) we have:

L,z bi[g)[x/z1]], T F {22 : ba|@y} < {22 : bo|gpa} (5)
and so from transitivity of subtyping, we have

U,z b1 [w/21]), T F {22 : ba|ds} < {22 2 bag2} (6)
With this and (3) using CHECK_E_E we have the required conclusion. O

Lemma 22 (Context subtyping for statements).
If

LT, 2 by [x/z1]], T3 A F s <= {29 : ba|gpa}
T F {z1:bil¢h} S {210 bilon}

then
LT 2 by [x/21]], T3 A b s <= {29 : ba|gpa}

Proof. Proceed by induction on the structure of s. Note the cases for let statements when we add
an additional variable to the context require the use of a generalised induction hypothesis.

Case s=v
From the first premise and inversion of CHECK_S_VAL we have,

IL,T, x : bl[(ﬁl[{L‘/Zlﬂ,F, Fo<« {22 : bg‘(f)z}
Using Lemma 19 with this and the second premise, we get
IGT, 2z by[¢)[x/21]], T F v < {29 : ba|pa}

and using CHECK_S_VAL we get the required conclusion.
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Case s = if v then sy else sq
From the first premise and inversion with rule CHECK_ANF _IF we have that there is a ¢3 such that:

ILT, 2 by[p1[z/z1]],T" F v = {z3:bool |¢3} (1)
IGT, 2 : by ]z/21]], T A+ s1< {22 baolv =T A (¢3v/23]) = ¢2} (2)
T,x:bifpr|x/z1]], T ;A B so <= {20 : bov = F A (¢3[v/23]) = ¢2} (3)

Using Lemma 18, the second premise and (1) we have that there is a ¢4 such that
LT,z by[¢)[z/21]],T" + v={z:bool |¢5} (4)
I;T + {z:bool |¢5} < {z:bool |¢3} (5)

With (2) and (3) and the induction hypothesis we have:
ILT, x: b1[¢>’1[x/z1]],f"; AF s < {22 : b2|U =TA (¢3[U/23]) - d)Q}
ILT, 2 bi[d)[v/21]], T Ak 82 <= {20 bofv = F A (¢3[v/23]) = ¢2}
From (5) we have since implication is contravariant on subtyping that:
LT E {29 : bofv = T A (¢3[v/23]) = 2} S {22 : bafv = T A (¢h]v/23]) = oo} (6)
ILT F {22 0 bolv = T A (¢3[v/23]) = do} < {22 : bofv = F A (g5[v/23]) = 2} (7)
And so using Lemma 12 we have
ILT, x: bl[d)l[:c/zl]],f"; AlF s < {22 tholv=TA (¢g[v/23]) — (252}
ILT, @ bfda[z/z1]], T Ak sz <= {22 0 bolo = F A (¢[v/23]) = o2}
With these and (4) using the rule CHECK_ANF_IF we have the required conclusion.

Case s=let w=-¢ in s;
From the first premise and inversion with rule CHECK_ANF_LET we have that there is a b3 and ¢3
such that:

IGT, 2 by[pr[z/z1]], T A e = {z3:b3]|d3} (1)
ILT, 2 bi[prfx/21]], T w e baldalw/zs]; A F 51 <= {221 ba|ga} (2)
Using Lemma 21, the second premise and (1) we have that there is a ¢ such that
IGT, 2 by [@)[x/21]], T A F e = {23 : bs|gh} (3)
D,z bi[n], T F {25« bslgs}t S {23« bslos} (4)

Using the induction hypothesis with (2) and the second premise, we have that:
;T2 by (@) [x/21]], T w = be[gps[w/z3]]; A b s1 < {22 : ba|da}

Applying the induction hypothesis again, with this and (4), we have that:
IGT, 2 b1 [y [w/21]], T w « ba[gs[w/23]]; A b s1 = {22 2 oo}

And so with this and (3) we have the conclusion using rule CHECK_ANF_LET.

Case s=let w:7 =51 In s9
From the first premise and inversion with rule CHECK_ANF_LET2 we have that, given 7 = {23 : b3|¢s}

H;F,x : b1[¢1[x/21]],rl F S1 <= {23 : b3|¢3}
H;I‘,x . bl[qﬁl[x/zl]],F’,w . b3[¢3[w/23“ H S9 = {Zz : b2|¢2}
Applying the induction hypothesis on both of these we get:
H;F,x : b1[¢’1[x/z1]],f" F sy < {Z3 : b3|¢3}
H;F,x : b1[¢'1[a:/zl]],F’,w : b3[¢3[w/23]] F S9 <— {22 : b2|¢2}

And using rule CHECK_ANF_LET2 we get the conclusion for this case.
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Case s=matchv { C; z1 = 51, .., Cp z, = s}
From the premises and inversion of the CHECK_S_CASE rule we have that there is a tid such that:
union tid = {C1:{z :V]|¢]} .. C,:{z 0ol } ell (1)
I,z by[n], TV F v={z:tid|¢} (2)
IGT, 2 by[dn], Ty O [ [wi/z) Av=Ci 2y Ap[v/2]]; A+ 8; <= {20 : bo|do} i =1..n (3)

Applying Lemma 19 to (2) and the second premise: we have that there is a ¢ such that:

IGT, 2z by[¢)], TV B v={z:tid|¢'} (4)
T F {z:tid|¢'} S {z: tid|¢} (5)
We have
G, 2 by [@4], T {2 b |95 [wi/zi] Ao = Cy 2y A §'[v/2]} S (6)
{@; : 0] |¢Y [wi/z:) ANv=C; 2 ANplv/2]} i =1.n (7)

and so applying the induction hypothesis twice to (3) with this subtyping and the second premise
we have:

ILT, x: b1[¢/1],rl,$i : b;/[ ;’[azz/zz] ANv=C; x; A (;5’[1)/2’]];A F s, < {2’2 : bg’d)g} 1=1.n (8)
Finally, applying the rule CHECK_S_CASE with (1), (4) and (6) we have the required conclusion:
I,z by[¢)),T;AFmatch v { Cy 21 = 81, .., Cp 2y = sp} < {22 : o]} i =1.n

Case s = while (s1) do {sa}
From the premises and inversion of CHECK_S_WHILE we have:

IGT, 2 by[p1[z/21]),T;A + sy < {2:bool|T}
IGT, 2z by[pr1[z/21]), T; A F sy < {z:unit|T}
Applying the induction hypothesis to both and then CHECK_S_WHILE we get the required conclusion.

Case s=var u : 7 =0 in s
From inversion of CHECK_S_VAR , we have:

IGT, 2 by[pr[z/z1]], T F veT
IGT, 2 : by [z/z1]), T A, (u, 7) B s < {22 balga}
Applying Lemma 19 to the first and the generalised induction hypothesis to the second we have:
I,z by[d)[x/z1]], T F ver
I, 2 by [x/21]], T A, (u, 7) B s <= {29 : ba|go}
We can then use CHECK_S_VAR to obtain the required conclusion.

Case s=u:=v
From inversion of CHECK_S_ASSIGN, we have that there is a 7 such that:

I,z by[gp1fz/z1],T' Fo<=T
(u,7) € A
{22 : ba|p2} = {22 : unit |T}
Using Lemma 19 on the first of these we have that:
I, x: by [z/]], T Fo<=T
(u,7) € A

and using CHECK_S_ASSIGN we get the required conclusion.
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Case s = s1; 89
By inversion of CHECK_S_SEQ, we have

T, 2 : by[dr1[z/21]],T; A F sp < {z: unit |T}

T, 2 : by[dr[z/z1]], T A+ 59 <= {29 : bo|da}
Applying the induction hypothesis to both, we get:

IGT, 2 by [@)[x/21]], ;A B sy < {z: unit [T}

T, 2 : by @) [2/21]], T; A+ 59 <= {29 : bo|do}

=~ =~

Using CHECK_S_SEQ we get the required conclusion

9.6 Weakening Lemmas

In the typing rules and the operational semantics we sometimes extend a I'-context or A-context
with additional elements. This is termed weakening and we need to ensure that certain properties
hold in these weakened contexts. We first define precisely what an extension is and prove regularity
lemmas.

An extension of a I'-context or a A-context are defined by the following rules:

IIFTCTI'| TI'isan extension of I’

IMETws

n-FTrcr

OFT/CT,T

z ¢ dom(T, TV)
II-T,2: b[p] ws
IFI"CT,a:blg, T

ILT-FALCA'| A’isan extension of A

EXTEND_G_REFL

EXTEND_G_INSERT

ILTHAws
ILTHFACA
ILTEA"C AA
u ¢ dom(A, A')
ILT - 7ws
ILTEA"C Ayu: 7, A

EXTEND_D_REFL

EXTEND_D_INSERT

Lemma 23 (Extension of I'-context prefix). IfIIFT C IV and I+ T,z : b[p] ws and = ¢ dom(I")
then T =T, 2 : b[¢] T TV, x : b[¢)]

Proof. We prove this by induction on the derivation of II+T' C I".

Assume that the last step in the derivation is the use of EXTEND_G_REFL so from inversion we
have I' = T". From the premises we have Il F I', z : b[¢] ws . and so we can apply EXTEND_G_REFL
and obtain IT - T',z : b[¢p] C ', x : b[¢]

Assume that the last step in the derivation is the use of EXTEND_G_INSERT. So by inversion of
this rule we have the folllowing;:

I =Ty, 21 : bi[é], T
OFETCT, Ty

1 ¢ dOm(Fl,Pg)

II - Fl,xl . b1[d>1] WS
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We need to show the following

T, :b[¢) CTy,T2, 2 : bl¢]
x1 ¢ dom(I'1,T'g, x : b]g])
I+ Fl,l'l : bl[gf)l] WS

and then we can apply EXTEND_G_INSERT to obtain the required conclusion. The first we get using
the induction hypothesis; An additional induction premises is that = ¢ dom(I'y, 1 : b1[¢1],T'2) from
this we have z is not 1 and so we can conclude the second. The third follows directly. O

Lemma 24 (Extension of A-context prefix). If ILT H A C A’ and ILT - Aju : 7 ws and
u ¢ dom(A') then ILTHAu:TCEA u:r

Proof. We prove this by induction on the derivation of II;T' - A C A’ Assume that the last
step in the derivation is the use of EXTEND_D_REFL so from inversion we have A’ = A. From
the premises we have II;T" - A, (u,7) ws . and so we can apply EXTEND_D_REFL and obtain
Ir'= A, (u,7) C A, (u, 1)

Assume that the last step in the derivation is the use of EXTEND_D_INSERT. So by inversion of
this rule we have the folllowing:

A = Ay, (ug, 1), Ay
ILTHEFALC A A,
uy ¢ dom(Aq, Ag)

ILT; A1 7 ws

We need to show the following

ILTF A, (u,7) C Ay, Ay, (u,7)
uy ¢ dom(Aq, Ag, (u,T))
ILT; A1 H 71 ws

and then we can apply EXTEND_D_INSERT to obtain the required conclusion. The first we get using
the induction hypothesis; An additional induction premises is that u ¢ dom(T'y, (u,7),T's) from
this we have u is not u; and so we can conclude the second. The third follows directly. O

9.6.1 Weakening for Well-scoping

The following shows that weakening of a I'-context preserves the well-scoped property. We show
this for a single new entry added into a context. This can then be extended to the addition of
multiple entries. As can be seen from the graph in Appendix 3, the well-scoping judgements for I,
v, ¢ and e (restricted for constraints) form a closed connected cluster. This indicates we will need
to prove weakening for these using mutual recursion.

Lemma 25 (Single Weakening I'-context for I', values, constraint expressions and constraints). If
the following hold:

II - bws
II - T ws
I+ I, ws
ILT,z:b[T] F ¢ ws
x & dom(T',T")

then we have the following:
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1.

2.

IM-T,x:b[¢], T ws
IfFILT, I F v ws then IL; T,z : b[p], I" - v ws

3. IfIL T, T 12 e ws then IL T,z : b[g], T’ e ws

4.

IfFILT, T F ¢ ws then II; T, 2 : b[¢], T+ ¢ ws

Proof. We prove this by induction on IV and mutually across all four parts of the conclusion.
If I is empty then we prove the parts as follows:

1.

The main premises of the lemma include the premises for the application of the rule G_WS_CONS
and using this we get the required conclusion ITF T', z : b[¢] ws

This part is proved by induction on v. The base case is when v is a variable or a literal. If
it is a variable y, then using the premise of this part of the conclusion we have II; ' - y ws
and from inversion of INFER_V_WF we have y € dom(I') and so y € dom(T",z : b[¢]]). From
the previous conclusion part we have that II - T',z : b[¢] ws. We thus have the premises
required for all of the well-scoping rules for the variable and literal case and so we have
IL,T,z : bj¢] F v ws. For the pair and data constructor case, we apply the induction-on-v
induction hypothesis.

Assume II; T ¥ e ws. For each of the rules, applying inversion will give us II;I" - v ws for
one or more v. From the previous case we have II; ',z : b[¢] - v ws for each v and so we
can apply the rule in the forward direction to obtain the required conclusion for the case.

This part is proved by induction on ¢'. Assume II;T' ¢’ ws. From inversion of the well-
scoping rules for ¢ we see that we only need to show that IT; T,z : b[¢] I e ws for various e
and II; T,z : b[¢] F ¢ ws for various ¢” that are simpler than ¢'. The first we can use the
previous case and the second the induction hypothesis.

Assume that IV =T" x7 : b1[¢1]. We prove the parts as follows:

1. The premises of the inductive step are:

x & dom(T, T 21 : by[p1])
T, z:b[¢], T ws
O-T,T7 21 : bi[p1] ws

Applying inversion of G_WS_CONS to the last of these we have:

x1 ¢ T, T

IMTF b ws
-, T ws
ILD,T" - ¢ ws

We thus have:

r1 ¢ T, b[¢], T
II+b; ws

I+ D,z : 00, I ws
;1,22 b[¢], T - ¢y ws

and so can apply G_WS_CONS to get the required conclusion which is

T,z b[¢], T, 21 : bi[¢n] ws
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2. The premises of the inductive step are:
G0, T 21 by[dn] o ws

We prove this by induction on v. If v is a variable y, then from the above and inversion of
INFER_V_VAR we have y € dom(T',T"”,z1 : bi[¢1]) and so y € dom(T,x : b[¢], T, x1 : bi[d1]).
Furthermore we also have IT; T'; I1”, 21 : b1[¢1]) and so from the previous case we have IT; T'; x :
ble], 11",z : bi[¢1]). The conclusion hence follows for variables and literals. For pairs and
data constructors we make use of the induction hypothesis.

3. Assume ®; T, T 2 e ws. For each of the rules, applying inversion will give us IL;I", IV v ws
for one ore move v. From the previous case we will then have IT; T, x : b[¢],T' v ws and so
we can apply the rule in the forward direction to obtain the required conclusion for the case.

4. This part is proved by induction on ¢’. Assume IL;T",IV ¢’ ws. From inversion of the
well-scoping rules for ¢ we see that we only need to show that II; T,z : b[¢],T' I e ws for
various e and IL; T,z : b[¢],I” F ¢" ws for various ¢” that are simpler than ¢’. The first we
can use the previous case and the second use the induction hypothesis.

O]

Lemma 26 (Weakening I'-context for I'). IfIIFT C I and IIFT ws then IT- T ws

Proof. Proof is by induction on the derivation of IT = I C I". If the last step in the derivation is
the rule EXTEND_G_REFL then we have I' = I' and from inversion we have that II - I" ws and so
the required conclusion follows.

If the step in the derivation is the rule EXTEND_G_REFL then we have from inversion that

I"=Ty,2:b[¢],T
MFT T,y

x ¢ dom(I',T'9)
IIETy,x:b[p] ws

From the last of these we have using inversion of G_WS_CONS

M-Iy ws (5)
ILT b ws (6)
ILT, 2 b[T]F ¢ ws (7)

We thus have the required premises for the first part of Lemma 25 and get:
IIETy,2:0[¢], Ty ws
which is the required conclusion for this case ]

Lemma 27 (Weakening I'-context for v).
IFIIFTCETY and ILLT Fv ws then ILT - v ws

Proof. As above the proof is by induction on the derivation of IT = I C I" If the last step in the
derivation is the rule EXTEND_G_REFL then we have I'' = I" and from the premise for this case the
required conclusion follows.

If the step in the derivation is the rule EXTEND_G_REFL then we have from inversion that

I"=Ty,z:b[¢], T
MFTCT,,Ty

T ¢ dOm(Fl,Fg)
-T2 :b[¢] ws
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From the last of these we have using inversion of G_WS_CONS

I+ Ty ws (5)
ILT b ws (6)
ILTy, 2z : b[T]F ¢ ws (7)

Furthermore, from (2) we can apply the induction hypothesis and get II;T'1,T's F v ws We thus
have the required premises for the second part of Lemma 25 and get:

Ty, 2 : b[¢], T2 F v ws
which is the required conclusion for this case O

Lemma 28 (Weakening I'-context for ¢).
IFIOFTCET and IL,T F ¢ ws then ILT - ¢ ws

Proof. As above the proof is by induction on the derivation of IT = I C I" If the last step in the
derivation is the rule EXTEND_G_REFL then we have IY = T" and from the premise for this case the
required conclusion follows.

If the step in the derivation is the rule EXTEND_G_REFL then we have from inversion that

P, = I‘l,w : b[¢/],rg (1)
M-TCy,Ty (2)
x ¢ dom(I'1,T9) (3)
OFTy,x:b¢] ws (4)
From the last of these we have using inversion of G_WS_CONS
M-Iy ws (5)
ILT Fb ws (6)
T,z :b[T|F ¢ ws (7)

Furthermore, from (2) we can apply the induction hypothesis and get II; T,y - ¢ ws We thus
have the required premises for the fourth part of Lemma 25 and get:

T,z : b[¢], T2 F ¢ ws
which is the required conclusion for this case O

Lemma 29 (Weakening I'-context for well-scoped types ).
IfILT 7 ws and TFT C IV then IGT F 7 ws

Proof. Let 7 = {z : b|phi} From the first premise and inversion of TYPE_WF_TYPE we have II;T", z :
b[T]vdash¢ ws. From Lemma 23 we have [T =T,z : b[T] C I,z : b[T] and so using Lemma 28 we
have ILTY, z : b[T] F ¢ ws. Finally, using TYPE_WF_TYPE we have the required conclusion. O

Lemma 30 (Weakening I'-context for well-scoped A-context). If I;T H A ws and IFT C T
then ILT = A ws

Proof. We prove this by induction on A. Assume that A is empty. We have II + IV ws from
Lemma 26 and so the conclusion follows from the rule DELTA_WS_EMPTY.

Assume that A = A’, (u, 7). From the premise we have IT;T' - A’, (u,7) WF and from inversion
of DELTA_WS_CONS we have:

ILTF7 ws
ILTHA ws
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Using Lemma 29 on the first of these and the induction hypothesis on the second we have:
ILT -7 ws
ILT A ws

and so can apply DELTA_WS_CONS to obtain the required conclusion. O

9.6.2 Weakening for Typing Judgements

It is useful to an understanding of the proofs for the weakening lemmas to divide the inductive typing
rules for values, expressions and statements into how they make use of or manipulate contexts: The
typing rules for values use lookup for I" and II contexts; the typing rules for expressions use lookup
for A and IT contexts and finally the typing rules for statements use lookup for A (in the rule for
mutable variable assignments), manipulate the I' context (in the rules for let and case statements)
and manipulate the A context (in the rule for mutable variable introduction).

Lemma 31 (Weakening I'-context for validity). IfILT = ¢ and T T TV then ILT = ¢

Proof. An interpretation that satisfies [TV, 21 : [¢1]] will also satisfy |T', 21 : [¢1]|| and will satisfy
|p2[21/22]| from the above. Hence we have

ILTY, 21 2 bpn] = ¢a21/22]
O
Lemma 32 (Weakening I'-context for subtyping). If ILT F 13 S 1m0 and I T C TV then ILT F
ST

Proof. Consider 71 = {21 : b|¢1} and 7o = {22 : b|¢2}. From inversion of the SUBTYPE_SUBTYPE
rule we have

ILT {2z : b|lp1} ws
ILT {29 : blpa} ws
IGT, 21 : 0[01] |= ¢af21/ 2]

Using weakening of type well-scoping on the first two and weakening of validity we have:

ILT F 7 ws
ILT -7 ws
ILTY, 21 2 b[p1] = ¢al21/ 2]
and so we can apply SUBTYPE_SUBTYPE to obtain the required conclusion. O

Lemma 33 (Weakening I'-context for = values). If ILT Fov =7 and I+ T C IV then ILT' F
vV=T.

Proof. If v is a variable, then from inversion of INFER_V_VAR we have that there is a ¢ such that
x : b[¢] € T'. By definition of I' C I we are assured that x : b[¢] € IV and so the conclusion follows
using INFER_V_VAR.

If v is a literal, then the typing of v is independent of any particular I' and so the conclusion
holds.

If v is a pair (v1,v2), then from inversion we obtain typing judgements for v; and ve in terms
of I'. Applying the induction hypothesis to both of these, we get typing judgements for v; and v
in terms of IV. We can then apply INFER_V_PAIR to get the conclusion.

If v is the application of a data constructor i.e.v = C' ', then from inversion we obtain a typing
judgement for v’ in terms of T' plus conditions on C. Applying the induction hypothesis to the
judgement for v/, we get a typing judgement in terms of I'. We can then apply INFER_V_DATA_CONS
to get the conclusion. O
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Lemma 34 (Weakening I" context for < values). If ILT Fov <7 and T C TV then ILT' F v < 7.

Proof. Using inversion of CHECK_V_VAL followed by weakening for subtyping and weakening for
value type inference and then applying CHECK_V_VAL, we obtain the required conclusion. O

Lemma 35 (Weakening I" context and A-context for = expressions). If ILT;A F e = 7 and
ACA and T CTI then ILA;T'Fv=T.

Proof. As noted above, the rules for type inference for expressions do not directly manipulate or
use the I' context. For the A context, only lookup is used, and by definition of context extension,
we know that the lookup in the extension will return the same result. ]

Lemma 36 (Weakening I' context and A-context for < expressions). If II;T;A + e < 7 then
ILAT"Fv <71 for any I" and A" such that IFT C TV and ILT' F A C A’

Proof. The proof is similar to the proof for value type checking. O

Lemma 37 (Weakening I' context and A-context for <= statements). If ILT; A F s < {z : b|¢}
and T CT and IL;T" = A C A’ then II; ATV B s < {2 : blg}.

Proof. In the proof cases below we use a generalised induction hypothesis that permits us to extend
any I" or A and not just those mentioned in the statement of the lemma. We only give the cases
where the corresponding rule uses, or manipulates, a context; other cases follow directly from
induction hypothesis or making use of the weakening rules for values or expressions.

Case s=let w=¢e¢in s
Using inversion with CHECK_ANF_LET there is a b3 and ¢3 such that:

H;F;A Fe= {23 : bg‘(ﬁg}
IL T, w : by[ps[w/zs3]l; A F s < {z: b|o}

Given a I such that IT = T' C I" then from Lemma 23 we have IT - T',w : bs[ps] C IV, w : b3[ps]
and so from weakening for expressions and using the generalised induction hypothesis we have:

H; F,; A+ e = {23 : b3|¢3}
ILT w: bs[gs[w/23]]; A+ s <= {2 : b|op}

and the conclusion follows using CHECK_ANF_LET

Case s=let w:7 =51 In s9
Using inversion with CHECK_ANF_LET2 we obtain the following:

ILT,; At s1 < {z3: b3|os}
I T, w s bs[gsw/zs]]; A b= s <= {2 : blo}

Given a I such that II - I' C I then from Lemma 23 we have I', w : bs[¢s] C I, w : b3[¢s3] and so
from the generalised induction hypothesis we have:

H; F/,;A/ [ S1 <= {23 : b3‘¢3}
ILT, w : bags[w/z3]]; A" s <= {z: b|p}

and the conclusion follows using CHECK_ANF_LET2
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Case s=match v' { Cy 1 = 81, .., Cp 2y = S}
From inversion of CHECK_S_MATCH we have that there is an id such that
union id = {C 1 : {z1 : 6|97} .. Cp:{zn:b|dn}}ell
ILT + o = {z:id|¢}
T, 20 b (@ [wi /2] AV = C a2y Adlv/2]; A+ si <= {21011} i=1.n

Given a I" such that IT = T' C I then for every ¢ = 1..n we have using Lemma 23 that
OET,x b [g! AV =C a2 APv/2]] TT 2 : V[ A" = C za0[v/2]]

Hence we can apply the weakening rule for values and the induction hypothesis to get that there
is an ¢d such that

union id = {cons : {21 : b]|¢]} .. comns,:{z,:V.|¢l}} el
IGT F o ={z:id|T}
IGTY @y O[] [xi)z) AV = C 2 Aplv/2]; AT+ si <= {21 :b1]¢1} i=1.n

and using CHECK_S_CASE the conclusion follows.
Case s=var u : 7= in s1
From the premises and inversion of CHECK_S_VAR we have:
ILTHY <7
ILT; A, (u,7) F s1 < {z: b|p}
Given a A’ such that II; TV - A C A’ from Lemma 24 we have ILT' - A, (u,7) C A’ (u, 7). Hence
we can apply the weakening rule for values and the induction hypothesis to obtain:
ILT o <7
IGTS A (u,7) F sy <= {2 :b]¢}
and using CHECK_S_VAR the conclusion follows.

Case s=u:=1'
From the premises and inversion of CHECK_S_ASSIGN we have that there is a 7 such that:

(u,7) € A (1)
;T HY <7 (2)
{z:b0|¢} = {z : unit |T} (3)

Given a A’ such that ILT' H A C A’ then if (u,7) € A we have (u,7) € A’. Hence we can apply
the weakening rules for values to obtain:

(u,7) € A (4)
T Ho <7 (5)
and use the rule CHECK_S_ASSIGN to get the required conclusion. O

9.7 Substitution Lemmas
9.7.1 Substitution for Well-scoping Judgements

The following assures us that the well-scoping property is preserved under substitution in contexts.
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Lemma 38 (Substitution for well-scoped I', values, constraint expressions and constraints).

If
I - T ws
II - bws
I+ IV ws
ILT = {z:0¢'} < {z: ¢}
x ¢ dom(T,T)
ILT F v={z:bl¢}
then

1. IfTI+T, 2 : b[olx/z]], T ws then T+ T, TV [v/z] ws

2. If ILT, z : b[p[x/z]], T F v ws then ILT, T [v/x] Fv'[v/z] ws

3. IfILT, x : b[p[x/2]],T' ¥ e ws then TL;T, TV [v/z] 2 e[v/z] ws

4. If I T, 2 - b[plx/2]], TV + ¢" ws then ILT, T [v/z] b ¢ [v/x] ws
Proof. We prove this by induction on I'. Assume that I is empty.

1. Using inversion of G_wWs_CONS with IT - T', = : b[¢p[x/z]] ws we get IT I T which is the required
conclusion.
2. We prove this by induction on v’.

If v/ is a variable y that is not equal to z then we must have y € dom(T") also from above we
have IT - T ws and so using V_.WS_VAR we have II;T' F v/ ws and but since v'[v/x] = v’ we
have the required conclusion.

If v is equal to x then we have v'[v/x] = v and by the regularity lemma we already know
II; T+ v ws which is the required conclusion.

If v is a literal then since II = I" ws we can use the appropriate rule to get IT - I'v' ws and
v'[v/z] = v" we the required conclusion.

If v" is a pair (v1,vy) then from inversion of V_-WS_PAIR we have

IL T,z : blp[x/z]] F v1 ws
IL T,z : b[p[x/z]] F va ws

and by the induction hypothesis we have

ILT Fofv/z] ws
ILT - volv/z] ws

and so using V_WS_PAIR we have the required conclusion since (v1, v2)[v/z] = (v1[v/x], v2[v/x])

If v’ is the application of a data construction v’ = C' v” then from inversion of V_WS_CONS
we have

union tid ={C; :7,..,C:7,..C, : 1, } €I
ILT, 2 : blglx/z]] H " ws

applying the induction hypothesis to the second of these and then v_ws_CONS we obtain the
required conclusion as (C v")[v/z] = C (v"[v/x]).
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3. We prove this by cases on e. From inspection of the rules for {2 we see that they all make
us of well-scoping of one or more values. So for each case, we can apply inversion, apply the
part of this lemma for values and then apply the rule that we inverted to obtain the required
conclusion.

4. We prove this by induction on ¢. From inspection of the rules for well-scoping of ¢ we see
that make use well-scoping for smaller ¢ or well-scoping of constraint expressions. So for each
form of ¢, we can use inversion, apply the part of this lemma for constraint expressions, or
the induction hypothesis, and then apply the rule that we inverted to obtain the required
conclusion.

Assue that T7 is I, 1 : bi[¢1]. Note that T, (I, z;1 : bi[é1])[v/z] = T, 1" [v/x], 21 : b1[p1[v/z]]
from the definition of substitution over I'-context.

1. From the induction premises we have IT - T',x : b[¢[x/2]], T, 1 : b1[¢1] ws. Using inversion
of G_.ws_coNs we have IT - T',x : b[¢[x/z]],T” ws . Applying the induction hypothesis we
have IT + T, T [z /v] ws

Furthermore from the inversion G_-WS_CONs we also have IL; T,z : b[gp[z/z]], T, 21 : b1[T] F
¢1ws and from the induction hypthesis (recalling that this is mutually induction across all 4
conclusions) we have ILT, (I x1 : b1[T))[v/z] F ¢1]v/z]ws. We can thus apply G_-WS_CONS
to get ILET', (I, 21 : ba[¢])[v/ ]

2. We prove this by induction on v similar to the I = + induction case.

If ' is a variable y that is not equal to x then we must have y € dom(I",T”[v/z]) also from
above we have II F T',T"[v/z] ws and so using V_.WS_VAR we have II;T",T"[v/z] F v ws and
but since v'[v/x] = v’ we have the required conclusion.

If v' is equal to x then we have v'[v/z] = v and by the regularity lemma we already know IT; T' -
v ws and from weakening we have II; T, T'[v/z] - v ws which is the required conclusion.

If v" is a literal then since IT F I',T'[v/x] ws we can use the appropriate rule to get
ILT, Tv/z] F v ws and v'[v/z] = v' we get the required conclusion.

If v" is a pair (v1,vy) then from inversion of V_WS_PAIR we have

I T, 2 2 blglx/2]], T F vy ws
I T, 2 2 blglx/z]], T F vy ws

and by the induction hypothesis we have

0, T [v/z] vy [v/x] ws
I T [v/x] b valv/z] ws

and so using V_WS_PAIR we have the required conclusion since (v1, v2)[v/z] = (vi[v/z], vav/x])

If v’ is the application of a data construction v’ = C' v” then from inversion of V_WS_CONS
we have

union tid ={Cy:7,..,C:7,..C, : 7, } € I
I T,z 2 blglx/z]), T v ws

applying the induction hypothesis to the second of these and then V_wS_CONS we obtain the
required conclusion as (C' v")[v/x] = C (v"[v/z]).

3. For e the argument for the base case applies here as well.

4. For ¢ the argument for the base case applies here as well.
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Lemma 39 (Substitution for well-scoped types).
IfILT Fo={z:b|¢} and I; T,z : b[¢'],T" b 7 ws then IL; T, TV [v/z| b T[v/z] ws

Proof. Let 7 = {z : b|¢} where z ¢ dom(T',z : b[¢'],I"). From the second premise and inversion
of TYPE_WS_TYPE we have II;T,x : b[¢/],TV,z : b[T] F ¢ ws . Applying Lemma 38 we have
ILT, I [v/x],z : b[T] F ¢[v/x] ws From TYPE_WS_TYPE we have IL; ', IV[v/z] - {z : b|¢[v/z]|} ws
and the conclusion follows from the definition of substitution on types. O

Lemma 40 (Substitution for well-scoped A-contexts).

If
ILTFv={z:b1|p1}
ILT, 2 by[¢)], TV F A ws
then
ILT, M v/z] - Alv/z] ws

Proof. Induction on A. If A is empty, then the conclusion holds as the empty A-context is well-
scoped under any II-context and I'-context by rule D_-ws_EMPTY. If A = A’,u : 7, then from
inversion of D_WS_CONS we have

ILT, x: by[¢)], T + A ws
LT, x: by[¢)], T + 7 ws

From the induction hypothesis and the previous lemma we have:

I0, M/z] = Allv/x] ws
ILT, Mv/z] + 7v/z] ws

Hence from rule D_ws_CONS and distributivity of substitution for A-context we have the required
conclusion. O

9.7.2 Substitution for Typing Judgements

We prove a set of lemmas that guarantee that typing is stable under substitution. In particular, if
we have a term that has a variable x and we substitute in a value that has a type that is a subtype
of ’s type then the type of the new term is a subtype of the original term. This is key to ensuring
that type preservation occurs when reducing let expressions. These lemmas are more complex than
the equivalent lemmas for simply typed languages as the substitution is also applied to types as
these can include the variable we are substituting for.

Lemma 41 (Substitution for validity). If

o= {2z :b1|é1}
IGT,z: [0}, T = ¢
IGT {21 :ba|di} S {z: bafg}

then

ILT,I[v/2] = ¢[v/x]
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Proof. From Lemma 16 and the last two premises, we have

T, 2 : by[n], T = &

Assume that there is an interpretation that makes |[',T'[v/z]| true. Extend this to an in-
terpretation that also maps the variable x to v. From Lemma 11 we have I' = ¢1[v/2;1] and so
IT', 2 : by [¢1]] is true and hence ¢ is true from the third premise. Hence ¢ is true under the extended
interpretation from the second premise. Hence ¢[v/z] is true under the original interpretation. [J

Lemma 42 (Substitution for subtyping). If
I'Fov= {Zl : b1’¢1}
ILT, 2 by [@)], TV F {20 : bo|do} < {22 : boloh}
IGTF {21 :bilgn} S {x: balg )
then
I, T [v/2] = {22 : balgo}v/a] S {22+ ba|ds}v/2])
Proof. From the second premise using inversion of SUBTYPE_SUBTYPE we have the following
IGT, 2z by[@)], T F {20 : bo|da} ws
ILT, 2 : by[@)], T F {20 : bo|dh} ws
Ha Fa xT: bl [gbll]’rla 22 b2[¢2] ): ¢,2
Applying Lemma 39 to the first two and the previous lemma to the third we get:
I, T [v/z]) b {22 : ba|go}[v/x] Ws
I, T [v/z]) b {22 : ba|gh}[v/x] ws
IL T, T [v/2], 22 « baldo[v/2]] = ¢hlv/z]

Finally using SUBTYPE_SUBTYPE we get the required conclusion making use of the definition of the
substitution function for types. O

Lemma 43 (Substitution for = values). If
F'Fov={z1:b1|¢1}
IGT, 2z by [@)], TV o' = {29 : ba|gh}
ILT F {21 bilgn} S {2 buleh}
then there is a ¢o such that the following hold:
0, T [v/z] o' [v/z] = {22 : ba|da}
ILD, T[v/x] - {22 : bald2} S {22« boldh}v/2])
Proof. Proof is by cases on the structure of v’. For all cases ¢1 = (21 = v') and ¢o = (22 = V'[v/x])

Case v' = ()

Let ¢2 = (22 = ()

From inversion of INFER_V_UNIT with the second premise we have ¢}, = (22 = ()) and b = unit.
From the substitution function we have ()[v/x] = (). Furthermore, for any I’ we have from
INFER_V_UNIT that:

IGT"F ()= {z:unit |z= ()}
and in particular we can pick IV = I', T'[v/z] and the first part of the conclusion holds:
T, /2] - Ov/z] = {z : ba|ga}

The second part of the conclusion holds as for this case ¢ and ¢/, are identical.
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Case V' =z
Let ¢2 = (22 = v)
From the substitution function we have that:

zlv/x] =v

and with the first premise, and using weakening to add I"[v/z], we get the first part of the conclu-
sion:

I T, v/z) b z[v/x] = {22 : bo|ze = v}
The second part of the conclusion is:
IGT, T [v/z] {22 : balzo = v} < ({22 : ba|zo = 2} [v/2])

The constraints in both sides become z9 = v and so the conclusion follows.

Case v = w and © # w
Let ¢ = (22 = w)
From the second premise we have that:
ILT, x : bl[qb’l],l“’ Fw= {ZQ : b2|¢,2}
Since v’ is well-scoped, w is in the domain of T or IV and so from the rule INFER_V_VAR we have
I, T v/z) b w = {29 : balzo = w}
Then since wlv/z] = w we have the first part of the conclusion
I T, v/z) b wlv/z] = {29 : balze = w}
Furthermore, we have ¢, = (22 = w) and so the second part of the conclusion holds as well:
ILT, T [v/z]) F {22 : balzo = w} < ({22 : ba|zo = w}v/z])
Case v’ is an int or bool literal
We just give the proof for when v' = n; the proof for bool is similar.
Let ¢3 = (22 = n)
From the second premise and inversion of INFER_V_NUM we have:
ILT, 20 b1[¢7], T Fn= {2z :int |20 = n}
From INFER_N_NUM we have
I, v/z] F n= {z:int |20 =n}
Since n[v/z] = n we have the first part of the conclusion
0, T [v/z] F nlv/z] = {2 : int |20 = n}
Furthermore, we have ¢4[v/x] = (22 = n) and so the second part of the conclusion holds as well:

G0, T [v/z) b {22 int |22 =n} S ({221 int |20 = n}v/x])
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Case v' is (v1,v2)
Let ¢2 = 20 = (v1[v/a], va[v/])

From inversion of INFER_V_PAIR on the second premise we have that there are by; and ¢, such

that:

IGT, 2 : b1[¢)), T vy = {29 @ boy|dh },i = 1,2

and that ¢, = (22 = (v1,v2)) and by = bay * baa. From the induction hypothesis, there are ¢9; and

@99 such that:

T, v/z] F wviv/x] = {22 @ bai| P2}
ILD, T v/x] b {29 bai|dai} S {220 ¢ bai|dy Hv/a]),i =1,2

And using INFER_V_PAIR the first part of the conclusion holds:
I, T [v/z]) b (v1,v2)[v/2] = {29 : b1 * boa | 22 = (v1[v/x], v2[v/7]) }
as well as the second:
ILT, /2] = {22 : balzo = (viv/a], valv/a])} S ({22 : balz2 = (v1,v2)}v/2])

Case v' is C' V"

Let ¢ = (22 = C (v"'[v/x]))

From the second premise and inversion of INFER_V_DATA_CONS we have that there is a tid and k

such that C}, = C' and

union tid = {Cy : {z] : b]|¢]}..Cp s {20 : V|9l }} € 11
T,z : b1[¢)], T F C 0" = {25 : tid|2z2 = C "}
IGT, 2z by[¢)], T o <= {2 bl

From the last of these we have that there is a ¢” such that:

I T, 2 : by [¢)], TV " = {2 :b]|¢"}
ILT, @ :by[fy], T = {22 010"} S {21« byl

Applying the induction hypothesis to the first of these we have that there is ¢’ such that:

IGT, T [v/z]) =" [v/a] = {2z : b)|¢"}
IGT, T'v/z] b {2 bglé"'} < {2 : bl }Ho/x]

Using Lemma 17 on (2) we have:

ILT, Tv/z] b {22 bgl¢" o /2] S {2 : DRI} v/l
and so by transitivity of subtyping we have

LT, T [v/a] b {22 0gl¢" o /o] < {zF « bxlég}[v/2]
and thus

LT, [v/z] b o [v/a] <= {2} : bl¢x}v/2]

From well-scoping of the union definitions, we know that = will not appear in ¢} and so we have:

ILT, o/a] 0" [v/2] < {2 : bi|oy,
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We can now apply INFER_V_DATA_CONS to get:
I, Mv/z) - C 0" = {2z :tid|]z = C (v"'[v/z])}
which is the first part of the required conclusion. The second part has the form:
I, M v/z) F {2 : tid|]z = C (V"[v/2])} < {z: tid|z = C v")[v/z]}

which holds as both types in the subtype expression are equal.

Lemma 44 (Substitution for < values). If

I'v= {21 : bl‘(ﬁl}
T, 2 : by[@)[x/22]], TV B o' < {22 : ba|dh}
IGTE {21 :bilon} < {210 bul }

then
ILT, o/a] o' [v/2] < {22« ba|¢o}[v/2]
Proof. From the second premise and inversion of CHECK_V we have that there is a ¢} such that

ILT, x 2 bi[¢) [x/z1]], T o' = {20 : ba| @y}
ILT, 2 : bi[¢)[x/z1]], T F {20 : b2| @y} S {22 : bald}

/"

Applying the previous lemma to the first of these we have that there is a ¢4’ such that the following
hold:

0,1 [v/z]) o' [v/z] = {22 : ba|dy'}
ILT, [v/x] - {22 : ba|¢g'} S {22« bo|dh}[v/2]
We also have:
LT, T'o/a] b {2z : baldg }[v/a] S {22 : ba|d}v/2]
and so from transitivity we have
LT, T [v/x] b {2 : baf 6 }Hu/2] S {22« balgd}v/a]
and applying CHECK_V we have the required conclusion. ]

Lemma 45 (Substitution for = expression).

If

ILTFv={z:bi|p1}
IGT, 2 by[d)], T A F e = {29 : bo|dh}
ILT {21 : bi|pr} S {x: b}

then there is a ¢o such that the following hold:

ILT, T v/z]; Alv/z] & e[v/z] = {22 : bo|do}
IGT[v/a] = {22 : bald2} S {21 : ba| @ }[v/x]

Proof. The proof is by cases on the structure of e. For all cases we have ¢1 = z = v.
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Case e = v1 + v9

Let ¢2 = (2 = (v1 + v2)[v/z]) = $lv/x]
We need to show:

I, T [v/z); Alv/z] F (v1 + va)[v/z] = {z : int|z = (v + ve)[v/x]}
ILT,[v/z] b {2« int[(z = v1 + va)[v/a]} < {z2]d5}[v/7]

From the second premise and inversion on INFER_E_PLUS we have that there exist ¢4, and ¢4, such
that by = int and ¢, = (z = v1 + v2) and the following holds:

[x: b1[¢/1]7r, A ws
ILT, 2 : by [¢7], T F v = {w : int|dy; }
LT, 2 : by (@], T F vy = {wy : int|¢hy}

Using Lemma 43 on the last two we have there are ¢21 and ¢99 such that:

I, T [v/z] F vr[v/x] = {w : int|pa }
I T, T [v/z] F valv/x] = {ws : int|pan}

and from Lemma 40 on the first we have
I, Vv/x] - Afv/z] ws
and so using INFER_E_PLUS we have:
ILT, I [v/x]; Alo/a] F (vi[v/a]) + (v2[v/2]) = {2 : int|(z = vi[v/2] + va[v/2])}

and pulling out the substitutions from the type and expression, we have the first part of the
conclusion:

I, T v/z); Alv/z] = (v1 + v2)[v/x] = {z : int|z = (v1 + v2)[v/x]}
The second part of the conclusion has the form:
T, T v/x] F {2 : int]((z = v1 + vo)[v/z]} < {22 : int|z = v + vo}[v/2]

which holds and so the required conclusion follows.

Case e = v1 < v9
Similar to the previous case with ¢9 = (2 = v1 < v9)[v/x]

Case e = f v/

We pick as the ¢o the constraint in the return type of the function f, so assume that f has type:

Yy b[@] = {22 : ba|2}

Taking the second lemma premise and using rule inversion with INFER_ANF_APP, we have

IGT, 2z by [¢)], TV o' < {2 : blo[z/y]} (7)
LT, 2 : bi[d],T - A ws 8)
P2 = ¢l 9)

Apply the substitution lemma for values to the first of these, we get:

ILT, Iv/z] b o'v/z] < {2 : b]¢[2/y] }v/a] (10)
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From the well-scoping of function definitions DEF_WS_VALSPEC we have that x cannot occur in
¢ and so we have {z : b|¢/[z/y]}[v/x] = {z : b|¢'[z/y]}. Hence with Lemma 40 we can apply
INFER_E_APP to get:

ILT, Mv/z], Alv/z] = f(v'[v/x]) = {20 : ba|g} (11)

Again from DEF_WS_VALSPEC, x doesnot appear in the return type of the function and so using
substitution for function application, we have the first part of the conclusion

ILT, Mo/a), Alv/a] b (o) [v/2]) = {22 : ba|¢2}[v/7] (12)

The second part of the conclusion also holds through reflexivity of subtyping.

Case e =u
/
Let ¢o = ¢h[v/x]
From the second premise using inversion of INFER_E_MVAR we have:

[z :b1[01], '+ A ws (1)
(u, {22 : ba|gh}) € A (2)

From Lemma 40 we have
[, UVz/v] b Alv/z] ws (3)

Furthermore, from the definition of substitution for A we have
(u, {22 : ba|go[v/al}) € Alv/a] (4)
So using (3) and (4) with INFER_E_MVAR we have:
LT, T [v/x]; Alv/a] b u = {2 : ba|dh[v/2]}

From the definition of substitution for mutable variables we have that u[v/z] = u and so the first
part of the conclusion holds. The second part holds since ¢o = ¢)[v/z]

Case e = fst v/
Using inversion of INFER_E_FST on the first premise we have that there is a ¢/ and b,

LT, 2 : by [z/z1]], TV F o' = {29 : by % by|¢'}
{29 : bo|dh} = {22 : bo|z = fst v}

Applying Lemma 44 we have that there is a ¢” such that
I, T [v/z) o' [v/z] = {22 : by * by|¢"}
and applying INFER_E_FST to this we have:
T, T [v/z] - fst v'[v/x] = {22 : ba|z = fst '[v/z]}

Hence the first part of the conclusion holds after moving the substitution out of the type. The
second part holds since since ¢ = ¢h[v/z] .

Case e = snd v/
Similar to the case for fst above.
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Lemma 46 (Substitution for < expressions). If
ILTFv={z:bi|p1}
I, 2 by[d)], T A e < {2 : ba|gh}
IGTF {21 :bigr ) < {21 : 019}
then the following holds:
ILT, T [v/a); Afo/a] b elv/a] <= {z : ba|¢o}v/]

Proof. From the second premise and inversion of CHECK_E we have that there is a ¢4 such that
T,z by [¢)], T ;AR e = {2 : ba|gh} (1)
ILT, @ by, T F {2 bafdly } S {2« boldb} (2)

"

Applying the previous lemma to the first of these we have that there is a ¢3 such that the following
hold:

IL D, I o/a]; Alo/a] Felo/a] = {z : ba|¢h’ (3)
ILD, T[v/a) = {z : b @5’} S {2 : balg3 }v/2] (4)
Applying Lemma 42 to (2) we have:
ILT, T [v/2] - {z : ba|@5}Hv/2] S {z : ba|d)}[v/2]
and so from transitivity we have
ILT, M u/a] B {2 ba|gh'} S {2+ bo| @3} v/7]

and applying CHECK_E we have the required conclusion.
O

Note that in the following lemma there is no implication statement in the conclusion as the
type of s is already overspecified.

Lemma 47 (Substitution for < statements). If
ILTFov={z:b1]|p1}
ILT, 2 : by[@)], T Al s < {2 : bo|gh}
IGT {210 b1¢1} < {z1: 019}
then
ILT, T [v/a); Afo/a] b slv/a] <= {z : ba|¢y}v/]

Proof. Proceed by induction on the structure of s:

e Case s=1v
From the second premise, we have using inversion with CHECK_ANF_VAL that

ILT, 2 : by[¢)], T A ws (1)
LT,z bi[¢h], T o' <= {2 : ba|gh} (2)

Applying the substitution lemma for checking the type of values to the second of these we
have

I, Mo/z) o' < {2z ba|dh} v/ (3)
Applying Lemma ?7? to (1) and the rule CHECK_ANF_VAL to (3) we get the required conclusion:

I T, T [v/z); Alv/x] B o' <= {22 : ba|gh}v/x]
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o Case s = if v’ then s; else sy
From the second premise, we have using inversion with CHECK_ANF_IF that there is a ¢3 such
that:

T,z : by[¢)], T F o = {z3:bool|@s}
I,z b1[¢)], T A F 51 < {20 : b2t = T A @3t/ /23] = ¢}
I,z b1[¢)], T ;A F sy < {20:bo|t) =F A g3/ /23] = ¢}

We apply the substitution lemma for values to the first of these and the induction hypothesis
to the next two to obtain that there is ¢ such that:

;0T [v/z] + o'[v/z] = {z: bool|d;} (1)
LD Dlofal: Alofa] b silofa] <zt balt = TAgalt/fzs] = }fufal  (2)
G0, T [v/z); Alv/x] B safv/z] < {22 : bav) = F A ¢3[v” /23] = ¢} v /2] (3)
I;T,T[v/z] + {z:bool|l¢s} < {z: bool|ps}[v/z] (4)

From (4) we have since implication is contravariant on subtyping that:

ILT F {2y 0 bofv” = T A (¢s[v'/23]) = @} v/a] $ {221 bafv = T A (5[0 /23]) = ¢hlv/2]} (5)
IGT F {zg 1 bafv" = T A (¢3[v'/23]) = do}v/a] S {22 : bafv = F A ($5[0"/25]) = d[v/2]} (6)

Note that we have applied some rewriting of the substitutions making use of the fact that z
does not occur in ¢4 or v. Using (5) and (6) with Lemma 12 to (2) and (3) we get:

I, Mv/z); Alv/z] F sifv/z] < {22 : baofv) = T A ¢5[v" /23] = Phlv/x]} (7)
I, Mv/z); Alv/z] F safv/z] < {22 : bo|v) = F A 50" /23] = dh[v/z]} (8)

Using CHECK_ANF_IF with (1), (7) and (8) we get the required conclusion:

I; T, v/z); Alv/x] = if ©'[v/x] then si[v/z] else sy[v/z] < {22 : ba|dh}[v/2]

e Case s=let w=c¢cin s
If w = x then the substitution is the identity and we are done. Assume we have x # w and
w is not free in v. Using inversion with CHECK_ANF_LET there is a b3 and ¢3 such that:

IGT, 2z : by [¢)], T A F e = {z: bs|gs}
IGT, 2 bi[¢1], T, w = ba[gs[w/2]]; A b s <= {2 : ba|¢h}

Applying the substitution lemma for expressions to the first and the induction hypothesis to
the second we obtain a ¢f such that:

IGT, T [v/z); Alv/z] F e= {z:bs|ds} (1)
IT,Tv/a] B {z:bsl¢5} < {2 : bslgs}[v/2] (2)
LT, 'o/a), w : bs[¢sw/2][v/x]); Alo/x] = slv/z] < {z: ba|dy}v/2] (3)

With Lemma 22 and (2) and (3) we have:
ILT, M [v/],w : bs[gsw/2]]; Alo/a] - s[v/2] < {z : ba|d5 }[v/2]

and this with (1) and the rule CHECK_S_LET gives the required conclusion.
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Case s=let w:7 =51 In s9
As above, we just need to consider the case where x # w and w is not free in wv.
7 = {2z : b3|¢3}. Using inversion with CHECK_ANF_LET2 we obtain the following:

I,z b1 (@), T; A+ 51 < {23 : bs|ps}
IGT, 0 by[0], T, w - ba[ds[w/z3]]; A b 5o <= {22 : bagh}

Applying the induction hypothesis to these we get:

T, T [v/z); Alv/x] b si[v/z] < {z3 : bs|ds v/
I T, T [v/z], w : bs[ds[w/23][v/x]]); Alv/z] b sa[v/z] < {22 : ba|dh v/

We then use CHECK_ANF_LET2 to obtain the conclusion:

I; T, T [v/z); Al /z) et 2 : T[v/x] = s1[v/z] in sov/x] <= {22 : bo|dh}

Case s =match v/ { Cy 1 = 51, .., Cp &y = s}

Let

From the second premise and rule inversion of check_s_match we have that there is an id such

that:
union id = {cons; : {z1 : bf|¢]} .. cons, :{z,: V]|gl}} €1l
LT, x: by[¢)], T = o <= {z:4d|T}
IGT, 2 by )], Ty 0 [0 [3/ 2] A B s <= {20 : ba|gh} i=1..n

Applying the induction hypothesis to the second of these and the n instances of the third, we

get:

ILT, Mv/z] + V'[v/z] < {z:4d|T}
I, T [v/z), @i : 0] [0 [/ zi)[v/x]]; Alv/z] +  si[v/z] < {22 : ba|dh}v/x] i=1.n

The well-scoping conditions on type definitions tells us that the {z;|b!|¢!} contain no free

variables, hence the last judgement of the above is equivalent to:
G0, T [v/z), @ 2 O [6] [2:) z]]; Alv/x] b si[v/x] < {29 : ba|py} i=1..n

Hence we can use CHECK_S_MATCH to get:

I; T, TV [v/z], A - match v'[v/z] { C1 21 = s1[v/x] , .., Cp xp = spfv/2]}
= {22 : ba| @ }[v/]
and since
match v'[v/z] { C1 21 = s1[v/z] , .., Cp 2y = sp[v/z]} = (match v’ { C1 21 = 51, ..

we get the required conclusion:
ILT, Mv/z], A+ match v' { Cy 21 = 51, .., Cp 2y = sp}[v/2]
= {221 ba|d }[v/2]

Case s = while (s1) do {s2}
From the premises and inversion of CHECK_S_WHILE we have:

;T2 : by [¢)], T ;A F s; < {z:bool|T}
T2 by [@)], T ;A F sg < {z:unit|T}
{z:unit|T} = {22: b2k}
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Applying the induction hypothesis to both of these we have:

I; T, Mv/z); Alv/z] = si[v/z] < {2z : bool|T }v/z]
I, Mv/z); Alv/z] + sofv/z] < {2 : unit|T }v/z]

The substitution on the types is the identity and so from CHECK_S_WHILE we have:
I; T, T[v/z]; A+ while (si[v/z]) do {s2[v/z]} < {z: unit|T}
and since
while (s1) do {s2}[v/x] = while (s1[v/z]) do {s2[v/x]}
the required conclusion follows.

Case s=var u :7=7"in s
From the premises and inversion of CHECK_S_VAR we have:

I, 2 b [¢)], TV F V<=7
ILT, 2 4], T A, (u, ) b os1<= {220 balg}

Applying the substitution lemma for checking values to the first of these and the induction
hypothesis to the second, we get:

I, T [v/z); Alv/x] F o'[v/z] < 7[v/]
I 0, T v/z); Alv/x], (u, T[v/z]) +  s1[v/x] < {22 : ba|gh}v/x]

after pushing the substitution into the type of the second of these we get when applying
CHECK_S_VAR:

I, M/z); Ak var w : Tlv/z] = 0'[v/z] in s1v/z] < {22 : ba|@h[v/]}
since
var u : T[v/x] = v'[v/z] in s1[v/x] = (var u 7 =0 in s1)[v/2]
the conclusion holds after pulling the substitution out of the type.

Case s=u:=1'
From the premises and inversion of CHECK_S_ASSIGN we have that there is a 7 such that:

(u,7) € A (1)
T,z : by[¢)], TV Fo' <=7 (2)
{2’2 . b2‘¢2} = {ZQ . unit]22 = ()} (3)

Applying the induction hypothesis to the second of these gives:
G0, T [v/z]) - o' [v/z] < 7[v/] (4)

From the definition of substitution into A we have (u, 7[v/z]) € Alv/x] and so can use (4) to
get:

I, T [v/z); Alv/z] b u = v'[v/z] < {29 : unit|z = ()}
and thus the required conclusion:
I T, T v/z); Alv/x] F (u =) [v/z] < {22 : unit|z = () }[v/2]

since substitution into the type is the identity.
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e (Case s = s1; 89
From the premises and inversion of CHECK_S_SEQ we have:
U2 :b1[¢)],T;A F s1 < {z:unit|]z = ()}
O, : 1[0}, T ;A F s9 < {z:bo|gh}

Applying the induction hypothesis to both of these we have:

[, UVv/z]; Alv/z] + si[v/z] < {2z unit| T}
I T[v/a); Alv/z] F saofv/a] <= {z : ba|¢s[v/2]}

From CHECK_S_SEQ we have:
DT [v/a]; Ak sifo/a]; salv/z] <= {2z : ba|dh[v/2]}
Since
(s1589)[v/2] = s1[v/a]; s2[v /]

the required conclusion follows after pulling the substitution out of the type.

10 Safety

The operational semantics of MiniSail is stated in terms of the reduction of a pair (¢, s) where 0 is
the mutable variable store and s is a statement. In the preservation lemma that follows not only do
we need to ensure that the type of the statement is preserved under reduction but that the types
of the values in the mutable variable store do not diverge from what is specified in the current
A context. We therefore formulate a program-state typing judgement and give the progress and
preservation lemmas in terms of this judgement. We also formulate a judgement to specify that
the types of the values associated to variables in the mutable variable store is compatible with the
types for the variables given in A. This judgement and the mutable variable store check are defined
as follows:

‘H; At (5,8) < 7“ Program state typing judgement

IIFA~S
I, AR s <1

CHECK_REDEX_STMT
ILAF (0,8) <7

6= Uy —> UL,y vy Uy —> Uy

A=y 7Ty, oo, Up : Tn
IL,-Foyw<ern o IL-Fo, <=1,
DSIM_DSIM
IIFA~S

Lemma 48. IfI; A (§,s) < {z: b|¢} then II; - - AC A

Proof. Using G_.WS_EMPTY we have that the empty I'-context is well-scoped and using EXTEND_D_EMPTY
the conclusion follows. O
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Lemma 49. IfIl; -+ 7 ws and II; - F A ws and u ¢ dom(A) then IT; - H A C A, (u, )
Proof. The conclusons follows using EXTEND_D_CONS with the A’ of the rule being empty. O

Lemma 50 is a key lemma for showing soundness of the MiniSail type system with respect
to the defined operational semantics. A number of reduction steps in the semantics make use of
substitution and the substitution lemmas proved above play an important role in the proof.

Lemma 50 (Single Step Preservation). If I A F (0,s8) < {2z : bl¢} and IT + (§,s) — (0',5") then
there is a A" such that II; « = AT A" and ITL; A"+ (', s") < {z : b|¢}.

Proof. Induction on the reduction step (4, s) — (¢’,s’). In all but one of the cases below, we will
let A be the A’ that we need to exhibit and make use of Lemma 48.

e Case ‘Il (6,if T then s; else sa) — (0, s1)’
Using inversion of CHECK_REDEX_STMT on the lemma premises, we have:

I+ A~)
II; ;A F if T then s; else sy < {2 : bl¢}

Using inversion of CHECK_ANF_IF on the second of these we have:

ILsAbEsy <= {zn:0T=TAT=T = ¢[x/z]}
IL AR sy <= {2:0T=FAT=T = ¢[2/z2]}

We have
M+ b {21 BT = TAT =T = ¢[1/2]} S {2 : blo)}
and so using Lemma 17 we have
IT; sAF sy < {z:bl¢}

If we pick A’ to be A then the premises of CHECK_REDEX_STMT hold and the conclusions
follows.

e Case ‘Il + (4,if F then s; else s9) — (0, s2)’
Similar to the previous case.

o Case ‘Il (6,let x = v in s) — (4, s[v/x])
Using inversion of CHECK_REDEX_STMT on the lemma premises, we have:

I+ A~)d
IL A F let z=vin s < {z:b|¢}

From inversion of the rule CHECK_ANF_LET, there is a type {z1 : b1|¢1} such that the following
hold:

H;' [ 1):>{21:b1‘(251}
Iz :bi[pr[x/2]; A B s<{z:b¢}

Since
o {z1 011} S {21 bl }

we have the premises of the substitution lemma for statements with I" and I” being empty
and using this lemma we get

IT; s A F s[v/z] < {z: b|p}[v/x]
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However, x is fresh in ¢ and so the substitution is the identity and we have:
IT; s A F s[v/z] < {z: b|o}

If we pick A’ to be A then the premises of CHECK_REDEX_STMT hold and the conclusion
follows.

Case ‘I1 + (0,let x =ny +ng in s) — (0,let z =n in s)’ where m =71 + Ty
Using inversion of CHECK_REDEX_STMT on the lemma premises, we have:

II F A~
II; ;A F let =mn1+ng in s < {z: b|d}

Using inversion with the rule CHECK_ANF_LET, we have that there are b’ and ¢’ such that:

;A F np+ng= {204}
IGT, 2 b[¢ [¢/2]; A B s< {z:bl¢}

Using inversion with the rule INFER_ANF_PLUS on the first of these, we can infer b’ = int and
¢ = (2/ =n1 + na). Since

;- {2 : int |2/ =n} <{2: int |2/ = ny +no}
we can use Lemma 22 to get:
ILx:blxr=n);AkFs<{z:0¢}
and since
I - Fn={:int |2/ =n}
using the rule INFER_V_NUM we can use CHECK_ANF_LET we get the first part of the conclusion
II; Ak let x =nin s < {z: b|¢}

If we pick A’ to be A then the premises of CHECK_REDEX_STMT hold and the conclusion
follows.

Case ‘II - (8,let x =n1; < ng in s) — (J,let x = b in s)’ where b = 1y < 7y
Similar to previous case.

Case ‘IT+ (d,let © = f v in s) — (§,let z : 7 = §'[v/z] in s)
Using inversion of CHECK_REDEX_STMT on the premises for this case, we have:

II F A~
II; A F let x = fvin s < {z:b|¢}
From this and inversion of CHECK_ANF_LET we have:

H; °;A ~ f’l):>{2:2 Zbg‘(ﬁg} (1)
IL x 2 bopo[x/20)]; A s < {z:b|p} (2)

From (1) and inversion of INFER_ANF_APP we have that:

val f:(w:bi[¢1]) — 7ell )
function f(w) = s ell @)

I A v {2 bi|dr[21/w]} (5)
{z2:balg2} = 7lv/w] )
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From (5) and inversion of CHECK_V_VAL we have that there is a ¢3 such that

I A v={z3:b1|p3} (7)
I« B {23:b1]¢s} S {212 bala[z1/2]} (8)

From (4) and that we know that the function f is correctly typed and using inversion of
CHECK_DEFS_FUNDEF we have that:

ILw:bi[p1; A Fs <7 9)
Using (6), (7), (8), (9) and the substitution lemma for statements we have:
I0; s A F s'[v/w] < {22 : ba|da} (10)
Using (2), (10) and the rule CHECK_ANF_LET2 we have:
Il s Ablet x: {2z bo|do} = s'[v/w] in s < {z: b|o}

If we pick A’ to be A then the premises of CHECK_REDEX_STMT hold and the conclusion
follows.

Case ‘I1 - (0,let x : 7 = v in s9) — (9, so[v/x])’
This is the similar to the proof for the case Il - (d,let x = v in s) — (4, s[v/z])

Case ‘pF (d,let x : 7 = s1 in s9) — (¢',let x : 7 = ] in s9)” where (§,s1) — (0, 5])
Using inversion of CHECK_REDEX_STMT on the premises for this case, we have:

I - A~§
I; A F letz:7 =351 in sy < {z:b|p}

Using inversion of CHECK_ANF_LET2, we have that there is a b’ and ¢’ such that 7 = {2’ : ¥/|¢'}
and

I A F sy <= {2 :V|¢} (1)
0z : 0 [¢[x/2]; A F so <= {z:bl¢} (2)

Since s; reduces to s}, we have by the induction hypothesis that there is a A’ such that
A C A’ and

I A sy < {2 V|¢'}
and from (2) by weakening, we have:
Mz : V¢ [w/2]]; A" = sg <= {2 : blop}
Applying CHECK_ANF_LET2 in the forward direction we have:
I0; A’ Flet z: 7 =8} in so < {2 : b]¢}

If we pick A’ to be the A’ we got from the reduction of s; then the premises of CHECK_REDEX_STMT
hold and the conclusion follows.

Case I+ (§,match C v { Cy 1 = s1, ..,Cax=s, C, xp = sn }) = (0, s[v/z])
Using inversion of CHECK_REDEX_STMT on premises for this case, we have:

I+ A~9d
ILA F matchCov{Ciz1=5, .,.Cx=s, C,z, =3, } < {z:0¢}
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From inversion of CHECK_S_MATCH, we have:

;- + Co={:tid|¢'} (1)
union tid = {Cy : {21 : b{|¢Y}, .. ,Cpn:{zn:bllon}} ell (2)
Gz b (@) [ /2] NC v =C; 2 AN [C v/2']; A+ sifv/z] <= {z:bl¢} i=1.n (3)

From (1) and inversion of INFER_V_DATA_CONS we have that there is a k such that C' v = Cj, v
and s, = s and:

IL; - v <= {2]bg |67 ]} (4)
Using inversion of CHECK_V_VAL we have that there is a ¢” such that:
IL; - v = {2"[bg] 6]} (5)
I - = {27 bl¢"} S {27« bl (6)
From the k" judgement in (3) we have:
Iy, bglgglv/@]]; A b si[v/ai] < {2 : b} (7)
Using (7), (5) and (6) with the substitution lemma for statements we have:
I« b spfv/ag] < {2 : b} (8)

If we pick A’ to be A then the premises of CHECK_REDEX_STMT hold and the conclusion
follows.

Case I1 + (6, while (e) do {s}) — (d,let z = e in (if = then (s;while (e) do {s}) else ()))

Using inversion of CHECK_REDEX_STMT on premises for this case, we have:

I - A~ (1)
II; A F while (e) do {s} < {z:unit |z = ()} (2)

Using inversion of CHECK_S_WHILE we have:

I, A F e« {z :bool [T} (3)
IL <A F s<{z:unit |z= ()} (4)

We now show a type derivation for the unrolled while statement.

Using inversion of CHECK_E with (3) we have that there is a ¢ such that:

I, A + e= {z2:bool |p} (5)
IL, A F {2z :bool |p2} < {21 : bool [T} (6)

From the rule INFER_V_VAR we have:
IT; z : bool [¢2] F z = {22 : bool |p2} (7)
Using the rule CHECK_S_SEQ with (2) and (4) we have:
IT; «; A+ s;while (e) do {s} < {z: unit |z = ()} (8)

Using weaking of I" on this, (4) and (5) we have:

II; x : bool [p2]; A F e = {z2:bool |p2} 9)
IT; z : bool [¢2]; A F s; while (e) do {s} « {z:unit |z=()} (10)
IL;z : bool [po]; A F s<{z:unit [z = ()} (11)
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and using CHECK_S_IF on (7), (10) and (11) we have:

I; x : bool [¢2]; A Fif = then s;while (e) do {s} else () < {z:unit |z=()} (12)
Using rule CHECK_S_LET with (9) and (12) we have:

IT; s A+ let z = e in if z then s;while (e¢) do {s} else () < {z:unit |z = ()} (13)

If we pick A’ to be A then from (1) and (13) the premises of CHECK_REDEX_STMT hold and
the conclusion follows.

Case IIF (§,var u : 7 =0 in s) = (§[u > v], s)
From the premises and inversion for the program state typing judgement, we have

I - A~§
A B ovaru :7=vin s < {z:b|¢}

From inversion of CHECK_S_VAR we have that:

u ¢ dom(A) (1)
I« - v<r (2)
IL - A (u,7) F s<{z:0|¢} (3)

Let A’ = A, (u, 7). From the inversion of the reduction rule, we have that u is an addition to
0 and from above it is also an addition to A and so

I+ A (u,71)~du— v

with this and (3) the premises of CHECK_REDEX_STMT hold and so we have II F (§[u —
v],s) < 7. Furthermore, we have II; - H A C A, (u,7) from Lemma 49 and so we have the
required conclusion.

Case I+ (6,u = v) = (0[u > v],())
Using inversion of CHECK_REDEX_STMT on premises for this case, we have:

II - A~9¢
IL A F u:=v<{z:0b¢}

From inversion of CHECK_S_ASSIGN we have that:
I -+ A ws
{z:b|¢p} = {2z : unit|T}

(u,7) € A
II, - Fv<r

We have IT; «; A = () <= {z : unit| T} and so if we pick A’ to be A then all of the premises of
CHECK_REDEX_STMT hold and the conclusion follows.

Case I1+ (6, (); s2) — (0, s2)
Using inversion of CHECK_REDEX_STMT on premises for this case, we have:

II - A~§
I A F ();s2 < {z: 0|0}
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With this and inversion of CHECK_S_SEQ we have:
I A F ()< {z:unit|T}
IT; A F s9<={z:b|p}

If we pick A’ to be A then the premises of CHECK_REDEX_STMT hold and and the conclusion
follows.

o Case IIF (6, s1;82) — (¢, 85 52)
Using inversion of CHECK_REDEX_STMT on premises for this case, we have:

I+ A~d
I s A+ 51580 < {z:b|¢}

With the second of these and inversion of CHECK_S_SEQ we have:
I A F sp < {z:unit|T}
IT; A F so<={z:0bl¢}

s} is the result of a one step reduction of s; and so by the induction hypothesis we have that
there is a A” such that

;A" F (6, 8)) < {2 : unit| T}
and A C A’. Using inversion of CHECK_REDEX_STMT, we then have:
I+ A'~§
I0; ;A" F sh < {z:unit|T}

Using CHECK_S_SEQ the type of s};s2 is {z : b|¢}. Hence we have the required premises for
CHECK_REDEX_STMT and the conclusion follows.

O]

Lemma 51 (Multistep Preservation). If II; A & (8,s) < 7 and (5,s) = {&',8'} then there is a A
such ILA'F (0, s') <7 and AT A’

Proof. We prove this by induction on the length, I, of the reduction (§,s) = (&', s').

If | = 0 then s’ = s and ¢ = ¢ and the conclusion holds.

Assume that the lemma holds for [ = n and that we have an n step reduction (8,s) = (6", s")
and a single step reduction (6”,s") = {¢’,s'}. By the induction hypothesis, we have that there
is a A” such that II; A” F (8", s") < 7 and A C A” With the single step reduction we apply the
preservation lemma and so there is a A’ such that II; A’ + (¢, s') < 7 and A” C A’. From the
transitivity of C we have that A C A’ and the required conclusion follows. O

The following lemma assures us that we have set up the reduction rules correctly and that any
well typed statement that isn’t a value will have a reduction step.

Lemma 52 (Progress). If II; A & (0,s) < 7 then either s is a value or there is an s’ and 0" such
that (9,s) — (0',5').

Proof. Proof is by induction on s.

e (Clase s is a value.
Lemma conclusion holds.
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e (Case ‘if v then s; else so’
Instantiating the premise and using inversion of CHECK_REDEX_STMT, we have:

IT; «; A Fif v then s else sy < 7
Using inversion with the rule CHECK_S_IF we have that there is a ¢’ such that:
II; - v = {%' : bool|¢'}

Since the I'-context is empty and the base type is bool, v can only be a boolean literal - T
or F. If v = T then the reduction rule REDUCE_TRUE is applicable and we have a reduction
to (9, s1). Otherwise we have v = F and the reduction rule REDUCE_FALSE is applicable and
we have a reduction to (9, s2).

e (Case ‘let x =€ in s’
Using inversion of CHECK_REDEX_STMT we have

Im+ A~9d (1)
I, A F s<71 (2)

and inversion of CHECK_S_LET on the second of these, we get a judgement:
I AFe= {2 :V]¢} (3)

As the typing context is empty e will not contain immutable variables. We consider each
possible form for e.

— Case e =v
Apply the reduction rule REDUCE_LET_VALUE to obtain a reduction to (4, s[v/z])

— Case e = vy + va
Using inversion of INFER_E_PLUS we have that v; and vy have base type int. Since
the context is empty, these have to be integer literals and so there is a n such that
n = U1 +72 and we can apply the reduction rule REDUCE_LET_PLUS to obtain a reduction
to (0,let x =n in s).

— Case e =11 < v9
Similar to the previous case.

— Casee=fuw
Using inversion with the rule INFER_E_APP we have

val f:(z:b1[p1]) > T €1l (4)
function f(z) =5 €1l (5)

II;« F v={z:b|p2} (6)
- = {z:blgatv/2] S {z: blor1}[v/7] (7)

(4) and (5) are the preconditions for the reduction rule REDUCE_LET_APP and so we can
apply this to obtain a reduction to (d,let x : 7[v/z] = §'[v/x] in s)

— Casee=u
From (3) above and inversion of INFER_.E_MVAR we have that (u,7) € A and from
this and (1) above we have that u is in the domain of 6. Hence we can apply RE-
DUCE_LET_MVAR to obtain a reduction to (4, s[v/x]) where v = d(u).
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— Case e = fst v
Using inversion of INFER_E_FST we have that v is a pair of values (v, v2). We can apply
the reduction rule REDUCE_LET_FST to obtain a reduction to (4, s[v1/z])

— Case e= snd v
Using inversion of INFER_E_FST we have that v is a pair of values (v1,v2). Apply the
reduction rule REDUCE_LET_SND to obtain a reduction to (d, s[va/z])

o Case ‘let x : 7/ = 51 in sy’
If s is a value, then the we can apply REDUCE_LET2_VAL . If it isn’t a value then using
inversion of CHECK_REDEX_STMT we have

Inm+ A~d (1)
;A F letz:7 =s1insy <7 (2)
and from the second using inversion of CHECK_S_LET2 we have
II; ;AR s; <=7 (3)
and so using (1) and (3) we can use CHECK_REDEX_STMT to get:
AR (0,s) <7 (4)

and so can apply the induction hypothesis to obtain ¢’ and s} such that (8, s1) — (&', s]) and
we can then apply REDUCE_LET2_STMT to obtain a reduction to (¢&',let x : 7/ = s} in s9

e Case ‘match v/ { Cy x1 = s1, .., Cp 2y = sp}
Using inversion of CHECK_REDEX_STMT we have that

;s AFmatch v {Ci 2y =51, .., Chmp=s,} <=7
and with this and inversion of CHECK_S_MATCH we have
union tid = {C 1 : {21 : b|¢]} .. Cn:{z,: 0|0} } el
T F o = {z:tid¢}
;T2 0 (@ [wi/z) AV = C 2 Aplv/2]l; A+ si<={z1:b1|d1} i =1.n
With the second of these and inversion of INFER_V_CONS we have that there is a j and v” such

that o' = C; v” and further that C; matches one of the branches of the case statement. Hence
we can apply the reduction rule REDUCE_MATCH and obtain a reduction to (9, s;[v"/z;]).

e Case ‘while (e) do {s}’
The rule REDUCE_WHILE only has a freshness condition and after picking a fresh variable x,
we can reduce to (J,let = = e in if = then s;while (¢) do {z} else ()).

o Case ‘u:=v’
Using inversion of CHECK_REDEX_STMT we have that
I+ A~S (1)
LA F ui=v<er (2)
and from inversion of CHECK_S_ASSIGN on the second of these we have that that there is a

7' such that (u,7’) € A. From (1) and inversion of CHECK_DELTA we have that u is in the
domain of ¢ and using rule REDUCE_MVAR_ASSIGN we can obtain a reduction to (6[u — v], ()).

e Case ‘var u : 7T=vin s
Renaming v to a new variable name if « is in the domain of §, we reduce to (d[u — v], s).
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o (Clase ‘sy;s9’
Using inversion of CHECK_REDEX_STMT we have that

I rF A~S§ (1)
I, A F sy380<T (2)

and using inversion of CHECK_S_SEQ on the second of these we get:
ILsA F sy < {z:unit |T} (3)

If 51 is a value then it must be () and so we can apply REDUCE_SEQ2 to reduce to (J, s2). If
s1 is not a value then we can use (1) and (3) with the rule CHECK_REDEX_STMT to obtain:

ILAF (0,51) < {z:unit |T}

and then apply the induction hypothesis to obtain a reduction to (¢, s}) and finally use
REDUCE_SEQ1 to obtain a reduction of the original statement to (¢’, s; s2).

O]

Using the above two lemmas we can prove:

Lemma 53 (Safety). If II; A & (8, s) < 7 and (5,s) = (&', ') then either s' is a value or there is
an s and 0" such that (§', 8"y — (8", 5").

Proof. From the multi-step Preservation lemma, we have that there is a A’ such that IT; A’
(0',8"Y <= 7 and from the Progress lemma we have that s’ is a value or that we can make a
reduction step from s’. ]

11 Conclusion

The final lemma, the safety property for MiniSail, tells us that a well typed statement that has a
reduction has reduced to a value or can make further reduction steps. If we consider a MiniSail
program to be a type checked context, II, and a final statement, s, then we can claim that a
well-typed MiniSail program does not get stuck. We can not say that a well-typed program will
terminate; proving termination is not possible due to the inclusion of while loops and recursive
functions in the language. Non-termination is true of Sail as well.

12 Appendix 1 - Complete Syntax, Type System and Operational

Semantics
n, m, i, j Index variables for meta-lists
num Numeric literals
z,y, z, w, f, a Identifier
U Mutable Variables
tid Type ID
C Data Constructor
b = Base Type
| int
|  bool
| tid Type ID
| unit
’ b1 * b2
T Refined Type

]_ {z : bl¢p} bindzin¢
|  z:0[¢] Dbindzing
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-
z:blg] =
-

o1 N P2

¢

er = e

€1 < €9

(®)

Ple/]

b1 = P2

xr

n

T

F

1 [v2/ 7]

(v)

(v1, 02)

Cwv

0

fo

v + V9
v < o
fst v
snd v

e[v/z]

v
letz =eins

let z:7 =51 in s

if v then s; else sy
slv/x]

match v of C) 11 = s, ..
varu : 7 :=vins

., Cpxy = Sp

u::="v
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w g

g

bind z in s
bind z in s

M

bind u in s

Dependent Function Type

Refinement Constraints - Quantifier free lo

Values

Immutable variable
Numeric literal
True boolean literal
False boolean literal
Substitution

Value pair
Data constructor
Unit value

Expressions

Value

Mutable Variable

Function Application
Addition

Less than or equal

Project first part of pair
Project second part of pair
Substitution

Statement

Let binding

Let binding with type annotation
If-then-else

Substitution

Match statement

Declaration and scoping of mutable varia
Assignment to mutable variable



| while(e)do{s} While loop

] 815 S2 Statement sequence
() S
def = Definitions
| wvalf:(z:b]p]) =T bind z in 7
bind z in ¢
|  functionf(z) =s bind z in s
| uniontid ={C: 71, ...,Cp: Ty}
P = Program
| defi; s defus s
r ES Variable type context
|- Empty context
| T,z b[¢]
@ S
’ Fla FQ
| Tv/z] M
II S Function and definitions context
| €
| I def
A n= Mutable variables context
| €
| AL A
| (4A) S
| Aju:T
T = Reduction Function Body Context
| €
| omfs
) = Reduction Local Store
| dlu— v
terminals BES
| C
I
|k
G
| Fa
|k
| A
|
| =
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Immilum<EZA><ﬂ*

formula =
judgement
formulay ..  formulay,

u:T €A

union tid = {Cy : 11, .., Cp : 7} € II
z € dom(T)

valf:(z:b[¢p]) =7 ¢ 11

valf: (z:b[¢p]) > 1 €1l
functionf(z) = s ¢ II
functionf(z) =s € 11

|

|

|

|

|

|

|

|

|

|

|

| f € dom(II)
|  ue€dom(A)
| tid ¢ 11

| C¢1l

| fén

| u ¢ dom(d)

| u ¢ dom(A)
| 2 ¢ dom(T)

| v+ v =20

| n<wm=v

| fz=e

| m=m

| @ # 2

| xz#e

|  zfresh

| v=20(u)

| 8 =6[ur ]
| d=wu = v, ., upy — Uy
| A=wu 7y, . Uy Ty
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wellformedness

extension

subtype

typing

reduction

Judgement

user_syntax

I+ bws
I[I+Tws
I+ def ws
[Iws

ILTFH Aws
ILT F v ws
II;T I ews
ILT; AL ews
ILT;AF sws
ILT F ¢ows
ILT - 7ws

n-rcr
ILTHALCA

ILTET <7

ILTFv=r1
ILTFv<=T
ILTAFe=T
ILAFe<=T
ITAFs <=7
IL;T & defy .. def,, ~ II'
ILTEp

IMEA~S

ILAF (0,s) < T

I (6, s) — (&,
T+ (41, 81) 5 (02, 52)

wellformedness
extension
subtype

typing
reduction

num
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Base b is wellformed in context I1

Context I' is wellformed in context II

Definition def is wellformed in context II

Context II is wellformed

Context A is wellformed in contexts II and T"
Value v is wellformed in contexts II and I’
Constraint expression e is wellformed in context IT an
Expression e is wellformed in context II and I’
Expression s is wellformed in contexts II, A and T’
Constraint ¢ is wellformed in contexts II and T’
Type 7 is wellformed in context II, I' and D

T/ is an extension of T
A’ is an extension of A

Infer that type of v is 7
Check that type of v is 7
Infer that type of e is 7
Check that type of e is 7
Check that type of s is 7

Program state typing judgement

One step reduction
Multi-step reduction



~+
S
ISH

O N S Q

c>1:1|>;:|'1%% X
"\h

terminals
formula

Base b is wellformed in context II

IIws
T+ bool ws
ITws
IIFint ws

B_WS_BOOL

B_WS_INT

ITws
——————————  B_WS_UNIT
II - unit ws

H|—b1WS
II+ by ws

——————— B_WS_PAIR
I+ by % by ws

IIws
union tid = {Cy : 7y, ..,Cp: 7} € 11
I+ tid ws

Context I' is wellformed in context II

B_WS_TID

ITws
ITE -ws
ITFTws
IT- bws
ILT,z: b[T] - ¢pws
z ¢ dom(T")
II-T,z: b[¢]ws

II+ def ws| Definition def is wellformed in context II
II; - - 7y ws'
tid ¢ I
C, ¢l
II - union tid = { C; : Tii}WS

G_WS_EMPTY

G_WS_CONS

DEF_WS_UNIONDEF
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IL; -,z : b[T]F pws

IL; -,z : b[¢] - 7ws
valf:(z:b[¢9]) =7 ¢ 11
I valf: (z:b[¢]) » Tws
valf:(z:b[¢]) -7 € II
IT;-,z: b[¢]; A sws
function f(z) = s ¢ II
I+ function f(z) = sws

Context 1T is wellformed

DEF_WS_VALSPEC

DEF_WS_FUNDEF

—  P_WS_EMPTY
EWS

I+ def ws
I1, def ws

ILT F Aws|  Context A is wellformed in contexts IT and I’

IIFTws
ILT Fews
ILTFAws
ILT Frws
ILTE A, u:Tws

Value v is wellformed in contexts IT and T"

IIFT ws
z € dom(T)

ILT -z ws
T ws
ILT Fn ws
II+Tws
ILT F T ws
IITFTws
ILTFF ws
I[I-Tws
ILTF () ws
ILTF v ws
uniontid = {C;:7;'} € 1
ILTF Cjv ws

P_WS_CONS

D_WS_EMPTY

D_WS_CONS

V_WS_VAR

V_WS_NUM

V_WS_TRUE

V_WS_FALSE

V_WS_UNIT

V_WS_CONS

ILT F vy ws
ILT - v ws

V_WS_PAIR
ILT F (v, v2) ws

ILTF ews| Constraint expression e is wellformed in context IT and T’

ILT F v ws

———  EC_WS_VAR
ILTE vws
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ILT - v ws
ILT F v ws

ILT 1 o + wws

ILT F v ws
ILT F v ws

ILTE oy < npws
ILT F o ws
II; T I fst v ws
ILT F v ws
ILT  snd v ws

EC_WS_PLUS

EC_WS_LEQ

EC_WS_FST

EC_WS_SND

ILT; AF ews| Expression e is wellformed in context II and I’

ILTHAws
ILT v ws
valf : (z:b[¢]) -1 €Il
ILT; AR fows BAVS-APP

ILT - Aws
ILT - v ws
ILT F vy ws
ILT;AF v + wws
ILTH Aws
ILT F v ws
ILT - v ws
E_WS_LE
ILT;AF v < wyws Q
ILTFAws
ILT F v ws
ILT; A fstvws BAWSEST
ILTH Aws
ILT F v ws
ILT; AFsndvws BAVS-SND
ILTH Aws

u € dom(A)

E_WS_PLUS

ILT; AF sws| Expression s is wellformed in contexts II, A and I’

ILT - Aws
ILT F o ws

—_ _ _VA
LT AF ows oA

ILT F v ws

ILT; A u: 7k sws

ILT F rws
ILT;AFvaru:7:=vinsws S-WS-VAR

ILT F v ws

ILT F7ws

ILT; A+ uws
ILT,AFuw:=vws S-WE-ASSIGN

75



ILTF v ws
ILT;AF sy ws
ILT; AF sows
IL; T; A F if v then s1 else s, ws S-S
ILT;AF ews
ILT, z: b[g]; A sws
ILT;AFletz = einsws S-WSLET
ILT;AF sy ws
ILT, z: b[g]; A F saws
ILT F 7ws
ILT;ARlet z: {z: bl¢p} = s1 in saws 5-WS-LET2

union tid = { C; : {z; : bi|¢>¢}i} eIl
ILT F v ws

LT, 2 bi[di, A F s;ws
IL;T; A F match v of C; z; = siiws
ILT;AF ews
ILT;AF sws
S_WS_WHILE
IL;T; A - while (e) do {s} ws
ILT; AF sy ws
ILT; AF sows
S_WS_SE
ILT; AF 51580 ws Q

ILT F ¢ows| Constraint ¢ is wellformed in contexts II and T’

S_WS_MATCH

————— CONS_WS_TOP
ILT - Tws

ILT F ¢ ws
ILT F ¢ows
CONS_WS_CONJ
IGT F (¢1 A ¢2) ws

ILT - ¢ws
e NS_WS_N
H;Fl—ﬂgbws CONS_WS_NOT

ILT K ¢ ws

ILT I ey ws
ILTF e =eyws

ILT F ¢ ws

ILT F ¢ ws
H;F = (¢1 — gbg)WS CONS_WS_IMP

Type 7 is wellformed in context II, I' and D

ILT, 2z : b[T] - ¢ws
TYPE_WS_TYPE
ILTFA{z:b|p}ws

IHFTCTI| TI'isan extension of I’

II-T'ws
TFTCT EXTEND_G_REFL

CONS_WS_EQ
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M-I CI,T

z ¢ dom(T",TV)

II-T,2: b[p] ws
OFT"C,z:b[g), T

EXTEND_G_INSERT

ILTHFACA’ A’isan extension of A

ILTFAws
ILTFACA
ILTHA"CAA
u ¢ dom(A, A")
ILT - 7ws
ILTHEA"C Ay u:r, A

EXTEND_D_REFL

EXTEND_D_INSERT

ILTE™ <7

ILTF {2z : b|¢1} ws

ILT - {2 : blgpa} ws

IGT, 2 : bln] = ¢afa1/ 2]
IGTE {210 bln} S {2« D¢}

Infer that type of v is 7

II+T ws
z:b[¢l el
ILTFz={z:blz=uz}
II-Tws
ILTF () = {2z : unit|z = ()}
II+T ws
ILTFT = {z:boollz =T}
II+T ws
ILTFF = {z:bool|z =F}
II-T ws
ILT Fn= {z:int|z = n}
H;Fl— v = {21 : b1|¢1}
H;F F Vg = {ZQ : b2|¢)2}
ILTF (v1, 1) = {z: by x ba|z = (v, 1)}

SUBTYPE_SUBTYPE

INFER_V_VAR

INFER_V_UNIT

INFER_V_TRUE

INFER_V_FALSE

INFER_V_NUM

INFER_V_PAIR

uniontid:{CizTii} eIl
ILTFov<=T
ILT F Cjv={z:tid|z = Cj v}

Check that type of v is 7

H;F Fov= {22 : b|(;52}
H;F F {22 : b|¢2} S {Zl . b|¢1}
ILTF o< {2 :bl¢1}

INFER_V_DATA_CONS

CHECK_V_VAL

ILT;AF e= 7| Infer that type of eis 7
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ILTH Aws
ILTF v = {2z :int|¢;}
ILT v = {2z int|ps}
ILT;AF v 4 v2 = {2 : int|z3 = v; + w} INFER-E-PLUS
ILTH Aws
ILT F v = {2z :int|¢;}
ILT F v = {ZQ : int|¢2}
ILT; AR v < v = {23 :bool|zg = v < n} INFER-E_LEQ

ILTFAws
valf: (z:b[¢]) -1 €Il
ILT o< {z:bl¢}
ILT;AF fo=1[v/2] INFER-B-APP
ILTH Aws
ILT F o= {z:b b}
ILT;AFfstv = {z: |z =fst v} INFER-EFST

ILTFAws
ILTF o= {z: b bo}
ILT;AbFsndov = {z: bz =snd v} INFER-E-SKD
ILT FAws
u:T €A
ILARFu=T

INFER_E_MVAR

ILT;AF e« 7| Check that type of e is 7

ILT;AF e = {2: b|p2}
IETF {2 : b|ga} < {21 : |} CHECK B EXPR
ILT;AFe<={z:blg1} o

ILT;AF s < 7| Check that type of s is 7

ILTH Aws
ILTFv<eT

I ARy <=7
u ¢ dom(9)
II;'Fo <71
ILTAu:7Hs< 1

CHECK_S_VAR
ILTAFvaru: 7:=vins < n
ILTFAws
u:T €A

ILTFv<=T
CHECK_S_ASSIGN
ILT;AF u:=v < {z:unit|T}

CHECK_S_VAL

ILT F v = {z:bool|¢;}
H;F;ﬁ F s« }zl : blgv =T /\(((bl[[v//x]])))) = ((qﬁ{[zl?z]]))i
ILT;AF s <={2n:bl(v=FA(¢1|lv/z]) = (d|2n/2
ILT; AFif vthen s else so < {z : b|¢} CHECK-S-IF
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ILT;AFe= {z:b|p}
ILT, z: blplx/z];AFs<T
IT;AkFletz =cins <7
ILT;AF s < {z: blo}
ILT,z: bplz/z]]; A so <= T
ILT;AFlet z:{z:bl¢p}=s1in o <= T

CHECK_S_LET

CHECK_S_LET2

union tid = { C; : {z : bi|¢;} } € I
ILT F o= {z: tid|¢}
LT, @i blgslwi/z] Av = Cimi A(J[v/2);AF s =7
- CHECK_S_MATCH
ILT;AFmatchvof Cia; = s, <71
ILT;AF e < {z:bool|T}
ILT;AF s < {z:unit|T}
IL;I'; A+ while (e)do{s} < {7 : unit|T}
ILT;AF s < {z : unit| T}
ILT AR s <=1
ILT;A R 5158 <7

CHECK_S_WHILE

CHECK_S_SEQ

[ILT F defy . def, ~ 11|

valf:(z:b[¢]) -7 €1l
ILT, z: b[gl;es <=1
IL T F function f(z) = s ~» II, function f(z) = s

CHECK_DEFS_FUNDEF

H;F - Valf . (l‘ . b[¢]) - H,Valf : (33 : b[(b]) g CHECK_DEFS_VALSPEC

— — - —  CHECK_DEFS_UNIONDEF
ILT Funiontid ={C;: 7 }~ Il,uniontid ={C;:7; }
LT F def ~ IT
IT';T + defy .. def, ~ 11"
IL T F def defi .. def, ~ 11"

CHECK_DEFS_DEFS

IL;T & def; .. def, ~ IT'
II''T;ek s < {z:int|T}
IL T - defi; ..; defy; s

CHECK_PROGRAM_PROG

0= Ul — V1, ., Uy —> Uy

A= 7Ty, .o Uy Tn
I, Foyyv<ern o IL-Fo, <=1,
DSIM_DSIM
IIFA~§

‘H; AF(6,8) < 7" Program state typing judgement

IIFA~§
I AFs< 7
ILAF(6,s)<T

CHECK_REDEX_STMT

TF(5,5) > (3, 8")

One step reduction
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REDUCE_IF_TRUE
IT+ (4,if T then s; else s3) — (0, s1)

REDUCE_IF_FALSE
IT+ (4,if F then s; else s2) — (9, s2)

REDUCE_LET_VALUE
II+ (0,letz =vins) — (4, s[v/z])
v+ v =

REDUCE_LET_PLUS
ITF (5,letz = v + voins) — (J,let z = vins)

(41 §1)2:U
ITE (§,letz = v < wyins) — (d,letz = vins)
valf: (z:b[¢]) -7 €1l
function f(z) = s; € II
IIF (dlety = fvinsy) — (d,let y: T[v/z] = s1[v/z] in s7)

REDUCE_LET_LEQ

REDUCE_LET_APP

REDUCE_LET_FST

ITF (d,let z = fst (v1, w) ins) — (J,let z = v; in s)

REDUCE_LET_SND

IT+ (d,let z = snd (v1, 12) in s) — (4,let z = 1 ins)
v=20(u)
II+ (§,letz = uins) — (0,letx = vins)
u ¢ dom(9)
IIF (0, varu: 7:=vins) — (0[u — v],s)
8 = 6u — v
IIE (6, u:=v) = (¢, ()
ITE (6, s1) — (&, s1)
ITF (3, s1;8) — (0", 815 8)

REDUCE_LET_MVAR

REDUCE_MVAR_DECL

REDUCE_MVAR_ASSIGN

REDUCE_SEQ1

REDUCE_SEQ2

ITH (6,();8) = (9, )

REDUCE_LETZ2_VAL

ITH (0,let z: 7 =wv in s3) — (0, s2]v/x])

ITE (6, s1) — (&, s1)

REDUCE_LET2_STMT
IIF(d,let z:7 =9 in o) — (¢',let  : 7 = 5] in s7)

REDUCE_MATCH

II+ (5, match (C; v) ofmi> — (6, sj[v/z;])

z fresh
IT+ (6, while (e)do{s}) — (J,let z = einif z then (s; while (e¢) do {s}) else ())

REDUCE_WHILE

T (61, 81) X (02, $2) Multi-step reduction

II - <51,81> — (52, 82>
I+ <51,81> i> (52, 82>

REDUCE_MANY_SINGLE_STEP

I+ <51, 81> — <52, 82>
I+ <(52, SQ> — <53, 83>
I+ (

01, 51) — (03, 83)

REDUCE_MANY_MANY_STEP
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Lemma (Substitution for well-scoped T', values, constraint expressions and constraints) 46
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Lemma . . . . . . e 60
Lemma (Single Step Preservation) . . . . . ... ... ... ... .. ... ... 60
Lemma (Multistep Preservation) . . . . ... ... .. ... ... .. ... ... 65
Lemma (Progress) . . . . . . . . . . .. 65
Lemma (Safety) . . . . . . . . 68

82



83



14

Appendix 3 - Rule Dependency Graph
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