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Multi-stage programming (MSP) languages such as MetaML have subtle semantics, in which familiar properties
often fail to hold and hazardous interactions with other language features such as state or polymorphism
abound. The ongoing incorporation of MSP features into general purpose languages makes the need to
establish confidence in their design increasingly pressing.

Taking inspiration from existing MSP systems, we present a Rocq mechanisation of a core calculus for
compile-time and run-time MSP with effects, A?un, formally establishing key properties such as type and
elaboration soundness and phase distinction. We hope that our mechanised semantics will be a useful basis
for formal study of other designs, easing the extension of existing languages with support for MSP.
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1 Introduction

Language support for quotation-based multi-stage programming (MSP) is increasingly found in
general-purpose programming languages such as Haskell [Sheard and Peyton Jones 2002; Xie et al.
2022], Scala [Burmako 2017; Stucki et al. 2021] and OCaml [Chiang et al. 2024; Kiselyov 2014; Xie
et al. 2023a], where it is used to generate programs for a wide variety of performance-sensitive
domains, from numerical computations [Carette et al. 2011] to stream processing [Kiselyov et al.
2017]. Sophisticated program generators benefit from varied programming mechanisms, such as
delimited control [Oishi and Kameyama 2017], overloading and higher-rank polymorphism [Yallop
2017], mutable state [Kameyama et al. 2015], and modules [Carette and Kiselyov 2011].
Unfortunately, quotation-based MSP has complex and subtle semantics, which are typically
defined indirectly by elaboration (e.g. Calcagno et al. [2003b]; Kiselyov [2015]; Xie et al. [2023a]),
and where familiar properties such as the § rule do not always hold [Inoue and Taha 2016]. Worse,
quotations and antiquotations (splices) introduce potentially hazardous interactions with many
other language features, including mutable state [Calcagno et al. 2003a; Kiselyov et al. 2016], control
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effects [Kameyama et al. 2009, 2011b], static overloading [Xie et al. 2022], polymorphism [Kiselyov
2015], and modules [Yallop and White 2015]. Modelling these interactions and ensuring that they
are sound involves establishing properties such as phase distinction and generation-time binding
erasure [Xie et al. 2023a] that do not typically arise in unstaged settings.

In this context, mechanising semantics can deliver substantial benefits, making it possible to
establish the distinctive properties of multi-stage programming languages with high confidence,
to identify and correct shortcomings in existing work, and to reduce the cost of safely extending
existing designs with new features via proof engineering techniques.

This paper presents a mechanised semantics in Rocq for a family of quotation-based MSP calculi
with effects, including a novel calculus )tfun that combines both run-time and compile-time MSP. The
work is inspired by recently published designs for MSP in OCaml [Xie et al. 2023a] and Scala [Stucki
et al. 2021] and intended as a basis for mechanising other MSP developments. The semantics of
our calculus comes with proofs of key metatheoretical properties — both standard results such
as type soundness, and distinctive MSP properties such as phase distinction. Where possible,
the mechanisation uses standard techniques such as the locally nameless approach to variable
binding [Charguéraud 2012]; where necessary, it introduces new techniques such as stage-indexed
relations that support reasoning about references constructed at different stages.

Structure and Contributions. The rest of the paper is structured as follows: §2 presents background
material on multi-stage programming (§2.1), on run-time and compile-time code generation (§2.2.1,
§2.2.2) and introduces our novel calculus A%, which supports both forms, along with its mechanised
semantics, key properties, and extensions (§2.2.3, §2.3, §2.2.5).

The subsequent sections present contributions:

o §3 formally presents the static and dynamic semantics of 23,., which we believe to be the
first formal calculus combining compile-time and run-time code generation.

o After a brief overview of our approach to mechanising MSP semantics (§4), §5 presents the
results we have established in Rocq, including three key MSP metatheoretical properties:
type soundness (§5.2), elaboration soundness (§5.3) and phase distinction (§5.4). There is very
little existing work on mechanising MSP semantics, and we believe that ours is the first that
goes beyond quotes and splices to support the fundamental code generation operations that
are essential for practical use of MSP.

Along the way, the exposition touches on some improvements to Xie et al.’s [2023a] work
arising from mechanisation: we proved the rather subtle substitution lemma that Xie et al.
assumed, and identified and fixed a bug in the statement of elaboration soundness (§5.3.1).

Finally, §6 surveys related work on MSP mechanisation and on MSP calculi that support both
compile-time and run-time staging, and §7 offers directions for further work.

2 Background and Overview

This section first reviews the background of multi-stage programming, discusses complexities in
its semantics, and motivates mechanisation (§2.1). It then presents an overview of the calculi with
code generation (§2.2), and summarizes key mechanisation properties (§2.3).

2.1 Multi-stage Programming

Two fundamental constructs in multi-stage programming (MSP), especially in MetaML-family
languages [Taha and Sheard 2000], are the quote (t) and splice $t annotations, which allow programs
to generate and manipulate code dynamically. In a two-level calculus, quotes and splices support
switching between object-level and meta-level as visualised in Fig. 1 [Calcagno et al. 2003a].
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Fig. 1. Key constructs in MSP. The colours blue and red represent the meta and object stage respectively.

Quoting an expression (t) postpones the computation of ¢ to a future stage by constructing a
code fragment (abstract syntax tree) representing t rather than evaluating it. Splicing an expression
$ t evaluates t and then integrates the resulting code fragment into the enclosing fragment, allowing
the construction of a code fragment from code fragments constructed elsewhere in the program.

Formally, the use of quotes and splices naturally introduces the concept of levels, which typically
appear as an index (i.e. an integer number) in the typing judgment, and are incremented and
decremented by quotes and splices, respectively [Taha and Sheard 2000]. A key property of MSP is
the level restriction (or phase consistency principle [Stucki et al. 2018]): the level where each variable
x is used must match the level of the lambda-abstraction in which x is bound.

Example. We demonstrate code generation via the power function, a kind of “Hello World”
example for MSP. Fig. 2a presents the pow function, which computes the nth power of a number
x in a straightforward unstaged manner by repeated multiplication. The pow5 function applies
pow to its argument x and the fixed exponent 5, so that calling pow5 will trigger a sequence of
recursive function calls at run-time.

We now demonstrate how to eliminate the over-
head of the recursive calls and branches using staging
annotations in Fig. 2b. The staged pow function is
identical to the unstaged pow, except for staging an-
notations. When executed it recursively generates a
quoted expression. The corresponding pow5 returns
a quotation, which takes x, and splices the result of
applying pow to (x) and 5. After evaluation, pow5
generates the code in the annotation, where the func- (a) Unstaged power function
tion consists of five multiplications of x.

This example illustrates the power and flexibility of
MSP, where code generation produces efficient code
for further execution. Note that the quote and splice
annotations support constructing larger quotations
from smaller ones, but not extraction or execution
of the constructed code fragments; §2.2 discusses ad-
ditional constructs for executing generated code at
run-time and at compile-time.

(* unstaged x)

def pow = lam x. fix pow. lam n.
if n == 0@ then 1
else x * pow (n-1)

U W N =

def pow5 = lam x. pow x 5

(* quotation-based staging =)
def pow = lam x. fix pow. lam n.
if n == 0@ then <1>
else <$x * $(pow (n-1))>

def pow5 = <lam x. $(pow <x> 5)>
(* generates <lam x.

(o e L

X % X * X * X *x X *x 1> %)

(b) Staged pow function
The subtleties of MSP. Although MSP has been
adopted in various languages [Burmako 2017; Chiang Fig. 2. Multi-stage programming
et al. 2024; Kiselyov 2014; Sheard and Peyton Jones
2002; Stucki et al. 2021; Xie et al. 2022, 2023a], it has
complex semantics and its interaction with many language features can introduce subtleties. In
§5.3.1, we discuss how our mechanisation revealed a bug in a prior pen-and-paper proof.
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We argue that the intricacy of MSP’s semantics and its complex potential interactions with other
language features makes mechanising MSP semantics both challenging and valuable. There is little
work on mechanising its semantics in theorem provers. To our knowledge, the only existing work
of this type is by Kameyama et al. [2011a,b], who have mechanised a calculus that supports MSP
and delimited control but does not offer a mechanism for executing the generated code.

This paper: mechanisation of MSP. This paper presents the first fully mechanised formalization
of quotation-based MSP with code generation; we provide details of the mechanisation in §4. We
build up our proof development incrementally, mechanising six calculi in total, whose hierarchy
is given in Fig. 3. Note that in the diagram, dashed boxes indicate language extensions which are
interesting or common features in the MSP literature, but are not our core. In contrast, the solid
arrows describe the hierarchy of features to whose analysis we devote the bulk the paper.

We start with Ay (§2.1), a basic quotation-based

staging calculus. This calculus features a level- [~77~~~" 2 T
runz [ Tun |

indexed type system and employs level-indexed re- | Cross-stage | Combined | Multi-level |

. ist ‘ leul [ |

duction [Calcagno et al. 2003b; Taha and Sheard | pe(r;;;;ce | C(EZC‘;;‘)S B (g;azgz) |

2000], but lacks explicit code generation mecha- “~~~"%I~ /\ SPE A

nisms, similar to Kameyama et al. [2011a,b]. We then 3 o

mechanise the calculi extended with two different Run-time Compile-time
. s . codegen codegen

code generation techniques: «2o0) 222

(1) Ayun, which adds MetaML-family style run- \/

time code generation (§2.2.1) B
(2) A%, which adds Template Haskell/ MacoCaml Quot:?tiop—
style compile-time code generation (§2.2.2) based staging

These two calculi are not new in themselves, but Fig. 3. Hierarchy of calculi

their corresponding semantics are mechanised for

the first time, providing a valuable foundation for further development. To demonstrate this, we
mechanise language extensions for each of the two calculi, described in §2.2.5 and §2.2.6. We
intend for this mechanisation to make it possible to establish distinctive MSP properties with high
confidence.

While most existing systems exclusively use either run-time or compile-time code generation,
each mechanism offers distinctive advantages. This motivates a natural desire to combine both
mechanisms within a unified system. To this end, we propose a novel calculus that, for the first
time, features both run- and compile-time code generation. The design presents challenges, as we
will demonstrate in §2.2.3. By fully mechanising the properties of this calculus, we establish its
soundness and rigorously verify its desired properties.

2.2 Code Generation

We begin by introducing run-time code generation (§2.2.1), followed by compile-time code genera-
tion (§2.2.2). We then present a novel combination of these two code generation mechanisms (§2.2.3),
and illustrate its use with an example (§2.2.4). Finally, in (§2.2.5) and (§2.2.6) we discuss two exten-
sions of the run-time and compile-time calculi respectively.

2.2.1  Run-Time Code Generation (Ayy,). MetaML-family languages [Taha and Sheard 2000] support
run-time code generation via a run construct. Fig. 4 presents a corresponding pow example.

The pow function remains the same as before (Fig. 2b). On the other hand, pow5 (Fig. 4a) runs
the quotation. The run construct triggers run-time code generation during evaluation, extracting a
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quoted program from its quotation and evaluating it. In this case, run simply takes the expanded
lambda outside of the quotation.
Fig. 4b presents the generated pow5 definition

K R i 1 (* run-time code generation *)
after evaluation, where pow5 is now a function

2 def pow = (* as before *)

raiherthanziquotaﬁon. 3 def pow5 = run <lam x. $(pow <x> 5)>
The run construct introduces complexities to
the formalism, as it dynamically changes the (a) Run-time code generation

level of an expression, and evaluates expressions

within quotations. This creates the risk of evalu- 1def pows = dam . x xE kX
ating open code, such as in run <x>, which would (b) Generated pows5 function

get stuck because x cannot be evaluated. Taha

[1999, §4] presented an early version of MetaML Fig. 4. Run-time code generation

where type soundness did not hold. In this work,

we follow the approach of Taha [1999]: when type-checking run e, we increment the level of every
local variable in the context by 1 during the type-checking of e.! We mechanise a calculus with run
for run-time code generation, and establish type safety by proving syntactic type soundness.

2.2.2  Compile-Time Code Generation (A*). On the other hand, languages like Scala [Stucki et al.
2021], Template Haskell [Sheard and Peyton Jones 2002], and MacoCaml [Xie et al. 2023a] offer
compile-time code generation via top-level splices. This capability enables the development of
libraries that can specialize themselves according to compile-time configurations.

Fig. 5 demonstrates compile-time code gen-
eration, again using the power function. The
example combines Template Haskell’s top-
level splices with MacoCaml’s notion of
macros. As before, the staged mpow (5a) repre-
sents the computation of a quoted expression
that computes the power function. However,
notably, mpow is a macro defined using the (a) Staged power function with macros
mac keyword.

The corresponding mpow5 splices the result
of applying mpow to its parameter and to 5.
The splice, not surrounded by quotes, is called
a top-level splice. A source program is compiled
by evaluating all top-level splices to produce a Fig. 5. Compile-time code generation
core program. Notably, this evaluation occurs
even within lambda bodies. In this case, the
compilation generates the mpow5 function in Fig. 5b, which is now recursion-free and consists
of five multiplications of x. As this example shows, compile-time code generation relies on an
elaboration process that compiles a source program (Fig. 5a) to a core program (Fig. 5b), by evaluating
top-level splices.

Following Xie et al. [2023a], we model macros as compile-time bindings. Formally, macro defi-
nitions (mac) are bindings typed at level -1 and can only be used at that level. In contrast, normal
definitions (def) are typed at level 0, and can be used at any positive levels (a form of cross-stage
persistence). This allows mpow5 to splice mpow in its definition.

(x compile-time code generation x)
mac mpow = lam x. fix mpow. lam n.
if n == @ then <1>
else <$x * $(mpow (n-1))>

AU W N =

def mpow5 = lam x. $(mpow <x> 5)

1 mac mpow = (* as before *)
2 def mpow5 = lam x. x * X * X * x *x x * 1

(b) After compilation

11f only relative levels matter, this is equivalent to decreasing the typing level. However, this design fits nicely in the presence
of global definitions, such as macros (§2.2.2), as we will see in §2.2.3.
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def back = lam f. <lam x. $(f <x>) >
def pow4 = run (back (* run-time codegen x)
(lam x.pow x ($(mpow <2> 2))))
(x compile-time codegen *)

Unlike Template Haskell and Maco-
Caml, we support nested quotes and
splices, where only topmost top-level

N

splice triggers compile-time code gen-
eration. To identify these top-level
splices, we use compiler modes, follow-
ing Sheard and Peyton Jones [2002]. 1 def back = (x as before *)
As we will demonstrate, identifica- 2 def pow4 = run (back (lam x. pow x (2 x 2 * 1)))
tion of top-level splices also plays
a crucial role in combining runtime
and compile-time code generation. 1 def pow4 = lam x. x * x * x * x * 1
The ability to nest quotes and splices
proves useful when programming
with top-level splices (§2.2.4). For in-
stance, a top-level splice that yields a
code expression after code generation
requires the source expression to contain nested quotes and, consequently, nested splices.
However, compile-time code generation introduces challenges, especially in the presence of
compile-time references. Since compile-time computations can create references, it is crucial to
ensure that locations allocated during compilation do not appear in the generated code, as the
compile-time heap is no longer available at run time. Establishing this property is subtle. For
instance, while this property does hold in MacoCaml, their statement of elaboration soundness [Xie
et al. 2023a] fails to establish it due to a missing precondition. We present a concrete counterexample
to the elaboration soundness theorem (§5.3.1), and then fix it.

(a) A program with run and a top-level splice

(b) After compilation

(c) Generated pow4 function at run-time

Fig. 6. Combine run-time and compile-time code generation

2.2.3  The First Formalism Combining Run-Time and Compile-Time Code Generation (13,,) . In this
paper, we also present the first staging calculus that supports both run-time and compile-time code
generation. The novel formalism combines run-time code generation via the run construct, with
compile-time code generation through top-level splices and macros. The power examples (Fig. 4a
and 5a) remain valid programs within this calculus. Moreover, Fig. 6 presents a power example
using both run and a top-level splice, illustrating their combination.

The program in Fig. 6a uses the pow (Fig. 2b) function and the mpow macro (5a), with both a run
construct and a top-level splice?. During compilation, the program evaluates the top-level splice on
line 3, elaborating to the pow4 definition in Fig. 6b. At run-time, the run construct evaluates back,
and extracts the result from the quotation and evaluates it, finally generating the pow4 definition
in Fig. 6c.

Challenges. Unfortunately, combining the two code generation mechanisms poses significant
challenges. As discussed, staging is formally managed through levels. Prior sections have outlined
a set of constraints and design decisions:

(D1) Quotes and splices increment and decrement the typing level, respectively (§2.1);

(D2) Type-checking run increments the level of each local variable in the context (§2.2.1);

(D3) def definitions are typed at level 0 and accessible at any positive level; mac definitions are
typed and used at level -1, enabling their erasure after compilation; top-level splices trigger
compile-time code generation (§2.2.2).

2The back function is found in Taha [1999] and well studied in the partial evaluation literature; it converts a function from
code to code into a single code fragment, and may be viewed as a two-level eta-expansion.
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1 mac m1 = lam x. 1 mac m2 = lam x. <lam y. <$y + 1>>
2 if x == @ then <<1+2>> 2 def k2 = lam z. run ($(m2 ()) <z>)
3 else <<2+3>> 3 (x lam z. run ((lam y. <$y + 1>) <z>)> *)
4 def k1 = run $(m1 2)
5 (% run <2+3> --> 5%) (b) good
(a) good
1 mac m4 = lam x. <run (x ())>

2 def k4 = $(m4 m3) (* as k3 =*)
1 mac m3 = lam x. getCompileFlag (); <1>

2 def k3 = run (m3 ()) (d) bad
3 (* run (m3 ()) --> error *)
1 def k5 = $((lam x.
(c)bad 2 <run (x ())>) m3) (x as k3 =*)
(e) bad

Fig. 7. Example programs of subtle interactions between different code generation mechanisms

Now we consider a few examples to demonstrate how these design decisions interact with each
other, as well the subtleties in combining the two code generation mechanisms:

First, consider the program in Fig. 7a. Here, k1 type-checks since while run increments the level
of local variables in the context (D2), the level of macros remain at -1 (D3). The top-level splice
in k1’s definition is evaluated during compilation, generating run <2+3>. This generated program
then evaluates at run-time, producing 5. Similarly, in Fig. 7b, splicing m2 () produces a lambda
lam y. <$y + 1>. The complete compiled program is a lambda that takes an argument z, and runs
and evaluates to z + 1. Note how these two examples use nested quotations, top-level splices, and
run: they show compile-time code generation producing code for later run-time code generation, a
valuable pattern for combining code generation techniques, similar to the pow4 example in Fig. 6.

Next, Fig. 7c presents a problematic program. Specifically, macros are compile-time bindings (D3),
and they may use information available only during compilation, such as compilation flags. Thus,
macros should not be accessible at run-time, and we cannot evaluate a macro at run-time. Fortu-
nately, we can readily reject this program: since k3 is type-checked at 0, and run does not change
the typing level and macros remain at level -1, m3 is not well-typed at level 0.

Unfortunately, relying solely on typing levels also presents difficulties. Consider the program
in Fig. 7d. In this case, run in m4 does not directly take a macro, but rather a local variable x,
which is well-typed since the x’s level gets incremented (D2) and is thus used correctly within
the quotation (D1). k4 is also well-typed and splices macros within a top-level splice. However,
expanding the top-level splice in k4’s definition generates run (m3 (); <1>) after compilation, leading
us back to the problematic scenario in Fig. 7c! Moreover, we can also inline the definition of m4
within k4, which leads us to k5 in Fig. 7e, which similarly generates the problematic run (m3 (); <1>).

Analysing Fig. 7d and 7e, we observe that both examples use run within a top-level splice, either
indirectly through splicing a macro that contains run (Fig. 7d) or directly (Fig. 7e). Therefore, to
rule out these examples, we incorporate an additional design decision when combining the two
code generation mechanisms:

(D4) We disallow the use of run within macro definitions and top-level splices.

This design is justified by the nature of run as a run-time construct, which should not be allowed
during compile-time evaluation. Rather than enforcing this restriction through a potentially ad-
hoc syntactic constraint, we adopt a more principled approach: our typing judgment tracks the
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typing level z, called the stage, and the evaluation level i, called the level. Intuitively, while macros
and top-level splices are typed at level -1, their actual compile-time evaluation occurs at level 0,
following the approach in Sheard and Peyton Jones [2002]; Xie et al. [2023a]. As such, the difference
between the typing stage z and evaluation level i indicates whether the expression will be evaluated
at compile-time (i > z) or run-time or a future stage (i < z). Therefore, the key design principle
within the type system is to permit run only when i < z.

In §3, we formalise A%, a staging calculus with fixpoints, quotations and splices, mutable integer
references, and compile-time code generation through macros and top-level splices, and run-time
code generation through run, incorporating design decisions (D1)-(D4). Our mechanisation proves
key properties, including soundness of compile-time and run-time code generation, as well as phase
distinction.

2.2.4 Example. We consider a three-stage program that computes the inner product of two vec-
tors [Taha 1999] . We apply both compile-time and run-time code generation, specializing the
vector size at compile time and the first vector at run time. This program exemplifies a potentially
practical application where shape/type information is often available during compilation, while
concrete values may remain unknown until run time. Fig. 8 presents the program.

1 (x iprod : int list code -> int list code code -> int -> int code code *)
2 mac iprod = lam v. lam w. fix iprod. lam n.

3 if n >0

4 then < < $(lift (nth $v $(lift n))) * nth $$w $(lift $(lift n))

5 + $$(iprod (n-1))> >

6 else < <0 > >

7

8 (* compile-time code generation: specialise size *)

9 def iprod3 = lam v. lam w. $(iprod <v> <w> 3)

11 (x run-time code generation: specialise first vector x*)
12 def iprod3d = run < lam w. $(iprod3 [1;2;3] < w >) >

14 (* provide the second vector x)
15 def res = iprod3d [4;5;6]1 (* 32 %)

Fig. 8. Staging the inner product of two vectors using both compile-time and run-time code generation

The macro iprod takes two vectors v and w along with their size n, and calculates their inner
product. We assume lift : int -> int code that lifts an integer to an integer code. In the first stage,
iprod3 knows the size of the two vectors, which enables specialization of the inner product function
on that size, eliminating a looping overhead. In the second stage, iprod3d passes in the first vector
at run-time, specializing iprod3 by eliminating the overhead of looking up the elements of the
first vector each time. In this case, we know the vector statically, but more generally the vector
may only become available after run-time evaluation. In the last stage, res applies the specialized
iprod3d to the second vector, and calculates the final result 32.

2.2.5 Extending the Run-Time Calculus with Cross-stage Persistence (Anung). Cross-stage persistence
(CSP) is a common feature in MSP, allowing variables to be used not just in the stage they are
bound, but also in future stages as well [Hanada and Igarashi 2014]. As an example, the function

lam f. <lam x. f x > requires cross-stage persistence to type, because if the entire expression lives
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at level n, then f is bound at level n and used at level n+ 1. Note however that CSP is poorly suited to
a calculus with compile-time code generation because it violates phase distinction. To demonstrate
the extensibility of this calculus, we implemented CSP in the run-time calculus, and proved that it
satisfies the same safety properties.

2.2.6 Extending the Compile-Time Calculus with Multi-level Usage (A%*). MacoCaml incorporates
shifted module imports, which allow top-level declarations to be used at a lower level relative to
the current module [Xie et al. 2023b]. It is possible to adopt a similar concept by allowing top-level
definitions to be used at any level, and macros at any negative level. This extension has a few
interesting consequences: First, definitions now act like “run-time macros,” easing the burden of
duplicating definitions as macros, similarly to the runtime libraries that can be both specialized at
compile-time and linked at run-time [Stucki et al. 2021]. Second, we allow macro specialisation by
splicing a macro within a macro. The iprod3 function in Fig. 8 can be defined with macros and be
erased after compilation. Analogously to CSP, this extension is poorly suited to a calculus with
run-time code generation because it violates phase distinction, and so we implement multi-level
use as an extension to the compile-time calculus.

2.3 Mechanised Properties

We have used our mechanised semantics to prove several desirable properties of our calculi,
and we summarize the key results in this section. All theorems and lemmas are proved in Rocq.
Because our proof development has multiple calculi, it should be noted that the combined calculus
(A%,,), which subsumes the quote-only, run-time, and compile-time calculi, is the primary focus of
future discussion in this paper. Except where explicitly stated otherwise, subsequent discussion
of properties and theorems concerns this combined calculus, and we will note when we discuss
aspects of our extension calculi.

Soundness of quotation-based staging and run-time code generation (§2.1 & §2.2.1). Our first key
result is that evaluation of well-typed, quotation-based staging programs does not get stuck —
that is, the calculus enjoys type soundness. We then extend the result to the calculus with run for
run-time code generation. With MSP, type soundness relies on well-stagedness; that is, a variable is
used only at the level to which it is bound.

This property is important for usability, freeing programmers from the need to examine generated
code for typing errors, which can be difficult to fix. Instead, they can focus on on ensuring that the
programs that they write are type-correct.

Soundness of compile-time code generation (§2.2.2). As described in §2.2.2, top-level splices generate
code during compilation. Consequently, we have a source calculus and a core calculus, and compiling
a source program evaluates top-level splices, generating a core program. We first establish compile-
time type soundness for the core calculus. That means, if the expression is well-typed at level -1, its
evaluation at evaluation level 0 does not get stuck. This ensures that the evaluation of expressions
during compilation produces well-typed and well-scoped expressions.

We then prove elaboration soundness; that is, well-typed source programs generate well-typed
core programs. Combined with the type soundness of the core calculus, elaboration soundness also
implies type soundness of the source calculus.

In the presence of compile-time side-effects such as references, elaboration soundness requires
properties beyond type preservation. In particular, since compile-time code generation may allocate
references, a program may require a compile-time heap. That compile-time heap is typically
discarded after compilation, and the generated program is run in a different environment. It is
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§3.1-3.2 §3.3
source tgf:rms elaboration (§3.5) core ter.ms execution (§3.4) Valu_es
QIX|TH T i QIZ|THE:T i Q|X|T+o: T
~> —>

§5.2 establishes

§5.3 establishes soundness

soundness

Fig. 9. Overview of the presentation of the Af’un calculus

therefore necessary for generated programs to be well-typed under an empty heap. Running the
generated program may also create further references, allocated in a run-time heap.

At a high-level, reasoning about compile-time heaps requires us to reason about references
created at specific stages. In other words, we need to prove that references allocated at compile-time
can only be used at compile-time, and thus the generated program cannot refer to any compile-time
references. As such, we can discard the compile-time heap after compilation.

MacoCaml [Xie et al. 2023a] presented a similar statement; however, MacoCaml fails to establish
the proper property due to a missing precondition, which we discovered during formalisation
of elaboration soundness, highlighting the importance of mechanisation. Moreover, adding the
missing precondition turns out to be non-trivial.

In this paper we use a stage-indexed relation to establish the desired property that compile-time
heaps will remain at compile-time.

Technical approach: stage-indexed relations. It is common when formalising programming lan-
guage to define relations inductively on types, then prove properties such as strong normalisation,
type safety, and program equivalence by showing that the relation holds at all base types and is
preserved by language constructs.

Our work makes use of a different type of relation, indexed by stages. We prove substitution
and reduction lemmas by showing that the stage-indexed predicate of interest is preserved under
reduction. Stage-indexed relations allow us to prove properties specific to a certain stage — for
example, that references allocated at compile-time remain at compile-time. We use them to fix a
shortcoming that formalisation exposed in the elaboration soundness statement of MacoCaml [Xie
et al. 2023a]. We then prove and mechanise elaboration soundness of compile-time code generation.

Phase distinction. We prove a phase distinction theorem, inspired by the phase splitting result
of [Harper et al. 1989], but extended to support compile-time computation. More precisely, phase
distinction guarantees that compile-time computations are not needed for run-time evaluation. As
a result, we show that macros can be erased before running a program: that is, after compilation
we can discard both compile-time heaps and compile-time bindings (i.e. macros).

Soundness of combining compile-time and run-time code generation (§2.2.3). Lastly, we formalise
/I‘Z’un, a calculus combining compile-time and run-time code generation. As discussed in §2.2.3,
deriving the correct formalism is a subtle matter due to the interaction between run, macros, and
top-level splices. We fully mechanise A%,,, demonstrating that all the aforementioned properties
continue to hold. Thus, we contribute the first formalism and mechanisation of a staging calculus
combining both code generation mechanisms in a provably type-sound way.
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type T etTypE:=Unit | B|N|Ty > T, | Ref T | (T)
term teTERM i=unit | b |n|x | Ax:T.t | t1t2 | ufit | k| m
| reft |1t |ty:=t|L]|(t)|$t]|run ¢t

program p € PROG :=defk =t;p |macm=t;p | t

Fig. 10. Syntax of ).‘Z’un

3 The Calculus

This section presents the syntax and semantics of A%, . Fig. 9 gives an overview of the section struc-
ture, which is based around two relations: execution (§3.4) performs run-time staging by evaluating
core programs that may themselves construct and run quoted expressions, while elaboration (§3.5)
performs compile-time staging, translating source programs (§3.1-3.2) into core programs (§3.3) by
evaluating code within top-level splices. Looking further ahead, §5 establishes the soundness of
these two relations.

3.1 Syntax of the Source Language

Fig. 10 presents the syntax of A%,,.

Types (T) include ground types unit (Unit), booleans (B), and numbers (N), functions (Ty — T5),
references (Ref T), and code fragments ((T)).

Terms (t) include constants unit (unit), booleans (b), and numbers (n), as well as variables (x),
functions (Ax: T.t), applications (11 t), and fixpoints (uf. t). There are two additional classes of
identifiers for (top-level) definitions (k) and macros (m), which are distinguished syntactically from
local variables x. Function parameters are type-annotated to ensure unicity of type; we should,
strictly speaking, similarly annotate fixpoint parameters, but omit the annotation in the presentation
to avoid clutter.

There are three operations on references: allocation (ref t), dereferencing (!t) and assignment
(t; := t3). During execution, references create locations (I), which are included in the syntax, but
cannot appear in source programs.

Finally, there are three syntactic constructs for MSP: (t) quotes an expression, $ ¢ splices an
expression, and run ¢ runs an expression.

A program (p) is a sequence of top-level declarations of definitions (def k = t; p) and macros
(mac m = t; p) followed by an expression t.

3.2 Static Semantics of the Source Language

The static semantics of A, are inspired by the formalisation of MacoCaml [Xie et al. 2023a], but
differ in a number of respects. In order to ensure the soundness of run-time code generation, our
semantics of A%, tracks both stages and levels, while MacoCaml, which supports only compile-time
code generation, tracks stages only.

Moreover, we split Xie et al.’s typing context into a context I" of variable bindings and a context Q
of top-level declarations to facilitate mechanisation. Retaining the combined context would require
us to prove additional properties, e.g. that the typing context contains only top-level declarations
in the type soundness proof.

Fig. 11 shows the contexts used in the static semantics of /1‘2’”,,. A is the set of possible identifier
names. Contexts (I') map local variables to their types, stages and levels. Heap types (X) map
locations to their types, and store types (Q) map variables to their types, with additional labels

Proc. ACM Program. Lang., Vol. 10, No. OOPSLA1, Article 152. Publication date: April 2026.



152:12 Ka Wing Li, Maite Kramarz, Ningning Xie, and Jeremy Yallop

context T': A fn, TYPE X (Z X N) :== & | T, x: (T, (z,1))

heap type X: A fn, TYPE =g | 50T
label lab € LABEL == def | mac

fi
store type Q: A = TYPE X LABEL =@ | Q,k: (T,def) | Q,m: (T, mac)

Fig. 11. Contexts for the static semantics

(lab) to distinguish definitions and macros. We use two pieces of notation to succinctly denote
fi
operations on finite maps with product codomains f : A = (BxC):

* foper 2 {a:(b,copc’)| f(a) = (b,c)} where op is a binary operation on C serves as a kind
of map function. For example, I, (1 1) shifts both the stages and levels of variables bound in I
upward by 1.

e fre 2 {a: (b,c)| f(a) = (b,c) AcRc'}, where R is a binary relation on C that serves as a
kind of filter function. For example, Q.,. removes the macros from Q.

3.2.1 Static Semantics of Expressions. Fig. 12 presents the static semantics of source expressions.
The judgment Q | 3 | T + t: T indicates that in the compilation mode *, the expression ¢ has type

T at the stage z and level i under the context Q, 3, and T. The compilation mode tracks whether
elaboration is below a top-level splice. We ignore the compilation mode for now and explain it in
more detail when we present elaboration (§3.5).

Although the syntax supports general references, we follow Xie et al. in restricting the heap to
ground types, because our focus is the distinction between the compile-time heap and run-time
heaps, not the scope extrusion problems that arise from references to code. The unary relation IF T
for well-formed heap types captures this restriction.

Definition 3.1 (Well-formed Heap Types). F T2 T=UnitVT =BV T =N

While scope extrusion is an important problem in multi-stage programming, it is not our focus
in this work. Omitting features that might cause scope extrusion is a common approach in the
literature: many published multi-staged calculi do not support mutable state at all [e.g. Calcagno
et al. 2004; Ge and Garcia 2019; Inoue and Taha 2016; Kameyama et al. 2008; Taha 1999; Xie et al.
2022]. In this style, we include a limited form of mutable state that allows us to study phase
distinction with compile-time staging (§5.4); retain type soundness; and avoid committing to more
elaborate techniques for avoiding scope extrusion, such as a static safety check like that of Calcagno
et al. [2003a], or a dynamic check like that of Lee et al. [2026]. We leave the study of higher-order
mutable state (including references to code) for future work.

Returning to the rules in Fig. 12, constants of ground types such as N are well-typed at any mode,
stage and level (T-NAT). The rules for references, such as T-REF, ensure that only references of
ground type can appear in programs. T-VAR states that free variables are well-typed if they appear
in context I' with matching type T, stage z and level i — that is, this calculus is monolithic, and does
not support arbitrary cross-stage persistence3.

Similarly, T-DEF and T-MAC state that uses of definitions and macros are well-typed if they
are associated in context Q with matching type and label. Uses of definitions are allowed at any
non-negative stage, allowing cross-stage use of top-level definitions, while macros are allowed only

3In our CSP-supporting extension, the premise is relaxed to require a variable at level j where i > j. No other rules differ.
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compiler mode =00 ‘ Q|2 l"li t: T
QIS|TEHT IFT
T-NAT
; T-REF
Q|2 |T+n:'N i

Q|2 | T+ ref t:Ref T
I'(x) =(T,(z1i)) Q(k) = (T,def) 0<z Q(m) = (T, mac)
—  T-VAR T-DEF T-MAC
QI |THx: T QI |THk:T QI|TF 'm: T

1- QIS|THH: T > Ty
QIS |Lx: (T (zi))r t: T

i
T-ABS Q|Z|FF ty: Tq

i T-APP
Q|2|F|— AXITl.t:Tl—)TZ i
Q|Z|FF tity: T

QISITf: (T, (z))E t: T

T-FIX
QIS |TH puft: T
QISITE T QIS |TE t:(T)
T-QUO T-SPL
i i+1
QIS |TH (t): (T) QT F"$t:T
i 0
QIS | Tyun F t:(T) i<z QS| Tyon ' t: (T)
T-RUN T-CODEGEN
QIS |THrunt: T QIS |TFS$e:T

Fig. 12. Static semantics of source expressions

QIZFp: T
k ¢ dom Q m ¢ dom Q
QS| o't T QIS | oL ATy t: Ty — T
Qk: (T, def)) | ZFp: T, Qm:(Ty » ,mac) | ZFp: T3
TP-DEF TP-MAC
Q|Zrdefk=t;p: T, Ql|Z+rmacm=Ax:T.t;p: T3

0
Q||+ t: T

TP-EXPR
Q|Zrt: T

Fig. 13. Static semantics of source programs
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expression t” € Expr” C TERM s=unit | b n|x | Ax:T.80 | )8 | pfit® | k| m

| ref tO [ 160 [#) =¢d | 1] (t') | run ¢°

t*! € expR™! C TERM  i=unit | b | n | x [ Ax: T ™ | 8l | pfit™ [k | m
| ref ti+l | !ti+1 | t;‘+1 = té‘+1 | 1 | <ti+2> | $l’i | run ti+1
value 0 € vaLue® € TERM  z=unit | b | n | Ax:T.t° | | (0!)
o' € vALUE' C TERM  z=unit | b | n|x | Ax:T.0' | o] o} | pfio’ | k| m

1
1

1

| refo! | 10! |o] =0y | 1] (0*) | run 0

v"*? € VALUE™? C TERM z=unit | b | n | x | Ax:T. o™ | ot*2 0l | uf o™ | k | m
| ref Ui+2 | !Ui+2 | Z)i‘+2 = Z)é'+2 | 1 | <Ui+3> | $0i+1 | run Ui+2
program  p, € VALUEppog z=def k = 0% p, | macm = 0% p, | 0°
value

Fig. 14. Level-annotated expressions and values

at stage —1. The rule for lambda abstractions (T-aBSs) is essentially the same as the corresponding
rule in simply typed lambda calculus (STLC), except that the entry for the bound variable x in T
records the stage and level information alongside the type T;; the rule for fixpoints (T-FIx) is similar.
These are the only two rules that introduce stage and level bindings into the environment, and are
essential for ensuring cross-stage safety. The rule for applications (T-app) also follows the standard
(STLC) rule, but additionally requires that the subexpressions are typed at the same stage and level
as the whole expression.

The three rules that relate to MSP are the only ones that involve subtle changes to stages or
levels. Quotes (T-QUo) increase both stage and level, and splices (T-spL) decrease them. The rule
for run-time code generation (T-RUN) follows the approach of Taha [1999]: the argument term
t is checked in a context (I';(1,1)) in which the stage and level of each entry is incremented. The
condition i < z maintains elaboration soundness, by ensuring that uses of the run construct are
well-typed only at run-time. In contrast, for compile-time code generation (T-CODEGEN), top-level
splices decrease the stage of the term but keep the same level 0, in order to preserve the levels of
the expression after code generation. To maintain soundness for top-level splices in the same way
as for the run construct, we use the fact that decrementing the stage or level in a typing rule is
equivalent to incrementing the stage or level in the context I'. Top-level splices therefore require
shifting the levels but not the stages of variables in the context I'.

The figure omits many standard rules that do not change the mode, stage or level; these omitted
rules are presented in the appendix.

3.2.2  Static Semantics of Source Programs. Fig. 13 gives the static semantics of source programs.
The judgment Q | ¥ + p: T indicates that program p has type T under store Q and heap 3. Typing

top-level declarations starts with mode C and level 0. Definitions and macros are typed at stage 0
and —1 respectively.

3.3 Static Semantics of the Core

The core calculus, the result of elaborating source terms, is almost identical to the source calculus,
except that it does not include top-level splices, which are removed by elaboration. The typing

judgment for core expressions Q | X | T+ t: T indicates that the term t has type T at the stage z
and level i under the contexts I', ¥ and Q; it is almost identical to the source expression judgment,
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QIZFp: T

k ¢ domQ m ¢ dom Q
0
QS| o T Q|| ot T
Qk: (T1,def) | Z+p: T, Q,m: (T;,mac) | X+ p: T,
TP-DEF TP-MAC
Q|Zrdefk=tp: T, Q|Z|—macm=vo;p:T2

0
Q|2 |2+t T
——— TP-EXPR
QISkt:T

Fig. 15. Static semantics of core programs

fi
heap term o: A = TERM = o[l t]

fi
store term w: A —> TERM X LABEL = & | w [k +— (t,def)] | @ [m +— (t,mac)]

Fig. 16. Heap terms and store terms

except that it does not include the compilation mode that guides elaboration. The typing rules (not
shown here, but given in the appendix) are almost identical to the rules for the source, but there is
no rule for top-level splices and there is an extra rule for locations Tc-Loc (which are well-typed at
any mode, stage and level), which cannot appear in source programs.

Fig. 14 shows the syntax of level-annotated expressions (t € Expr') and values (t € VALUE')
where i € Nj. A splice $ ¢ is an expression only at positive levels; we can thus use level-annotated
expressions to indicate the absence of top-level splices. The property t € VALUE'*! <= t € ExPR!
gives the key insight that a value at a higher level is an expression at a lower level. A program
value p, is a program where all top-level declarations are values at level 0.

Fig. 15 presents the static semantics of core programs. The typing judgment for core programs
Q | 2+ p: T indicates that a program p has type T under the contexts Q and X. Definitions and
macros are of level 0, indicating the absence of top-level splices. Both definitions and macros are
put into the store Q during typing; however, definitions are expressions typed at stage 0 (TP-DEF),
while macros are values typed at stage —1 (TP-MAC).

3.4 Dynamic Semantics of the Core

The dynamic semantics of )qun describe both the compile-time reduction of expressions within
top-level splices and the run-time execution of programs.

We use relational small-step with call-by-value evaluation in core AS,,. Small-step semantics
make evaluation order explicit, which is helpful for reasoning about the subtle evaluation of terms
in a multi-stage language, and make it easier to reason about divergence (introduced by fixpoints)
and about non-determinism (introduced by the rule p-reF, which picks some location I, not a
deterministically-chosen [ [Charguéraud et al. 2023]).

Fig. 16 shows the environments used in the dynamic semantics. Heap terms (o) map locations to
terms, following Scott and Strachey [1971]. Similarly, store terms (w) map variables to terms, with
additional labels to distinguish definitions and macros.

The relation |- t for well-formed heap terms restricts the heap to store only ground terms,
analogous to the |- T relation for well-formed heap types.
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o | (0,t) = (',

Fow IFo Fw IFo I¢domo Ikt
D-BETA D-REF
o | (0, (Ax:T.1°) 0°) -5 (o, [x > 0] 1) o | (a,ref t) - (o [L+= t],1)
Fow IFo o()=t Fow ko It
D-GET D-SET
o | (g’!l)i)(o',t) | (0,1:= t)L(G[lHt],unit)
Fo ko Fo ko
D-SPLICE D-RUN
| (0,$ (o)) N (o,0Y) o | (o,run (o')) LN (o,0Y)

i+1
w| (0,t) — (o, 1)

D-ABS;
w | (0, x:T.t) 25 (0!, dx: T. t)
ol (0,8) 25 (o, 1) o (0,1) == (o, 1)
D-QUO; D-SPL;
o | (0, (1)) — (o', (")) o] (0,81) = (o,$1)

Fig. 17. Dynamic semantics of core expressions

Definition 3.2 (Well-formed Heap Terms). -t £ t =unitVt=bVt=n

The unary relations |- ¢ for value heap and I+ w for value store capture the additional restrictions
that the heap o and store w contain only values at level 0.

Definition 3.3 (Value Heap and Value Store). |- ¢ 2 VI, o(I) = 0° and IF & £ Va, w(a) = (v°,1ab)

3.4.1 Dynamic Semantics of Expressions. Fig. 17 A rule w | (o, t) - (o, t') means: at level i and
store w, t with heap o evaluates to ¢’ with heap ¢’. The rules fall into two categories:

Reduction rules perform real computation steps. 23, includes the reduction rules of STLC at level
0, with value heaps and value stores. For example in D-BETA, the two subexpressions are values at
level 0, and a substitution is performed. Rule D-REF creates and modifies a mutable reference and
requires that the referenced term is a value of ground type, while the D-GET rule dereferences a
location I by resolving it in the heap o. There are two MSP-specific cancelation rules: D-SPLICE,
which operates at level 1, cancels a quote inside a splice if it is a value at level 1, and D-rRUN, which
operates at level 0, cancels a quote inside a run construct if it is a value at level 1.

Structural rules evaluate subexpressions. /lfun includes the structural rules of STLC at level 0. In
addition, all language constructs with subexpressions have structural rules at positive levels: a
quoted term may have splices that need to be evaluated within any sub-expression. For instance,
D-ABS; evaluates under lambda at levels greater than 0. In general, structural rules do not change
the level when evaluating subexpressions, but there are two exceptions: D-QUO; increases the level,
and D-spPL; decreases the level. The figure omits several less interesting structural rules, as well as
those which operate similarly to other listed rules. The appendix gives the complete set of rules.
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compiler mode =C|0]| ‘ w | (o, t) (a t)

Fo IFo o] (0,8) 5 (o, 1)
E-VAR

E-ABS

o1 (0,%) > (0,%) o | (0,2x:T.1) ~> (o x:T.t)

wl(crt) (O't) o | (a,t) ~ (o, 1)

E-QUO E-SPL

o | (0.(1)) > (o/.(t")) ol (o,8) ~ (6 $t')

w|(0,8) 5 (o) ] (o) —=* (o, (v )

E-CODEGEN

o (6,$1) ~ (0"

Fig. 18. Elaboration of source expressions

w | (o,p) ~ (d',p")
0| (0,8) ~ (o, 1) o] (0,t) > (1) o] (d,p)~ (")

EP-EXPR EP-DEF
o (a,8) ~ (o, t') o | (o,def k = t;p) ~ (", def k = t';p’)

o] (0.1~ (&)  wm: (' mac) | (o,p) ~ (¢”,p)

EP-MAC

w | (o,mac m=t;p) ~ (¢”,mac m=1t';p’)

Fig. 19. Elaboration of source programs

3.4.2 Dynamic Semantics of Programs. We lift the dynamic semantics to programs, given by the
judgment o | (o,p) — (0’,p’). This should be read as “under store w and heap o, program p
is reduced to p” with new heap ¢’ Top-level declarations are evaluated sequentially at level 0.
Definitions are reduced to values and put into the store w. In contrast, macros are not evaluated,
for two reasons. First, the core typing rule for macros TP-MAC requires that macros are already
values. Second, core programs are executed in a run-time phase which does not need macros. The
independence of run-time evaluation from macros is formally established in §5.4.

3.5 Elaboration from Source to Core

Elaboration is the compile-time translation of source programs with top-level splices to core
programs that do not contain top-level splices.

It is inspired by the formalism of MacoCaml [Xie et al. 2023a]. However, we depart from the
MacoCaml presentation by separating the type-directed elaboration of the source language into
static and dynamic semantics. This separation makes it easier to mechanise proofs as we need
to reason about the heap, and more closely reflects the MacoCaml implementation, which first
type-checks the source code of a program and then compiles the program to an executable.

Fig. 18 presents the elaboration of source expressions into core expressions. The judgment

w | (o,t) N (¢’,t’) indicates that in the compilation mode *, the source expression t at level

i under heap o is elaborated to a core expression t’ with a new heap ¢’. Elaboration operates
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Fig. 20. Lines of code in the mechanisations

homomorphically on the source, except on quotes and splices. The figure consequently includes
only a few representative or notable rules, omitting the rules that straightforwardly elaborate
subexpressions, which are given in the appendix.

E-VAR says that free variables elaborate to themselves under a well-formed store and heap. -
ABs states that elaboration (unlike evaluation) goes under lambdas. The compilation mode tracks
top-level splices, crucial because they trigger code generation. Elaboration of expressions starts
in mode C, and switches between O and S when encountering quotes and splices. Elaborating
inside the body of a quote switches compilation mode to O, regardless of the current mode, and
increments the level (E-Quo). Elaborating inside the body of a splice not at top-level, i.e. in mode
or S, switches compilation mode to S and decrements the level (g-spr). A splice $¢ that appears in
mode C and at level 0 is regarded as a top-level splice and triggers code generation. The source
term ¢ is elaborated to a core term t’, which is reduced to a quoted value (v') using the dynamic
semantics of the core, and o' finally extracted as a core language expression (E-CODEGEN).

Fig. 19 presents the elaboration of source programs into core programs. Elaboration is written as
the judgment w | (o, p) ~ (0’, p’), indicating that under store w and heap o, a source program p
is elaborated to a core program p’ with a new heap ¢’. The top-level declarations are elaborated
sequentially, in mode C at level 0. Only macros are added to the store w because elaboration takes
place in the compile-time phase, and so cannot make use of top-level definitions.

4 Mechanisation

We have formalised all the definitions of the syntax and semantics of 23, in §3 and all the theorems,
lemmas, and corollaries in §5 with Rocq version 9.0.0. Our Rocq development A5, is fully constructive
and axiom-free, both in the semantics and the proofs of the results.

4.1 Proof Development

Our mechanisation makes use of several existing tools and libraries. Ott [Sewell et al. 2010] is used
to efficiently work on the semantics of Afun. LNgen [Aydemir and Weirich 2010] generates Rocq
code for locally nameless representations from Ott. LibTactics.v [Pierce et al. 2024], contains useful
tactics to facilitate proof automation. std++ [std++ team 2024] provides data structures (e.g. finite
maps) and useful lemmas and tactics.

Fig. 20 shows lines of code used per calculus. The base calculus supports multi-stage programming
with quotes, splices and first-order state, and the other calculi add support for run-time staging via
run and for compile-time staging via macros and top-level splices. As the figure shows, compile-time
code generation is a more substantial addition to the base calculus than run-time code generation,
since it introduces an elaboration step along with theorems about that elaboration.
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In each case, Base.v defines the syntax of the calculus, along with various predicates on the heap
and store. The static and dynamic semantics of the core and source languages are respectively
defined in Core.v and (for the calculi supporting compile-time code generation) in Source.v. Infras-
tructure.v includes tactics and lemmas related to the locally nameless representation, as well as the
properties of the calculus. As the filenames suggest, TypeSoundness.v, ElaborationSoundness.v,
and PhaseDistinction.v prove the key theorems of L

4.2 Differences between the Mechanisation and the Calculus

Representation for variable bindings. The presentation of the calculus in §3 uses the familiar
notation of named variables and substitutions. However, dealing with names is inconvenient in
mechanised semantics, so our mechanisation represents variable bindings using the locally nameless
representation (LN) [Charguéraud 2012], which combines de Bruijn indices for bound variables
with a nominal approach to free variables. With LN, a lambda abstraction is written as A. t. Two
fundamental operations switch between the de Bruijn representation and the nominal approach:

e (opening) {i — x} t means open index i with atom x in t, with shorthand t* £ {0 — x} ¢.
o (closing) {i < x} t means close atom x with index i in t, with shorthand Wt 2 (0 — x}t.
LN combines the advantages of nameless and nominal approaches: it supports simple definitions of

capture-avoiding substitution and fS-reduction, and avoids the need to deal with a-equivalence.

Co-finite quantification of bindings. To further ease mechanisation, we use the co-finite quan-
tification rule of bound variables [Aydemir et al. 2008; Charguéraud 2012]. To understand the
representation, first consider the following two typing rules:

WEAK STRONG
x ¢ fv(t) U dom(T) Ix:Tykyt*: Ty Vx¢fv(t)Udom(T) = T,x: Ty +s t¥: T

Tty At T > T, F'rg At Ty > T,

The existential rule has a strong elimination form but a weak introduction form. Specifically, its
induction hypothesis holds only for a particular x introduced by the derivation, which is often
not fresh enough, necessitating need non-trivial renamings. Conversely, the universal rule has a
strong introduction form but a weak elimination form, which requires its premise to hold for every
sufficiently fresh name.
Aydemir et al. [2008] advocate a co-finitely quantified rule of LN:
Vx¢é¢A = Ix: 1+t T,
COFINITE

TreAdt: Ty - T
The rule provides a compromise between the existential rule and the universal rule: its induction
hypothesis holds for infinitely many xs, and often one of them is fresh enough; moreover, we can
carefully choose A to exclude problematic atoms during introduction.
It is common in MSP to manipulate open terms, such as evaluation under lambda at higher stages.
By employing LN with co-finite quantification, we obtain strong induction principles for free.

A hybrid of substitutional and environmental model. Our hybrid of substitutional and environmental
models for the operational semantics is inspired by the internal design of the Lean4 theorem
prover [Microsoft Research 2024], which separates variable bindings from the environment for the
top-level identifiers. This design decision helps with ensuring macro hygiene, as demonstrated
in Fig. 21, where the top-level definition k is not captured by the lambda after compilation.
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Syntactic notations as judgments. The calculus of §3 uses

several simplifying syntactic conventions that avoid exposing ! d¢f k = 42

the full bureaucratic requirements of mechanisation. First, the i ZZ; m i i:g ; : :Z; o
notation o' in the calculus rules indicates that the expression - ’
denoted is a value at level i, but the mechanisation instead compilel

adds an extra premise v € VALUE' to each such rule. Second, 1 def k = 42

§3 defines t € ExPR! and v € vALUE' in Backus—Naur form, 2 mac m = lam _ . <k>
but the mechanisation defines them as level-indexed induc- 3 def _ = lam k_1 . k

tive families. Finally, the LN approach requires that we add
locally-closed predicates to the premises of binding rules in  Fig. 21. An example of capture-
the semantics of 13,,. avoiding macros

5 Mechanised Metatheory

This section presents the metatheoretical results that we have formally established for Afun. §5.1
describes the basic properties of the calculus, and the following three sections present the key
properties: type soundness (§5.2), elaboration soundness (§5.3) and phase distinction (§5.4). The dis-
cussion of elaboration soundness for A%, includes the identification and correction of a shortcoming
that we have identified in the published statement of elaboration soundness for MacoCaml [Xie
et al. 2023a] (§5.3.1) and the notion of stage-indexed relations (§5.3.2) that we use in our proofs.

5.1 Basic Properties

We prove variants of two classical lemmas known as promotion and demotion [Calcagno et al. 2003a;
Moggi et al. 1999], generalized to our separate treatment of typing stages and evaluation levels.
These lemmas allow us to reason about cross stage usage of top-level definitions and compile-time
code generation by top-level splices.

Lemma 5.1 (Promotion). An expression that is well-typed at run-time is also well-typed at any future
stage. That is, wheneveri < z < 2/, we have

QIE|TE T implies Q|3 |Tywosg) b t: T
Lemma 5.2 (Demotion). A value that is well-typed at compile-time is also well-typed at one lower

level. That is, whenever z < i+ 1 we have, for everyt € VALUE'™,

N _
QS| Ty F t:T  implies Q| |Tr t:T

These lemmas allow us to establish substitution properties for the static and dynamic semantics
of 23,,. The substitution lemmas are generally as expected and are so elided, though we note that
substitution in the dynamic semantics requires an extra predicate due to the subtle interaction
between stores and terms. For example, consider the reduction rule for definitions (the case for
macros is similar):

| (0,k) BN (o,1) (given w(k) =t)
This reduction should be preserved under the substitution of an expression u for a free variable x:
| (o,[x — ulk) N (o,[x > u]t) (given w(k) =1t)

On the left-hand side of the reduction substitution cannot affect k, because top-level variables
and lambda-bound variables are syntactically disjoint classes. However, on the right-hand side
of the reduction, t could in principle contain the variable x, invalidating the reduction rule after
substitution. We then extend the definition of free variables to stores, and include it as a precondition:
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Run-time Compile-time Soundness
Soundness Soundness (programs)
= —
i T /T
' -

Soundness Progress Preservation
(expressions) (programs) (programs)
Progress Preservation
(expressions) (expressions)

Fig. 22. Proof dependencies for type soundness theorems

Definition 5.1 (Free variables of stores). fv(w) £ | {fv(t) | (a) = (t,1ab)}

Before moving to the main theorems, we give constructive definitions for well-formed heaps and
stores, which allow us to extract evidence of the term associated with an identifier of known type.

Definition 5.2 (Well-formed heap).

domo = domX
SIFo2
{2(1)=T — Fto()=tAD | D |2t T

Definition 5.3 (Well-formed store (Compile-time)).
domw C dom Q
QS w2 VaT,w(a) # (T,def)
0
Q(a) = (T,mac) = Ft,w(a) = (t,mac) AQ |Z| @+ 't: T

Definition 5.4 (Well-formed store (Run-time)).
domw C dom Q
QIS IFH w2 {¥aT,w(a) # (T, mac)
Q(a) = (T,def) = 3t,w(a) = (1, def) A (vZ >0 = Q3| @bt T)

5.2 Type Soundness

We follow the widely-used approach of establishing soundness by proving preservation and progress
properties [Wright and Felleisen 1994]. The preservation lemma is reused later for proving the
elaboration soundness (§5.3) and the phase distinction theorem (§5.4). The dependencies between
type soundness-related theorems are given in Fig. 22, with dashed lines representing corollaries.

5.3 Elaboration Soundness
5.3.1 Counterexample. Xie et al. [2023a] present the following elaboration soundness statement:

Theorem 5.3 (MacoCaml Elaboration Soundness (Expressions)). Elaboration of source expressions
preserves typing. That is, under a well-formed heap o and well-formed store w, and with z < i,

QISITE T and o|(ot) > (o,t) imply Q|@|TH¢:T
While the MacoCaml language does have the elaboration soundness property (i.e. every well-
typed source program elaborates to a well-typed core program under an empty heap), this theorem

does not quite hold as stated. The problem can be demonstrated via a source configuration that
elaborates to a core program [ that is not well-typed with an empty heap in the core language:
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Q=9,m: N — (Ref N) w=9[m Ax:N.(])]
Y=o,I: N oc=0 [l 0]
r=9o t=%$(m42) T =Ref N

o (0,8) ~ (a,])

This source configuration cannot arise from a closed source program, but it might arise by linking
an open source program against a non-empty heap. The failure of the theorem then arises from a
missing invariant on heaps: the heap should not have values containing locations with positive
stages. We now explain how to add the missing invariant and repair the theorem.

Write NoPositiveLoc, (t) to mean that a term ¢ at stage u does not contain locations with positive
stages. NoPositiveLoc, () traverses t, incrementing and decrementing u at quotes and splices, and
fails if it encounters a location when u is positive. The appendix gives a full definition.

The invariant that the store w contains no locations with positive stages can then be defined by
checking NoPositiveLoc, for every ¢ in w:

okw £ Va,w(a) = (t lab) = NoPositiveLocy(t)

Adding the requirement ok w to the statement of elaboration soundness given by Xie et al. [2023a]
addresses the problem identified above:

Theorem 5.4 (Elaboration Soundness (Source Expressions)). Elaboration of source expressions
preserves typing. That is, under a well-formed heap o and well-formed store w with no locations at
positive stages, and with z < i, we have that

QIZITHET and ] (ot)~ (¢,t)  imply Q|@|TH ¢:T

Theorem 5.5 (Elaboration Soundness (Source Programs)). Elaboration of source programs preserves
typing. That is, under a well-formed heap o and well-formed store » with no locations at positive
stages, we have

Q|Zrp:T and o] (o,p)~ (d,p)) imply Qlorp':T

The case where the store and heap are empty follows as an easy corollary:
Corollary 5.6. If @ | D+ p: T and @ | (&,p) ~ (0,p"), then S | S+ p': T.

Proving elaboration soundness in the presence of MSP involves reasoning about non-trivial
properties, especially the interaction between stages and the MoNoLITHIC rule. We approach the
challenge using the notion of stage-indexed relations.

5.3.2 Stage-Indexed Relations. To prove elaboration soundness, we must ensure that compile-time
computations do not propagate the heap to run time; in particular, locations must not cross to
future stages. Intuitively, this property follows from the fact that locations can only be generated
at level 0 of some stage z, and there is no sequence of reduction steps that can generate a code
expression with a location at a level other than 0 or a stage greater than z.

To establish this formally we prove in terms of stage-indexed relations, inspired by the widely-
used approach of logical relations, which are used to prove thorny properties of programming
languages such as strong normalisation. We show that our stage-indexed predicate NoPositiveLoc
is preserved under reduction and substitution, and then prove properties specific to a certain stage
— for example, that references allocated at compile-time remain at compile-time. In the abstract, we
show that a stage-indexed predicate P, (-) is preserved under reductions, i.e.

TH t:TAt— t' APi(t)  implies  Pi(t)
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along with a substitution property, i.e.
TH t:TATIF y AP, (1) implies P,(y(1))
where the notation I' I-? y indicates that the substitution y satisfies the type context I'.
The mechanisation establishes the substitution property for NoPositiveLoc, uses it to establish
the reduction property, and then uses the reduction property in the proof of elaboration soundness.

5.4 Phase Distinction

A distinctive property of MacoCaml [Xie et al. 2023a], which /Ifun inherits, is phase distinction,
which permits us to erase macros from both the typing context and the evaluation context before
run time, without changing run-time execution.

Definition 5.5 (Macro Erasure [[-]]).

(=1 =0
Q] 2 Qumae [k : (T.deD)]] = [[Q]].k : (T, def)
e @m (Tmao)]] =(1QN
iell =0
[«]l £ ©imac [,k : (t,def)]] = [[w]l, k : (¢, def)
e Mom mao)]] =lell

[[def k =¢;p]] =defk =1¢;[[p]]
[[p1l [[mack=t:pll = [[p]]
[[21] =t

Our mechanisation uses Rocq’s instance classes to define a generic metadata filter for f.. Erasure
in the store is an instance of this filter, while erasure in a program is defined recursively on program
structure. The following theorems establish that erasure preserves static and dynamic semantics.
Theorem 5.7 (Erasure (Expressions)).

Assuming (1) Q | 2|1“|£ t:T2)i<z@B)Q|ZIH 0w 4w | (a,t)—id* (o, t)

wehave (D[[Q]] |Z|TE t:T @) [[w] | (0.t) —* (o', 1)
Theorem 5.8 (Erasure (Programs)).
Assuming (DQ|Zrp:T2)Q|ZIH w B)w | (o,p) — (o', p")
we have (1) [[QI | 2+ [[pll: T (2) [[«]l | (o, [[p]D) — (o, [[2"]D

6 Related Work
6.1 Mechanised Semantics of Multi-stage Programming

To our knowledge, although there is a great deal of formal pen-and-paper study of multi-stage lan-
guages, there is only one previously published mechanised semantics of such a language, described
by Kameyama et al. [2011a] with additional details given in an extended abstract [Kameyama et al.
2011b]. That work studies a calculus, A2, that combines quotation with answer-type polymorphic
delimited control, with a restriction that prevents moving code across binders. The Twelf mechani-
sation accompanying the work implements a small-step reduction over intrinsically-typed syntax,
with a proof of type soundness. Since A2 does not support code execution mechanisms such as
top-level splices (for compile-time code execution) or the run construct (for run-time code execu-
tion), the other properties we study here are not applicable. The extended abstract describes some
(apparently unresolved) challenges with dropping the restriction on code motion across binders,
arising from the representation of binding contexts and continuation frames in the semantics.
Multi-stage programming is sometimes viewed as kind of explicit variant of offline partial
evaluation, in which the reduction of statically-known terms is guided by annotations rather than
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by an automated binding-time analysis. A form of offline partial evaluation, Type-Directed Partial
Evaluation (TDPE), has been the subject of some formal study, by Ilik [2013], who shows that the
TDPE algorithm normalizes well-typed programs, and by Hirota and Asai [2014], who show in 300
lines of Rocq code that TDPE for simply-typed lambda calculus additionally preserves semantics.
Taking a broader interpretation of mechanised proof, several works establish type soundness via
shallow embedding of various staged calculi, inheriting soundness properties from the type system
of the host language. For example, Kameyama et al. [2015] use a tagless-final embedding [Carette
et al. 2009] of an effectful staged language into Haskell, Kiselyov et al. [2016] uses a similar
embedding into OCaml, and Schuster and Brachthéduser [2018] uses a HOAS embedding of a two-
level lambda calculus in Idris. More recently, Kovacs [2024] accompanies a design for closure-free
programming in a two-stage language with an embedding into Agda as a collection of axioms.

6.2 Mixed Compile-Time/Run-Time Multi-stage Programming

We are aware of two published systems that combine compile-time and run-time MSP in a single
language. Both Parreaux et al. [2017a] and Stucki et al. [2018] give informal presentations of
extensions to Scala that use the same features to support both run-time MSP and compile-time
macro systems. Our system is inspired by the design of Stucki et al., and we also follow them in
disallowing uses of the run construct within top-level splices, but not in prohibiting effectful code
within splices altogether, since our ground-type references do not introduce the scope extrusion
problem that their blanket prohibition seeks to prevent. However, although the features we study are
similar, the nature of our work is different: rather than presenting an informally-described language
extension we study a formal calculus, firmly establishing key properties via mechanisation.
There is also unpublished work on extending compile-time MSP systems to support run-time
MSP, in Typed Template Haskell [Mainland 2013] and in extensions of work by Kovéacs [2022].

7 Future Work

The work described here is intended as a first step towards a framework for mechanised study of
multi-stage languages. The literature on such languages suggests several possible future directions.

Approaches to quotation. As another kind of extension built on this calculus, we might incorporate
support for different varieties of quotation, such as heterogeneous [Mainland 2012] or untyped
quotations [Berger et al. 2017; Sheard and Peyton Jones 2002], or quotations that can be analysed
as well as generated [Jang et al. 2022; Parreaux et al. 2017b; Stucki et al. 2021].

Interactions with staging. We plan to extend the system to study features that interact with MSP,
such as modules and module functors as found in MacoCaml [Chiang et al. 2024; Xie et al. 2023a],
as well as higher-order state (i.e. code quotations) and delimited control, which can introduce
the challenging problem of scope extrusion that has received significant study [Czarnecki et al.
2004; Kameyama et al. 2009; Kiselyov et al. 2016; Kokaji and Kameyama 2011]. Various forms of
more sophisticated types also introduce subtle interactions, and we hope to study some of these by
extending our system with support for overloading [Xie et al. 2022] and polymorphism [Calcagno
et al. 2004; Kiselyov 2015] and perhaps with some form of dependent types [Kawata and Igarashi
2019; Kovacs 2022] or Generalized Algebraic Data Types (GADTs) *.

Extraction of a MSP code generator. Following Rao et al. [2025], one potential application of our
mechanisation is the extraction of an interpreter from our proof development, which would act as
an executable semantics of the multi-stage framework we have mechanised.

4The 15 December 2016 entry in the MetaOCaml Changelog records a harmful interaction between GADTs and quotation:
https://github.com/metaocaml/ber-metaocaml/blob/ber-n114/ber-metaocaml-114/ChangeLog
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