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Goal: minimise the maximum load max;c,) 2", where z* is the load vector after ball ¢.
< minimise the gap, where Gap(m) = max;e,) (z{* —m/n).
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Applications in hashing, load balancing and routing.
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(1 + B)-Process:

Parameter: A mizing factor 8 € (0,1].

Iteration: For each t > 0, with probability 5 allocate one ball via the Two-CHOICE
process, otherwise allocate one ball via the ONE-CHOICE process.

Introduced by Mitzenmacher [Mit96] as a faulty setting for Two-CHOICE.

In the heavily-loaded case, [PTW15] proved that the gap is w.h.p. 0(102") for any
B8 €(0,1].

It has been used to analyze population protocols [AAG18, AGR21], distributed data
structures [ABK'18, AKLN17, Nad21] and online carpooling [GKKS20].

Question: Why choose a g < 17
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Mitzenmacher [Mit00] and Dahlin [Dah00] empirically observed that Two-CHOICE
does not perform well with outdated information. ~~ herd phenomenon

Several low-latency schedulers use variants of Two-CHOICE (Eagle [DDDZ16],
Hawk [DDKZ15], Peacock [KG18]). Sparrow [OWZS13] remarks

The power of two choices suffers from two remaining performance problems: first,
server queue length is a poor indicator of wait time, and second, due to messaging
delays, multiple schedulers sampling in parallel may experience race conditions.

In the queuing setting, Whitt [Whi86] remarks:
We have shown that several natural selection rules are not optimal in various sit-

uations, but we have not identified any optimal rules. Identifying optimal rules in
these situations would obuviously be interesting, but appears to be difficult.
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Drift inequality statement

Analysis

Theorem ([LS22a, Corollary 3.2])

Consider any allocation process and probability vector p satisfying condition C; for
constant § € (0,1) and € > 0. Further assume that it satisfies for some K > 0 and some
R > 0, for any ¢t > 0,

n 1 ’)’2
E[o!| 5] §Z<I>§-<1~|—(pi—ﬁ)-R-7—|—K-R~—),

n

and

2

E[Ut ]3] gzn:\pt (1—1—(1—;01) R-7+K-R~—2).

n
Then, there exists a constant ¢ := ¢(d) > 0, such that for v € (0 min {1, T )
=)
E[I"§]<T" R (1——) + R - ce,

8n
and

8¢
t
E[F]§—6 n.

20



Drift inequality statement

Theorem ([LS22a, Corollary 3.2])

Consider any allocation process and probability vector p satisfying condition C; for
constant § € (0,1) and € > 0. Further assume that it satisfies for some K = 2C' and some
R =1, for any t > 0,

n
1 72
Bl 5] s 3at (14 () v ),
and with condition Cqy

41| et S t L ) ’7_2 for const C' > 1
E[U \s]gZ\y <1+( pi) -7 +2C n)

Sequential setting

Then, there exists a constant ¢ := ¢(d) > 0, such that for v € (O min {1, e )

€
E[I"§]<T" R (1—8—)4-076
and

8¢
t
E[F]§—6 n.

Analysis

20



Drift inequality statement

Theorem ([LS22a, Corollary 3.2])

Consider any allocation process and probability vector p satisfying condition C; for
constant § € (0,1) and € > 0. Further assume that it satisfies for some K = 2C' and some
R =1, for any t > 0,

E[o | §] gzn:cbﬁ-<1+(pi—%)-v+20~7—2),
i=1

n

Sequential setting

and with condition Cqy

- 1 2\ [P
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n n
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5(0 . 27 2

” 1
E [ it | St] < Z 48 (1 + (‘ - pz) by + b- BAT(‘HED setting with Cs
i fmC'*l+671+O(\/n7/b)
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For more applications, see “Balanced Allocations: A Refined Drift Theorem with Applications”.

E|T <F~n.
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Investigate its performance in practice.

Is the (1 + ()-process supperior in other settings such as 7-DELAY or g-ADV-COMP?
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Apply the mizing operation to other algorithms and setting.

Improve the bounds on the gap to be tight up to lower order terms.

Investigate settings with non-homogeneous machines.
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Questions?

Analysis

More visualisations: dimitrioslos.com/spaa23
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https://dimitrioslos.com/spaa23

Appendix A: Empirical results for QUANTILE(J) process

Gap(m) at m = n? and n = 10? bins

100 T

b="70n
801 ] b=60n
b =50n
60 1 A |——b=40n
—b=30n
40| —b=20n

20 [~ s

0 | | | |
0 0.2 0.4 0.6 0.8 1

Parameter 7

Results for mixing the QUANTILE(J) and the ONE-CHOICE process with probability
n € [0,1].
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Appendix B: Weighted Setting

Balls have weights sampled from a distribution W with E[W] =1 and E [e"V ] < ¢
for constants ¢, c > 0.

[PTW15] showed that processes satisfying C; achieve w.h.p. (’)(10%) gap.

I=1 Open in Visualiser.
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https://dimitrioslos.com/phdthesis/settings/weighted/weighted.html

Appendix C: Empirical results for Weighted setting

Gap(m) at m = n? and n = 10 bins

—— THREE-CHOICE
Two-CHOICE

— (1 +8), 5205
—(1+p5),8=+/n/b-logn

(1—|—5),ﬁ—0.7 n/b-logn

O | | | |
0 10 20 30 40 50

Normalized batch size b/n

Weights sampled from an Exp(1) distribution.
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Similarly, for the ¥? potential.
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Hence, the number of bins with normalized load Q(/(b/n) -logn) is at most

cn - e—’yQ(\/(b/n)Jogn) < on.

Hence, by looking at the potential for constant 7 > 0 and an offset,

At = Z 7 (@i= £ =0/ (b/n)logn))
izt >L4+Q(y/(b/n)-logn)
every bin 4 contributing to the potential has p; < 1;6, SO

E [AH'l | §8, T < cn] < At (1 — %) + 2.

By induction, this implies that E[A™] = O(n).
Finally by Markov’s inequality that w.h.p. Gap(m) = O(\/(b/n) - logn).
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