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1. Prove that the rules defining=α in Figure 1 [p 11] do indeed define an equiv-
alence relation.

2. Show that every atom-permutation is equal to a finite composition of trans-
positions. [p 12]

3. Prove that the atom-permutation action on terms defined in Example 7(ii)
[p 13] preserves=α. (See Theorem 12 for the general reason why this is so.)

4. Prove the claim in Example 7(iii) [p 13] that the smallest support of anα-
term is its finite set of free atoms. [Hint: use the method sketched in Exam-
ple 7(ii), but replacing= with =α andatm(−) with fa(−).]

5. Show that in the productX1 × X2 of two nominal setsX1 andX2 [p 14],
support satisfies:supp((x1, x2)) = supp(x1) ∪ supp(x2).

6. LetX andX ′ be nominal sets. We call a functionf : X → X ′ equivariant
if it satisfiesf(π · x) = π · (f x) for all x ∈ X andπ ∈ Perm. Show
that an elementf ∈ (X→fsX

′) of the nominal set of finitely supported
functions [p 14] satisfiessupp(f) = ∅ iff f is an equivariant function.

7. Let(an | n ∈ N) be an enumeration of the countably infinite setA of atoms.
Is the functionn 7→ an finitely supported? Is the set{a2n | n ∈ N} a
finitely supported subset ofA regarded as a nominal set in the usual way
(Example 7(i))?

8. Show that for every finitely supported subsetS of the nominal setA of atoms,
eitherS is finite orA − S is finite.

9. Let X be a nominal set. We call a subsetS ⊆ X equivariant if it satisfies
π · x ∈ S for all π ∈ Perm and allx ∈ S. Show that an elementS ∈
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Pfs(X) of the nominal set of finitely supported subsets ofX [p 14] satisfies
supp(S) = ∅ iff S is an equivariant subset.

10. LetX andY be nominal sets.

Show that the following are equivariant subsets (cf. Exercise 9):

(i) Truth: X ∈ Pfs(X).

(ii) Equality: {(x, x′) ∈ X × X | x = x′} ∈ Pfs(X × X).

(iii) Membership:{(x, S) ∈ X × Pfs(X) | x ∈ S} ∈ Pfs(X × Pfs(X)).

Show that the following are equivariant functions (Exercise 6):

(iv) Conjunction:(−) ∩ (−) ∈ Pfs(X) × Pfs(X)→fsPfs(X).

(v) Negation:¬ ∈ Pfs(X)→fsPfs(X), where¬S , {x ∈ X | x /∈ S}.

(vi) Universal quantification:
⋂

∈ Pfs(Pfs(X))→fsPfs(X), where
⋂
S ,

{x ∈ X | (∀S ∈ S) x ∈ S}.

(vii) Substitution:f∗ ∈ Pfs(Y )→fsPfs(X), wheref ∈ X→fsY is an equiv-
ariant function andf∗S , {x ∈ X | f(x) ∈ S}.

(viii) Classification:χ ∈ Pfs(X×Y )→fs(X→fsPfs(Y )), whereχS , λx ∈
X.{y ∈ Y | (x, y) ∈ S}.
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