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Abstract

Balanced allocations under incomplete information:
New settings and techniques

Dimitrios Los

In the balanced allocations framework, there are m balls to be allocated into n bins with the aim
of minimising the maximum load of any of the bins, or equivalently minimising the gap, i.e., the
difference between the maximum load and the average load. In this dissertation, we focus on the
heavily-loaded case where m > n, which tends to be more challenging to analyse.

In a decentralised setting, the simplest process is ONE-CHOICE, which allocates each ball to a bin
sampled uniformly at random. It is well-known that w.h.p. Gap(m) = ©(/Zlogn) for any m > n. A
great improvement over this is the Two-CHOICE process [18, 99], which allocates each ball to the
least loaded of two bins sampled uniformly at random. Berenbrink, Czumaj, Steger, and Vocking [29]
showed that w.h.p. Gap(m) = log, logn + ©(1) for any m = n. This improvement is known as the
“power of two choices”. It has found several applications in hashing, load balancing and routing;
and its importance was recently recognised in the 2020 ACM Theory and Practice Award [17].

In this dissertation, we introduce a set of techniques based on potential functions. These enable
us to analyse (both in terms of gap and load distribution) a wide range of processes and settings in
the heavily-loaded case and to establish interesting insights in the balanced allocations framework:

* We analyse variants of the TWo-CHOICE process which trade sample efficiency, completeness of
information and gap guarantees. For the (1 + f3)-process which mixes ONE-CHOICE and TwoO-
CHoOICE with probability 8 € (0, 1], we prove tight bounds for small and large 3, extending
the results of Peres, Talwar and Wieder [152]. Another sample efficient family is that of
TwO-THINNING processes, which allocate to the two sampled bins in an online manner. For
TwO-THINNING processes that use as a decision function thresholds relative to the average
load or thresholds in the rank domain, we establish tight bounds and also resolve a conjecture
by Feldheim and Gurel-Gurevich [75]. We also quantify trade-offs for two-sample processes
between the number of queries and the gap bound, establishing a “power of two queries”
phenomenon.

* We analyse the TWoO-CHOICE process with random, adversarial and delay noise, proving tight
bounds for various settings. In the adversarial setting, the adversary can decide in which of
the two sampled bins the ball is allocated to, only when the two loads differ by at most g. The
analysis of this setting implies bounds for settings with random noise and delay.

For the setting where load information is updated periodically every b steps, for b = n we
tighten the bound of [28] to @(h}g"l%) and prove that TWO-CHOICE is optimal in this setting
for any b € [n-e"18"" nlogn] for any constant ¢ > 0. For b € [nlogn,n>], we show that
Two-CHOICE achieves w.h.p. a ©(b/n) gap, while surprisingly the (1 + f8)-process with appro-
priately chosen 3 achieves w.h.p. a ©(4/2.logn) gap, which is optimal over a large family of
processes. This proves that in the presence of outdated information, less aggressive strategies

can outperform the greedy processes (such as TwWo-CHOICE), which has been empirically ob-



served in the queuing setting for centralised processes since 2000 [58, 134], but to the best of
our knowledge has not been formally proven.

Next we analyse TwO-CHOICE in the graphical setting, where bins are vertices of a graph and
each ball is allocated to the lesser loaded of the vertices adjacent to a randomly sampled edge.
We extend the results of Kenthapadi and Panigrahy [100] proving that for dense expanders
in the heavily-loaded case the gap is w.h.p. O(loglogn). In the presence of weights, we make
progress towards [ 152, Open Problem 1] by proving that for graphs with conductance ¢, the
gap is w.h.p. O(logn/¢).

Further, we introduce and analyse processes which can allocate more than one balls to a
sampled bin. We prove that these processes achieve w.h.p. an O(logn) gap (which also applies
for any d-regular graph), while still being more sample-efficient than ONE-CHOICE (“power of
filling”).

For the MEMORY process that can store bins in a cache, we generalise the O(loglogn) gap
bound by Mitzenmacher, Prabhakar and Shah [136] to the heavily-loaded case and prove a
matching lower bound. Further, in the presence of heterogeneous sampling distributions, we
establish a striking difference between Two-CHOICE (or even d-CHOIGE with d = O(1)) and
MEMORY, showing that for the later the gap is bounded, while for the former it is known to
diverge [176] (“power of memory”).
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A note to the reader

The dissertation is organised mainly around the analysis techniques:

* Chapter 1 outlines these techniques, presents the processes and settings, and summarises the
main results obtained.

* Chapter 2 gives the formal definitions for processes and settings.

* Chapters 3 to 6 present the main analysis techniques. Some direct applications of the relevant
techniques can be found in Sections 3.2 and 5.2.2.

* Chapter 7 presents most of the results for the various processes and settings, obtained by
applying the techniques in Chapters 3 to 6 mostly as a black box.

For the first read, it is recommended to read Chapter 1 in full and Sections 2.1 and 2.2 regarding
the core definitions of balanced allocation processes. The rest of the definitions can be referred to,
on a need-to-know basis, by clicking on the process or setting name (you may find + useful).
Table 2.4 gives a concise summary of the various settings. Then, we suggest to proceed by reading
the introductory pages from each of the Chapters 3 to 6 (and perhaps the direct applications in Sec-
tions 3.2 and 5.2.2) which present each of the techniques in more detail. Finally, read applications
of interest from Chapter 7, perhaps starting with the example in Section 7.1.

Tables A.1 to A.4 in Appendix A give a detailed summary of the lower and upper bounds obtained
in this work and those in related work. You may also find the index useful for looking up definitions
and results.

A high-level visual introduction to balanced allocations and the results obtained in this thesis
can be accessed in the following link:

dimitrioslos.com/phd-thesis
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INTRODUCTION

1.1 Balanced allocations

In the sequential balanced allocations framework, we are given m balls (tasks or jobs) to allocate
into n bins (servers or machines) indexed by the set [n] := {1,...,n}. Let x| be the load of the
i-th bin after the t-th ball has been allocated. The goal is to minimise the maximum load after
allocating m balls, i.e., minimise max;c[,)x;", which is equivalent to minimising the gap, where
Gap(m) = max;cp, (x™ — 2) (see Fig. 1.1).

Nax] Joad

ol I

Figure 1.1: Example of a load vector x™ = (4,2,0,2,5,3,4,0) for n = 8 bins and m = 20 balls.

313

1 3 5 6 7 8

In a centralised setting, this problem is easy to solve using ROUND-ROBIN allocation, i.e., allocat-
ing each ball to the least loaded bin and breaking ties arbitrarily. However, in a decentralised setting,
we have to consider processes that assume less coordination between the bins. This modelling as-
sumption makes this framework applicable to hashing [177], load balancing [137] and several other
areas (see Section 1.5 for further applications).

The simplest such process is the ONE-CHOICE process, where each ball is allocated to a bin
chosen uniformly at random. In the lightly-loaded case, i.e., when m = n, it is well established that
w.h.p.! the gap is ©( Lo ) [89] and in the heavily-loaded case, i.e., when m > n w.h.p. the gap is

loglogn

@(V %Jogn) [157].

Power of two choices. A great improvement over ONE-CHOICE is the TWO-CHOICE process, where
for each ball two bins are sampled at random and the ball is allocated to the lesser loaded of the
two. This process has been experimentally studied in load balancing since at least 1986 in the
work by Eager, Lazowska and Zahorjan [68], but was not rigorously analysed until the work by
Azar, Broder, Karlin and Upfal [18] (and implicitly by Karp, Luby, and Meyer auf der Heide [99])
who showed that Two-CHOICE has w.h.p. a gap of log, logn 4+ ©(1) in the lightly-loaded case. This
is exponentially better than that of ONE-CHOICE. Berenbrink, Czumaj, Steger and Vocking [29]
extended the analysis to the heavily-loaded case, proving that w.h.p. the gap remains log, logn +
©(1). Here the improvement is even more dramatic, as the bound on the gap does not depend on
m, as opposed to ONE-CHOICE. If instead, for each ball we sample d bins, then w.h.p. the gap is
log,logn+©(1). We also remark that the heavily-loaded case is much more challenging to analyse,
because m being unbounded means that with very high probability we will encounter arbitrarily

'In general, with high probability refers to probability of at least 1 —n™ for some constant ¢ > 0. For brevity, we may
say gap bound and by this we mean a w.h.p. bound on the gap of the process in question.
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bad configurations and so the analysis needs to demonstrate that we are always able to recover
from these.

The practical significance of the “power of two choices” was recognised in the 2020 ACM Paris
Kanellakis Theory and Practice award [17]:

“[...] it is not surprising that the power of two choices that requires only a local decision
rather than global coordination has led to a wide range of practical applications. These
include i-Google’s web index, Akamai’s overlay routing network, and highly reliable dis-
tributed data storage systems used by Microsoft and Dropbox, which are all based on vari-
ants of the power of two choices paradigm. There are many other software systems that use
balanced allocations as an important ingredient.”

Motivation for variants and settings. The sequential balanced allocation setting makes several
simplifying assumptions compared to real-world applications, giving rise to the following important
questions:

1. What if we cannot always access both samples? Can we relax the coordination required by the
two sampled bins?

2. What if the reported load of a bin at time t is outdated, e.g., the reported load might be as
small as the load at an earlier time t — T for some parameter 7?

3. What if the reported load of a bin at time t is subject to some adversarial (or random) noise,
e.g., the reported load of a bin might be an adversarial (or random) perturbation from the
exact load within some range g?

For these reasons, TW0-CHOICE has been studied in various settings, and several variants of this
process have been proposed. Notably, the Paris Kanellakis award mentions that practical adaptations
are “based on variants of the power of two choices paradigm”.

The main focus of this dissertation is to address these questions for Two-CHOICE and other
processes, by developing the necessary analysis toolkit; and also to devise processes that overcome
limitations of TwO-CHOICE. Below, we will provide a brief overview of the variants and settings we
study, and then summarise our results. Additional related work will be presented in Section 1.5.

Variants of TWo-CHOICE. Mitzenmacher [131] introduced the

OnePlusBeta—process, which with probability f it performs Two-CHOICE and with probability 1— 3
it performs ONE-CHOICE. Peres, Talwar and Wieder [152] showed that this process w.h.p. achieves
an O((logn)/B +1log(1/B)/B) gap in the heavily-loaded case, which is tight for any poly(n™!) <
p < 1—c¢, for any constant ¢ € (0,1). This process has the advantage that it does not make use
of the second sample in every step, leading to the improved sample efficiency of 1 + 3 samples per
allocation, while maintaining a bounded gap.

Another family of processes that improve on the sample efficiency of Two-CHOICE is that of d-
THINNING2 processes. Here, for each ball, up to d bins may be sampled and the decision on whether
to accept or reject a bin is made in an online manner. This process was empirically studied by
Zhou [180] and only recently, Feldheim and Gurel-Gurevich [75] proved that the asymptotically
optimal gap for TWO-THINNING is @(,/101;1%) in the lightly-loaded case. They also conjectured that
this bound extends to the heavily-loaded case. Compared to TwWO-CHOICE, this process has the
additional advantage that it does not require to “hold” the two bins until the allocation is completed,
i.e., until it receives both reported loads, and so can perform allocations independently at each server
(see Fig. 1.2). Particularly attractive are the RELATIVE-THRESHOLD(f (n)) processes, where at step
t 2 0, the decision function is a threshold % + f(n), for some offset function f : N — Z. This means

2We use red colour for concrete processes, blue for family of processes, and for settings. The distinction between
the first two is often blurry. The hyperlink on the process name redirects to the formal definition of the process.

12



TwoO-CHOICE TwWO-THINNING
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if xitl <ft

O

Figure 1.2: (left) The three stages A, B, C for allocating a request with the Two-CHOICE process,
which assumes that no other request is being allocated to the two sampled bins (so the two bins
are being “held” until the allocation is complete). (right) The (at most) two stages for allocating a
request with a TWO-THINNING process with threshold f*. Here, none of the bins needs to be “held”.

that upon receiving a ball, the bin can decide whether to accept the ball or forward it to another
random bin, requiring just an estimate for the average [ t /n], which changes only every n allocations.

A variant of d-CHOICE with memory was presented in [ 136, 166]. In the (d, M )-MEMORY process,
in addition to the d samples taken for each ball, the process can cache M bins and use them in future
allocations. In [136], for M = d = 1, it was shown that in the lightly-loaded case this process has

w.h.p. a gap of log,, logn + ©(1), where ¢ = % is the golden ratio.

Settings. To model outdated information, Mitzenmacher [134] and Dahlin [58] introduced the
setting (also called periodic bulletin model), where the load of the bins is updated every
b steps (Fig. 1.3). They used a fluid-limit approximation and empirical studies to observe that when
b is large, increasing d in the d-CHOICE process leads to a worse gap. This may seem counter-
intuitive given that, for b = 1 (no delay), d-CHOICE is the optimal out of all processes that use d
samples for each allocation (Corollary 2.7). The only rigorous bound for the setting
was given by Berenbrink, Czumaj, Englert, Friedetzky and Nagel [28], who proved that for Two-
CHOICE and b = n, w.h.p. the gap is O(logn) in the heavily-loaded case. A related setting where
balls are again allocated in batches, but some of them are also processed/removed, was studied
in [31] and in the Repeated Balls-into-Bins setting [23, 45-47]. The question of which processes
perform well under outdated information has also been empirically investigated in the queuing
setting [12, 82, 106, 175]. In particular, Whitt [175] states the following regarding optimal rules:

“We have shown that several natural selection rules are not optimal in various situations,
but we have not identified any optimal rules. Identifying optimal rules in these situations
would obviously be interesting, but appears to be difficult. Moreover, knowing an optimal
rule might not be so useful because the optimal rule may be very complicated.”

Alistarh, Brown, Kopinsky, Li and Nadiradze [7] investigated an adversarial version of Two-
CHOICE, called the process, where for each ball two bins are sampled, and if their load
difference is at most g, then the ball is allocated to the heavier bin; otherwise, it is allocated to the
lesser loaded bin (Fig. 1.4). This process was used to analyse relaxed concurrent data structures,
such as the multi-counter.

Wieder [176] investigated the d-CHOICE process where the bins are sampled according to a
skewed distribution. They proved that the O(loglogn) gap bound remains, as long as the probabil-

13



008
osle

0/0000)

8%@ g@é_ 8§

1 ia

O

Figure 1.3: An instance of the Figure 1.4: An instance of the
process for b = n. The b shaded balls are all process for g = 3. The two sampled bins i;
allocated simultaneously. and i, have a load difference of 2 and hence

the adversary can force the (shaded) ball to
be allocated to the heavier bin.

ity s; of sampling a bin i € [n] satisfies ain <s; S % for some constants a := a(d) and b := b(d),
otherwise the gap may diverge. A related setting is the setting (or graphical allocations),
where the bins are vertices of a graph G and each ball is allocated to the least loaded of the two adja-
cent bins of an edge sampled uniformly at random. Kenthapadi and Panigrahy [100] recovered the
O(loglogn) bound on expander graphs in the lightly-loaded case and [152] proved an O(logn/¢)
bound for graphs with conductance ¢ in the heavily-loaded case. Bansal and Feldheim analysed
a sophisticated algorithm that achieves a poly-logarithmic gap on sparse regular graphs [20], and
Greenhill, Mans and Pourmiri studied graphical allocation on dynamic hypergraphs [90].

The setting has also been studied for several processes. In particular, the bounds
obtained for a large family of processes in [152] also hold for weights sampled from distributions
with finite moment generating functions (MGFs). Talwar and Wieder [169], proved tight o(logn)
bounds for d-CHOICE for a wide class of weight distributions satisfying some mild conditions on their
second and fourth moments. A model with heterogeneous bin capacities was studied by Berenbrink,
Brinkmann, Friedetzky and Nagel [27], who showed that the gap bound of log; logn + O(1) for d-
CHOICE continues to apply (see also [30, 32, 129]).

1.2 Main results and new processes

In this section, we state the main results of this work. We develop a set of proof techniques based
on potential functions and use them to analyse numerous processes in the heavily-loaded case.
These techniques allow us to prove new results for existing processes in various settings, develop
new processes and new settings, and obtain insights into balanced allocations, which could also be
useful in real-world settings.

1.2.1 Outdated information settings

We begin by stating our results for settings with outdated information. For TWO-CHOICE in the
setting with b = n, we tighten the bound by [28] from O(logn) to G)(ml;l%gn), which matches

the gap of ONE-CHOICE with n balls. We extend this to show that for any b € [n- e~ 6" nlogn], it

follows the gap of ONE-CHOICE with b balls and, hence, it is asymptotically optimal over all processes

sampling two bins for each ball (Section 7.4.3). We also show that these bounds hold in a more

relaxed setting, which we call the setting, where, once a bin is sampled, an adversary
can choose to report the load of the bin in any of the last T steps (see Fig. 1.5). Therefore,
subsumes the setting for b = 7 and also relaxes the requirement that all bins synchronise

their loads at the same step.
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Figure 1.5: The load evolution of the two sampled bins i; and i,, and two adversaries G; and G,
reporting different bin loads (shown in yellow), forcing a different allocation for TWo-CHOICE in
the setting (with 7 = 7). The adversaries can report any of the non-shaded loads for the
allocation of the t-th ball.

On the contrary, for b € [w(nlogn),n®], we show that Two-CHOICE has w.h.p. a @(%) gap and
that increasing the number of choices d in the d-CHOICE may lead w.h.p. to a worse gap, confirming
the empirical observations of [58] and [134]. We also prove the surprising fact that the
OnePlusBeta—process with an appropriate choice of parameter 3, which is the mix of ONE-CHOICE
and Two-CHOICE, achieves the asymptotically optimal @(\/ g-logn) gap for all processes, giving a
roughly quadratic improvement over TwWo-CHOICE. These bounds also extend to the
setting and apply to a large family of processes (Section 7.5).

1.2.2 Adversarial and random noise settings

Next, we analyse the additive adversarial setting for Two-CHOICE, where an adversary can
influence the allocation decision if the loads of the two sampled bins differ by at most g. In Sec-
tion 7.4.1, we show that for any adversary, w.h.p. the gap of this process is

@) (g + & . loglogn).
logg

To better understand this bound, we see that for g = ©(1), we recover the O(loglogn) gap bound
for Two-CHOICE and for g = Q(polylog(n)) the bound grows linearly in g. For w(l) = g =
o(poly(logn)), it grows sublinearly in g. We show this bound is tight for the process,
improving on the O(glog(ng)) bound by [7]. We also show that this bound is tight for a weaker ver-
sion of this process, namely, the process, where the adversary allocates randomly
whenever the two loads are close (Appendix C.2).

This analysis of the general setting allows us to obtain tight (or nearly tight) bounds for
a large number of interesting processes and settings, including Two-CHOICE with random additive
noise and the aforementioned and settings (see Section 7.4.3).

1.2.3 Thinning processes

Another main focus of our work are TwO-THINNING processes. For these processes, we disprove the
conjecture by Feldheim and Gurel-Gurevich [76, Open Problem 1.3], claiming that the O(,/ 1(3;1%)
gap bound extends to the heavily-loaded setting. We do this by showing that any Two-THINNING

process w.h.p. has an Q(+/logn) gap at m = ©(n4/logn) and an Q(lolgﬁ)gn) gap at least once in an

interval of length ®(nlog?n) (see Appendix C.3).
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Figure 1.6: Two instances of a 3-THRESHOLD(fy, fo, f3) process and its interpretation as TwoO-
CHOICE with incomplete information, being able to distinguish two bins iff they are in a different
“load band” as defined by the thresholds. (Left): The loads of the two bins are in different bands
and so the process allocates to the lesser loaded bin. (Right): The loads of the two bins are in the
same band and so the process cannot distinguish between the two bins, so it allocates randomly.

Further, we introduce two families of TWO-THINNING processes, namely the RELATIVE-THRESHOLD
and the QUANTILE processes. In the RELATIVE-THRESHOLD(f (n)) process, the t-th ball is allocated
to the first bin sample if its load is at most % + f(n), otherwise, it is allocated to the second sample.
In the QUANTILE(®) process, a ball is allocated to the first bin sample if the rank of the sampled bin
in the sorted load vector is greater than on.

For two specific instances of these processes MEAN-THINNING (= RELATIVE-THRESHOLD(0)) and
MEDIAN-QUANTILE (= QUANTILE(1/2)), we prove that w.h.p. the gap is ©(logn) in the heavily-
loaded case. As a corollary for the analysis of the MEAN-THINNING process, we obtain tight bounds
for any RELATIVE-THRESHOLD(f (n)) process with an offset f (n) = Q(logn) (see Section 5.2.2).

Subsequently, it was shown by Feldheim, Gurel-Gurevich and Li [ 76] that there isa TWO-THINNING
process whose decisions depend on the entire history of the process and which w.h.p. achieves the

10?1%;;“) gap, matching our lower bound. We complement these results by showing that

optimal O(
the more lightweight QUANTILE(%) process also achieves this optimal gap (see Section 7.2.3).
Furthermore, we consider extensions of the QUANTILE and RELATIVE-THRESHOLD processes, the
k-QUANTILE(S7,...,0) and k-THRESHOLD(fi,..., fr) processes. In these processes, two bins are
sampled and their loads can be distinguished if they appear in different bands of the quantile do-
main, i.e., (0,6,n],...,(6xn, 1], or of the load domain, i.e., (0o, f;1,...,(fr_1, fx] respectively (see
Fig. 1.6). These can be interpreted as a version of TwWO-CHOICE with incomplete information. For
any 1 < k = O(loglogn), we show that for some choice of k quantiles, the k-DENSE-QUANTILE and
for some choice of k offsets, the k-DENSE-THRESHOLD process achieves w.h.p. an O(k - (logn)/%)
gap (see Section 7.2). For k = 2, this establishes almost a quadratic improvement in the gap over
k = 1. We call this the “power of two queries” phenomenon, extending the results of [97] to the
heavily-loaded case. By majorisation, we also obtain bounds for the
OnePlusBeta—process for 3 close to 1 (see Section 7.3.2), recover the O(loglogn) bound for Two-
CHOICE, and obtain near-tight bounds for d-THINNING (see Section 7.3). Further, we obtain bounds
for Two-CHOICE in the setting, which as a special case extends the ©(loglogn) bound
for graphs with poly(n) expansion by [100] to the heavily-loaded case.

1.2.4 Additional processes

Power of filling. We investigate processes that can allocate more than one ball at a single step.
In particular, we introduce the TWINNING process, which samples one bin per step and allocates
two balls if the load of the bin is at most the average (underloaded); otherwise allocates one ball.
Extending this idea further, we analysed the PACKING process, which allocates as many balls to un-
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derloaded bins as to make the bin overloaded (just by one ball). For both processes, we proved® a
©(logn) gap in the heavily-loaded case (Corollary 5.12), demonstrating a different way for main-
taining balanced allocations, while at the same time being more sample efficient than ONE-CHOICE
and also applicable to the setting for any d-regular graph.

setting. For the setting, we make progress towards [152, Open problem
1] by showing that the bounds hold even in the presence of weights sampled from a distribution
with finite MGFs (see Section 7.6.1).

OnePlusBeta—-process. In addition to the aforementioned bounds, for the (1 + 3)-process with £
close to 1, we prove a tight bound for 8 = poly(n~“()) (see Section 3.2.1). Therefore, we obtain
an almost complete characterisation for the gap of this process for any € (0,1].

Memory. Finally, we analysed the MEMORY process in the heavily-loaded case and showed that it
achieves a ©(loglogn) gap even in the presence of arbitrary constant imbalance in the bin sampling
distribution S, i.e., S satisfying 7 < §; < % for each bin i € [n]. This is in stark difference to the
d-CHOICE process for d = O(1), where for some sufficiently large (constant) imbalance, the gap
becomes Q(4/2-logn) (see Section 7.7). We complement our results by proving an ©(logn) gap for
MEMORY where the cache resets every d steps, thus demonstrating the robustness of MEMORY.*

1.2.5 Published papers

The work presented in this dissertation is based on the following published papers:

* Dimitrios Los and Thomas Sauerwald. 2022. Balanced Allocations with Incomplete Informa-
tion: The Power of Two Queries. In 13th Innovations in Theoretical Computer Science Confer-
ence (ITCS’22). Schloss Dagstuhl — Leibniz-Zentrum fiir Informatik, pages 103:1-103:23. [All
results]

* Dimitrios Los, Thomas Sauerwald, and John Sylvester. 2022. Balanced Allocations: Caching
and Packing, Twinning and Thinning. In 33rd Annual ACM-SIAM Symposium on Discrete Al-
gorithms (SODA22). SIAM, pages 1847-1874. [Partial: Results for MEAN-BIASED processes
and proofs outlined]

e Dimitrios Los and Thomas Sauerwald. 2022. Balanced Allocations with the Choice of Noise.
In 41st Annual ACM-SIGOPT Principles of Distributed Computing (PODC’22). ACM, pages
164-175. [All results]

* Dimitrios Los and Thomas Sauerwald. 2022. Balanced Allocations in Batches: Simplified
and Generalized. In 34th Annual ACM Symposium on Parallel Algorithms and Architectures
(SPAA22). ACM, pages 389-399. [All results]

* Dimitrios Los and Thomas Sauerwald. 2023. Tight Bounds for Repeated Balls-Into-Bins. In
40th International Symposium on Theoretical Aspects of Computer Science (STACS’23), Vol. 254.
Schloss Dagstuhl — Leibniz-Zentrum fiir Informatik, pages 45:1-45:22. [None]

* Dimitrios Los, Thomas Sauerwald, and John Sylvester. 2023. Balanced Allocations with Het-
erogeneous Bins: The Power of Memory. In 34th Annual ACM-SIAM Symposium on Discrete
Algorithms (SODA23). SIAM, pages 4448-4477. [Results and proofs outlined]

3Due to space constraints the proof of PACKING is omitted. It can be found in [117, Section 5].
“Due to space constraints, the proofs for MEMORY are only outlined. These can be found in [118].
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e Dimitrios Los and Thomas Sauerwald. 2023. Balanced Allocations in Batches: The Tower
of Two Choices. In 35th Annual ACM Symposium on Parallel Algorithms and Architectures
(SPAA23). ACM, 51-61. [Partial: Proofs for tighter bounds omitted]

Our paper on noisy processes [113] was awarded the "Best Student Paper Award" at PODC
2022 [6] and was one of the two papers of the conference to be invited to the Journal of the ACM.

1.3 A brief overview of the techniques

We obtain most of the aforementioned results by using a set of techniques on aggregate functions
of the load vector, the so-called potential functions.

We start with some (necessary) preliminary definitions, which we revisit in more detail in the
beginning of Chapter 2. Each process, based on its history §* (which includes the allocation of
the t-th ball), induces a probability allocation vector q*, whose i-th entry gives the probability to
allocate the (t + 1)-th ball to bin i. For some processes, such as TWo-CHOICE, the sorted probability
allocation vector q*, whose i-th entry gives the probability to allocate to the i-th most loaded bin is
time-homogeneous (modulo moving probability between bins with the same load; see Theorem 2.1).
For instance, for TwO-CHOICE, the sorted probability allocation vector is given by

20—

1
q; == o for any i € [n],

and for the (1 + f3)-process with € [0,1],

2i—1
n2

~ 1 .
g =p- +(1—p)-—, foranyie€[n].
n
A particularly “nice” family (we shall soon explain why) of §* vectors are the ones that are (i)
non-decreasing (so, there is a larger probability to allocate to lighter bins) and for which (ii) there
exists a constant § € (0,1) and a not-necessarily constant € € (0, 1) such that

~ _ 1—€ .
q; < — for any i < né,

meaning that there is a significant probability bias to allocate away from heavy bins. For instance, for
Two-CHOICE one can pick 6 = 1/4 and € = 1/2, and for the (1 + f3)-process, 6 =1/4 and € = /2.

The hyperbolic cosine potential. Peres, Talwar and Wieder [152] used the hyperbolic cosine
potential, defined for some smoothing parameter y = O(1) as

n

n
' :=T'(y):= Z (eY(Xit_t/”) + e_y(xit_t/n)) = 22 ~cosh (7 - (x! —t/n)).

i=1 i=1

If at some step t = 0, we have that I'" = poly(n), then this implies that Gap(t) = O(k’%). In [152],
they showed that the second term is necessary to deduce the following drop inequality when y =
O(e), for any step t = 0 (and for any history of the process F*):

E[rf+1|gf]<rf-(1—%)+xz,

for some not necessarily constants k; := k;(y,€) > 0 and K, := k,(y,€) > 0. This inequality is
enough to deduce (using simple induction) that for any step t = 0

E[Ft]SZ—j-n.
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By Markov’s inequality and because each of the terms in the potential is positive, this implies
w.h.p. an O(k)%) gap bound for these “nice” probability allocation vectors that we defined above. In
particular, for Two-CHOICE this proves an O(logn) bound on the gap and for the (1 + f3)-process an
O(lo%) bound for any Q(poly(n~)) < B < 1—§, for any constant € € (0,1). For 8 = o(poly(n™')),
the bound no longer applies as k; /x5, = w(poly(n)).

Now we are ready to present the main techniques that we use in this dissertation:

Technique 1: Expectation bounds for I'.  We extend the analysis in [152] so that it works for the
, and settings. We also tighten the drop inequality to show that
there exist constants ¢y, ¢, > 0, such that for sufficiently small y > 0 and for any t = 0,

E[W“|y]<rﬂ(1—5%f)+%ya

This allows us to deduce that E [ It ] < i—f -n at any step t 2 0 (Theorem 3.2), which directly implies

the tight O(lo%) bound for (1 + f3)-process for any 3 < 1/2. However, even more significant is the
fact that it enables us to prove that I' is concentrated at O(n). In turn, this allows us to characterise
the shape of the load vector w.h.p. and gives sufficient conditions for stronger potential functions to
drop in expectation, as we explain in Technique 2.

Technique 2: Analysis of super-exponential potentials. The analysis in [152] cannot be directly
used to prove o(logn) bounds on the gap, since it applies only for y = O(1). To obtain o(logn)
bounds, we use super-exponential potential functions of the following form:

n

' =9 (¢,2) = Z P i)’

i=1

for some smoothing parameter ¢ = w(1), some offset z > 0, and where u* := max{u,0}. These
potentials may increase in expectation in some steps, even if they are large. However, we show they
satisfy the conditional drop inequality (Lemma 6.2)

E [ q)f+1

- 1
SﬁK;]<¢V(1——)+Z

n

whenever the following event holds

~ t 1
K; ::{Vie[n]: x.t>;+z—1 = qit<;~e_¢}.

1

For the full details, see Chapter 6.

Technique 3: Concentration bounds for I'. For some processes, like the Two-CHOICE and the
k-DENSE-QUANTILE processes, in order to show that event I%é) holds in some step t, we bound the
number of bins with a load above some offset z.
If at some step t > 0, it holds that I'" < cn, then we have that the number of bins with load at
least % + 2z is at most
cn-e 1%

On a very high level, for Two-CHOICE and & := &(¢,z) with ¢ = ©(1/+/logn) and z = O(+/logn),
we can show that the potential drops in expectation and by waiting sufficiently long, & becomes
O(n) implying an O(4/logn) bound on the gap. The details of these derivations can be found in
Chapter 7.
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This motivates us to obtain concentration bounds for I' (and other super-exponential potentials).

To achieve this, we use two potential functions I' :=I'(y;) and I}, := I,(y,) with smoothing param-
eters satisfying v, = ©(y;) and y, < y;. The interplay is such that when I} = poly(n) (which
we obtain by Markov’s inequality), we also get that I, cannot change much over the next step, i.e.,
I‘Z“l — F2t| = O(n®), for some constant € € (0, 1). These conditional bounded differences allow us to
apply a concentration inequality with a bad event to obtain that I}, is concentrated (see Chapter 3).

Technique 4: Layered induction over super-exponential potentials. To establish an o(logn)
bound on the gap, we define a series of exponential and super-exponential potential functions ®;
with smoothing parameters ¢; < ... < ¢;. By using Techniques 1 and 3, we obtain that ; = O(n),
and conditioning on that event for an O(n - polylog(n)) interval, it follows that IEijH also holds. So
eventually, ®;,; = ®;,1(¢;11,%j+1) becomes O(n), for an appropriately chosen offset z; ;. Through
this layered induction, which is over super-exponential potentials (see Fig. 1.7), we conclude that
@' = O(n), thus the gap is (’)(zk + bﬂ).

Pr
This technique (with some small variations) can be used to deduce tight gaps for several pro-
cesses, including k-DENSE-QUANTILE, k-DENSE-THRESHOLD, (1 + f3), TWO-CHOICE in the set-

ting and a few more (see Chapter 7).

N
®,-recovery ®,-stabilisation
B,-recovery B,-stabilisation
By-recovery ®g-stabilisation
o}
Ft
~ Gap(m) = O(logn)
~ Gap(m) = O(2(log n)3/*)
~» Gap(m) = O(3(logn)*/*)
~ Gap(m) = O(4(logn)'/4)
T T T > 1
m — 6nlog*n m —4nlog*n m—2nlog*n m

Figure 1.7: Layered induction for the k-DENSE-QUANTILE process for k = 4, showing that when the

potential at layer j satisfies <I>]t. = O(n), the the drop condition at layer j + 1, i.e., ICfP. ) is implied.
J+

Then, after a recovery phase the potential ®; ., stabilises at O(n) and implies a tighter bound on the

gap.

Technique 5: Interplay between absolute value and quadratic potentials. For the MEAN-THINNING,
TWINNING and TwWO-CHOICE in the setting (for g < logn), the hyperbolic cosine potential
I':=T(y) (for constant y > 0) may not satisfy the drop inequality in every step.

For example, in the MEAN-THINNING process, if almost all bins’ loads exceed the average, then
the potential ' may increase in expectation. In more technical terms, if 6° is the quantile of the
average, then T satisfies the drop inequality if at step t > 0, we have §° € (¢,1—e¢) and we call such
step, good. So, the task becomes to show that, in a sufficiently long interval, there are sufficiently
many good steps.

To show this, we use an interplay between the absolute value and the quadratic potential, which
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are defined as

n n
t t\2
At:=z x;——| and Tt:=2(xit——) .
i=1 n i=1 n
In particular, we show that in any step t = 0,
At
E[ T3 ]<T' ——+1. (1.1)
n

Thus, whenever A" = Q(n), the quadratic potential decreases in expectation. So, there cannot be
“too many steps” with A" = Q(n). In steps with A* = O(n), we show that there is a constant
fraction of good steps in the next ©(n) steps, which on aggregate implies the drop inequality for
I'. For TWINNING and , the parameters in Eq. (1.1) are slightly different. The details can be
found in Chapter 5. In [116], we also used a similar interplay between the quadratic potential and
the number of empty bins to analyse the Repeated Balls-into-Bins setting, but the details are not
included in this dissertation.

Technique 6: A reallocation argument This is a technique for analysing a process P 4 with allo-
cation vector q';, by relating it to a process P, whose allocation vector gy, is obtained by moving
“small amounts” of probability between bins whose loads are “close”. We use this technique in two
parts in the analysis of the setting: (i) for bounding the change of the hyperbolic cosine po-
tential (Section 3.3) and (ii) for bounding the change of the quadratic potential (Section 5.3); and
also to formally relate the RESET-MEMORY process to the MEMORY process (see [118, Section 4]).

Fig. 1.8 gives a diagrammatic overview of how these techniques are used to prove the bounds
described above.

1.4 Organisation

The dissertation is organised as follows:

In Chapter 2, we give general definitions for the balanced allocations processes and then proceed
to define rigorously the various processes and settings. The second part can be skipped on the first
read and used as a reference for the remaining of the dissertation.

In Chapter 3, we present the refined analysis for the bounds on the expectation of the hyperbolic
potential function used in [152] (Technique 1). Then, we apply the refined analysis to obtain nearly
tight gap bounds for a large family of processes in the setting in the presence of weights.
Further, we show how to obtain tight bounds for the (14 )-process for small 8 and for the

setting. Finally, we present the reallocation technique (Technique 6) for obtaining an
O(glog(ng)) gap bound for the setting.

In Chapter 4, we obtain the high probability concentration of the hyperbolic cosine potential, by
using the interplay between two hyperbolic cosine potentials (Technique 3).

In Chapter 5, we present the interplay between the absolute value and the quadratic potentials
(Technique 5) for analysing the MEAN-THINNING and TWINNING processes, and the setting
for g = logn, giving full details only for the later.

In Chapter 6, we prove a drop inequality for the expectation of the super-exponential potentials
and prove a concentration inequality (Techniques 2 and 3).

In Chapter 7, using the lemmas from the last four chapters, we obtain o(log n) bounds for several
processes and settings, including the k-DENSE-QUANTILE, the QUANTILE(6™) process, the (1 + f3)-
process, the k-DENSE-THRESHOLD process, the d-THINNING process and setting on dense
expanders (Technique 4).

In Chapter 8, we conclude with a summary of results and some open problems.

Finally, Appendix A gives a summary of results in table form, Appendix B lists several standard
tools that we used, Appendix C gives some techniques for proving lower bounds and (oftentimes
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tight) lower bounds for many of the aforementioned processes, and Appendix D contains some of
the details of omitted proofs. In Appendix E, we conclude we add some empirical results.
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Figure 1.8: Diagram showing the relations between the main theorems and their applications: (i) in red, the tighter analysis for the hyperbolic cosine
potential in expectation (Technique 1), (ii) in green, the different concentration bounds for the hyperbolic cosine potential and super-exponential potentials
(Techniques 2, 3 and 5), (iii) in yellow, the re-allocation argument (Technique 6), (iv) in blue, the results for the various processes and settings, obtained
using Techniques 1-6 and (v) in grey, results not presented in this dissertation.



1.5 Further related work

Randomisation in algorithms has been studied at least since the early years of computing. There are
several standard books [67, 138, 141] covering randomised algorithms, their numerous applications
and rich theory.

Balanced allocations have been studied under several names, including occupancy problems,
balls-into-bins and urn processes. A comprehensive account of early classical occupancy results is
provided in several textbooks [59, 98, 102] and some more recent results are included in [103,
124, 151]. Recent surveys [137, 177] in balanced allocations cover several of the results within the
power of two choices paradigm.

Further processes. Several other variants of the d-CHOICE processes have been studied. In the
LEFT, process, the bins are split into d groups and each of the d samples is uniform and independent
from a different group. By breaking ties favouring bins from groups with smaller ids, Vocking [172]
showed that this process achieves a % + ©(1) gap, where ¢, is the limit of the root of the
generalised Fibonacci sequence.

Relating to d-THINNING, Czumaj and Stemann [56] analysed a large family of processes in the
lightly-loaded case, in which given a threshold for each of the steps, a bin is sampled until the load
of the sampled bin is below the threshold. Berenbrink, Khodamoradi, Sauerwald and Stauffer [33]
analysed the special case where the threshold is always [% + 1], meaning that the process samples
a new bin until one with load equal or below the (final) average is found.

Augustine, Moses, Redlich and Upfal [15] introduced FIRST-DiFF; where bins are sampled un-
til the first bin is found whose load differs from the first one or 2°(9) bins have been sampled.
Redlich [158] analysed the UNFAIR process, which always performs the opposite decisions to that
of Two-CHOICE. Park [146] analysed the (k, d)-CHOICE process, which allocates balls to k of the d
least loaded bins, and has been used in [144].

Several other variants have been studied in the balanced allocations literature, such as alloca-
tions with feedback [49, 66], bins being points in a metric space [35, 43], bins having limited bits
to represent their load [11, 26], bins being of bounded size (including applications to Cuckoo hash-
ing) [61, 63, 73, 84, 101, 135, 145], bins being multi-dimensional vectors [13, 19, 40, 53, 143],
chains-into-bins [21, 22, 74, 150, 162], balls being allocated in parallel and communicating in
rounds to finalise allocation [3, 72, 109, 110], allocations with deletions [20, 54] and allocations
with local search [37, 38]. Related versions of these processes have also been studied in the queuing
setting [8, 42, 120, 121, 173]. Another line of research has focused on analysing balanced allocation
processes with explicit hash function families [1, 48, 50, 57, 64, 149].

Techniques. In the lightly-loaded case, there are several techniques for analysing the Two-CHOICE
process, many of which were later applied to analyse other processes.

Azar, Broder, Karlin and Upfal [18] used the layered induction approach where inductively, in
layer j out of the total of log, log n+©(1), the number of bins with load at least j are upper bounded.
In the end, a Chernoff bound is used to deduce that all bins have load at most log, logn+ O(1). This
approach has been used to prove tight lower and upper bounds for various processes [3, 54, 56, 138].

The witness tree technique [128, 165] is an encoding argument [34] which associates a bad
event (e.g., the maximum load being at least log, logn+£2(1)) with a combinatorial object. Then by
bounding the expected number of such objects, an upper bound on the probability for the bad event
is obtained. This technique has also been applied to analyse the LEFT, process [172], balls-into-bins
with deletions [54] and graphical allocations [90].

Mitzenmacher [ 133] demonstrated the use of differential equations in analysing balanced alloca-
tion processes. This technique is related to Wormald’s method [174, 178] and the fluid limit method,
and has been applied to several processes [15, 122, 130, 158].
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Another approach to analysing balanced allocation processes is through the connection to k-
orientable graphs. A graph is k-orientable if there is an assignment of each edge (u,v) to either u
or v such that no vertex is assigned more than k edges. The analysis of log, log n-orientable graphs
gives bounds for TWO-CHOICE [44, 80] and other processes [81, 86, 108].

In the heavily-loaded case (especially prior to this dissertation), there is a smaller set of ap-
proaches to choose from.

The Markov-chain based approach by [29] shows that Two-CHOICE has a short memory in the
sense that after a sufficiently long interval the initial configuration is “forgotten” and then uses a
layered-induction style of proof to analyse the process for poly(n) steps. This was later shown to
work for other settings with weights or heterogeneous bins [169, 176].

Potential functions, and more specifically, exponential potential functions, have been employed
for analysing a wide range of processes in settings with weights, or in graphical allocations [33, 152].

Finally, the Poissonisation technique has been commonly used to analyse ONE-CHOICE [102, 138]
and, more recently, to analyse some TWO-THINNING processes [75, 76].

Applications. Balanced allocations have numerous theoretical and real-world applications. The-
oretical applications include those in combinatorial optimisation (matching [78, 95, 140], bin-
packing [4, 179], travelling salesman problem [164], online carpooling [91]), private computa-
tion [83, 93, 94, 105, 148, 153], stabilising consensus [65], space-efficient population protocols [5,
8, 139], routing and random walks algorithms [10, 16, 87, 156], local computation [ 125, 159], data
structures [36, 60, 161], distributed data structures [7, 9, 88, 147, 155, 160], cake cutting [69, 70],
selfish routing [104, 127, 154], controlled random graph processes [2, 24, 25] and group test-
ing [41].

Real-world applications include: Two-CHOICE as for looking up IPs [39, 92], garbage collec-
tion [171], duplicates detection [168], simulation on shared RAMs [55, 62, 99, 128], searchable
encryption [14, 167], and routing in interconnection networks [54, 123].
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NOTATION, PROCESSES AND SETTINGS

In Section 2.1, we introduce the notation used in all chapters of this dissertation and prove some
basic properties, which are often used in other works, but are not explicitly proven. In Section 2.2,
we define the general family of processes sampling d bins for each allocation and in Section 2.3, we
introduce a few more important tools and concepts, such as composition of processes and majorisa-
tion. In Section 2.4, we introduce numerous settings including weights, batches, delays, noise and
sampling with biased distributions. Finally, in Section 2.5, we define the remaining processes that
we will be using in the coming chapters.

Sections 2.3 to 2.5 can be skipped when reading for the first time and definitions can be referred
to when analysing the relevant processes and settings.

2.1 General notation

In this section, we introduce the notation used to define and analyse balanced allocation processes in
the various settings, including weights, noise and outdated information. For convenience, a setting
is a function that transforms a process into another process. The motivation for doing this is that
we only need to define settings once for a wide range of processes, rather than redefining them
separately for every process. This way in the coming chapters of the dissertation we will always be
analysing processes.

2.1.1 Preliminary mathematical notation

We start with some basic mathematical notation.

* The set of natural numbers is denoted by N = {0, 1,2, ...}, the set of positive natural numbers
by N, ={1,2,...} and the finite set [n] = {1,2,...,n}, forn € N,.

* For a vector v € R", we denote the i-th component as v;, so v = (v{,Vy, ..., V).

* The standard vectors e; € R" for n € N, and k € [n] defined as

1 ifi=k,
(eZ)i:{

0 otherwise,

for all i € [n]. The superscript n is omitted if it can be inferred from the context. The zero

vector is denoted by 0 =(0,...,0) € R™.

* The vector u = %, %, e %) is called the uniform vector.

* A probability vector p € R" is a vector such that Z?:l p;=1and p; €[0,1] for any i € [n].

* We use the shorthand u €, [a, b] to denote sampling from the continuous uniform distribution
Ula, b]. Similarly, for a finite set S, i €, S denotes sampling with probability 1/|S| any of the
elements of S. More generally, u €, S denotes sampling element i € S with probability p; for
any probability vector p.

* For random variables Y, Z we say that Y is stochastically smaller than Z (or equivalently, Y
is stochastically dominated by Z) if Pr[Y = x ] < Pr[Z = x ] for all x € R.

* We write rem(u, d) for the reminder of u divided by d, foranyue Nand d € N,.

* We define the function argsmall™ . f (i) to return the M items of the ordered set S that achieve

€S
the M smallest values of the function f : S — R, favouring smaller items in case of ties.
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2.1.2 Balanced allocations notation

We define balanced allocations processes so that they always allocate balls sequentially. However, as
we will see in Sections 2.4.3 and 2.4.4, we can (and will use) these definitions to capture processes
and settings where balls are allocated in “parallel”.

For a sequential balanced allocation process SEQUENTIAL(g") over n bins, we maintain the loads
of the bins at step (or time) ¢t € N in a load vector x € R", where x| gives the load of the bin
i € [n]. Initially, we start with the empty load vector x° = 0 € R™. The t-th ball for t € {1,2,...},
is allocated using the information from steps 0,1,...,t — 1, (e.g., using the loads at step t — 1), to
obtain the new load vector x! := x'~! +e;., where i* € [n] is the allocated bin for the t-th ball (see
Fig. 2.1).

Ball 1 is
allocated

Ball 2 is
allocated

Ball 3 is
allocated

t=0 t=1 t=2 t=3 steps

Figure 2.1: Illustration of the relation between steps and balls. In particular, the t-th ball for
t € {1,2,...} is allocated using information in 5! (which includes the load vector x'~! at step
t—1).

The allocated bin i' is chosen according to the probability allocation vector (or just allocation

vector)
¢ =¢GN =(a" g,

where qit_1 gives the probability to allocate to bin i and = € F*! is the filtration of the process,
which includes the full history of the process for steps {0,1,...,t — 1}. The filtration could include
more than just the allocation history H! = {i!,...,i"!} € [n]*!. For example, some THINNING
processes in [76] make decisions based on the number of times a particular bin has been sampled.

In short, a general sequential allocation process is defined as follows:

SEQUENTIAL(g") Process:

Initialise: The load vector x° = 0 € R".
Iteration: At step t = 0, to allocate ball t + 1:
1. Determine the probability allocation vector ¢° = q*(F*), using the full history §* € F* of
the process including step t.
2. Sample the allocated bin it™! €qe [n].
3. Set x'1 := x + ;4.

Note that most processes for which the next allocation depends on the entire history of the
process are impractical to implement. However, this general definition will allow us to capture large
families of processes and various interesting settings.

The normalised load vector y' € R" is defined as y! := x! —x' for any i € [n], where X' :=
% . Z;’l:] xjf is the average load at step t. For the unweighted case, we have that X' = t, but in
arbitrary weighted settings this may not hold (see Section 2.4.1). We call a bin i € [n] overloaded
at step t, if yl.t = 0, otherwise we call it underloaded. Also, we define the set of overloaded bins
B! atstep t as

B! := {ie[n]:yf?O},
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and the set of underloaded bins B’ :=[n]\B!.

Any permutation £ : [n] — [n], we call a labelling of the bins. We will overload notation and
allow applying a permutation on a vector z € R" such that £(z) € R" and £(2); = z(j)-

We define the labelling s* : [n] — [n] that sorts the load vector x!, i.e., xstt(l) > xsﬂ(z) = ... >
xstt(n), favouring bins with lower indices in case of a tie. We say that s*(j) is the j-th most loaded
bin. We write Xt = s‘(x") for the sorted load vector and y* = s‘(y") for the sorted normalised
load vector. We refer to the inverse of st as Rank’, so that )N(rt{ankf 0= x;, for any bin i € [n].

The maximum load of the process at step t is defined as

t t ~t
maxx. = X =X
ie[n] ! st(1) 1>

and the minimum load as
: t _ .t — =t
{2[11111] Xj =Xy = Xy
The gap of the process at step t is defined as the normalised maximum load, i.e., the difference of

the maximum to the average load,

G t) := t— t_xt) =yt
ap(t) := maxy; = max(x{ —x') = 3]
We call a process Markovian if ¢*(§*) = q“(x"), i.e., the probability allocation vector depends

only on the current load vector.
A Markovian process is index-independent if for any load vector x* and any labelling ¢

q"(e(x")) =£(q"(x").

For example, if we define the TwO-CHOICE process to compare the loads of the two randomly sam-
pled bins and to use random tie-breaking, then it is an index-independent process, because bins
with the same load get allocated the ball with the same probability. However, if we define Two-
CHOICE to tie break by favouring the bin with the smaller index, then the process is no longer
index-independent. We will show that these two versions are equivalent in the following sense:
Two process P and Q are called load-vector indistinguishable, if for any load vector x € R™ at any
stepm = 0,

Pr[f;’)‘:x]zPr[igzx].

A load probability preserving transformation is a function f : (R",R") — R", transforming
the probability vector ¢* into ¢ = f(x*,q"), such that for any load value v € R, we have

>oa= > T

i€[n]:x;=v i€[n]:x;=v

Intuitively, the function f “re-allocates” probability between bins of the same load, so the load and
probability vector pairs form equivalence classes under these transformations. For instance, for the

load vector x* = (3,4,3,4,6), we have that q; = (0.1,0.2,0.15,0.2,0.45) and g5 = (0.08,0.15,0.17,0.25,0.45)
are equivalent, as one can be transformed to the other via a load probability preserving transforma-

tion that reallocates a probability of 0.02 from bin 1 to 3 (since x{ = xg = 3) and of 0.05 from bin

2 to 4 (since x5 = x; = 4).

Theorem 2.1. Consider a Markovian index-independent process P = SEQUENTIAL(q") with allocation
vector q* and process Q = SEQUENTIAL(Q") whose allocation vector q* satisfies ' = f(xg,q"(xg)) for
some load probability preserving transformation f' at any step t = 0. Then, P and Q are load-vector
indistinguishable.
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Proof. We will define a coupling between the processes P and Q, so that the sorted load vectors of
the two processes are the same, i.e., 3572 = 55[9 for each step t. At step t = 0, this clearly holds as
both load vectors are empty, i.e., Xp, = X3 = 0.

Consider an arbitrary step t > 0 and assume that X}, = X;. Then consider any labelling
¢ of the bins such that E(x;) = xtQ. Because P is index-independent, its allocation vector is
given by £(q‘(x},)) after the relabelling £. By the load probability-preserving property, i.e., §* =

f(xg,q"(€(x}))) and so for any load value v € R

nE DL Gp= 2y T

i€[n]:(x5 )= ie[n]:(xg)i=v

Now, we define the coupling between the two processes:

1. Sample the load value of the bin to increment (not the bin itself), from the (at most) n possible
values v € R each with probability r,.

2. Conditional on the load of the bin, for each of the two processes, sample the bin i‘*! to
increment. This might be different for each process, but their load values will be the same.

Hence, after incrementing a bin with the same load value, the load entries in x;“ and er+1 will
~t+1 _

remain the same, and so X" = Ngl. Hence, by induction, we get the claim for all steps. O

We also make the following simple observation.

Observation 2.2. For any index-independent process, it is load-vector indistinguishable regardless of
how ties are broken when sorting the load vector.

We define @* to be the sorted probability allocation vector at step t, where G gives the prob-
ability to allocate to the i-th most loaded bin. A process is said to have a time-homogeneous
probability allocation vector if §* = p(n), i.e., the sorted allocation vector does not depend on the
time nor on the load vector. These processes are by definition index-independent.

TIME-HOMOGENEOUS(p) Process:
Parameters: A probability vector p € R".
Iteration: At step t = 0, the allocation vector g° satisfies

q; (x) = Prank()»  foranyi € [n].

The averaging transformation A:R" x R" — R" is a special load probability preserving trans-
formation which spreads evenly the probability across bins with the same load:

(A(x',q"); = L . Z qt, foranyie€[n]. (2.1
|{J e[n]: xJF = Xlt}\ jelnlxt=xt !

This may be viewed as some kind of randomised tie-breaking between bins with the same load.

This gives rise to the TIME-HOMOGENEOUS-WITH-RAND-TIE-BREAKS(p) process which is load-vector

indistinguishable from the respective TIME-HOMOGENEOUS(p) process in the unit weight case (as

shown in Theorem 2.1), but in parallel settings (e.g., the setting) it may not be (see

Section 2.4.3).

TIME-HOMOGENEOUS-WITH-RAND-TIE-BREAKS(p) Process:
Parameters: A probability vector p € R".
Iteration: At step t = 0, the allocation vector q° is given by the averaging transformation,

q;(x") = (AKX, P))pankti), for any i € [n].
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The simplest TIME-HOMOGENEOUS(p) process is perhaps the ROUND-ROBIN process, which has
p; = 1,_,, meaning that it allocates to a bin with minimum load and so it is the optimal process in
the unit weight case.

ROUND-ROBIN Process:
Iteration: At step t = 0, allocate to the bin with minimum load, breaking ties arbitrarily.

[time homo. prob. vector p; = 1;_,, index independent ]

2.2 Sample-based processes

2.2.1 d-SAMPLE processes

We now look at a general family of processes which includes the d-CHOICE process. In each step, it
samples d bins independently and uniformly at random (called bin samples or just samples) and
allocates to one of these using a general decision function Q'.

d-SAMPLE(Q") Process:
Parameters:
* d: The number of bins sampled independently and uniformly at random in each step.
o Q': Ftx[n]? x[d] — [0,1]: The decision function, which gives the probability to allocate
to one of the d samples.
For any §' € F' and any samples ji,..., jq € [n], it must satisfy:

Z Qt(gtle)' ]d)l) =1.

i€[d]

Iteration: At step t = 0, the allocation vector induced by the decision function is given by

1
GEI=Z 2 2, Q@nedak).

J1s-eJa €I keld]:ji=i

For example, the TWO-CHOICE process is a Two-SAMPLE(Q") process with decision function:

1 .

5 if x
Eryt 5 5 Y

Q (X >J15J25 l) - ]-XJFl

1., otherwise.
J1 J2

t t
=X
1 Jj2?

<xt, elseifi =1, (2.2)

Corollary 2.3. The TWO-CHOICE = TWO—SAMPLE(Qt) process is load-vector indistinguishable from the

TIME-HOMOGENEOUS(p) process with p; = 2;1 forany i€ [n].

Proof. We define the O = Two-SamprLE(Q!) process, with

1o if j1 = jo,
: t _ .t
~ o LRank (jy)>Rank!(j,) ~ else if x; = x;
Q' (x", jy, jor 1) = e
| elseifi =1,
J1 J2
| otherwise.
Jl J2

Compared to the update function Q" of Two-CHOICE defined in Eq. (2.2), this decision function
allocates differently iff the two sampled bins have the same load. Hence, there is a load probability
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preserving transformation between g¢ of Two-CHOICE and G* of Q. In order to allocate to bin with
rank i, we need to sample that bin and any of the i — 1 bins with higher rank, so

) 1 . 1 o 1 i 2i-1
6@ == 25 Q@ s D2+ 5 D QG )=+ =

j1€ln] Jjo€ln]

n2

Both processes are index-independent, hence they are load-vector indistinguishable by Theorem 2.1.
O

2.2.2 d-CHOICE process

We start by defining the d-CHOICE process informally for any d € N,.

d-CHOICE Process:

Iteration: At step t = 0, sample d bins j;,...,j; € [n] independently and uniformly at ran-
dom. Allocate ball t + 1 to a bin j;, € {j;,--.,J4} satisfying x}mm = mingeqq) x;k, breaking ties
arbitrarily.

Now, we make this definition formal by defining it as a d-SAMPLE process. This slightly more com-
plicated definition will allow us to easily define the process in different settings including weighted
balls, heterogeneous sampling distributions, noisy and outdated information (see Section 2.4).

d-CHOICE (C d-SAMPLE(Q")) Process:
Iteration: At step t = 0, the decision function to allocate ball t + 1 is given by

1x€

=y .
Ji min

t t . AN t tosy.
Q(S J]].J"'J]d:l)‘_Q(le""zxjdal)'

J

Zké[d] ]'x;k:vmin
where vy, 1= mingepq) x;k.

Special cases: ONE-CHOICE (for d = 1), TwO-CHOICE (for d = 2)
i-1

d
- ) , index independent, d-SAMPLE ]

[time homo. prob. vector p; = (%)d —(

We can also define d-CHOICE as the TivE-HOMOGENEOUS(p) with p; = (%)d - (i_Tl)d, for any
i € [n]. As shown in Corollary 2.3, for d = 2 this process is load-vector indistinguishable from the
Two-SAMPLE definition. This definition has the benefit of defining d-CHOICE for any d € R (not
just for d € N, ). In [176], this process was called GREEDY[1 + €], where e =d — 1.

2.2.3 d-SAMPLE-WITH-MEMORY-V processes

More generally, we define d-SAMPLE processes that can store up to M bin indices in a cache. In each
step, the process is allowed to allocate to any of the M cached bins in addition to the d sampled
bins, using some decision function Q‘. The contents of the cache are ci,...,c;, € [n]JU {0}, where 0
denotes an empty cache and at the end of each step they are updated through the function U*.

d-SAMPLE-WITH-MEMORY-M (Q', U") Process:
Parameters:
* d: The number of bins sampled in each step.
* M: The cache size, i.e., the number of stored bin indices that can be used across steps.
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o QU: Fi x ([nJU{0PM x [n]? x [M +d] — [0,1]: The decision function, which gives the
probability to allocate to one of the caches or one of the samples.
For any §' € F', any sampled bins jj,..., j; € [n] and any memory contents ci,...,c;, €
[n] U {0}, it must satisfy:

Z QB st ity g i) =1,

ie[M+d]

and for any i € [M] with ¢/ =0,
Qt(gtﬂci)"'>C]l;/[)j1)"'jd)i) :O)

meaning that we cannot allocate to an empty cache.

o U:R"x([n]Ju{oPDM x[n]? = ([n]u{0}): The update function, which given the contents
of the caches ¢’ and the sampled bins (after the allocation), decides which bins to keep in
the cache. In particular, for any i € [M],

1 . . . .
(U (" ,Ci:---,cjtvplls--':ld))i C {c{,...,cf\,[,]l,...,]d}.

Initialise: The cache ¢® =0 € ([n]uU {0})™, where 0 denotes an empty cache.
Iteration: At step t =0
* The allocation vector q* induced by the decision function is given by

1
4iE) =~ Z Z Q(&f ChyvesChps 1o o5 Jas k)

J1seJa€NTke[M]:c

1 . .
T 2 Z Q (S sclsensCppofaseesfas M +K).
Jiremja€ln] keld]: =i

* The cache is updated using

t+1 . __ t t+1 t t . .
¢ i=UMX T ey, G T e e -5 Ja)-

Aload comparison d-SAMPLE-WITH-MEMORY-M process has a decision function which depends
only on the loads of the cached and sampled bins, i.e.,

t t .t t - S ) e— t t t -
Q(& 3C1:---)CM311’---;Jd3l)-_Q(Xc{’ Xta i1’ "’xjd’l)'

An average-aware load comparison d-SAMPLE-WITH-MEMORY-M process has decision function
which may also depend on the average load

Lo, xt D).

t t .t t . L Y —t t
Q(g Jcla“')cM:]l"":]dJl)'_Q(x chia" xtaxh ja’

Maintaining an estimate for the average is a less strict requirement than knowing the entire load
vector. Both these two definitions apply for d-SAMPLE processes (by setting M = 0).

2.2.4 MEMORY process

The following process was introduced in [136]. It allocates to the least loaded of the sampled and
cached bins, and then updates the cache to store the M least loaded of these.
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(d, M)-MEMORY Process (C d-SAMPLE-WITH-MEMORY-M (Q, U*)):
Parameters:

* d: The number of bins sampled in each step.

* M: The cache size.
Iteration: At step t = 0, the decision function Q' is given by

1 1 ifi <M,

t
xcr_vmin

Q(xtt:"':xtt thr)"':xgai): :
ot ¢t h ja > kelm] Lt =y, + ket x| Lxt =y, Otherwise,
k =
t t
et Xjpoe e
load out of the samples and cached bins at step t.
The update function, stores the M smallest of the cached and sampled bins, breaking ties by

comparing bin indices,

where v, := min {xcﬂ, CoLX ,x;d} (with x; = oo for convenience) is the minimum
1

M xt+1

t t+1 t t . . —
U'(x™ ¢, s Copp J1se -5 da) = argsmallke{ci’m’%’jl’m’jd} H

[load comparison d-SAMPLE-WITH-MEMORY-M ]

A load-vector indistinguishable version of the special case with d = M =1 is given explicitly below.

MEMORY Process:
Iteration: At step t > 0, sample a uniform bin i, and update its load (or of cached bin c}):

lt+1 =x{+1 ifxf< xctt (also update cache ¢ = i),
1

X.
xHl=xt4+1 ifxf=xt,

1 1 3 1
xl=xt +1 if xf > xt,.
St St t 5t

We introduce the following variant of the (d, M)-MEMORY process, where the cache resets every r
steps.

(d, M, r)-RESET-MEMORY Process (C d-SAMPLE-WITH-MEMORY-M (Qt, U)):
Parameters:
* d: The number of bins sampled in each step.
* M: The cache size.
* r: The reset period.
Iteration: At step t = 0, the decision function Q' is given as in (d, M )-MEMORY and the update
function U" is given by

t

M t+1

argsmall X, otherwise.

{OM ifr|t,

ke{ct,nChyoiisendal

The special case of (1, 1,2)-RESET-MEMORY can be seen as a sample efficient (1+ f3)-process with
p = 1/2, in the sense that it makes exactly one sample per allocation instead of 1+ 1/2 samples (in
expectation), while still maintaining the same asymptotic gap bound of O(logn) (Theorem 7.49).
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2.3 More notation and concepts

2.3.1 Composition of processes

In [132] (and also [152]), the (1 + f3)-process was defined as the process where in step t, with
probability 8 €[0,1] we do Two-CHOICE and with 1 — 3 we do ONE-CHOICE.

(1+ B)-Process (= (Two-CHOICE, ONE-CHOICE)):

Parameter: A probability f € [0,1].

Iteration: At step t = 0, with probability 8 allocate via the Two-CHOICE process, otherwise
allocate via the ONE-CHOICE process.

[time homo. prob. vector p; =f - % +(1-p)- %, TWO-SAMPLE ]

Here, we generalise this way of mixing processes. More concretely for any two processes P =
SEQUENTIAL(q") and Q@ = SEQUENTIAL(G"), we define the process as the SEQUENTIAL(rY)
process with

r'@)=p-¢'E)+1-p)-7 @)

In particular, when P and Q have time-homogeneous allocation vectors p and p, then their compo-

sition is the Tive-HOoMOGENEOUS(r) withr =8 -p+(1—B) - D.
More generally, for N processes P; = SEQUENTIAL(Q}), ..., Py = SEQUENTIAL(qy,) and a proba-
bility vector (1, ..., By), we define the (Py,...,Py) process as the SEQUENTIAL(r")

process with

r'(§) =B 1E)+... + By -y (@)

2.3.2 Folding of a process

In some cases, it makes sense to look at a sequence of consecutive ball allocations as a single “round”
(see for example, the setting or the PACKING process). Starting at step t, we define a
function f : F x N x N — {0, 1} where f(3*,sq, t) for t = s, determines whether the current round
which started at sy should end at step t. This way, all steps are assigned to a particular round. The
function T : N — N converts steps to rounds for any step ¢ = s,.

For convenience, we use the notation x™!, x"2, ... to denote the load vector at substeps 1,2, ...
of round r. The load vector x™° corresponds to that at the end of round r — 1.

2.3.3 Majorisation

We say that a vector u € R" majorises another vector v € R", and denote it by u > v iff for all

k € [n],
k
Zui =
i=1

We recall that a function f : R" — R is called Schur convex [126] if for any u,v € R",

k
Vi.
=1

u>v=f(u)=f(v).

In particular, any convex function is Schur-convex, so when 3?72 = )thQ it also implies that:

1. The maximum load of P is at least that of Q.
2. The minimum load of P is at most that of Q.

3. Convex potential functions, such as the quadratic, the exponential and the hyperbolic cosine
potential are at least as large for P than for Q.
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The following result was shown in [152, Theorem 3.1].

Theorem 2.4. Consider any P = TIME-HOMOGENEOUS(p;) and Q = TIME-HOMOGENEOUS(p5) pro-
cesses, such that p; > p,. Then, there is a coupling between the two processes such that for any step
t=0,
~t ~t
Xp = Xg-
We will prove a slightly stronger version of this theorem where majorisation holds for the sorted
allocation vectors at any step t = 0, but they need not be time-homogeneous.

Theorem 2.5. Consider any two processes P = SEQUENTIAL(q]) and Q = SEQUENTIAL(qS) such that
for any step t > 0 and any filtrations §}, and F,

71(35) = 35(3)-
Then, there is a coupling such that X3, = X¢, for any step t > 0.

Usually, when we apply this theorem at least one of the two processes is TIME-HOMOGENEOUS.
In order to prove this theorem, we will make use of the following lemma.

Lemma 2.6. For any process P = SEQUENTIAL(q"), at any step t = 0,
lieln]: ®* £5| =1.
Note that this statement does not necessarily hold in the case of non-unit weights (see Fig. 2.3).

Proof. Leti = i'"! be the allocated bin. Then, the sorted vector X'™! is obtained from X' by incre-
menting the load of the bin with rank j, where j is smallest index such that J?Jt = X! (seeFig.2.2). [

7t i+l Xt X+l
Figure 2.2: Illustration of one bin difference  Figure 2.3: Illustration that Lemma 2.6 does
between X! and ¥'*! for the unit weights case. 1ot necessarily hold for non-unit weights.

Proof of Theorem 2.5. We will define a coupling between the processes P and Q, so that the sorted
load vectors of the two processes are the same, i.e., X, = J?tQ for each step t. At step t = 0, this

clearly holds as both load vectors are empty, i.e., 55% = 55% =0.

Consider an arbitrary step t > 0 and assume that X7, = J?tg We define the coupling between the
two processes, so that ball t 4+ 1 is allocated as follows:

1. Sample u g, [0,1].

2. For process P, allocate to s;(il), where i; € [n] is the smallest rank such that

i
D @i>u.
i=1

Similarly, for process Q allocate to stg(iz), where i, € [n] is the smallest rank such that

i
> @) > u.
i=1
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The probability to allocate to the i-th most loaded bin in P is (q}); and to the i-th most loaded bin
in Q is (g5);. Hence, the coupling is valid. Also, because q} > @5, it follows that i; < iy. We will
now show that for 5! := X%, +e; and 3?51 =X, e, we have X5 = )’EtQ“.

By Lemma 2.6, only one bin changes between X* and X**!. Let j; be that bin for process P and
jo, for process Q.

Case 1 [j; < j,]: The prefix sums that change (by +1) for P are a superset of those in Q, so
)?t+1 - &*t-ﬂ—l

p= .

Case 2 [j; > j,]: Now, we need to verify that majorisation still holds for all indices in [ j,, j; ]

Assume that this is not the case. Then, there exists k € [j,, j; ] such that

k k
D)= D FL)
i=1 i=1

and (3572),( < (J?Q)k. Also, by Lemma 2.6, we have that for £ € (j,,1i,], (th)g = z for some fixed
value z. But then we must have (X;)is1 = (X1 = 2, as otherwise, (X3)i41 < (Xg)k+q and
consequently

k+1 k k k+1
DIES) =D EL) + (o) = D L(EL) + (F)ar < D L(FL),
i=1 i=1 i=1 i=1

which would be a contradiction. Hence, (X},), =z for all £ € [k, i;], so j; < k and so the prefix sums
match. O

The following corollary states that Two-CHOICE is optimal over all TwWO-SAMPLE processes in the
unit weight case. As we shall show in Section 7.5, this is not true e.g., in the setting.

Corollary 2.7. Any Two-SAMPLE(Q") process majorises the TWO-CHOICE process.

In general, any d-SAMPLE process majorises the d-CHOICE, but for simplicity we look at the d = 2
case.

Proof. Consider an arbitrary Two-SamMPLE(Q") process and let q; be its allocation vector. Also, let
Q be the decision function of the Two-CHOICE process and qu its allocation vector.

We define the probability allocation vectors pg =: G, p1,. - ., Py2, Where p; is derived from p;_,
by changing the decision for a pair of bins (j;, j,) from Q(F", j1, jo, j) to Q(F", j1, jo, j) (for j = 1 and
j=2).

In the probability allocation vectors, this corresponds to (possibly) “reallocating” up to 1/n?
probability from heavier to lighter bins, so py = p; > ... = p,2 = o and hence by transitivity of
majorisation g* > q°. O

2.3.4 Conditions on probability vectors

The uniform probability vector p = (%, cees %) corresponds to the ONE-CHOICE process, which has

w.h.p. Gap(m) = Q(4/Tlogn) for large m. In [152], the authors show that if a process has a bias of
e/n to place away from the n/4 heavier bins and towards the n/4 lighter bins, then the process has
an upper bound on the gap that does not depend on m. Here, we generalise this condition and in
Chapter 3 we will provide a tighter analysis for this family of processes.
A probability vector p is said to be (e, 5)-biased for € := e(n) € (0,1) and quantile § := &(n) €
{1/n,...,1}, if p is non-decreasing and
1—e€

Psn <
n

For § = 1/4, this condition implies the condition in [152].
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Observation 2.8. For any (e, 6)-biased probability vector p € R", we have that

1+€
DS — for anyis<én, and p;=2——, foranyi=oén+1,
n n

c—_06_.
where € = 175 - €.

The following observation gives the worst-case (€, § )-biased probability vector and this simplifies
the analysis in Chapter 3.

Observation 2.9. For any (e, 6)-biased probability vector p € R", we have that for probability vector

g € R", whose entries are given by
e ifi<én
i = 1+¢

= otherwise,

q majorises p, i.e., ¢ = p.

We now generalise the (e, 5)-biased condition to prefix sums. This will allow us to apply our
analysis to the setting (Section 2.4.7 and Lemma 7.40).

e Condition C;: There exist constant! § € (0,1) and (not necessarily constant) e € (0, 1), such
that forany 1 < k < dn,
k

k
z pig(l_e)'_;
n

i=1
and, similarly, for any én+1 <k <n,

n

Z (1+€ 0 ).n—k-i-l
pl 1_5 *

i=k n

* Condition C,: There exists C > 1, such that max;e,1p; <
-1

| <&

<
e
1
n n

* Condition C5: There exists C > 1, such that max;¢p,) | pi—
Observation 2.10. Any (e, 6)-biased probability vector satisfies condition C; with the same 6 and e.
Proof. Since ps, < 1%6 and p is non-decreasing, it follows that p; < 1 —< forall 1 <i < 6n, and thus
the prefix sum condition of C; holds, i.e., for any 1 < k < 6n,

k 1
ZPi S

i=1

k=(1—e)-%.

By Observation 2.8, it holds that p; = 1+ foranyi = 6n+1. So, we obtain the suffix sum condition
of Cy,i.e, forany dn+1<k <n,

1 k 1
Zpl T —k+n =148 KL 0

i=

Using this observation, it is easy to verify that Two-CHOICE, the (143 )-process and QUANTILE()
satisfy the two conditions C; and C,.

Proposition 2.11. For any f3 € (0, 1], the (1 + 3)-process satisfies condition C; with § = ‘1‘ and € = g
and condition C, with C = 2. Further; for any constant 6 € (0, 1), the QUANTILE(S) process satisfies
condition C; with & and e =1 — 6, and condition C, with C = 2.

'Here constant means that the quantile 6 € (5,,5,) with constant §,,5, € (0, 1).
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2.3.5 Naming and notational conventions

Variable naming conventions:
* Bins are indexed by variables i, j, k € [n].
* Time and ball indices are t,s,u. When we are aiming to prove a guarantee for a specific fixed
time, this will be denoted by m, i.e., after the m-th ball has been allocated.
* Processes without a name are denoted by P, Q, R.
Notation conventions:
* When it is not clear from the context which process P we analyse, we will write xJ, for the
load vector (and (x1,); for the i-th entry) and Gap(t) for the gap.
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2.4 Settings

Recall that a setting is a function that transforms a process into another process. Table 2.4 gives an
overview of the settings, along with the set of processes to which they can be applied. In the coming
chapters, whenever we do not specify the process P, it should be assumed that we are working with

P = Two-CHOICE.

Setting Input process constraints

Brief description

P = SEQUENTIAL(q")

Balls have weights following W°.

P = d-SAMPLE-WITH-MEMORY-M (Q*, U?)

Bins are sampled using S°.

P = SEQUENTIAL(q")

Balls are allocated in batches of size b.

Markovian P = SEQUENTIAL(g")

Bin loads can be outdated by at most T
steps.

Markovian P = SEQUENTIAL(q")

Each bin load can be perturbed by an
additive amount g by an adversary G*.

P =Two-SAMPLE(QY)

Decisions for bins with load difference
at most g can be altered by an adversary
G'.

Markovian P = SEQUENTIAL(g")

Bin loads are perturbed by random
amount sampled from p’.

P = Two-SAMPLE(Q")

p'(8) gives the probability of a correct
comparison between two sampled bins
with load difference of 6.

P =Two-SAMPLE(Q")

The two sampled bins are adjacent ver-
tices of an edge sampled uniformly at
random from graph G = ([n], E).

Table 2.4: Overview of the different settings considered.

Adversarial Noise

\T

—{

Probabilistic Noise ‘

\\/

ONE-CHOICE

Without Noise ‘ ‘ (1+ pB) (w.o0. noise) ‘ ‘Two CHOICE (w.0. noise) ‘

Figure 2.5: Overview of settings (rounded rectangles) and processes (rectangles) for TWO-CHOICE.
A directed arrow from setting (process) A to setting (process) B means that B is stronger than A
(that is, for each process in A, there is a load-vector indistinguishable process in B). For ,
a dashed arrow is used for the connection to , as the relation is slightly more involved
(Section 7.4.2).

2.4.1 setting

We define the weighted setting for any SEQUENTIAL(g") process.
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Setting:

Parameters:
* P: A sequential allocation process SEQUENTIAL(q").
o WL .= WHFL(FE itT1): The weight distribution.
Initialise: The load vector x° = 0 € R™.
Iteration: At step t = 0, to allocate ball t + 1
1. Determine the probability allocation vector g* = q*(F*).
Sample the bin i*! €4 [n] for allocation.
Determine the distribution for the weights W1 = Wit (g, it+1).
Sample the weight w'™! € Wit

Set xt1 := xt + W'l . ;.

ok wn

The total weight of the allocated balls until step t is defined as

wt.= Zt:ws.
s=1

So, the average x' = W!/n. We also give names to the following special cases:

* In the unweighted case (or unit weight case), w* =1 and so W' =t.

* The independent weights case, where the weights are independent, i.e.,
WELE) =W,
for some fixed distribution W := W(n).
* The load-dependent weights case, where the weights depend on the bin being allocated, i.e.,
WHLE) =W (e, x 0.

For example, the TWINNING process samples a bin i and allocates two balls to bins with xit < %

and one ball otherwise. Also, PACKING allocates one ball to overloaded bins and |— yi+ 1-| balls
to underloaded bins (see Section 2.5.5).

Weights with finite moments

In the () setting, the weight of each ball is drawn independently from a fixed distribu-
tion W over [0, oo). Following [152], we assume that the distribution W satisfies:

s Efw]=1.
« E[e"V] < oo for some ¢ > 0.

Specific examples of distributions satisfying the above conditions (after scaling) are the geometric,
exponential, binomial and Poisson distributions.
Similar to the arguments in [152], the above two assumptions can be used to prove that:

Lemma D.4 (Restated, page 220). There exists S := S({) = max{1,1/{}, such that for any y €
(0,min{{/2,1}) and any xk € [—1,1],

E[eY'K’W]<1+Y-K+Sy2-K2.

As this parameter is used in most of the upper bounds involving the (£) weights, we
often refer to the setting as (S) or (Z,S).
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2.4.2 sampling distributions

In Section 2.2, we defined the d-SAMPLE-WITH-MEMORY-M to implicitly have the uniform sampling
vector § = (%, e %) meaning that each d-tuple of indices had exactly the same probability 1/n? of
being sampled.

In [176], the setting of heterogeneous sampling distributions S was introduced for the d-CHOICE
process. We extend this to any d-SAMPLE-WITH-MEMORY-M Pprocess.

Setting:

Parameters:
e P: Ad-SAMPLE-WITH-MEMORY-M(QF, U") process.
* S': A probability vector for sampling the bins.
Iteration: At step t = 0, allocate ball t + 1 using the allocation vector

d
qi(F) = Z Z Qt(gt,ci,---’Cztvpjl’---,jd,k)-l_[SJFl
Jiseja€lnlke[M]:ct=i =1
d
+ Z Z Qf(St,c{,...,clf/[,jl,...,jd,M+k)~l_[5jfl,
J1se-ja€ln] keld]:jr=i o1

And update the cache using the function U*.

The only difference with the definition of the d-SAMPLE-WITH-MEMORY-M process is that the 1/n?
term is replaced by ]_[?:1 Sjtf, meaning that the probability to sample a bin may not be uniform.

2.4.3 setting

In [28], a parallel setting was considered for Two-CHOICE, where balls are allocated in batches of
size n. Here, we generalise this to arbitrary batch size b € N, and for any process P.

Setting:

Parameters:
* b e N,: The batch size, i.e., the number of balls allocated in the same batch.

e P: A SEQUENTIAL(Q") process.
Iteration: At step t = 0, allocate ball t + 1 using the allocation vector

qt = at—rem(t,b)(st—rem(t,b) )’

where t —rem(t, b) is the starting step of the batch containing step t.

Remark 2.12. In the setting for b > 1, it could be that two load-vector indistinguishable
processes P and Q are no longer load-vector indistinguishable. For instance, in the first batch the
Two-CHOICE process with random tie-breaks has allocation vector

1 1
ql = Ty ey — ],
n n
while with the TIME-HOMOGENEOUS definition, the process has a allocation vector
B ( 1 2i—1 2 1 )
qs = le, ceey 2 , ...,n 2 .

Hence, with q, all bins are allocated b/n balls in expectation, while with q, there are bins that are
allocated approximately 2b/n balls in expectation.
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2.4.4 setting

A shortcoming of batching is that it requires the batches to be synchronised, i.e., all bin loads need
to be updated at the same step. We relax this for any Markovian process P with allocation vector

g' =q"(x"). We define the (P, G") setting where in each step t, an adversary G transforms
the load vector x' into X' under the constraint that X! € [x/~""!,x!], for each i € [n]. More
formally:
Setting:
Parameters:

* P: A Markovian SEQUENTIAL(G") process with g* :=q*(x*").
e G': F' > R™ A function X' = G*(§"), such that for any filtration §* (corresponding to
load vector x*!),
<t

xte[xf 7 xl], for alli € [n].

Iteration: At step t = 0, allocate ball t + 1 using the allocation vector

q'(3) =7 (G'E".

Note that the process (P, G") is no longer Markovian, as an allocation could depend on

the last T steps.
n 5

Figure 2.6: The evolution of the load of a fixed bin i € [n]. In , the adversary can choose
to report any load of the last 7 steps (shown highlighted), when allocating ball ¢t + 1.

BN
S
4

t—7+1

2.4.5 setting

For any Markovian process P = SEQUENTIAL(G"), we define the (P, G") process, where
the adversary G' can modify each of the loads by at most an additive value g. Formally, for any step
t 2 0, the resulting process has an allocation vector

q¢" =q'(x"),

where X' = G(§") is the perturbed load vector satisfying X! € [x{ — g, x| + g] for all i € [n].

Setting:

Parameters:
* P: A Markovian SEQUENTIAL(G") process with g* :=q*(x*").
* G':F'—> R" A function X' = G'(F") satisfying for any load vector x‘ € R" that
x;e[x{—g,x{+g], forallie[n].

Iteration: At step t = 0, allocate ball t + 1 using the allocation vector

¢'i=q' () ='(G'F)).
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For any average-aware load comparison Two-SAMPLE process P, we also define the process
(P,G"), where the adversary can influence the comparison between pairs of bins (j;, jo)
with load difference |x]?1 — x]?2| < g. Formally,

Setting (€ Two-SAMPLE(Q")):

Parameters:
e P: An average -aware load comparison TWO—SAMPI.F(at) process with Qt =
Q (x x x ,1).
. : Ftx [n] x [2] = [0,1]: A function G'(F", j;, jo, 1) giving the decisions of the adver-
sary.

Iteration: At step t = 0, allocate ball t + 1 using the modified decision function

t(gt jl)jZ:i) if |X;1—X§2| <g

f(xt, x] , ?2,i) otherwise.

Qt(gt)jb]é: l) = {

Special cases: s

We will also look at two particular instances of these settings. The first one is where the adversary
always allocates to the heavier bin. This setting was introduced in [7] for the Two-CHOICE process
under the name g-BOUNDED process. Here, we extend the definition to any average-aware load
comparison process P, such that (P) is the (P, G") process with

GU(G . xt xt i) = {1"§1>X§2 ifi=1,
J ’ ] C o i
o2 1 X <xt otherwise.
We also define the (P) process where the adversary decides randomly when the
two bin loads differ by at most g, i.e., it is the (P, G") with
Gt(gt xt xt l) — 1
2T g 2°
2.4.6 setting
For a Markovian process P = SEQUENTIAL(G"), we define the (P) process, where in

step t, the load of bin i is perturbed by p; ~ p, i.e., X' = x' + p" and so its probability allocation
vector is given by q* = q*(x*").

Setting:

Parameters:

* A density function p".

A Markovian process P = SEQUENTIAL(Q") with ¢* :=q*(x*).
Iteration: At step t = 0, allocate ball t + 1 using the allocation vector

¢ :=q'(x),

where X = x| + p; with p! ~ p“(F"), for each i € [n].
Special cases: (P) (for p = o = N(0,02))

For any average-aware load comparison P = Two-SampLE(QY), we also define the
(P) process, where p : N — [0, 1] gives the probability of a correct comparison, whose decision
function Q" is given by

Q@ xL,x i) = QU xt,xC, 1) pllx, —xf )+ (1= Q' F,xt,xL, 1)) (1= p(lx, —x ).
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Special cases: (1 + f3)-process (for TWO-CHOICE with p = f3), (Two-CHoICE) (for

p(5) = 155,), (TwO-CHOICE) (for p(8) = 155g + 3 - 15<g)-
p(8) p(8) p(5)
1 T &
0.5 05— 0.5
0 + ) 0 | o) 0 | )
g g o 20
(a) (b) (c)

Figure 2.7: In the graphs above, 6 = \x}l - x]?2| is the load difference among the two sampled bins
and p(6) is the probability that the load comparison is correct.

A special case of this is the setting, which is based on the following idea. When
sampled at step t, a bin i reports an unbiased load estimate X{ = x| + Z/, where Z| has a normal
distribution NV (0,02) (and all {Z!}ie[n],c>0 are mutually independent). Then the process allocates
a ball to the bin that reports the smallest load estimate. Thus if x]t.1 — x]?z = 6 > 0, the probability
for allocating into the smaller bin can be computed as follows:

St—1 ¢ ot—=17] _ -1 -1 _ 2 _
pr[x;1 <xY ] _Pr[zjfl —z7< 5 |=1-Pr[N(0,20%)> 5 ]=1-Pr[N(0,1) > §/(v20) ]

=1—-3(5/(vV20)).
Note that ®(z) = 1/2 for z = 0, and ®(z) is increasing in z. As shown in [96, page 17],
1 2 1 2 Y
V2r V224443 V21 V224242 '

Hence ignoring the linear term in 1/z, setting z := §/(+/20) and re-scaling o, we can define

as the setting which satisfies for all steps t and samples j;, j, with xj?z — xj?l =6>0

1 52
<t <t _
we[ 5, <5y ]=1--em((2)), @3)

meaning that the correct comparison probability exhibits a Gaussian tail behaviour.

e 21— d(2) <

that

2.4.7 setting

We define the (G, P) setting for any TwO-SAMPLE process P on the graph G = (V =
[n],E). In each step, an edge e is sampled randomly from the graph and the decision function of P
is used to determine to which of the two nodes adjacent to e we are going to allocate the ball. In
a sense, this extends the setting by relaxing the independence assumption of the
two samples.

(P,G)
Parameter:
* G =(V,E): An undirected connected graph.
e P: A Two-SAMPLE(Q") process with decision function Q".
Iteration: At step t = 0, allocate ball t + 1 using

@)= > D QG ik

(1.J2)€E ke[2]: k=1

1
|E|
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2.5 Additional processes

SEQUENTIAL(q") (SEQUENTIAL(g"), Wt)‘

TlMuHOMOGuNuous(p)‘ \ d-SAMPLE—W1'1'H—MEMORY—M\ [ MEAN-BIASED |

[ TWINNING] [ PACKING]

d-SAMPLE

d-THINNING

ROUND-ROBIN

—

TwO-THINNING

k-THRESHOLD

| k-UNIFORM-QUANTILE|  [ONE-QUANTILE] [ONE-THRESHOLD [ k-RELATIVE-THRESHOLD

ava

| k-DENSE-QUANTILE| |[MEDIAN-QUANTILE]

MEAN-THINNING

[ k-DENSE-THRESHOLD

Figure 2.8: Hierarchy between some of processes and families of processes considered.

2.5.1 THINNING processes

d-THINNING(f,..., f, ) Process (C d-SAMPLE(Q")):

Parameters: Decision functions f},...,f[ |, where f : F* x [n]¥ — {0, 1} decides whether to
accept the k-th sample.

Iteration: At step t = 0, sample d bins ji, ..., j; € [n], and allocate ball t + 1 using the decision
function

i—1
Qt(%’t:jl: . ':jd: l) = fit(gt)jlﬁ . ')ji) : l_[ (1 _fkt(‘srt:jl’ .. ':jk)) .

k=1

Special cases: ONE-THRESHOLD, ONE-QUANTILE € TWO-THINNING
[d-SAMPLE ]

For a d-THINNING process, we define the number of samples S’ taken up to step t, as

St ::t+Z

s=1

t d-1

(I=FE 50 00),
k=1

and the sample-efficiency n' as
i1 X

t._ i=1"i

n==

2.5.2 THRESHOLD processes

A special case of TwO-SAMPLE processes are the k-THRESHOLD processes which sample two bins and
send k non-adaptive queries to the bins j € {j;, j,} in the form “Is x]? > fl.t?”. The allocator gathers
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the responses and allocates to the bin that was witnessed to be smaller (see Fig. 1.6).

k-THRESHOLD(f, f,, ..., f,) Process (C Two-SAMPLE(Q")):

Parameters: Threshold functions f{,..., f, where f : F* — R such that for any filtration
5 e F,

0 =f,(§)>f{E)> f,E)>...> f{§).

Iteration: At step t = 0, we define the tightest witnessed upper bound for a bin as
£(§",1) := max{u € [k]JU {0} : f[(§") > x},

and define the decision function Q' that decides between the two bin samples j; and j, as
follows,

2 if €5, 71) = (3", ),
Qt(gtajlajz:i) = ll(gt’j1)>e(8‘t’j2) elseifi =1,
Ly j)<e(zt,j,) Otherwise.

Special cases: ONE-RELATIVE-THRESHOLD C TWO-THRESHOLD, k-RELATIVE-THRESHOLD
[TWO-SAMPLE ]

A particularly attractive family of k-THRESHOLD processes are the k-RELATIVE-THRESHOLD pro-
cesses, where the thresholds are at a fixed offset from the average, i.e., fjt =x"+ rj(n), where r; :
N — Nand 1 < j < k. This means that the thresholds can be computed with having just (an estimate
for) the average (so they are average-aware load comparison processes). The MEAN-THINNING pro-
cess is a special case with k = 1 and ry(n) = 0 for alln € N. We call (MEAN-THINNING, ONE-CHOICE)
the (1 + m)-process. These will be analysed in Sections 5.2 and 5.2.2.

Note that ONE-THRESHOLD(f!) is equivalent to the TWO-THINNING processes with Fi(3!,j) :=

lfféx;'

Observation 2.13. For any ONE-THRESHOLD(f ") process, there exists a load-vector indistinguishable
TwO-THINNING (f') process.

However, for certain load vectors (where several bins have the same load), the THRESHOLD
process cannot provide fine-grained control.

Remark 2.14. There exists a TwO-THINNING(f") process that has no load-vector indistinguishable
ONE-THRESHOLD equivalent.

We can however add randomness to THRESHOLD processes obtaining the k-RANDOMISED-THRESHOLD
processes that are load-vector indistinguishable to k-QUANTILE (as we shall see in Lemma 2.18). In
Section 7.2.2, we analyse the k-DENSE-THRESHOLD process with the following thresholds,

. L ifj=1,
fi =1 3 . 1/k . .
] H+|_E~]-(logn) -|—2 if2<j<k,

where y, > 0 is a constant to be defined in Section 7.2.2.

MEAN-THINNING and RELATIVE-THRESHOLD

By the analysis of MEAN-THINNING, we can obtain upper bounds for RELATIVE-THRESHOLD(f (n))
with any non-negative threshold function f (n).
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Lemma 2.15. Let f(n) be any non-negative function. Let Gap, and Gapy(,) be the gaps of MEAN-
THINNING and RELATIVE-THRESHOLD(f (1)). Then Gapy ) is stochastically smaller than Gapg +f (n).

Before proving the lemma, we need the following domination result:

Lemma 2.16. Let P be the TH RHSHOLD(% + f (n)) process where f (n) is non-negative, starting with an
empty load vector x% = 0. Further, let Q be the TIIRESHOLD(% + f(n)) process with initial load vector
(xg)l = (xOQ)z == (x%)n = f(n). Then, there is a coupling so that at any step t = 0, it holds that
(xp)i < (xg);, for any bin i € [n].

Proof of Lemma 2.16. Let j; = j; and j, = j; be the two bins sampled at step t > 0, which are

uniform and independent over [n]. We consider a coupling between P and Q, where these random
bin samples are identical, and prove inductively that for any ¢t = 0 and any i € [n],

(X;p)i < (th)i-

The base case t = 0 holds by definition. For the induction step, we make a case distinction:

Case 1 [(xp);, < t/n+ f(n)]. In this case, P allocates a ball to j;. If (xg);, < t/n+ f(n), then Q
also allocates a ball to j;; otherwise, we have (x(); = t/n+ f(n), and hence (xg); > (x5)j,, i-e.,
(xg)j, = (xp);, + 1. This implies

t+1 — t t — t+1
(XQ )11 - (xQ)jl > (XP)h t1= (XP )11’
and the inductive step follows from this and the induction hypothesis.

Case 2 [(x7‘3)j1 = t/n+ f(n)]. In this case, P allocates a ball to j;. By induction hypothesis,
(xp);, < (xg);,, which implies Q also allocates a ball to j;. Thus we have

(xtQ+1)jl = (xtQ)jl t1= (x;?)jl +t1= (x7t>+1)1'1’

and the inductive step is complete. Since in both cases all other bins remain unchanged the proof is
complete. O

Lemma 2.17. Let P be the TIIRESHOLD(% + f(n)) process starting with the initial load vector (x%)l =
.= (x%)n = f(n) and Q be the MEAN-THINNING process with initial load vector XOQ = 0. Then, there
is a coupling so that x}, = xg, + f (n) for any step t > 0.

Proof. In the execution of the process P, we start the process at step t = 0 from an initial load of f (n)
balls in each bin. Since the threshold is t/n + f (n), that is the process P does not have a threshold
relative to the actual average load, the effect of adding these balls is to reduce the threshold of P by
exactly f(n). Thus, P is operating with a threshold of t/n+ f(n)— f (n) = t/n, which is equivalent
to MEAN-THINNING process, i.e., Q. So, we obtain a coupling such that x/, = xtQ + f(n) for any step
t=0.

O

We can now complete the proof of Lemma 2.15.

Proof of Lemma 2.15. We define the following processes:
* P;: The RELATIVE-THRESHOLD(f (n)) process (starting from the empty load vector).
* P,: The THRESHOLD(E + f(n)) starting with (x?,z)l =...= (x%z)n = f(n).
* P5: The MEAN-THINNING process (starting from the empty load vector).

. . t . . . . t
By Lemma 2.16, there exists a coupling such that Xp, pointwise majorises xp, for any step t = 0.

By Lemma 2.17, there exists a coupling such that x%z = x%g + f(n). Hence, we deduce that there is
a coupling between the three processes such that

< max(xh, )i — = = max(xh, ) + f(n)—% = Gapy(t)+ £ (n).

t
Ga t)=Ga t) = max(x} ), ——
pf(n)( ) ppl( ) ie[n)]((XPl)l n ie[n] n
O
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2.5.3 QUANTILE processes

k-QUANTILE(S],05,...,0,) Process (C Two-SAMPLE(Q!)):

Parameter: Quantile functions 55,...,5;{ (for k < n), where §; : 7* — {1/n,2/n,...,1} such
that for any filtration §°,

6p=0<67F)<65EF)<... <85 (FY).
Iteration: At step t = 0, we define the tightest witnessed upper bound for a bin
0(3",i) :=max{j € [k]u{0}:n- 5;(@) < Rank'(i)},
and define the decision function Q' as follows

% ifﬁ(%t’jl)zg(gtajZ)a
Qt(%t:jlajz’ l) = 1[(3t’j1)>e(3~r’j2) elseifi =1,
Lozt j<e(3t,j,) ©Otherwise.

Special cases: k-UNIFORM-QUANTILE, TWO-CHOICE
[TWO-SAMPLE ]

In the special case where the quantile functions do not depend on time nor load vector we call
this a k-UNIFORM-QUANTILE process, i.e., 5; := 6;(n) for j € [k]. A process of this family is also
TIME-HOMOGENEOUS (p), with probability vector p defined as

o, ifi < &yn,

2% if§in< i< 8yn,
pi=1:

GatOhif 5, in <i < &g,

o ifi> &en.

Lemma 2.18. For every k-QUANTILE process P, there is a k-RANDOMISED-THRESHOLD process Q, such
that P and Q are load-vector indistinguishable.

Note that since QUANTILE(S") is indistinguishable from Two-THINNING(f ©) with f1(F", j) := Trankt(j)>5tn>

we have that:

Observation 2.19. For any QUANTILE(6") process, there is a load-vector indistinguishable TWO-THINNING

(fY) process.

In Section 7.2.1, we will prove for the following concrete k-UNIFORM-QUANTILE process that
w.h.p. Gap(t) = O(k(log n)/*) for any 1 < k < O(loglogn).

k-DENSE-QUANTILE Process (= k-UNIFORM-QUANTILE(O{, 05, ..., 01)):
Parameters: We define
< |3 ifi =k,
5; = 2.4

e#llogm ey i ok
and the quantiles 64, ..., 6 as the gi’s rounded up to the nearest multiple of 1/n.

Special cases: MEDIAN-QUANTILE (for k = 1)
[time homo. prob. vector, TWO-SAMPLE ]
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2.5.4 Relation between THRESHOLD and QUANTILE processes

We state the following results connecting k-THRESHOLD and k-QUANTILE processes and defer their
proofs to Appendix D.1.

Lemma D.1 (Restated, page 218). Any THRESHOLD(f}, ..., fi) process can be simulated by a QUAN-
TILE(6%,...,8%) process.

Lemma D.2 (Restated, page 218). For any QUANTILE(S],...,8;) process, there exist thresholds
ff,..., f and probability vector (B5, ..., B;) such that (THRESHOLD(f), ..., THRESHOLD(f{")).

Lemma D.3 (Restated, page 219). Any QUANTILE(S 1, ..., Oy ) process can be simulated by an adaptive
(and randomised) (2k)-THINNING process.

2.5.5 TWINNING and PACKING processes

The process (ONE-CHOICE, W') where W' (W, x,,,) = 1+ lyfm <o was presented in [117]

(see Fig. 2.9). Here, we also give an explicit definition:

TWINNING Process:
Iteration: At step t = 0, sample a bin i € [n] uniformly at random, and update its load:

X t

t : t
x; +2 1fxl. <.

t if x> W0
F+1:{xi+1 if x; =2 -,

L

[ONE-SAMPLE, (ONE-CHOICE, W!)]
-0 00}
O v v
O O 8 0O
O O O O
wn SEBG 2998 Ll wa
O 00O O O 0000
88B88800 2888388o
OO_OOOOO OO0OO0OO0O 00O
i i

Figure 2.9: The two cases for the TWINNING process: (i) allocating to an overloaded bin and (ii)
allocating to an underloaded bin.

Remark 2.20. This process can be implemented in any d-regular graph (even the cycle), by sampling
an edge randomly and then choosing one of its endpoints randomly. As we show in Corollary 5.12,
TWINNING achieves w.h.p. an O(logn) gap, which is much better than the observed poly(n) gap of
Two-CHOICE (e.g., on the cycle).

The following process is a more extreme version of TWINNING, which “fills up” underloaded bins
until they become overloaded. In particular it is the process (ONE-CHOICE, W!) where
WHWE X!, ) =1+ Ly, <o [—¥/i1 1 (see Fig. 2.10).

PACKING Process:
Iteration: At step t = 0, sample a bin i € [n] uniformly at random, and update its load:

i

t et W

St — {xi '["1 if x; > n
- w . t w
[S1+1 ifxf <5

[ONE-SAMPLE, (ONE-CHOICE, W!)]
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Figure 2.10: The two cases for the PACKING process: (i) allocating to an overloaded bin and (ii)
allocating to an underloaded bin.

Since every ONE-SAMPLE process is trivially a ONE-THINNING process, sample efficiency is defined
(and is of interest) for both TWINNING and PACKING.

2.5.6 MEAN-BIASED processes

In this section, we define the MEAN-BIASED processes that captures both the TWINNING and MEAN-
THINNING, as well as several other processes. First, we define ¢ := max;cp: q; and ¢ := min;cp: q,
as the largest (smallest) probability for allocating to a fixed overloaded (underloaded) bin at step ¢,
respectively. We define,

Condition P,: At any step t = 0, the probability allocation vector ¢ must satisfy q° < % <qt.

Condition W,: At any step t > 0, if i := i*™! is chosen for allocation,

- If yit < 0, then allocate w_ balls to bin i,

- If y{ >0, then allocate w, balls to bin i,
where 1 < w, < w_ are constant integers.

Both conditions are natural, but on their own they are not sufficient to establish a good bound on
the gap, as the ONE-CHOICE process satisfies both conditions with equalities. Thus, we will require
processes to satisfy at least one of two stronger versions of P, and W,:

Condition P5: This is as Condition P,, but additionally, there are time-independent constants
k, €(0,1],k, € (0,1] such that for any step t = 0:

¢ < 1—k1+k1-lBil :l_kl'(1—5f)’

n n2 n n

ko-IBLl 1 ky-8°
+2—2+:—+ 2 .
n n n

1
t>_
n

Condition Wjs: This is as Condition W,, but additionally we have the strict inequality: w, <
w_. Also, we assume that for each t > 0, allocation vector q; is non-decreasing in i.

The reason we attach the non-decreasing property of ¢* to W5 and not to P, is to make our main
result slightly stronger. We call MEAN-BIASED processes the ones that satisfy P, and W5 or P5 and
W,.

The rationale behind condition P4 is that we wish to slightly bias the allocation vector q* towards
underloaded bins at each step t. However, it is natural to assume that this influence is limited by a
process that samples, say, at most two bins uniformly and independently, and then allocates balls to
the least loaded of the two. Concretely, if a process takes two independent and uniform bin samples
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at each step, the probability of picking two overloaded bins equals (IBT+)2. Hence by averaging, there

must be a bin i € B such that
BN 1 IBY
q,=>q; = ( . | = .

n BL| n2

The relaxation of the first constraint in P5 by taking a strict convex combination of % and ll% ensures
some slack, for instance, it allows the framework to cover the

OnePlusEta-process, a “noisy” version of MEAN-THINNING, where at each step, it performs a ONE-
CHOICE allocation with some constant probability n € (0, 1), and otherwise we perform an allocation
following the MEAN-THINNING process (see Lemma D.5 for details). Similarly, for any process which
takes at most two uniform samples, by averaging, there must be a bin j € BY such that

B2 ¢ t t
ey D e lB) 1 B
- Y |BL| n2|Bt| n  n2

Finally, we remark that P; resembles the framework of [152, Equation 2], where p; = p; is
non-decreasing in i and p, /3 < # and py,/3 = 1246 holds for some 0 < € < 1/4 (not necessarily
constant). In contrast to that, for constants k;,k, > 0, the conditions in P; are relaxed as they
only imply such a bias if 6° is bounded away from 0 and 1, which may not hold in all steps. It is

straightforward that TWINNING fits into the MEAN-BIASED framework.

Lemma 2.21. The TWINNING process is a MEAN-BIASED process.

Proof. The TWINNING process satisfies s, since w_ =2 > 1= w, and P,, since bins are sampled
uniformly at random in each step. O

MEAN-THINNING also fits into the framework, but satisfying a different set of conditions.

Lemma 2.22. The MEAN-THINNING process is a MEAN-BIASED process.

58 _ 1 1(1-5")

n n n

Proof. The probability of allocating to any overloaded bin i € B is ¢} =

. . t . t
choose k; := 1. For any underloaded bin i € B!, q; = % = % + %, so we can choose k, :=1,

and P5 holds. Condition W, is trivially satisfied, since w, =w_ =1. O

, SO We can

The (1 + n)-process also fits into the framework:

Lemma D.5 (Restated, page 220). For any constant 1) > 0, the (1 + m)-process is a MEAN-BIASED
process.

Finally, we just remark that although the (1 + f3)-process is not a MEAN-BIASED process it can be
majorised by (1 + 7). So, the upper bound on the MEAN-BIASED processes also applies to (1 + f3).

Lemma D.6 (Restated, page 221). For any constant 8 € (0,1], the (1 + n)-process with n = 3
majorizes (1 + [3)-process at each step.
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| EXPECTATION OF THE HYPERBOLIC CO-
£ SINE POTENTIAL

Peres, Talwar and Wieder [152] analysed the hyperbolic cosine potential for a large family of pro-
cesses. In this chapter," we will present a refined analysis for the expectation of the hyperbolic
cosine potential which also holds for a large family of processes including weights and outdated
information (see discussion below for details of the refinements). Recall that the hyperbolic cosine
potential with smoothing parameter y > 0 is defined as

n n

I :=T'(y):=d" + 0! ::Ze”r‘t +Ze_”it, (3.1
i=1 i=1

where &' := &(y) is the overload exponential potential and ' := W!(y) is the underload exponential

potential. We also decompose I'* by defining

I :=® + ¥, where® = e"i and = e 7Y for any bin i € [n].

Further, we use the following shorthands to denote the changes in the potentials over one step
t+1 . Ht+1 t t+1 . __ t+1 t t+1 . pt+l t

AP =l — g AWt := g+l — @t and AT =TT
The following theorem was proven in [152, Section 2].

Theorem 3.1 ([152, Section 2]). Consider any T1ME-HOMOGENEOUS(p) process with non-decreasing
p, satisfying for some € € (0,1/4) that

1—4 1+4 2
Di S 6, forany i < E, and p;= 6, forany i = _n.
n 3 n 3
Further;, consider the setting with weights from a (¢, 8S) distribution with S = 1.

Then, for T :=T'(y) with y := min {%, %}, there exists ¢ = poly(1/e€) such that for any step t = 0,

€
E[ artt | g ] <—1t- Ly
[ | § ] h 4n
Recall from Section 1.3 (see also Lemma B.1 (ii)), that when a process satisfies this drop in-
equality it also satisfies E[ rt ] < j—g - n for every step t = 0.
In order to state our generalised version of the theorem, we first recall the conditions C; and C,

for a probability vector p as defined in Section 2.3.4:

* Condition C;: There exist constant 6 € (0,1) and (not necessarily constant) ¢ € (0, 1), such

that forany 1 < k<6 -n,
k

k
z pig(l_e)'_,
n

i=1

and similarly for any 6 -n+1 < k <n,

n
pi>(1+e-

19) )_n—k+1
i=k

1-6 n

It follows by Observation 2.10, that any process that satisfies the precondition in Theorem 3.1
with €’ € (0, 1/4) also satisfies condition C; with € = 4¢’ and 6 = 1/3.

L After the submission of this thesis, we compiled the content of this chapter in [115], where we also included some
simpler-to-verify conditions for the main theorem.

52



* Condition C,: There exists C > 1, such that max;e,1p; < %

Recall that any d-SAMPLE process satisfies this condition with C =d.

As we shall describe shortly, the main theorem (Theorem 3.2) applies to a variety of settings.
However, in order to more precisely highlight the differences to Theorem 3.1, we first state a corol-
lary for TIME-HOMOGENEOUS processes in the non-batched setting with weights from a

distribution. The two main differences are: (i) that p satisfies preconditions C; and C,,
and (ii) the additive term which changes from poly(1/¢) to O(ye).

Corollary 3.6 (Of Theorem 3.2 — Restated, page 63). Consider any TIME-HOMOGENEOUS(p) process
with p satisfying condition C; for some constant 6 € (0,1) and some € € (0,1), and condition C, for
some C > 1.

Further, consider the setting with weights from a (S) distribution with S = 1
Then, there exists a constant ¢ := c¢(6) > 0, such that for T :=T'(y) with any y € (0, %] and for any
stept =0,

E[ AT | gt ] <-Tt. %+cye.

Now we state the main theorem, where the preconditions are expressed in terms of the expected
change of the overload and underload potentials for a folding of a sequential allocation process. Note
that in the following theorem the probability vector p need not be the probability allocation vector
q of the process being considered. When the rounds consist of multiple steps, then this probability
vector expresses some kind of “average number” of balls allocated to the i-th bin.

Theorem 3.2. Consider any folding of a P = SEQUENTIAL(qY) process and a probability vector p*
satisfying condition C, for some constant 6 € (0,1) and some € € (0,1) at every round t = 0. Further
assume that there exist K > 0, vy € (0, min {1, %}] and R > 0, such that for any round t = 0, process
P satisfies for potentials ® := ®(y) and ¥ := W(y) that for bins sorted in non-increasing order of their

loads,
n 2
ZE[A¢$+1|St Zqﬂ ((Pl__) R-y+K-R- %)
i=1

and,
2

;E[A\Pf“|3 Z\pf ((——p )~R~y+K~R~%).

Then, there exists a constant ¢ :=c(6) > 0, such that for T :=T'(y) and any round t = 0

E[ AT 3] <—rf-R-Y;—f+R-cye,
and 8
E[rf]<§-n

This theorem is a refinement of Theorem 3.1 in the following ways:

* When rounds consist of a single step and the allocation vector g coincides with the probability
vector p, we relax the preconditions on p, requiring that it satisfies conditions C; and C,.

This allows us to apply the theorem for TWO-CHOICE on the , setting
for d-regular expanders as q satisfies C; and C, (as we shall see in Lemma 7.40). Note that
the majorisation argument in [152, Section 3] only applies to the unit weights case.

* It has two parts: (i) proving an upper bound on the expected change of the & and ¥ potentials
and (ii) combining these bounds to deduce a bound on the expected change of T'.

This split allows us to apply the theorem for processes that allocate balls to more than one
bins, such as TWINNING-WITH-QUANTILE (Section 3.2.1) and (1, 1, 2)-RESET-MEMORY, and also
to the setting (Sections 3.2.2 and 3.2.3).
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* We show that I' := I'(y) satisfies the following drop inequality for some constants c;,c, > O,

E[ Ar'*! | g <1t & +cyve.

This allows us to deduce that for any round ¢t = 0, it holds that E [ rt ] < E—f -n (Lemma B.1 (ii))

and this directly 1mpl1es the tight O(log %) bound on the (1 + f3)-process for all f < 1—¢/,

for any constant €’ > 0 (Theorem 3.7). Furthermore, it allows us to prove, in Chapter 4,

that T’ concentrates at O(n) which we later use to prove the tighter gap bounds for the
setting, improving (’)(% - log n) to (’)(%) (Section 7.5), and for the QUANTILE(6™)

process, improving O((lolgof)';n)z) to O(lols;l%)gn) (Section 7.2.3).

The key lemma that we use to prove Theorem 3.2 is a drift inequality that is agnostic of balanced
allocation processes and is essentially an inequality involving ®, ¥, I" over an arbitrary (load) vector
x (with y = x — X being its normalised version) and a probability vector p satisfying condition C;.

Lemma 3.3 (Key Lemma). Consider any probability vector p satisfying condition C; for constant 6 €
(0,1) and (not necessarily constant) € € (0,1), and any sorted load vector x € R" with ® := ®(y),
W :=¥(y) and T :=T(y) for any smoothing parameter y € (0, 1]. Further define,

AE::iA% Zcb (.——) y, and AU: ZA\D Zn:\lli-(%—pi)-y.
i=1 i=1

i=1

Then, there exists a constant c := c¢(6) > 0, such that

5
AT —ZAF ZA@ + AT, < F-%—I—cye.
n

Organisation. The remainder of this chapter is structured as follows. In Section 3.1, we prove the
key lemma and the main theorem. Then, in Section 3.2.1 we prove Corollary 3.6 for the non-batched
setting and apply it to get bounds for the QUANTILE(S), (1 + 3) and TWINNING-WITH-QUANTILE
processes. In Section 3.2.2, for the setting, we show that processes whose allocation
vectors satisfy conditions C; and C,, satisfy the preconditions of the main theorem, allowing us to
deduce an (’)(% -log n) bound on their gap. Finally, in Section 3.2.3 for processes whose allocation
vectors satisfy condition C5 (i.e., they are close to the uniform distribution), we deduce an (’)(ﬁ .
log n) bound on their gap.

Later, in Section 7.5 we will improve the (’)(% -log n) bound to (’)(%), which in Appendix C.1 we
show to be tight. Similarly in Section 7.5, we will also improve the O(y/2-logn) bound to O(y/2-logn),
which again in Appendix C.1, we show to be tight.

3.1 Proof of Theorem 3.2

We start by proving the key lemma. Note that this holds for any probability vector p satisfying con-
dition C; and any sorted load vector x (with y being its normalised load vector). Before presenting
the proof, we outline the key ideas in the proof:

1. It suffices to analyse AT = A® + AW for the simplified probability vector,

e jfi<én,
ry = n (3.2)

€ otherwise,

where € :=€- %, as r maximises the terms A® and AW, over all probability vectors satisfying
condition C; for a given 6 and e.
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2. For any bin i € [n], there is one dominant term in [; = &; + ¥; = "t + ¢~ Yi: for overloaded
bins (y; = 0) it is ®; = e (and ¥; = e "’ < 1) and for underloaded bins (y; < 0) it is ;
(and ®; < 1). In Claim 3.4, we show that the contribution of the non-dominant term in AT is
subsumed by the additive term, i.e., cye.

3. Any overloaded bin i € [n] with i < &n, satisfies r; = 1%6 and so A®; = —&;- L= We call these
the set G, of good overloaded bins, as their dominant term decreases in expectation. The rest
of the overloaded bins are the bad overloaded bins B,, as these satisfy A®; = +&; -

=5

Similarly, good underloaded bins G_ with i > &n, satisfy AW, = —, - Y—ng and bad underloaded
bins B_ satisfy AY; = +, - %

Set | Load | Index | r; | Contribution AT;
Gy |yiz0li<én| LS| -0 4y I
B, | yi>0|i>én | 2| 4o, g, .1
G_ | y;<0|i>6n| | 4o, Ky .1
B_|y;<0|i<én|Le| —& Lty L

Table 3.1: The definition of the four sets of bins and the contribution term of each bin to AT. The
dominant term is coloured. The sign of the dominant term determines if a bin is good (negative
sign/decrease) or bad (positive sign/increase).

4. We can either have B, # 0 or B_ # 0 (see Fig. 3.2).

The handling of one case is symmetric to the other due to the symmetric nature of A® and
AV (with 6 being replaced by 1—§8). So, from here on we only consider the case with B, # 0
(and B_ =0).

5. Case A.1: When the number of bad overloaded bins is small (i.e., 1 < |B,| < 5-(1—0)),
the positive contribution of the bins in B, is counteracted by the negative contribution of the
bins in G, (Fig. 3.3). We prove this by making the worst-case assumption that all bad bins are
equal to ys,. All underloaded bins are good, so on aggregate we get a decrease.

6. Case A.2: Consider the case when the number of bad overloaded bins is large |B. | > 5-(1-6).
The positive contribution of the first 5 - (1 — &) of the bins B,, call them By, is counteracted
by the negative contribution of the bins in G, as in Case A.1. The positive contribution of the
remaining bad bins B, is counteracted by a fraction of the negative contribution of the bins
in G_. This is because the number of “holes” (empty ball slots in the underloaded bins) in the
bins of G_ are significantly more than the number of balls in B,. Hence, again on aggregate
we get a decrease (Fig. 3.4).
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Figure 3.2: The two cases of bad bins (B, # @ and B_ # ( respectively) in a load vector and their
dominant terms in AT for each of the set of bins. The dominant terms that are decreasing are shown
in green and the dominant terms that are increasing are shown in red.

We proceed with a simple claim for bounding the contributions of the non-dominant terms:

Claim 3.4. Consider the probability vector r as defined in Eq. (3.2). For any bin i € [n] with y; = 0,
we have that

— 5 2
AT, < —g, - L2 42X
4n n
and for any bin i € [n] with y; < 0, we have that
— 6 2y€
AT, <—o, - L2 4 2T
4n n

Proof. For any bin i € [n] with y; 2 0, we have that

_ & 5 5 5 2
A\pi<max{+\pi-ﬁ,—\1}i-ﬁ}=—xpi-£+q:i-f-(e—+e)<—\Izi-&+\lzi-£,
n n n

using that 6 < 1.
Similarly, for any bin i € [n] with y; < 0, we have that

— € o o o 2y€
M,igmax{wi.v_ﬂ_@i.ﬁ}:_q,i.ﬂwi.x.(e_ﬂ)<_¢i.&+¢i.£,
n n 4n n 4

using that €6 < % =E€. O
We now turn to the proof of Lemma 3.3.

Proof of Lemma 3.3. Fix a labelling of the bins so that they are sorted non-increasingly according
to their load in x. Let p be the probability vector satisfying condition C; for some e € (0,1) and
6 €{1/n,...,1}. Recall that the probability vector r was defined as,

14¢ (3.3)

n

{1—76 if i < &n,
r; ==

otherwise,
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where € :=€- 1= 5 Thanks to the definition of €, it is clear that r is also a probability vector. Further,
for any 1 < k < 6n, due to condition C;,

k k

Zpi <(1—€)'§=Z’"i,

i=1 i=1

andany 6 -n+1<k<n,

Z (1+e 5)_n—k+1_ .
pi= 1-5 n &

i=k

This implies that p is majorised by r. Since ®; (and ¥;) are non-increasing (and non-decreasing) in
i € [n], using Lemma B.2, the terms

AD = Z<b (pl——) y, and AU = Z\IJ (%—pi)')f,

are at least as large for r than for p. Hence, from now on, we will be working with p =r.
1—e

Recall that we partition overloaded bins i with y; = 0 into good overloaded bins G, with p; = —

n
1+e (see Table 3.1). These are called good bins, because

any bin i € G, satisfies A®; = —, - % and since ¥; < 1 for overloaded bins, this implies overall a
drop in expectation for T;.

In Case A, we consider the case where B, # ). Further, we partition B, into B; := B, N{i € [n]:
i< 5-(1+6)}and B, := B, \ B;. In Case A.1 we handle the case where B, = §) and in Case A.2 the
case where B, # (). Finally, in Case B we handle the case where B, # () by a symmetry argument.

and into bad overloaded bins B, with p; =

y

B el

Figure 3.3: Case A.1: The dominant (positive) contribution of bins in B, (shown in red) is coun-
teracted by a fraction of the (negative) contribution term of the good bins G, (shown in green).
In grey, the dominant decrease terms for G, and G_ (which do not contribute to counteracting the
increase).

Case A.1[1 < |B,;| < 5 -(1—6)]: Intuitively, in this case there are not many bad bins in B, so
their (positive) contribution is counteracted by the (negative) contribution of good bins in G, (see
Fig. 3.3). To formalise this, let z; := y5,, (by assumption, |B,| = 1 and so z; = 0). Then, y; = 2z, for
any bini € G, and y; < 2, for any i € B,. With some foresight, we use B3; instead of B_, since in
this case B; = B, and it will also allow us to use Eq. (3.6) in Case A.2. Hence,

> A%, = Z@ Z@ Ye(s Z<I> (" ef)

i€B,; €8, i€B,; €8,
(@) €d 3y€e
<> 21N, 2
: 2n
€8, i€B,;
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(b) yed n 3y€e
< — <1>.._+_.1_5.Y21._
E i ( )-e o

i 4n 2

© red 3yed

2y @ et 3.4
Z " 4n 4 (3.4
€8,

using in (a) that €6 < € and in (b) that y; < z; fori € B; (and so ®; <€) and |B;| < 5 - (1—6),

and in (c) that € = = 1_5. For bins in G,

> 2%, = Zcb E=Se,. IZ—Z@-%

i€g, i€gG, i€g, i€g,
(2) Z <1> ye Z o771 3ye (v Z o Ye e 3yved 3.5)
< — L= — R il 7 S PRAA Ny .
i 4n i 4n i 4n 4

using in (a) that y; = 2z, for any i € G, and in (b) that |G, | = én, since |B;| = 1

Hence, combining Eq. (3.4) and Eq. (3.5), the contribution of overloaded bins to ® is given by

— ye5 red
> A%< Z@ Z@ - > @ (3.6)

i€G,UB; i€G, €8, i€G,UB;

Therefore, aggregating the contributions to AT as described above, we get that

T= > AT+ Y AT+ » AT,

i€g, i€B; i€gG_
D1 AR+ Y AT+ > AT+ DAY,
i€G,UB; i€g_ i€g, UB; i€eg_
yed
| >, r1>i-4—n—z\pi-—+ DL AT+ YA,
1€G,UB; i€G_ 1€G,UB; i€G_
o e S S e TS I Zma{N}
X — e —— e —— e —— . —_— X 6, e
. ' 4n ' 4n " 4n ®i 4n
1€g+U81 i€g_ i€gG,UB; i€g_ =1
b €d
© ZF +2y max{e, €} = —I‘-Y—+2)/'max{e,5},
4n

using in (a) that €6 < € and Claim 3.4 to bound the contributions of the non-dominant terms and
in (b) that T; = &; + ; for any bin i € [n].
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v : s on S5+

Bpglferd feafn o

Figure 3.4: Case A.2: The dominant (positive) contribution of the bins in B; (shown in red) is
counteracted by a fraction of the dominant (negative) contribution of the bins in G, (shown in
green) as in Case A.1. The dominant (negative) contribution of the bins in B, is counteracted by
a fraction of the dominant (negative) contribution of the bins in G_ (shown in green), when z, is
sufficiently large. In grey, the dominant decrease terms for G, and G_ (which do not contribute to
counteracting the increase).

Case A.2 [|B,| > 5 - (1—6)]: Recall that we partitioned the bins B, into B; := B, N{i € [n]:
i<%-(1+06)} and B, := B, \ B;. We will counteract the positive contribution A®; for bins i € B;
by the negative contribution of the bins in G, as in Eq. (3.6) in Case A.1. For that of bins in B, we
will consider two cases based on z, := yn.(145) > 0, the load of the heaviest bin in B,. Similarly to
Claim 3.4, we obtain a bound for the dominant contribution of the bins in 5,

Sagi=> 9L ——Zcb Y€5+Zq> %(§+E)

i€B, i€B, €8, i€B,
€d 2y€
<D e T
€8, i€B,
(0 €6 2v€
DSy, YO g e 2E
€8, 4n
) €d
<—) ;- YO 4 erm -(yed), (3.7)
i€B, n

using in (a) that y; < z, for i € B, and in (b) that |[By| < 5-(1—5) and € = 1655
Case A.2.1 [z, < 2; log(8/3)]: In this case, the loads of the bins in B, are small enough
for their contribution to be counteracted by the additive term. More precisely, we get that

Z
1.
Y

— B7 6 €6
Ad; < — Z P, - % +e’2 - (yed) < Z P, - Y +e 'z los(8/3), - (yed). (3.8)
n

i€B, i€B, i€B,

Hence, we can now aggregate the contributions as follows

AT =D AT+ Y AT+ »_ AT+ > AT,

i€g, i€B; i€By i€g_
DA+ AS A+ Y AT+ Y AT+ > A,
i€g, UB; i€B, ieG_ i€G, UB, i€G_
(a) ye5 Y€d 5]
o, - o, - + e 86/3) . (ves ;-
)3 - (red)= D
i€G, . UB; i€B, i€gG_

59



_.egZU:B . Y€6 ezg:é red +Z— -max{e, €}
i€g, UB, i€G_
n

6 ~ —
S _Zri ’ Y:n‘ + 4y - max{e,e,eS . e%'log(S/B)} ,
i=1

using in (a): (i) Eq. (3.6) for bounding the contribution of bins in B, (ii) the Eq. (3.8) for bounding
the contribution of bins in B, and (iii) the Claim 3.4 for bounding the contributions of the non-
dominant terms.

Case A.2.2 [z, > %-% -log(8/3)]: In this case, z, being large means that there are substantially
more holes (ball slots below the average line) in the underloaded bins than balls in the overloaded
bins of B;. Hence, as we will prove below the negative contribution AW for bins in G_ counteracts
the positive contribution of A® for ; (Fig. 3.4).

Next note that because ¥; is non-decreasing in i € [n], the term Y, g Vi is minimised when all
underloaded bins are equal to the same load —z3 < 0, i.e., Zieg, U; > |G_| - e7*. Further, note that

23 > Zy- (|g|+|+|B+|) > 23" 2|g(1|+5)

by the assumption |B,|> 5 -(1—6) and |G| = 6n, and therefore,

29-2.(146)

STw 6] T = (10D,

i€G_

where we seek to lower bound the function g : [1,n] — R. To this end, we will first upper bound
|G_|, using the assumption for Case A.2,

G| =n—IG,|—1B,| < n—n5—— (1—5)—— (1-6).

Further, 5-(1—8) <y-2y-5-(1+8) =: M, by definition of 2, (and that 26 < 1+ §), and so we
also have |G_| < M. By Lemma B.3, the function f(x) = x - e/* is decreasing for 0 < x < k, and so
g is decreasing for 1 < |G_| < 5 -(1—6) < M. Hence, g(|G_|) is minimised by |G_| = 5 - (1 —5).
Therefore,

I, M € M
ZA\IJi Z\I/ min |g_|.e@.E:_E.(l_m.ef-u—é) re (3.9)
i€g_ ieG_ IQ l€[1,5-(1-58)] n 2 n

We can lower bound the exponent of the last term as follows,

M 1z (1+6)
%-(1—6) 1-6

25
=15ty TS = vz, +10g(8/3),

using the assumption that z, > % . % -log(8/3).
Now we will split the contributions of the binsin G_,

> AY = Z\p re —Z\p Z\y 37/6

i€g_ ieg_ i€g_ i€g_
(3<9) — Z . - ve_n, (1—5)- er=tlos(8/3)., %

; ' 2 4n

i€gG_
€

== >y e (yes), (3.10)
; 4n
i€g_

using in the last equality that € = %.

We will now show that the dominant increase for bins in B, is counteracted by a fraction of the
dominant decrease of those in G_. Combining Eq. (3.7) and Eq. (3.10)

S am+ Y AT <= e L0 pon e - 3w Lo Sy 2

i€B, ieg_ i€B, i€g_ i€eg_
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(3.10) rYed Y€ Yeod yed
S T Mgy ST 2 G 2 ke e (3D
Finally, overall the contributions are given by

AT= " AT;+ > AT+ Y AT+ > AT,

i€g, i€B; i€B, i€g_
5 Aai+(z@i+z@i)+ S A4S a8,
i€G,UB, ieB, ieg_ i€G,UB, ieg_
(@) yed yYed yYeod yed yed
ST XL G TR T 2 G X e 2 s
i€G,UB, i€B, ieg_ i€G,UB, i€G_
n
2y
+ » — -max{e,€
; - max{e, &)
yed
=—F-4—+2y-max{e,€}, (3.12)
n

using in (a) that (i) Eq. (3.6) for bounding the contribution of the bins in B;, (ii) the Eq. (3.11) for
bounding the contribution of the bins in B, UG_ and (iii) Claim 3.4 for bounding the non-dominant
terms.

Case B [B_ # 0]: This case is symmetric to Case A, by interchanging ® with ¥, § with 1—6, €6
with €(1—6), and negating and sorting the normalised load vector. In particular, the three sub-cases
are:

* CaseB.1[1<|B_|<5-6]

* Case B.2.1[|B_|> 55,2, < % . 2,(15_5) -log(8/3)] where z,, := Yis
* Case B.2.2[|B_|>}-5,2,> - 515 -log(8/3)]

Combining the Case A and Case B, we get that

= o
AF<—F'&+CY€,
8n

_ 1-5 _95 . . ~
where ¢ :=4- max{ 155 2 108(8/3) . %, 5 - e20-9) 10g(8/3)}, recalling that € := ¢ - %. 0O

By scaling the quantities A® and AW in Lemma 3.3 by some R > 0 (usually the number of steps
in each round, e.g., R := b for ) and selecting a sufficiently small smoothing parameter
Y, we obtain the main theorem.

Theorem 3.2 (Restated). Consider any folding of a P = SEQUENTIAL(q") process and a probability
vector p' satisfying condition C; for some constant 6 € (O 1) and some € € (0, 1) at every round t = 0.
Further assume that there exist K > 0, y € (0 min {1, sk ] and R > 0, such that for any round t = 0,
process P satisfies for potentials ® := ®(y) and ¥ := ¥(y) that for bins sorted in non-increasing order

of their loads,
2

n
Y
;E[Atbf“|3t Z(Iﬂ ((pl_—) R-y+K-R- ;)
and,

n 2
;E[A\Pf“|3 Z\pf ((——p )-R~y+K-R-%).
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Then, there exists a constant ¢ := c(6) > 0, such that for T :=T'(y) and any round t = 0,

rYed

t+1 t _rt.p. 1~ .
E[ AT 3 ]<-T'-R o tRecre,

and

Proof. Consider a labelling of the bins so that they are sorted in non-increasing order of the loads
at step t. Applying Lemma 3.3 for the current load vector x* and the quantities

n n
_ 1 iy 1
A@::Eléf'(pi—;)')f and  A¥:= 1‘1’5’(5_”)%
1= =

we get that
— — yeoé .
AP+ AV K ——— T +cve. (3.13)
4n
By the assumptions,
E[ AT 3" |=E[ a®™| &' J+E[ AU §' | <R- (A<I>+A\I/+K~ —~rf). (3.14)
n
Hence, combining Eq. (3.13) and Eq. (3.14), we get
o 2 o
B[ ar|3 [ <R (-T2 i reye+k- Lot | < —R- B2 104 R cpe,
4n n 8n
using that y < 65
Finally, by Lemma B.1 (ii), the second statement follows. O

3.2 Applications

3.2.1 The non-batched setting
We start by verifying the preconditions of Theorem 3.2 for the non-batched setting.

Lemma 3.5. Consider any SEQUENTIAL(q") process with probability allocation vector q* satisfying con-
dition C, for C > 1 at every step t 2 0. Further, consider the setting with weights from a

(¢,8) distribution with S =2 1. Then, for the potentials ® := ®(y) and ¥ := ¥(y) with any
smoothing parameter y € (0, min{{/2, 1}], for any step t = 0,

2
t+1 t t S Y_
E[ Aot 3] Zcp ((q )y+2cs n)
and

2
t+1 t t o . Y_
E[ A 3] Z\p (( q) y+2CS n).

Proof. Consider an arbitrary bin i € [n]. Then, for the overload potential we have that

E[o"!| 5" ]=[-E[ WO/ § |- g+ -E[ [ 5 ]-(1-q))

(a) 1 2
SO 14y (1—= )45y g + & - sty ) -
n  n2
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1
=<I>f~(1+}f'(qf——)+8y ql+S -(1— q))

(b) 1 2
< <I>f~(1+y-(ql——)+2CS Y—)
n

using in (a) Lemma D.4 twice with k = 1—% and with k = —% respectively (and that (1—1/n)? < 1)
and in (b) that g; < % with C > 1 by condition C,. Similarly, for the underloaded potential we have
that

E[ \Ijit+1 ’ St]:\pit E[ e—yw(l—l/n) | gt]'q§+\ljit E[ e)/W/n | St]-(l—qf)
(@ 1 2
<\Pit~(1—y-(1——)+5y)-qf+\I/it~(1+£+S%)-(1—qit)
1 y?
=v! (1+y (——q)+S}f “q; +S (1 q))

(®) 1 r?
< Ul 1+y-(——qit)+2CS-— ,
n n

using in (a) Lemma D.4 with xk = —(1 — %) and with k = ,—11 respectively (and that (1 —1/n)? < 1)
and in (b) that q; < % with C > 1 by condition C,. This completes the proof. O

Combining Lemma 3.5 with Theorem 3.2, for the identity folding, we obtain:

Corollary 3.6. Consider any TIME-HOMOGENEOUS(p) process with p satisfying condition C; for some
constant 6 € (0,1) and some € € (0, 1), and condition C, for some C > 1.

Further, consider the setting with weights from a (S) distribution with S = 1
Then, there exists a constant ¢ := c(6) > 0, such that for T :=T'(y) with any y € (0, %] and for any
stept =0,

t+1 | ot _t.@
E[AI‘ |S:|< r 8n+cye.

(1 + B)-process for small f3

Next we improve the upper bound on the gap for the (1 + f3)-process from previous work for very
small  in the unit weights setting. In [152, Corollary 2.12], it was shown that this gap is O(logn/fB+
log(1/B)/B). For p = n~°M), the second term dominates. We improve this gap bound to O(logn/p).
This is tight up to multiplicative constants for any < 1/2, due to a lower bound of Q(logn/p)
shown in [152, Section 4].

Theorem 3.7. Consider the (1 + f3)-process for any 3 € (0,1]. Then, there exists a constant k > 0,
such that for any step m = 0,

1
Pr[Gap(m)<K~%]> 1—n2.

Proof. By Proposition 2.11, the (1 + f3)-process satisfies conditions C; for ¢ = g and 6 = % and C,

for C = 2. Hence, by Corollary 3.6 (with S = 1 since we are in the unit weights setting), there exists

5
a constant ¢ := ¢(8) > 0, such that for T :=T(y) with y := g2z = 512, for any step m = 0,

E[Fm]<% n
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Hence, using Markov’s inequality
8c
PI'I:Fm < g -n3:| = 1—Tl_2.

When the event {I" < % -n%} holds, we deduce the desired bound on the gap

! 8 512 1
Gap(m) < _'(log(—c)+3-logn) < i-logn:4._-logn:O( Ogn). ]
Y o y B B

QUANTILE(S) process

Recall from Section 2.5.3 that the QUANTILE(®) process is equivalent to the TIME-HOMOGENEOUS(p)

process with
g fori < én,
Di=11+5

otherwise.

Note that for any constant 6 € (0, 1), the QUANTILE(S) process satisfies condition C; at quantile &
and for e = 1—4, and condition C, for C = 2, asitis a TwO-SAMPLE process. Hence, by Corollary 3.6,
we obtain an O(logn) bound on the gap.

For non-constant &, we cannot directly apply Theorem 3.2 because condition C; is not satisfied.
We use the following majorisation lemma to “move” the bias to a constant quantile, e.g., 1/3.

Lemma 3.8. For any quantile & < 1/3, the QUANTILE(®) process is majorised by the TIME-HOMOGENEOUS(p)
process with

e ifi<n/s,
pi =

1—:1“5 otherwise,

where € =26 and € = §.
Proof. The prefix sums for the two probability vectors at i = n/3 are equal since,
n/3

n 1+6 1—26 n 1l—-e 1—e
. =62 (__5 ) = , d = = .
qu 37" 3 an ;pl 3 n 3

Since the first n/3 entries in p are equal and q is non-decreasing, p majorises ¢ for all indices i < n/3.
Similarly, this argument applies to the last 2n/3 entries. O

Hence, by Corollary 3.6, QUANTILE(S) satisfies C; for e = ©(6) and 6 = 1/3, and C, for C = 2,

so we deduce an O(lo%) bound on the gap.

Corollary 3.9. Consider any QUANTILE(S) process with any quantile & < 1/2. Then, there exists a
constant k > 0 such that for any step m 2 0,

logn
o

Pr[Gap(m)<K- ]21—n_2.

TWINNING-WITH-QUANTILE

To demonstrate the power of Theorem 3.2, we also analyse a variant of the TWINNING process, which
is based on quantiles. Note that this process allocates 1- 52 +2- (1 —62) = 2 — 52 balls per sample
in expectation, so it is more sample efficient than ONE-CHOICE. We will now show that this process
also has an O(logn) gap.
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TWINNING-WITH-QUANTILE(S) Process:
Iteration: At step t = 0, sample a bin i € [n] uniformly at random, and update its load:

1 xf+1 if Rank'(i) < &n,
X! =
' x;+2 otherwise.

We will now show that this process satisfies the preconditions for Theorem 3.2 for the sorted
allocation vector p of the QUANTILE(&) process, given by

5 ifi<én,
pbi = )
! # otherwise.

Lemma 3.10. Consider the TWINNING-WITH-QUANTILE(®) process for any constant quantile 6 € (0, 1)
and the overload potential ® := ®(y) with any y € (0,1/2]. Then, for any step t = 0, we have that

n 2
E[A@”l|St]<z¢f-(y-(pi—%)+5-%),
i=1

where p is the sorted allocation vector of QUANTILE(S).

Proof. We will analyse the expected change of ® over an arbitrary step t. We consider two cases
based on the rank of a bin i € [n], splitting them into heavy (Rank‘(i) < 6n) and light (Rank‘(i) >
on):

Case 1 [Rank’(i) < &n]: If we sample this heavy bin i, then we allocate one ball to it, so

n n

1 1
E[ 21| 5 ]= a0t L cp;-e—r/n.(a—-) Fo eI (1-5).
~—_——— ~~

Allocate to any light bin

Allocate one ball to bin i Allocate one ball to any other heavy bin

Now, we proceed to bound this quantity,

E[<I>§+1|gt]=q>f-(1+(eﬂ1—1/”)—1)-%+(e—Y/”—1)-(5—%)+(e—2””—1)-(1—5))
(@) 1 1 § 1 2 >
<ol 1+(y-(1——)+}/2)-—+ Iy -(6——)+ ——Y+4L -(1-96)
! n n n n2 n n  n2
2
<¢f-(1+y-(§—l)+3-L),
n n n

using in (a) the Taylor estimate ¢” < 1+ v + v for any |v| < 1 (and that 0 <y < 1/2).
Case 2 [Rank'(i) > &n]: If we sample this light bin i, then we allocate two balls to it, so

E[¢f+1| St]= @E.eY(Z—Z/n).l + q,if.e—y/n.g +<1>1F.e—2¥/n.(1_5_1)_
n | S — n
Allocate one ball to any heavy bin

Vv
Allocate two balls to bin i Allocate to any other light bin

Similarly to Case 1, we proceed to bound this quantity,

1 1
E[ /!5 ] =9 (1 + (e72/M 7). ~+ (e7/M—1)-5+(e&/"—1)- (1 —5— HD

@ 2 1 2 2 2 1
%.:I,_f, 1+ y- by J—— +4Y2 -4 _Z+Y_ -0+ __Y+4l J1—-6=-=
t n n n n2 n n2 n

2

5
<<I>f-(1+y-;+5~%),
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using in (a) the Taylor estimate e’ < 1+ v + v for any |v| < 1 (and that 0 < y < 1/2). Hence,
combining the two cases, we have that

n 2
1 Y
E[ ™5 <) of-[1+ -(.——)+5-— : O
[ |3]i§:1:l(rpln .
In a similar manner, we also obtain the bounds for the change of the underload potential.

Lemma 3.11. Consider the TWINNING-WITH-QUANTILE(S) process for any constant 6 € (0,1) and the
underload potential ¥ := ¥(y) with any y € (0,1/2]. Then, for any step t = 0, we have that

2

n
tovt e ()0 2)
i=1

where p is the sorted allocation vector of QUANTILE(S).

Lemmas 3.10 and 3.11 verify the preconditions of Theorem 3.2, so applying the theorem for the
identity folding, we get an O(logn) bound on the gap.

Corollary 3.12. For the TWINNING-WITH-QUANTILE(&) process for any constant & € (0, 1), there exists
a constant k := k(6) > 0, such that for any step m = 0,

Pr[Gap(m) <« -logn]=>1—n"2.

3.2.2 setting: The (’)(% -log n) upper bound

In this section we derive an upper bound of (’)(% - log n) for the weighted batched setting for a
family of processes. For the (1 + f3)-process with constant 8 € (0, 1), this upper bound is tight for
b = ©(n), as we will show in Appendix C. This will also serve as the base case for the tighter analysis
for b = w(n) in Section 7.5.

The main goal is to derive the preconditions of Theorem 3.2 and apply it for R := b over the
batches (not individual time steps).

Lemma 3.13. Consider any SEQUENTIAL(q") process with q" satisfying condition Cy for some C > 1

at every step t = 0. Further, consider the setting with batch size b = n with
weights from a (S) distribution with S = 1. Then, for ® := ®(y) and ¥ := ¥(y) with any
v € (0, 525 | and for any step t > 0 being a multiple of b,
n 202 2
1 5C“S“b Y
E[ 70| 3]< ) of- 1+(F——)-b- + ‘b, 3.15

[o*]5] ; : ( qi—— )by + = . (3.15)

and

(3.16)

b 5 < S ot (14 (Lo ) 5C°S%b 1
E[w*] 5 ]< > v (1+(n g ) by +=——1b-|.

i=1

Proof. Consider an arbitrary step t being a multiple of b and for convenience let ¢ = q°. Consider
an arbitrary bin i € [n]. Let Z € {0, 1} be the indicator vector, where Z ; indicates whether the j-th
ball was allocated to bin i. The expected change for the overload potential ¢, is given by

E[e* |5 ]=al- > prlz zz]'E[ o S (s -2

z€{0,1}b

3t,Z=z:|.
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In the following, let us upper bound the factor of ;:

Z Pr[Z=2] E[ eYZ?:l(Zij+j_W;+j) 5.7 :Z:|

2€{0,1}b
b
(a) 2 . S R _ .
23 [ [@ra—g) @D 1y @ W/ )1

z€{0,1}b j=1

25 (o (e (2o (0 (1-555))
(é)(ql (1+Y (1_1)4.5}/ )—F(l_qi)'(l_z-i_ nYz ))

1 9 Sy? b
=|1+7- %= +q;-Sy +(1_Qi)'? (3.17)

() 1 C b
<(1+Y.(ql_;)+2.;.s»)/2) 5 (3.18)

using in (a) that the weights are independent given §*, in (b) Lemma D.4 twice with k =1 — % and
with x = —% respectively (and that (1 — 1/n)?
q; < % for C > 1. Let us define

< 1), in (c) the binomial theorem and in (d) that

We first claim that |u - b| < 1, which holds indeed since

1
(qi——)-b-Y
n

where we used? ¢; < £ for C > 1 and that y < 557 < 3.
Then,

lu-b|=

C C C
+2-=—-b-Sy’<=-b-y+2-—-b-Sy?’<—=.y-b<1,
n n n

(@)
t+b t t -b
E[ /0| '] < &

(b) (1+u b+(u b)z)

2
= (1 ql—— b-)/+2-%-S)/z-b+((qi—%)-b-y+2-%-b-Syz) ),

using in (a) that 1+ v < e’ for any v, and in (b) that e < 1+ v +v? for v < 1.75. Since g; <
alli €[n] and S > 1, we conclude

1 CS 2CS 2
E[<I>§+b|St]<<I>f~(1+(qi——)-b-y+2~—-yz-b+(—-b-y) )
n n n
1 5 22b 2
<<1>§~(1+(qi——)-b-y+ s ~b~Y—).
n n n

Similarly, for the underloaded potential ¥*, for any bin i € [n],

E[‘I’it+b|3t:|:‘1’it' Z PI‘[ZZZ]-E[e_YZ%(zJ m_i)

z€{0,1}b

<C
= for

3, Z—zi|

2There is some slack in this bound, especially for C = 1 + o(1). We will exploit this in Lemma 3.16.
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As before, we will upper bound the factor of ¥/:

Z Pr[Z=2]- E|: e_YZj?:](ZjWHj_wnJ) 567 - Z:|
2€{0,1}b
b
Q3 [ @i —gt e ™ 4= (L e in
z€{0,1}b j=1
® 1 g y s\ Y
23 (o (-r-(=3)s)) (00 (142425
ze{o 13b j=1
1 b
g(qi-(l—y-(l——)-i-S}’ )+(1—q1~)-(1+}/+ n}/z ))
2\ b
=(14‘(1_‘11‘)'7/"’%'SY2+(1_Qi)'SLZ) (3.19)
n n
b
<(1+(1_ql).'}/+2.£.8'}/2) . (3.20)
n n

using in (a) that the weights W are independent given §*, in (b) Lemma D.4 twice with k = —(1—%)

and with k = % respectively and in (c) the binomial theorem. So,

(0
E[ \Ijit+b | St < \Ijit‘ . e(%_qi)'b'Y"‘Z'%'SYz'b

® 1 1 C 2
S VY- 1+(;—qi) b- y+2 — Sy b+((;—ql) b-y+2-— Sy b)
© 1 2
é\Pt (1+(——qi) b- }f+2 — )/2 b+( cs. ))

n n

1 5(7252
<\Ilit-(1+(——qi)-b-y+ . Y—)

n n

using in (a) that 1 +v < ¢’ for any v, in (b) that ¢’ < 1+ v +v2 for any v < 1.75 and that
(%—qi)-b-y+2~qi-8y2-b<%-b~y+2-%~8y2-b<2C5~y~§<1,sincey<ﬁ<%and
S=1. O

We are now ready to apply Theorem 3.2 for R := b, folding every b steps, meaning that each
round consists of b consecutive allocations.

Theorem 3.14. Consider any SEQUENTIAL(q") process with q" satisfying condition C; for constant & €
(0,1) and (not necessarily constant) € € (0, 1) as well as condition C, for some constant C > 1 at every
step t = 0. Further, consider the setting with any b =2 n and weights from a

(S) distribution with constant S = 1. Then, there exists a constant k := x(6,C,S) > 0,
such that for any step m 2 0 being a multiple of b,

Pr[maxly | < -l-é-logn]>1—n_
i€[n] € n

Remark 3.15. The same upper bound in Theorem 3.14 also holds for TIME-HOMOGENEOUS-WITH-
RAND-TIE-BREAKS (p) processes with a probability vector p satisfying the preconditions of Lemma 3.13.
The reason for this is that (i) averaging probabilities in Eq. (2.1) can only reduce the maximum entry
in the allocation vector q', i.e. maX;e[,)q;(x") < maxep,)p;, so it still satisfies C, and (ii) moving
probability between bins i, j with x| = x; (and thus ®; = <I>§. and ¥ = \IJJF), implies that the aggregate
upper bounds in (3.15) and (3.16) remain the same.
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Proof of Theorem 3.14. By Lemma 3.13, the preconditions of Theorem 3.2 are satisfied for p :=q,

K := 5C252b ,R:=bandy:= gg < zcsb (ase<1l,6<landC = = 1). Hence, there exists a
constant ¢ := c(6) > 0 such that for any step m = 0 being multiple of b

Hence, by Markov’s inequality
Pr[Fm < %-n?’] >1-n2

To prove the claim, note that when {T™ < %—C -n3} holds, then also,

8c 4 8-5C25% b
maxly | < (log( )+3 logn) —-logn=4-——— - — -logn. O
! o Y € n

i€[n]

3.2.3 setting: The O (\/E -log n) upper bound

We now refine our analysis from Section 3.2.2, allowing us to obtain tighter bounds for the (1 + f3)-
process. These bounds show that for batch sizes b = w(nlogn), the (1+ f3)-process outperforms the
Two-CHOICE process.

The key idea is to redo the later part of the analysis in Lemma 3.13 for probability allocation
vectors q that satisfy the following condition Cs:

* There exists C > 1, such that for any bin i € [n],

qi——|S
n

Note that this condition implies condition Cs, i.e., that g¢; < % (with the same C).
This condition is satisfied by the (1 + 8)-process for C =1 + 3, since

1 21 11 B B _P
qi— /5+— (1- /5)—— maX{qn——,——q1}=———2 -
n n n n n n’
It is also satisfied by the (QUANTILE(1/2), ONE-CHOICE) process.

Lemma 3.16 (cf. Lemma 3.13). Consider any SEQUENTIAL(q") process with probability allocation
vector q' satisfying condition Cs for some C € (1,1.9) at every step t = 0. Further, consider the

setting with weights from a (8) distribution with constant S = 1

and a batch size b = = Cls)z n. Then for ® := ®(y) and ¥ := ¥(y) with any smoothing parameter

y € (ﬁ] and any step t = 0 being a multiple of b,

a 1 5(C—1)%*b v?
E[ o5 <) @ 1+(F——)-b- +t——b-—
[ |S:| ; l( 4 n r n n
and

n _1)2 2
E[‘I/H_blSt]<Z\Pit'(1+(%_q§)'b'y+w'b'%)'
i=1

Proof. Consider an arbitrary step t = 0 being a multiple of b and for convenience let ¢ = q*. First

. . 2CS .
note that the given assumptions y < m and b = T imply that

n <C—1
20C—1)-b  4CS "’

Y S
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Consider an arbitrary bin i € [n]. Using Eq. (3.17) in Lemma 3.13,

b b
1 Sy? 1

i< CT_l for C € (1,1.9). Let us define

n

using that |qi —

1
U= (qi—;)-rﬂ-qi-srz- (3.21)

Compared to the proof in Lemma 3.13, we will aim for a tighter bound. More specifically, we will
now show that |u-b| <2(C—1)-b- % < 1, which holds indeed since

1
|u-b|=‘(qi—;)-b-wz-qi.b.sﬁ

< (qi—l)-b-r
n

@c-1 C
<— b-y+2-=-b-Sy?
n n

+2-q;-b-Sy?

=(C—1+2CSy)-b-%

(®)
<2Cc—-1)-b-L (3.22)
n
(c)
<1, (3.23)
using in (a) that |ql — —| by condition Cs, in (b) that y < CT and in (c) that y < m.

Then,

E[ q)it+b | 5] (i) o ol
(? P - (1+u-b+(u'b)2)

1

(321)t1>t (1+(qi——)'b-y+2-qi-b-Sy2+(u-b)2)
n

(3.22)

2
< <I>§~(1+(qi—1)~b~}/+2-qi~b~Sy2+(2(C—1)-b-I) )
n n

) _1)2 2
é @f-(l—k(qi—%).b.y_;_w.b.%),

using in (a) that 1+ v < e for any v, in (b) that e < 1+4v +v? for v < 1.75 and Eq. (3.23), and in

2

(c)that@bj;22-%-b-5y2>2-qi~b~8y ,smceb/(czcls)2 n.

Similarly, for the underloaded potential ¥*, using Eq. (3.19), for any bin i € [n]
2

b b
1 S 1

E[‘I’it+b|5[]<‘1’it' I+{=—q ‘Y+ql"5)’2+(1—ql')'i <‘I’f- 1+(=—q; |- y+2-q;-Sy?) ,
n n2 n

using that |qi — %\ < C;I

for C €(1,1.9). Let us define

1
u:= (E—qi)-y+2~qi-5y2. (3.24)
Similarly, to Eq. (3.23), we get that

1
(——qi)~b~r
n

[ub| <

+2.g;-b-SY2<2(C—1)-b-L (3.25)
n
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N
_

(3.26)
So,
E[w+t] 5] © Wyt
< ot (1+ub+ (@b)?)

1
(3.24) g, (1+(__ql).b-y+2-qi-SY2'b+(ﬂ'b)2)

(3.25) 2
< vt (1+(1—q1)-b-y+2~qi-b-y2+(2(c—1)-b-I) )
n

© —1)? 2
N (A G )
n n n

using in (a) that 1+v < "for any v, in (b) that e < 1+v +v?2 for v < 1.75 and Eq. (3.26), and in
b 2
(c)that%-b L>2.£.p.5y2 2-qi-b-8y,smceb/%-n. O

Theorem 3.17. Consider any SEQUENTIAL(q") process with q* satisfying condition C; for constant 6 €
(0,1) and (not necessarily constant) € € (0, 1) as well as condition Cs for some C > 1, at every step t =
0. Further, consider the setting with weights from a (S) distribution

with constant S = 1 and a batch size b = % -n. Then, there exists a constant k := k(&) > 0, such
that for any step m = 0 being a multiple of b,
C—1)% b
Pr[m[axly | < -g-—-l gn:| 1—n2
€
Proof. Consider the folding of the process at steps that are a multlple of b. By Lemma 3.16,
the preconditions of Theorem 3.2 are satisfied for K := 5 (C — 1)2 ,R:=band y := 65 =
0 (6651)2 7 S pI(o 1) 5, since € < C —1 and also y < 1 since b > (c 1)2 -n, C >1land S > 1. Hence,
there exists a constant ¢ := = ¢(6) > 0 such that for any step m = 0 which is a multiple of b,
8c
E[T"]< — n.
[(rm] 5

Therefore, by Markov’s inequality
Pr[Fm < ﬁ-ng] >1—n2.
o)
To prove the claim, note that when {Fm < %—C . n3} holds, then also,

1 8¢ 1 8-5-(C—1)%* b
maxly | < (log( )+3 logn) 4- ogn<4_—( ) - —-logn. O
Y o Y n

i€[n]

Recall that the (1 + f3)-process satisfies condition C; with € =
and C3 with C =1+ f3.

In particular, by considering 8 = ©(4/n/b) we get a process that is asymptotically better than
Two-CHOICE. As we show in Observation C.4, this is just a 4/log n factor from the optimal Q(+/b/n - logn)
bound, which holds for any d-SAMPLE process with constant d (in the unit weights setting).

NN

and 6 = ‘1‘, and conditions C,

Corollary 3.18. Let b = nlogn and consider the setting with weights from a
(S) distribution with S = 1. Then, there exists k := k(S) > 0 such that for the (1 + f3)-
process with 3 = 4/4S - § and for any step m = 0 being a multiple of b,

N
Pr[Gap(m)<K' —-logn]>1—n_2.
n
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3.3 Are-allocation argument

In this section, we exploit the intuitive idea that for TwWo-SAMPLE processes, it should not matter
much if we change decisions between bins with a small (e.g., constant) load difference. We will
handle such changes with a potential function argument which bounds the expected change of the
potential function for the “noisy” process by relating it to that of the “original” process.

In this section we will prove the O(glog(ng)) gap bound for the setting for the
Two-CHOICE process (with g = 1 being arbitrary) using this re-allocation argument, also recovering
the O(glog(ng)) gap bound for the process proven in [142].

By Lemma 3.5, we have for any Two-SAMPLE process (as it satisfies condition C, for C = 2),

Lemma 3.19. Consider any TWO-SAMPLE process with probability allocation vector q* and the potential
I':=T(y) with any v € (0,1]. Then, for any step t = 0,

ot 1
E[ A" '] < Ft+Z|:e”' (ql ——)-y+e 1Yi (E—qf)y] (3.27)

For convenience, we rewrite Eq. (3.27) by decomposing the upper bound into the components
that are independent of the probability allocation vector q° and those that are not, i.e.,

AT Y <Ry + D at F ), (3.28)

i=1
4y? n t no_yyt t —yyt
where h(y®) := =1 -T* = L. 3% e + L. o™i and f(y}):=ei -y —e i -y,

Recalling that Two-CHOICE without noise satisfies condition C; with € = %, 6= % and condition
C, with C = 2, by Lemma 3.3 the expectation of T satisfies the following drop inequality:

Lemma 3.20. Consider the TWO-CHOICE process without noise with probability allocation vector p and
the potential T := T'(y) with any y € (0, 1]. Then, there exists a constant ¢ > 0, such that for any step
t=0,

n 2
~ ~ 4y
E[ ATyt T<hGY+> pi f(F) < ——— Tt + .1t 4 ¢,
[ | ¥ 1<h(F) l_§:1pl FOH <=5
We will analyze AT'**™! for the setting by relating it to the change AT'*! for the

Two-CHOICE process without noise. To this end, it will be helpful to define all pairs of ranks of bins
(of unequal load), whose comparison is under the control of the adversary:

={ ) elnlxnl: 7 <5 <5/ +g}. (329)

So for each pair (i, j) € R, the adversary determines the outcome of the load comparison assuming
{i, j} are the two bin samples in step t + 1, which happens with probability 2 - % . % = % This can
be seen as moving a probability of up to nz_z from bin j to bin i, if we relate the probability allocation
vector p (of Two-CHOICE without noise) to the sorted allocation vector ¢* = ¢*(F*) of Two-CHOICE
with noise.

Theorem 3.21. Consider the setting with any g = 1, and the potential T := T'(y) with
y = —log(1— ﬁ)/g < ﬁ. Then, there exist constants ¢; = 1,c5 > 0,c3 = 2, such that the
following three statements hold for all steps t = 0:

() E[ar|y ]<—L-.rt+e,

64n
(i1) E[Ft] < cyng,

(iii) Pr[max|y | c3glog(ng)] >1—(ng) ™.

lG
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03 I I | | | |
Two-CHOICE without noise p

e q*

0.2 .
Bl / R ={(1,2),(3,4),(3,5),(3,6),(4,6),(5,6),(6,7),(7,8)}

0.1} / ! .

N’ xf: 21 19 13 12 12 11 8 6

o e ] i 1 2 3 4 5 6

Figure 3.5: Illustration of the set R® and the change in the sorted allocation vector from p to q°,
where n = 8 and g = 3. In the example, each directed arrow moves a probability of % (indicated
by the blue rectangles) from a bin j to a heavier bin i < j. Note that in this example, the adversary
decides not to reverse some of the comparisons, e.g., between bins 7 and 8.

Proof. First statement. Consider the sorted allocation vector ¢* at step t in the setting.
By Eq. (3.28) we have

n
E[ AT | y ] <h(FD+ DGt F(F).
i=1
Recall that p is the probability allocation vector of Two-CHOICE without noise. Then,

q":=p+ Z (ei—ej)-yit,j+ Z (ei—ej)'ﬁ,jf

(i,j)eR (i.)eln]x[n]: ¥/=¥;
where e; is the i-th unit vector, and yl.t i is a number in [O, %] Hence,

E[Ar |y J<h@)+ Y p FGD+ 2. vl (FGH—FGD)

=1 (i,j)eR!

+ > L (FEH-£G)

(i.)eln]x[n]: ¥/ =¥,

=h(F)+ > pi FGO+ Y. vt (FGH-FGFD)
i=1

(i,/)<Rt
2
Y e, Y t E: t ~t ~t
DT +C+(ij)eRtYi,j'(f(yi)_f(yj))’ (3.30)

using in the last inequality that by Lemma 3.20 there exists such a constant ¢ > 0 for the TWo-CHOICE
process without noise and for the same .
For any (i, j) € R', we define

~ ~ 2 Tt Tt yt — t
to.— ot £y _ t Y (1T S _ T rY;
F,i’j =T (f(yi) f(yj))< 5 (e e e’ite J),

and proceed to upper bound & ifj, using the following lemma, which is based on a case distinction
and Taylor estimates for exp(-).
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Lemma 3.22. For any pair of indices (i, j) € R', we have §t 128”2 (Tf + I‘ )+

Proof of Lemma 3.22. Recall that for any (i,j) € R® we have that y]. <yl < y]. + g. So, now we
consider the following three disjoint cases:
Case 1 [y > g]: In this case, we also have that yjt >0, so

5lt]( )121}2/ (e),yl _ YJ’J +1) i}/ (eyf/{ _ey(yit—g)+ 1) iz (eYyl (1—e78)+ 1),

using in () that e "% < 1 for any bin k € [n] with 7' > 0, and in (b) that 7 < yi+s.
Case 2 [5/']? < —g]: In this case, we also have that y; <0,

Ef,j (%) i}/ ( e A +1) 2}, ( _Y(yf't+g)—e_yj7}+1)= i—};-(e_ﬁ; '(e_Yg—1)+1),

using in (a) that e’ < 1 for any bin k € [n] with ¥ <0 and in (b) that ¥} < )7; +g.
Case 3 [max{|y/|, |§jt|} < g]: In this case we have that

£ < i—z (T 4T < 3 (2-2-¢"9) < nY 8,
using that by definition of y, we have e"8 = e‘log(l_TIBZ) <2.
Combining the upper bounds for the three cases, we have that for any (i, j) € R',
&, < ZY (eﬁr‘t (1—e T8 +e Vi (1—e78) + 8)

2
<L (-7 4T (1-eT8) +8)

n2
2 ., . 1 16
< ﬁ'(lﬁi +Fj)'—4_32+¥’
using in the last inequality that y = —log(1 — ﬁ) /g and y < 1. O

We continue with the proof of Theorem 3.21. By Lemma 3.22 and Eq. (3.30), we have

Y 4}/ 16
E[Art+1|yt]<—ﬁ-f't - Tt +c+ Z (4 352 (i t)+_
(i,j)ert
(@) 42
<L rt+ T ptycy -T'+16
32n n 4.32n
(b)
<-L .rt4+ X _rtic+16
32n 2-32n
Y t
<——— T +¢q, 3.31
64n ! ( )

for ¢; :=c+16 = 1, where (a) holds since if (i, j) € R" then (j,i) ¢ R’, so every bin k € [n] appears

at most n times in R" and in (b) that y < 16?@. This concludes the proof of the first statement.

64c,
Y

Second statement. By Lemma B.1 (ii) (fora =1— 64n and b = c;), since ’=2n< -n (as

¢; 2 1and y < 1) and Eq. (3.31) hold, it follows that

E[I‘t]<%-n=:c2ng.

Third statement. Using Markov’s inequality, for any step t = 0

Pr [ It <c,-(ng)'® ] >1—(ng) "
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When the event {Ft <cy- (ng)15} holds, we have that

1 161
max |yit| < = - (logcy, + 151o0g(ng)) < 16log(ng) =: c3glog(ng),
i€[n] Y
for sufficiently large n and for the constant
16 16
Ggi=—=—————— 22 (3.32)
Therefore we conclude that,
Pr[max|yit| < c3glog(ng)] >1—(ng) . O
i€[n]

Next we will also state a simple corollary that starting with a “small” gap, in any future step,
w.h.p. the gap will be small. This corollary will be used in obtaining the tighter O(g + logn) gap
bound in Section 5.3.

Corollary 3.23. Consider the setting for any g = 1. Then, for any steps t, = 0 and
t; = tg, we have that

Pr[ max |y,| < 2g(log(ng))? | §, max|y°| < g(log(ng))z] >1-(ng)™*

Proof. We will be using the hyperbolic cosine potential T' := I'(y) with smoothing parameter y :=
—log(1— ﬁ)/g as we did in the proof of Theorem 3.21.

Consider an arbitrary step t, with max;epp; | yit°| < g(log(ng))?. Then, it follows that
Tt < 27 - o¥8(log(ng))*

By Theorem 3.21 (i), there exists a constant ¢; = 1 such that

t+1 | ot _r
B[ 5 ]<(1 64n)+c1,

and using Lemma B.1 (i) (fora :=1— # and b :=c;) at step t; = tj, we have that

64cin
Y

E [ ra < 4n - e78(og(ng))”

50 Tto < 27 - ¢78008(E))? ] < 9. o7800g(n))* | (1 _ L)“_t‘) N
’ 64n

recalling that y = @(%). Hence, by Markov’s inequality, we have that
Pr| T < dn- 10’ (ng)| 50, max]y,°| < gllog(ng))? |
1€|n

> pr[ I < 4n . 7800809 | (g 14

Fto Tto < 2p - e7&Uos(ng))? ] >1—(ng) 4.

When the event {Ftl < 4n - er8Uos(ng))” . (ng)14} holds, then it also follows that

logI't

< g(log(ng))* + % - (log(4n) + 14log(ng)) < 2g(log(ng))?,

for sufficiently large n and using that y = @(%). Hence, we get the conclusion. O
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Chapter 31/2, Physical balanced alloca-
tions

In the spirit of the Galton board [85], we can construct physical automata that “sample” distribu-
tions of various balanced allocation processes. The simplest process to simulate is the ONE-CHOICE
process, where balls flow from the top of the board and then they encounter a binary branching
structure, where at each junction the ball is assumed to randomly pick one of the two disjoint bal-
anced subsets of the bins. After encountering log, n such junctions, it reaches one of the n bins. See
Fig. 3.6 for the blueprints and laser cut version of the automaton.

Figure 3.6: On the left is the blueprint for the ONE-CHOICE process, in the middle is the actual
implementation of this blueprint and on the right is the blueprint of a modification that prevents
balls being stuck in the top junction.

For more complicated processes, these automata become more difficult to construct. Fig. 3.7
shows the blueprint for a general TwO-THINNING process, where the decision function is encoded
using a knob for each bin, which determines if that bin should accept a ball at a first allocation (and
the ball is directed through the dashed lines to the respective bin) or whether it should be allocated
to a second random sample, which is done by passing through a second ONE-CHOICE structure.
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Figure 3.7: Blueprint for the TwO-THINNING processes, where the red/green circles correspond to
knobs directing the incoming balls either directly to the bins below (dashed path) or to a second

corresponding to allocating to the second sample.

ONE-CHOICE allocation (solid path),
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/| CONCENTRATION OF THE HYPERBOLIC
45 COSINE POTENTIAL

Recall the hyperbolic cosine potential I' := I'(y) was defined in Eq. (3.1) as

n n
' :=T'(y):= Ze”t‘t +Ze_”'it.
i=1

i=1

In Chapter 3, we saw that for a wide family of processes the hyperbolic cosine potential I with a
suitable smoothing parameter y < 1 is O(n) in expectation. By Markov’s inequality this expectation
bound implies that w.h.p. " = poly(n), for any step t. This is enough for showing that w.h.p. the
gap is O(logn/y), for y < 1. The main focus of this chapter is to strengthen this, by obtaining
concentration bounds for the hyperbolic cosine potential function, i.e., proving that w.h.p. I'* = O(n)
for any step t.

The reason why high probability bounds are useful was outlined in Section 1.3. We will repeat
the motivating factors here and make connections to Chapter 6. For some processes (e.g., TWO-
CHOICE, k-DENSE-QUANTILE, etc), our goal is to prove w.h.p. a tighter o(logn) gap. In order to
do this, we use exponential potentials with smoothing parameters y = w(1), the so-called super-
exponential potentials. Unlike the hyperbolic cosine potential these potentials may not always de-
crease in expectation even if large. However, in Chapter 6 we show that in steps t where the number
of bins N{  with normalised load at least some value v is small, then these potentials decrease in
expectation. In order to bound N;v, we use the concentration of T, i.e., that wh.p. It = O(n).!
More specifically, in any step t with I'" < cn, we can deduce that

N{, <cn-e™.

In Chapter 7, we show how these can be applied to obtain bounds for the QUANTILE(6*), k-
DENSE-QUANTILE, k-DENSE-THRESHOLD and (Two-CHOICE, G') processes.?

We start by stating the main theorem for the concentration of the hyperbolic cosine potential.
The rest of the chapter is devoted to proving this theorem.

Theorem 4.1. Consider any balanced allocation process P, where in each step at most d € N_ balls
are allocated (where d is not necessarily constant) and consider an arbitrary constant k = 6. Further,

assume for this process that for the hyperbolic potential functions Ty := Ty(y,) and T, := I;(y,) with

smoothing parameters y; € (0,1/(2d)) and v, < 1’/2—1,( respectively, there exists an € > 0 (with y,€ =

n~1/®) and constants c;,c, > 0 (with ¢; < c,), such that for any step t >0,

_are

E[ 75 ]< F{'(l )+cme, 4.1)

and

C1Y2€

E[ I gt ] <1 (1— )+C2'}/26. (4.2)
Then, for c :=2- E—f 2 2 and for any step t = 0,

Pr[th <3cn]> 1—n7F.

1See Section 7.1.1 for a discussion about some results that can be deduced using just Markov’s inequality with a weaker
probability guarantee.

2For the last two processes, the layered induction over super-exponential potentials is very similar to that of k-DENSE-
QUANTILE. However, the concentration for the hyperbolic cosine potential is a bit more involved, making use of the
absolute value and quadratic potentials, and so will be the main focus of Chapter 5.
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4.1 Proof outline of Theorem 4.1

In this section, we will outline the proof of Theorem 4.1, giving some intuition for the require-
ment/choice of the two potential functions I'; and T.

Our goal is to show that w.h.p. T, < 3cn, for any given t > 0. We will prove this by analysing the

steps in the interval [t —T,, t], where T, := |—2- 4c/13y—+226K -nlog n]. In particular, in this interval, which

we call the recovery interval, we will show that w.h.p. I’} < cn for at least one step r € [t —T,, t] and
then we will show that it stabilises, i.e., remains small, for all steps in [r, t].

Now, we will give a few more details for the steps in the proof (see Fig. 4.1). By the expectation
bound proven in Chapter 3, we have that E [ I ] < cn for any step t = 0. So, by Markov’s inequality
whp. I§ < cn®* foralls € [t — T,, t].

I < cn®* foralls € [t — T,, t] (Lemma 4.2 (iii)+Markov’s Ineq.)
Lemma 4.3 (i) | — :

Y1 x

Completion of the Proof of Theorem 4.1 (Section 4.4)

\\’ t—T, 4/3 RS R ’A I

% I3 <n . , !
Lemma 4.4 || \\ / 1
e 3ret—T,t]:T; <cnwhp. . )/ |

- . Bounded difference Drop inequality {

; S ! (Lemma 4.3 (it)) (Lemma 4.2 (ii)) !
Starting point  “~__ :Fg < 3cnforallse(r,t] FRP |
| - - \ - |

| Il

| \

t

|
1
f
t—T, r

Figure 4.1: Outline for the proof of Theorem 4.1. Results in green are used in the application of
Azuma’s concentration inequality for super-martingales (Lemma B.10) in Theorem 4.1.

By the choice of y, < -, we will show that when IT < cn®™!, then we also have (i) that
I < n*/3 and (ii) that |F§+1 —F25| < n'/? (Lemma 4.3). The first condition will be useful for proving
the recovery, i.e., that I'; < cn for at least one step r € [t — T}, t] (Lemma 4.4). Then, starting from
this step r and using the second condition allows us to use a concentration inequality to deduce that
T, stabilises, i.e., that I'; < 3cn for all steps s € [r, t] (Lemma 4.5).

4.2 Auxiliary lemmas

In this section, we will prove some auxiliary lemmas for the potentials I3 :=T3(y;) and I, := T,(y,)
as defined in Theorem 4.1.

Lemma 4.2. Consider any balanced allocation process P satisfying the preconditions of Theorem 4.1.
Then, for any step t = 0,

@ B[ |30 >en]<rf(1- 22,

c €
(i) B[y |30 >en]<ny(1- 22,
n

(iii) E[I}]<cn.

Proof. First Statement. Recall that c =2 E—f = 2. For the first statement, by the assumptions

c171€
E[Flt+1|St,F1t>cn]<F1t.(1— 1 )+C2Y16
Gra1€ G1ira1€
=1“1t-(1—?)—1“f- o, Teere



C171€ c C1Y1€ C171€
<F{-(1——1Y1 )—2-—2-n- g +C2Y16:1—'1t-(1——1}/1 )
2n 1 2n 2n

Second Statement. Similarly, we obtain the second statement for I;.
Third statement. By Lemma B.1 (ii) fora = 1—% and b = c,y71€, since 1“10 =2n < 2- E—f ‘n=cn,
it follows that E[T* ] < cn, for any step t > 0. O

Lemma 4.3. Consider any process P satisfying the preconditions of Theorem 4.1. For any step t =2 0
where l"lt < cn® 1 holds, we have that

(i)  Ti<n*s,

p t+1 _ ot 1/3
(ii) |1"2 —L|sn /3,

Proof. Consider an arbitrary step t where I < cn?*1. We start by proving the following bound on
the normalised load y for any bin i € [n],

byt 3K 3k
I <cn®*1 = Vi 4 MY <cn®*! = y! <= .logn A —y! < = -logn,
11 T1

where in the second implication we used logc + % logn < :;—'f logn, for sufficiently large n as c is
a constant and xk = 6 > 1.

First Statement. Recall that y, < y;/12«. By the definition of I’} and the bound on each nor-
malised bin load, we get that

n

3

I, < Z‘Zexp(}fz'y—'f -logn) =2n-n'/* < n*/3.
i=1

Second Statement. Consider I‘z”l as a sum over 2n exponentials, which is obtained from I; by
slightly changing the values of the 2n exponents. The total £;-change in the exponents is upper
bounded by 4d, as we will increment d entries in the load vector x' (and each of these entries
appear twice), and we will also increment the average load by % in all 2n exponents. Since exp(-)
is convex, the largest change is upper bounded by the (hypothetical) scenario in which the largest
exponent increases by 4d and all others remain the same,

3
It — I‘2t| < exp (Yz . (4d + max’yﬂ)) <etrz2.exp (Yz 2K -logn) = etr2. pl/4 < /3,
Y1

i€[n]

using that y, < 1)/2_1;< and that y, < y; < 1/(2d). O

4.3 Recovery and stabilisation

Using the second and third statements in Lemma 4.2, we will now prove a weaker statement of
Theorem 4.1, showing that I) < cn for at least one step r € [t — T, t], where T, is the length of the
recovery interval

'4/3+2K

-nlog n-‘ . (4.3)
C1Y2€

T, := [2

Before we do this, we proceed by defining an auxiliary process.
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Auxiliary process. Let P be the process satisfying the preconditions of Theorem 4.1. We want to
condition that P has I' < cn?**! for every step s in an interval of poly(n) length, so that we can
deduce it satisfies the bounded difference condition (Lemma 4.2) and then apply Azuma’s inequality
(Lemma B.10).

To this end, we will define an auxiliary process P, o = ﬁto (P) for some arbitrary step t, = 0. Let

o :=inf {s =ty > %cnzxﬂ}. Then, we define 73to so that
* in steps [0, 0) it makes the same allocations as P, and

* in steps [0, o0) it allocates to the currently least loaded bin, i.e., it uses the sorted probability
allocation vector ¢* = (0,...,0,1).

Let y%. be the normalised load vector of P, , atsteps > 0. By Lemma 4.2 (iii), Markov’s inequality
and the union bound, it follows that for any interval [t,, m] with m — t, < T,, with high probability
the two processes agree,

Pr ﬂ {yi = ys} > Pr ﬂ {Ff < anKH} >1—n"-T,. (4.4)

s€[tg,m] s€[tg,m]

The process 73t0 is defined in this way to satisfy the following property:

* (Property 1) The 73[0 process satisfies the drop inequalities for the potential functions I} 5
and 1—'2’75 (preconditions (4.1) and (4.2)) for any step s = 0. This holds because for any step
s < o, the process follows P. For any step s = o, the process allocates to the currently
least loaded bin and therefore minimises the potential F;%l given any §°, which means that

1";%1 <E [ l"f“ | §° ] and so it trivially satisfies any drop inequality (and similarly for I}, ).

Further, we define the event that the potential I} is small at step t,, as

Zh .= {F“L < 1anK“}, (4.5)
1P 9

where ¢ > 1 is the constant defined in Theorem 4.1. When the event Z% holds, then the process

Py, also satisfies the following property (which “implements” the conditioning that Ff 5 < cn?thy:

* (Property 2) For any step s = t, it follows that

F;ﬁ < cn? L,

At any step s € [tg, ), this holds by the definition of o. For any step s = o, a ball will never
be allocated to a bin with y; > 0 and in every n steps the at most n bins with load equal to the
minimum load (at step s) will be allocated at least one ball each. Hence, over any n steps the
maximum absolute normalised load does not increase and in the steps in between this can be
larger by at most d and hence,

1
1";73 < end -Flo75 Send. Zep2etl L cp2etl,

Lemma 4.4 (Recovery). Consider any step t = 0 and the auxiliary process ﬁt_Tr = ﬁt—Tr (P) for any
P satisfying the preconditions of Theorem 4.1 and with Z'Tr being the event defined in Eq. (4.5). For
any step t = 0,

Pri |J {m<en}|3 Tz |>1-2n%
re[t—T,,t]
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Proof. When t < T,, then deterministically I; = 2n < cn for r = 0 and so the statement follows.
Otherwise, by the condition Z:~T, we have that {Flt_Tr < cn2K+1} holds. By Lemma 4.3 (i), this
implies that {th_Tr < n*?3} also holds.

By Lemma 4.2 (ii), for any step s = 0,

(4.6)

E[F5+1|35,1—'25>cn]<1"5.(1_cl}’26).

2n

Next, we define the “killed” potential function at steps s = t — T, as

F = FS ﬂre t—T s]{r >Cn}

Note that when {FS cn} then also {1"S = 0} and {FS“ = O} Therefore, the T potential uncondi-
tionally satisfies the inequality of Eq. (4.6), that is for any s = t — T,

~ =~ C1Y792€
E[r§+1\35]<r;-(1—%).

Inductively applying this for T, steps, starting with lA"Zt_T’ < th_Tr < n*3, we get
St | ot—T, t—T, St | at=T, pt=Tr < 4/3 43 (1 C1ra€Tr (a) 143 . o= terrae (D)o
E[T; | 3720 J<B[ T | 3T, " <n¥ ] <nt (1 are ane® @ -

4/3+2k
C1Y2€

using in (a) that 1+ u < e" (for any u) and in (b) that T, = |—2~ -nlog n-|. So, by Markov’s
inequality,
Pr[Ty<n|§ T2z ]>1-—n2N

Since deterministically I'; > 2n at any step s, we conclude that when {Ff n} then also {I‘t = 0}
and so

1mr€[t_n’t]{r2r>cn} = 0, implying that - ﬂre[t_Tr,t] {Fzr > cn} holds

—2K

with probability at least 1 —2n™“*, concluding the claim. O

We will now show that whenever I’ € [cn,2cn] holds for some step r € [t — T}, t], then with
high probability (i) it remains small until step t, i.e., I < 3cn for all s € [r, t] or (ii) it remains small
until some step s < t where it becomes very small, i.e., I'; < cn.

Lemma 4.5 (Stabilisation). Consider any step t > 0 and the auxiliary process P,_ T, = =P, r.(P) for
any P satisfying the preconditions of Theorem 4.1 and with Zt~Tr being the event deﬁned in Eq. (4.5).
Then, for any step r € [t — T,, t] for T, as defined in Eq. (4.3),

Pr ﬂ {Fg < 3cn} u U ( ﬂ {F; < 3cn} N {1“5 < cn})

2§, I; €en,2en] | > 1—n"3%,
se[rn,t] se(r,t] \u€[rs]

Proof. Consider an arbitrary step r € [t — T, t] such that I} € [cn,2cn]. We define the stopping
time
T —1nf{r>r Fr cn}

and the sequence X’ for any step s € [r, t],

.— TSA
XS =T\,

r

We defined (X} )s¢[r.,] this way so that it forms a super-martingale. To see this, note that by Lemma 4.2 (i),
for any step s < T we have that

Bl |5 < 1] <E[ 137 313 > en ] < 15 @)
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and for any step s = T,
E[ XM 3, s> ] =X (4.8)

Recall that when Z*~Tr holds, then by Property 2 (see Section 4.3), it holds that I < cn?*1 for
every step s = t — T,. So, by Lemma 4.3 (ii) it also holds that |F§+1 - F5| <n'/3.
Hence, applying Azuma’s inequality (Lemma B.10) for any s € [r, t] gives

c2n?

5> r t—T, r pr < -
Pr[Xr Xr+cn|’b7 ,g,er[cn,ch]] EXP( 2-T, - (n/3)2

)<2-Tr-n_2’<,

using that T, = O(n-n'/®-logn). Also recall that at the starting point r, it holds that X =T, <2cn.
Hence, we can conclude that

Pr[Xi > 3cn |Zt_Tr,3r,l“2r € [cn,2cn] ] <2-T,-n %,

By taking the union bound over all steps s € [, t], we get

Pr[ ﬁ {x* <3cn}

s=r

z=T 3Ty € [en, 2cn]] >1-3-T>n>>1-n%,

using that k = 6. Now, assuming that ﬂst:r {X )< 3cn} holds, we consider the following cases based
on the stopping time 7:

* Case 1[7 > t]: Then for all steps u € [r, t], we have that I} = X < 3cn.

* Case 2 [7 < t]: Then for all steps u € [r, 7], we have that I = X" < 3cn and I’} < cn. So the
following event holds fors =7 > r,

U (ﬂ {F2“<3cn}ﬂ{f‘§<cn}).

s€(r,t] \u€lrs]

Hence, this concludes the claim. O

4.4 Completing the proof of Theorem 4.1

Before we complete the proof of Theorem 4.1, we first prove the statement for the auxiliary process
Pe_r..

Lemma 4.6. Consider any step t 2 0 and the auxiliary process ﬁt—Tr = ﬁt_Tr(P) for any P satisfying
the preconditions of Theorem 4.1 and with Z'~Tr being the event defined in Eq. (4.5). Then, for ¢ :=
2. E—f = 2 and for any step t = 0,

1
Pr[T; <3cn| 2" ]>1- 37
Proof. The proof will be concerned with steps € [t — T,, t]. First, by applying Lemma 4.4, it holds
that

Pr U {FZrO < cn} g,z | > 1—2n7% L, (4.9

ro€[t—T,t]

Consider now an arbitrary step ry € [t —T,, t ] and assume that Fzro < cn. We partition the time-steps
s € [ry, t] into red and green phases (see Fig. 4.2):
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1. Red Phase: The step s is in a red phase if I'; > cn.
2. Green Phase: Otherwise, the process is in a green phase.

Note that by the choice of ry, the process is at a green phase at time ry. Then each green phase
may be preceded by a red phase. Trivially, for each step s in a green phase, we have I’; < cn. Also,
when s is the first step of a red phase after a green phase, it follows that I’} < er2d -1“5_1 <2- 1“5_1 <
2cn, since 0 < v, < 1/(2d).

We now let R* denote the event that step s is the first step of a red phase. Additionally, let A° be
the event that all steps u € [s, t] in the same phase as s, satisfy I} < 3cn. By Lemma 4.5, we have
that

Prl A |20, 3, R ] > 1—n 3K,
For any events & # @ and &,, we have that Pr[ &, U—&; 1= 1—Pr[ &, | £; ] and hence
Pr[AU-R |20T,F | > 1—n 5%,

By taking the union-bound over all steps s in [rg, t], we have that

1
Pri () (LU-R)| 27§00 <cn | >1—n"3%-T, > 1-on ™

s€[ro,t]

When Ngpr, ¢ (A° U—R?) holds, all steps u in all red phases satisfy Iy < 3cn. Thus, since steps in
green phases are good by definition, we have that

- _4 1 _
zT om0 <cen | >1—n SK'Tr>1_ZTl 3

Pr I3 <3cn
M }

s€[ro,t]

Hence, by defining the stopping time p :=inf{ro =t —T, : F2r° < cn}, we have

t

Pr[ I} <3cn]> Z Pr[l“2t<3cn| zT p=ry]-Pr[p=r, |Zt_Tr:|

ro=t—T,
t
> Z Pr ﬂ {1"5 < 3cn} Zt_Tr,SrO,FZrO <cn -Pr[p =Ty |Zt_Tr ]
ro=t—T, s€[rg,t]
1 t
>(1-10v)- 3 wefp=r 2]

:(1—%n_’<)~Pr[p< t]

@ 1 1
> (1 - —n_K) (1-2n?)>1--n""
4 2

using Eq. (4.9) in (a) and so the conclusion follows. O

Now we complete the proof of Theorem 4.1.

Proof of Theorem 4.1. Consider the auxiliary process ﬁt—Tr and let I, 5 be its T, potential. Then, by
Lemma 4.6 we have that

1
t < t—T, >1—n¥
Pr[ I‘Z’73 3cn‘ Z ] 1 2n . (4.10)
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T
m—T, So T1 S1 T2 m
e ——
Recovery by Lemma 4.4

Figure 4.2: Green phases indicate steps where I7] is small and red phases indicate steps for which
the potential is large and drops (in expectation). In Lemma 4.5, we show that I}, < 3cn at every
point within a red phase using a concentration inequality.

By Lemma 4.2 and Markov’s inequality, since ﬁt—Tr and P agree for every step s < t — T,, we have
that

1
pr[ztT ] = pr[rf < Ecnzk+1 ] >1—2n"2", (4.11)

Hence, by combining Eq. (4.10) and Eq. (4.11), we have that
t 1 —K —2K 3 —K
Pr[Tf S <3en|>(1-sn™) (1-2n72%)>1->n".
2,p 2 4
As shown in Eq. (4.4), w.h.p. the process P agrees with P in all steps in [t — T}, t], and hence
Pr[I{<3cn]|>Pr {rzi73 <3cn}n [ﬂT ]{ys :_y%} S1-2n T > 1,
s€[t—T,,t

using that T, = O(n-n'/®-logn). O
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Chapter 41/2; Disks-into-bins

A load balancing process related to balls-into-bins is the disks-into-bins process. At step t = 0, this
process:

* Samples one point (x, y) uniformly at random from the square [0,1]?, i.e., x ~ ¢{[0,1] and
y ~Uufo,1].

* Places a disk of radius r at that position.

The load of each point in the [—r, 1 + r]? square is the number of times that a disk covers it.
What is the maximum load over all points for this process?

The equivalent coupon collector question, i.e., the number of disks required to cover all points,
can be perhaps answered using slight modifications of the classical argument.

.

Figure 4.3: Example of the ONE-CHOICE process in the disks-into-bins setting with n = 100 balls
and radius r = 0.1. The maximum load here is 8.

Another reasonable question is whether a process similar to TwWo-CHOICE would produce a lower
maximum load than ONE-CHOICE. In particular, consider the process, which at step t = 0:

* Samples two points P; and P, uniformly at random from the square [0, 1]%.

* Computes the maximum load of the points covered by placing a disk at P; and at P,.

* Places to the disk at the point where this value is smaller (breaking ties randomly).

Some empirical results in Table 4.4 for various values of radius r and number of disks m, suggest

that this TwWo-CHOICE process is superior to ONE-CHOICE. However, it is not clear whether Two-
CHOICE is optimal over all TwO-SAMPLE processes or even if the tie-breaking rule is important.
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n\r 0.05 0.1 0.2 0.3

100 5/3.4 8.9/6.7 | 21.2/17.5 | 36.7/31.1

200 | 7.5/4.9 15.7/11 | 38.2/31.7 | 69.4/59.2

300 | 9.4/6.2 | 20.5/15.3 | 54.4/44.7 | 100.5/88.2
500 | 12.7/8.9 | 29.6/22.9 | 84.1/72.6 | 160.8/141.9

Table 4.4: Maximum loads for the ONE-CHOICE/TWO-CHOICE processes for various values of n and
r.

Figure 4.5: Example of disk distribution for ONE-CHOICE and TwO-CHOICE for n = 300 and r = 0.1.
Note that in the Two-CHOICE distribution the loads are more balanced.

87



| INTERPLAY BETWEEN THE ABSOLUTE
£ VALUE AND QUADRATIC POTENTIALS

In this section, we present the interplay between two lower-order potential functions, namely the
absolute value potential defined as the ¢;-norm of the normalised load vector

n
Al = Z ’yf
i=1

and the quadratic potential defined as the sum of the squares of normalised loads

n
T =) )
i=1

)

This interplay allows us to analyse:

1. The setting for the TwO-CHOICE process showing an O(g + logn) bound in Sec-
tion 5.3 and establishing the base case for the O(% -loglog n) bound for any g = o(logn)
to be proven in Section 7.4.1. This upper bound also applies to , and

settings for TWO-CHOICE, so we refer to as setting for
short.

2. The MEAN-THINNING process showing an O(logn) bound in Section 5.2. The analysis works
for the family of MEAN-BIASED processes, so we obtain bounds for the TWINNING, (1+ 7)) and
RELATIVE-THRESHOLD(f (nn)) processes with f(n) = 0 as corollaries in Section 5.2.2.

In Section 5.1, we outline the limitations of using a single hyperbolic cosine potential and ex-
plain how the interplay between the absolute value and the quadratic potential overcomes these
limitations. In Section 5.2, we present a detailed outline for the analysis of the MEAN-BIASED pro-
cesses, but proofs are deferred to [117] (and [119]). In Section 5.3, we give the full details for
obtaining the O(g + logn) in the setting for TWo-CHOICE. Finally, in Section 5.4, we prove
strong stabilisation, i.e., that a variant of the hyperbolic cosine potential is w.h.p. O(n), which we
later use for the tighter bounds for g = o(logn) in Section 7.4.1.

5.1 Motivation

5.1.1 For the MEAN-THINNING process

Recall that the MEAN-THINNING (= RELATIVE-THRESHOLD(0Q)) process is the TWO-THINNING process
which uses the mean (average) t/n as a threshold decision for whether or not to allocate a ball to
the first bin sample or not. For MEAN-THINNING, we aim to prove an O(logn) bound on the gap.

Let 6 be the quantile of the average, i.e., §' := [B{|/n, where B :={i € [n]: y > 0}. At any
step t = 0 the sorted allocation vector is the same as that of QUANTILE(6"), i.e.,

~ 5t 5t 148" 1+6"
q o T L n .

nét entries n-(1—6t) entries

The problem here is that when 6" = 0(1) or when 6 = 1 —0(1), then the hyperbolic cosine
potential T' := I'(y) with any constant smoothing parameter y > 0 might increase in expectation. A
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concrete such load vector is given in [117, Claim B.2]. In particular, when &' = %, the process is
equivalent to the process that just avoids allocating to the maximum load (if possible), i.e.,

Nt._(l 1,1 1+1)
q = n2,n nz,...,n ) .

For processes with such small biases, we can only show that the hyperbolic cosine potential [}, :=
IH(yo) with smoothing parameter y, = ©(1/n) is linear in expectation, from which we get an
O(nlogn) bound on the gap.

However, we need to bound T := T'(y) for constant y > 0 to get the O(logn) bound. By the
analysis in Chapter 3, when &° € (e,1—¢) for some constant € € (0, 1), we have that I := I'(y) with
(sufficiently small) constant y := y(e) > 0 drops in expectation.

Thus, our goal becomes to show that 5° € (¢,1 — €) in a large constant fraction of the steps, so
that the potential I drops overall in expectation. We do this using an interplay between the absolute
value potential and the quadratic potential.

More specifically, we show that the expected value of the quadratic potential for MEAN-THINNING
satisfies the following drop inequality at any step t = 0,

t
E[Tt+1|3t]<Tt—%+1. (5.1)
This implies that when A* = Q(n) (even if the quantile 5° of the average is 0o(1) or 1 —o0(1)), then
the quadratic potential drops in expectation. By looking at a sufficiently long interval we can deduce
that a large constant fraction of the steps t satisfy A® = O(n). Then by a ONE-CHOICE argument
(Lemma 5.5), we can deduce that for many steps s in [t,t + ©(n)], the quantile stabilises, i.e.,
6° € (e,1—e€). On aggregate, using an adjusted version of the hyperbolic cosine potential, we show
that T is w.h.p. O(n) every O(nlogn) steps, implying by smoothness an O(logn) gap at every step.

5.1.2 For the setting

In the setting for TWO-CHOICE, we have a similar problem: There exist configurations where
the hyperbolic cosine potential for constant smoothing parameter may increase in expectation even
when large. For instance, when all bins have almost the same load, i.e., x* with max;c[,; x| —
min; e[, xl.t < g, then the adversary G' can “force” the sorted allocation vector §* to be worse than
that of ONE-CHOICE, e.g., the reverse of the TwO-CHOICE vector,

2t (2 1 2zn—i+1)—1 i).

n nz,..., ) 5 eeey )

Again, by investigating the expected change of the quadratic potential, we obtain the following
interplay with Af

t
E[Tt+1|3t]<T‘—%+2g+1.

This is very similar to the drop inequality Eq. (5.1) for MEAN-THINNING, with the difference that the
additive term may be non-constant. This inequality implies that when A" > Dng (for D = 365),
then the quadratic potential drops in expectation. So again by looking at a sufficiently long interval
we can deduce that a large constant fraction of the steps satisfy A* < Dng. Next note that when
A" < Dng, then using a first moment argument, the number of bins with load at least %Dg is at
most 3, and so there is a constant bias € = 1/3 to allocate away from bins with load at least 2Dg.
Similarly, for bins with load at most —2D g, there is a constant bias to allocate to them (see Fig. 5.1).
Hence, in Lemma 5.21 using a similar analysis to that in Chapter 3, we obtain that the hyperbolic
cosine potential A with an offset of c,g =2Dg,

n

n
A= Rcgg) = STA = 3 (00w 4 o),
i=1 i=1
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has w.h.p. A" = O(n) at an arbitrary step t and so we can deduce that Gap(t) = O(g + logn).

1
| >2Dg , [5Dg,2Dg) . <3Dg
1
- . - ﬁ
1 1

i <n/3 j =>2n/3

| >-2pg E(-ng,-ng]: <—2Dg
| 1 1 1
1 1

|

>2n/3 j <n/3 i

Figure 5.1: Consider any step t with A" < Dng, then:

(Top) There are at most % bins with yl.t = %Dg, so in the , we can distinguish between
the red and green bins, so the probability to allocate to a red bin is at most %
(Bottom) There are at most % bins with yit < —%Dg, so in the , we can distinguish

between the red and green bins, so the probability to allocate to a green bin is at least %.

5.2 MEAN-BIASED processes

Recall that a MEAN-BIASED process is any process that satisfies conditions P53 and W, or P, and W5
defined in Section 2.5.6, where we also verified that MEAN-THINNING, TWINNING and some other
processes satisfy them. For convenience, we repeat these conditions here:

Condition P,: At any step t = 0, the probability allocation vector ¢* must satisfy ' < % <qt.

Condition W,: At any step t > 0, if i := i**! is chosen for allocation,

- If yl.t < 0, then allocate w_ balls to bin i,
- If yit = 0, then allocate w_ balls to bin i,

where 1 < w, < w_ are constant integers.

Condition P3: This is as Condition P,, but additionally, there are time-independent constants
k, €(0,1],k, €(0,1] such that for any step t = 0:

t 1_k1+k1‘|Bi| 1 k(109

T s n n2  n n ’
1 ko Bl 1 ky-8t

tp o ——t =2

T n n2 n n

Condition Wjs: This is as Condition W,, but additionally we have the strict inequality: w, <
w_. Also, we assume that for each t = 0, allocation vector ait is non-decreasing in i.

5.2.1 Analysis outline

In this section, we will give the statements for the key lemmas used in the proof of the following
theorem. All omitted proofs can be found in [117].

Theorem 5.1 ([117, Theorem 4.15]). For any MEAN-BIASED process, there exists a constant k > 0
such that for any step m 2 0,

m
Pr[max xMm——

i€[n]

< Klogn] >1-n3;

so in particular; Pr[ Gap(m) < klogn]=>1—n">.
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The following basic, yet crucial result follows from the preconditions in Theorem 5.1:

Lemma 5.2. For any MEAN-BIASED process, there exists a constant ¢y := cy(ky,ky,w_,w,) > 0, so
that for any step t = 0,
c
¢ w_—qtw, >
n

Proof. First assume P, and Wj holds. In this case, P, implies q° > % > q', and thus

1 1 c
qt_'W—_qs.'W-r Z—Wo— =Wy 2 =,
n n n
for ¢; :=w_—w, > 0, since by W5 the weights are constants satisfying w_ > w,.
Next assume P; and W, holds. In this case, W, implies w_ = w_ = 1. Using P,, for ¢; :=

min{ky, ky},

91
=—=. 0O

t 1 k2'5t_1+k1'(1—5t))
n

qC-w_—q,wy>qlw,—qowy > (gl —gi) 1> (—+

n n n n

A large portion of the analysis is devoted to derive a weaker quantile condition, that is, we prove

that for sufficiently many steps, the quantile &° is in the range (e,1 — €) for some (small) constant

e. For this analysis, the inequality in Lemma 5.2 will be useful when we establish a connection

between the absolute and quadratic potential function (Lemma 5.4). We now list the 9 key steps in
the analysis along with some of the important lemmas/theorems.

1. (Weak gap bound) In any step, there is at least one bin with load at least the average, so the
MEAN-BIASED process always has a bias not to allocate to that bin. By using a hyperbolic cosine
potential I, := I)(y,) with vy = ©(1/n), we get w.h.p. at any step t = 0, the weak bound of
Gap(t) = O(nlogn) and also a weak bound for I := I'(y) with any constant y € (0, 1).

Lemma 5.3 (Lemma 8.10 in [117]). For any MEAN-BIASED process, there exists a constant cg > 0
such that for any step m = 0,

Pr[Gap(m) < cg-nlogn]=>1—n"12,

and so, for T' :=T(y) with any (constant) smoothing parameter 0 <y <1,
Pr[I™ < exp(2cgnlogn)]=1—n"12

2. (Absolute value/Quadratic potential interplay) Next, we establish the following interplay
between the absolute value potential and the quadratic potential. For MEAN-BIASED processes,
this implies that when A* = Q(n), then the quadratic potential drops in expectation.

Lemma 5.4 (Lemma 6.2 in [117]). Consider any allocation process satisfying P, and W,. Then for
any step t = 0, the quadratic potential satisfies

E[Tt+1|gt]<Tt_(qi.w_—qi-W+)-At+4'(W_)2.

Hence for any MEAN-BIASED process, this implies by Lemma 5.2 that there exist constants c;,c5 > 0
such that for any step t =2 0,

E[Tf+1|gt]<rt—%-&+c2.

3. (Quantile stabilisation) For every step t with A' < Cn (for sufficiently large constant C :=
C(cq,c) > 0), we have that in the next ©(n) steps, there is a large constant fraction of steps
with &' € (€,1 — €) for some constant € > 0. This follows from the fact that A’ < Cn implies
a constant fraction of the bins have constant normalised load | yitl < ¢ and that MEAN-BIASED
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processes sample uniformly among the bins. If there are too many overloaded bins, then
because g < %, by a ONE-CHOICE argument w.h.p. in the next ¢n steps a constant fraction
of them will not be chosen, so they will become underloaded. If there are too many under-
loaded bins with constant load, then because q° > %, by a ONE-CHOICE argument w.h.p. a
constant fraction of them will be allocated at least 2¢ balls to exceed the average and become
overloaded.

Lemma 5.5 (Mean Quantile Stabilisation (Lemma 6.1 in [117])). Consider any allocation process
satisfying P, and W,. Then, for any integer constant C = 1, there exists some € := €(C) > 0 such that

for any integers t, = 0 and t; := ty + [ch-l + [L-I + [ﬁ} we have

ol Rl b
Pr[|{te[t0,t1]: 5t€(€,1—€)}| >e-n ‘ Flo, Ato <C-n]> 1—e €M,

4. (Many steps with 6° € (¢,1 — €)) Using the interplay between the absolute value and the
quadratic potential, we can deduce that in sufficiently long intervals, a large constant fraction
of the steps s satisfy A® < Cn, for some constant C > 0. Then, using the mean quantile
stabilisation lemma, we get a large constant fraction of steps with 6° € (¢,1 —¢). We have
two versions of this theorem, one for the recovery phase (where the starting point is a weak
bound on I') and one for the stabilisation phase (where the starting point is a linear bound on
). In the statements below, we let Gf; be the number of steps t € [ty, t;] with A" < Cn.

Lemma 5.6 (Lemma 9.3 in [117]). Consider any MEAN-BIASED process and the potential T := T'(y)
for any constant y € (0, 1). Then, for € := €(C) as in Lemma 5.5, r := min {ﬁ, %}, and for any steps
to and t, with t; = to+ n®log® n, it holds that

1
Pr[Gf; >r-(t;—to) | §o, T < exp(2c6nlogn)] > 5 —(t;—tg)-e ",

where cg > 0 is the constant from Lemma 5.3.

Lemma 5.7 (Lemma 9.4 in [117]). Consider any MEAN-BIASED process and the potential T' := T'(y)
with any constant y € (0,1). Then, for € := €(C) as in Lemma 5.5, r := min {ﬁ, %}, for any constants
K1,Ko > 0 and for any steps tq and t; satisfying t; := ty + k4 - nlogn, it holds that

Pr[Gf; >r-(t; —to) | Fo, Tt <K1-n]>1—3-n—12.

5. (Good/bad steps for I') For the expectation of the hyperbolic cosine potential " := I'(y) with
constant y > 0, we prove a drop inequality in a good step (where 6' € (¢,1—¢)) and a weaker
bound for a bad step.

Corollary 5.8. Consider any MEAN-BIASED process, let € € (0,1) be any constant and the potential
p2W—
I':=T(y)with y :=y(€) as defined in [117, Lemma 7.4]. Choose c := max{m, )/2—2} > 1, for

Y3
some constant cs := c5(€). Then, for any step t = 0,

E[ ! |Sf,{5fe(e,1—e)},rf>c-n]<rf-(1—ﬂ).
n

More generally, for any step t = 0, and c4 := 3w_ - e*"~ > 0, we have

2
E[ ! |5f,rf>c~n]<rf~(1+m)
n
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6. (Adjusted hyperbolic potential) In order to show that the hyperbolic cosine potential T' :=
['(y) becomes small, we use the adjusted hyperbolic cosine potential, defined as Ft?(cg, Y,&):=
I'o(y) and, for any step s > t as

= Y -~ Y s
Ftso(cg,y,g) =TI lgg? - exp (—?’T ~B‘;O 1) - exp (+37 . Gﬁo 1), (5.2)

where & := ﬁ

Lemma 5.9 (Lemma 9.1 in [117]). The sequence (1N“t50 )s>¢, forms a super-martingale.

7. (Recovery phase) Starting with the weak O(nlogn) bound on the gap at step t, and using
the adjusted hyperbolic cosine potential, we can deduce that for any sufficiently long interval
w.h.p. there exists some step t with ' = O(n).

Lemma 5.10 (Recovery (Lemma 9.5 in [117])). Consider any MEAN-BIASED process and the poten-
tial T :=T'(y) with y := y(€) as defined in [117, Lemma 7.4 ]. Then, for the constant ¢ > 1 as defined
in Corollary 5.8, for any step m 2 0,

Pr U (If<cn} | =21—n"10.

s€[m—40n3log* n,m]

8. (Stabilisation phase) Again, using the adjusted hyperbolic cosine potential, we show that
once I' is small w.h.p. it becomes small again every O(nlogn) steps.

Lemma 5.11 (Stabilisation (Lemma 9.7 in [117])). Consider any MEAN-BIASED process and the
potential T := T'(y) with y := y(€) as defined in [117, Lemma 7.4]. Then, for the constant ¢ > 1 as
defined in Corollary 5.8, there exists a constant c¢; > 0, such that for any step ty = 0,

1
Pr U {Ft < cn} Foroelen,2cn] | =1— 3 n’.

te[tg,tog+csnlogn—1]

9. (Gap deduction) Finally, by a smoothness argument since the gap can decrease by at most
O(w_-logn) in ©(nlogn) steps, we deduce the O(logn) bound on the gap at every step.
5.2.2 Applications
Thanks to the reductions in Lemmas 2.21, 2.22 and D.6, by Theorem 5.1 we also deduce:

Corollary 5.12. For MEAN-THINNING, TWINNING and the (1 + f3)-process for any constant 3 € (0, 1],
there exists a constant k > 0 such that for any step m 2 0,

Pr[ Gap(m) < klogn]>1-—n"3.

As we shall show in Corollary C.24, these bounds are tight for MEAN-THINNING, TWINNING and
the (1 + f3)-process for constant € (0,1). By Lemma 2.15, we also obtain the following corollary.

Corollary 5.13. For any RELATIVE-THRESHOLD( f (n)) process with f(n) > O, there exists a constant
k > 0 such that for any step m = 0,

Pr[Gap(m) < klogn+ f(n)]=>1—n">.

We will show in Lemma C.25 that for f(n) = logn, this bound is asymptotically tight.
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5.3 setting: Stabilisation

In this section we give the proof for the O(g +1logn) gap bound, as stated in the theorem below. For
any g = Q(logn), this matches the lower bound for the process in Proposition C.8
up to multiplicative constants.

Lemma 5.14 (Simplified, page 110). Consider the setting for any g = 1. Then, there
exists a constant k > 0, such that for any step m = 0,

Pr|:max|yim| <K-(g+logn)}>1—2-(ng)_9.

i€[n]

5.3.1 Proof outline of Theorem 5.26

The proof of this theorem is considerably more involved than Theorem 3.21, requiring the interplay
between an exponential potential, the absolute value potential and the quadratic potential, similar
to the one for the MEAN-BIASED processes.

1. (Weak gap bound) By Theorem 3.21, w.h.p. Gap(t) = O(g log(ng)) for any step t = 0.

2. (Absolute value/Quadratic potential interplay) We establish the following interplay be-
tween the absolute value and the quadratic potential. This is similar to the one for the MEAN-
BIASED processes, but the additive term may be super-constant here.

Lemma 5.17 (Restated, page 98). Consider the setting for any g 2 1. Then, for any
step t = 0,

3. (Many steps with A’ < Dng for D = 365) Using this interplay, we can establish that starting
with a bound of T on the quadratic potential T < T, then in the next ©(T/g) steps, a large
constant fraction of the steps satisfy A’ < Dng (good steps). In the recovery, stabilisation and
strong stabilisation phases, we instantiate this lemma with different values for T (depending
on the strength of the bound). For convenience, we let Gtt; be the number of good steps in

[tO) tl]-

Lemma 5.18 (Restated, page 99). Consider the setting for any g =2 1 and let r := ?66,
€ :=1/12 and D := 365. Then, for any constant ¢ = 1 and any T € [ng?,n?g3/¢], we have for any
steps to=0and t;:=ty+¢-T-g 1 —1,

Pr[Gtt;(D) >r-(t;—to+1) |FO,TOLT, ?61[2% |yl.t°| < g(log(ng))? ] >1-2-(ng) 2

3. (Good/bad steps for A) Consider the following variant of the hyperbolic cosine potential with
a constant smoothing parameter o := 1—18 and with an offset of c,g =2Dg,

n n
AL = Al(a,cug) = ZAlt — Z (eov(yf—mg)+ + ea~(—yit—C4g)+) , (5.3)
i=1

i=1

where v* := max{v,0}. We prove the following drop inequality for the expectation of A over
a good step (where A" < Dng) and a weaker bound over a bad step.
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Lemma 5.14 (Simplified versions of Lemmas 5.20 and 5.21). Consider the setting
with g 2 1 and let € := 1/12. Then, for any step t = 0,

E[ AT 30, A0 <Dng]<Af-(1—2%)+18a.

More generally, for any step t = 0,

E[Af+1|gf]</\f-(1+3—a).
n

4. (Adjusted hyperbolic cosine potential) In order to show that A drops in expectation, we use
the adjusted hyperbolic cosine potential, defined as Aig := A" and, for any step s > t, as

~ a4 e 1
Asto =A% 15;1 -exp(— - ~B‘;0 ) ~exp(+ - Gfo ), (5.4)
where Gio_l (and Bio_l) is the number of good (and bad) steps in [ty,s).

5. (Recovery phase) Using the weak bound as a starting point t, and the adjusted hyperbolic
cosine potential, we show that after ©(ng - (log(ng))?) steps, w.h.p. the potential A becomes
o(n).

Lemma 5.23 (Recovery — Simplified version, page 106). Consider the setting with
g = 1. Then, there exists a constant ¢ > 0, such that for any step to = 0 and A, := ©(ng - (log(ng))?),

Pr U {(A'<cn} | =1—(ng) .

te[to’t0+Ar]

6. (Stabilisation phase) Again, using the adjusted hyperbolic cosine potential, we show that
once A = O(n), w.h.p. it becomes small again every O(n - max{logn, g}) steps.

Lemma 5.24 (Stabilisation - Simplified version, page 107). Consider the setting with
60c¢;
QaEer

g = 1. For any step ty = 0 and A, := -n-max{logn, g}, we have that

pri |J {a"<en}|FoAv<2n|>1-(ng)

te[tO:tOJ’_As]

7. (Gap deduction) Hence w.h.p. there is a step t € [m,m + ©(n - (g + logn))] with Gap(t) =
O(g +logn), which by smoothness implies Gap(m) = O(g + logn) (Section 5.3.7).

In this section we give the proof of the O(g + logn) gap bound, as stated in the theorem below. For
g = Q(logn), this matches the lower bound for the setting in Proposition C.8 up to
multiplicative constants.

Theorem 5.26 (Simplified version, page 110). Consider the setting for any g = 1.
Then, there exists a constant k > 0, such that for any step m = 0,

Pr[max|yim| <K-(g+logn)}>1—2'(ng)_9.

i€[n]
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5.3.2 Absolute value and quadratic potentials

Recall that the absolute value potential is defined as

n

A=y, (5.5)
i=1
and the quadratic potential is defined as
T = ()% (5.6)
i=1

We will upper bound the expected change of the quadratic potential E[ AT | y']in the
setting by relating it to the change of the quadratic potential for TWO-CHOICE without noise,
starting with the same load vector y" at step t.
We will first analyse the expected change of the quadratic potential for the TWo-CHOICE process
without noise. We will make use of the following general lemma, which provides a formula for the
change of the quadratic potential:

Lemma 5.15. Consider any SEQUENTIAL(r") process. Then, for any step t = 0, (i) it holds that
n 1 n
+1 _
E[ AT {yt]—iZEZ-rit-yit+1—E <;2-r§-y;+1,

and (ii) it holds that
|ATt+1| <4 max{yﬂ +2.

i€[n]

Proof. First statement. For any bin i € [n], its expected contribution to Y¢*! is given by,
t+1 t t 1 2 t t 1 2 t
E[ Tyt ]= yi+1_; T\ T (A=ry)
1 1 1)? 1
:(yit)2+2-(1——)-yit-rl.t—2-—-yit-(l—rit)+(1——) i+ = (1)
n n n n
1 1)? 1
=(yit)2+2-(rit——)-yit+(1——) i+ = (1=
n n n

Hence, by aggregating over all bins we get,

E[T”llyt]=Zn:[(yf)2+2-(rf—%)-yit+(1—%)2'rf+%'(1—rf)]

i=1
n 2
1 1 1 1
—rt z.(r.r__). .t+(1—-) SE
; ' 'n Vi n n n2
< 1 1
=T+ 2-(7‘?——)- T

n n
2 1
et Nty NS 2

n
1
(é)rf+22-r{-y§+1—;

i=1
n
<Tt+22-rl.t-yit+1,

i=1
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using in (a) that Z?:l y{ = 0. Therefore, by subtracting T*, statement (i) follows.

Second statement. Let M := max;c(, |y |. We will upper bound the change AY/* for an arbi-
trary bin i € [n], by considering the following two cases:

Case 1: Ball at step t + 1 is allocated to bin i. So,

1\ . 1)2
=‘2- 1—=)-yf+l1-= ‘<2M+1.
n n

Case 2: Ball at step t + 1 is not allocated to bin i. So,

1 2
|ATit+1| — ‘ yit +1—= _(yit)z
n

1)? 2 1| _2M 1
\ATit+1| = ’(J’it __) ~(P|= '_— Yt | S—+-.
n n n n n
Aggregating over all bins i € [n] yields
2M 1
|ATt+1’<Z|ATt+1|<2M+1+(n—1) ( )<4M+2. O
n n

i=1

We now use the general formula in Lemma 5.15 (i) to obtain an expression for the expected
change of the quadratic potential for TwWo-CHOICE without noise.

Lemma 5.16. Consider the TWo-CHOICE = TIME-HOMOGENEOUS(p) process without noise, where

pi = 21 2 for any i € [n]. Then, for any step t = 0, it holds that

t

n
ATf+1|yf]<22-pi.37{+1<—A—+1.

Proof. Applying Lemma 5.15 (i) to Two-CHOICE yields
n
E[ AT y <D 2 p - FE 41,

Let B! := {i € [n]: ¥/ > 0} be the set of overloaded bins at step t and B' := {i € [n]: y| < 0},
the set of underloaded bins. The Two-CHOICE process allocates a ball to the set of overloaded
bins with probability |B® |2/n?, and thus the average allocation probability across overloaded bins is

= [BL|/ n?. Consequently, Two-CHOICE allocates to the set of underloaded bins with probability
1—|B i|2/ n?, and thus the average allocation probability across underloaded bins is

n—|B | n2 n n2

C_ 1 (L BPY_ 1 BB 1 1B
ARG )

n2

By splitting the sum Z?zl 2-p; - y! into underloaded and overloaded bins, we get
n

Zz'pi 'yit = Z 2-p; 'yit'i' Z 2-p; 'yit*

i=1 ieBL ieBL

Since p; is non-decreasing, we have Zl 1Pi S {:1 p} for all 1 < j < |B}|. Further, since y* is
non-increasing over the overloaded bins, by Lemma B.2 we have
B, |

D2epyi< Yo 2-pt-yi=2pt - > Fi= l ,

ieB} i€B! ieB!
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since D g yi = _Ziesg y! and thus ZiEBi y{ = 3A’. Analogously, since ¥' is non-increasing
over the underloaded bins,

- - (1, B4l
22~pi-yf<ZZ-pt_-yf=2-pf_-ny=(; " ) A
i€BL i€BL i€BL

Combining these we get

|Bt | 1, 1B NG

E[ ATyt ] Zz P FEA1S Al = AT+1=—" 1. O
n n2 n

Now we relate the change of the quadratic potential for the setting to the change

of the quadratic potential for TWo-CHOICE without noise, using that the adversary can determine
(and possibly revert) a load comparison between y; and y.t only if |y} — y.t| <g.

Lemma 5.17. Consider the setting for any g 2 1. Then, for any step t = 0,

t
E[Tt+1|yt]<Tt—%+2g+1.

Proof. By Lemma 5.15 (i), for the probability allocation vector g° we have,

=

[ATtH’y <ZZ q; - yl+1—22 q; -y +1.
i=1

This sorted allocation vector * is obtained from the probability vector p of Two-CHOICE without
noise by moving a probability of up to % from any bin j to a bin i with 7; <y < 57; + g. Recalling
that R := {(i,)) € [n]  [n]: 7! < 3¢ < 7% + g},

n
E[ ATyt ]< D 2 p 74142 Z = (=59
i=1

@, J)GRf
n
<22-pl yi+1+2- Z
i=1 (i, ])eRf

n
<22-pi yi+1+2g,
using that |R| < %nz. Hence, using Lemma 5.16, we conclude that

t
E[A’I‘t+1|yt:|<—%+2g+1. O

5.3.3 Constant fraction of good steps

We define a step s = 0 to be a good step if G° := {A® < Dng} holds, for D := 365. Further,
Gtt; = Gtt; (D) denotes the number of good steps in [tg, t;]. Later, in Section 5.3.4 we will show
that in a good step, the exponential potential A with any sufficiently small constant a drops in
expectation.

In the following lemma we show that at least a constant fraction r of the steps are good in
a sufficiently long interval. We will apply this lemma with two different values for T: (i) in the
recovery phase, to prove that there exists a step s € [m —©0(ng - (log(ng))?), m] with A* = O(n) and
(i) in the stabilisation phase, to prove that every O(n - (g + logn)) steps there exists a step s with

A° = O(n). In the analysis below, we pick r := where € := L.

6
6+€> 12
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Lemma 5.18. Consider the setting for any g 2 1 and let r := 6—J6r6, € := 1/12 and
D :=365. Then, for any constant ¢ = 1 and any T € [ng?,n?g>/¢], we have for any steps ty = 0 and
tyi=to+¢-T-gt—1,

Pr[Gf;(D) >re(t;—to+1) |F0,TO<T, g&)]<|y{°| < g(log(ng))? ] >1-2-(ng) '2.

Proof. We define the sequence (Z"),, with Z* := T and for any t > t,

t—1
AS
Zt=Tt+ (——2 —1).
252

s=tg

This sequence forms a super-martingale since by Lemma 5.17,

t
e o
Szto
N A
t—_ — — J—
<T n+2g+1+2(n 2g 1)

s=tg

t—1
AS
=T+ (——2g—1)=zf.
n

s=tg

Further, let 7 := inf {t > to: max;ep, ly;| > 2g(log(ng))2} and consider the stopped random
variable
Zt = Zf/\T

which is then also a super-martingale. Applying Corollary 3.23 and the union bound over steps
[t()a tl]: we get

Pr[f <ty | §0,T<T, Q%Iyitﬂ < g(log(ng))> } <@E-T-g)-(e)™M<(ng)™, .7

using that T < n?g3/¢. This means that the maximum absolute normalised load does not increase
above 2g(log(ng))? in any of the steps in [t, t;] w.h.p.
To prove concentration of Z 11, we will now derive an upper bound on the difference |Zt"1—Z|:

Case 1 [t > 7]: Inthis case, Zt*! = Z(+DAT = 77 ‘and similarly, Zt = Z\* = Z7, s0 |Z!T1—Z¢| = 0.

Case 2 [t < 7]: In this case, we have max;c[,|y/| < 2g(log(ng))? and by Lemma 5.15 (ii), we
have that |AT ™| < 8c;g(log(ng))? + 2. This implies that

t

~ ~ A
|Zt+1_Zt| < |ATt+1|+ =
n

—2g—1| < 8g(log(ng))*+2+(2g(log(ng))*—2g—1) < 10g(log(ng))>.

Combining the two cases above, we conclude that for all t = ¢,
|Z+ —Z'| < 10g(log(ng))*.

Using Azuma’s inequality for super-martingales (Lemma B.10) for A = T and a; = 10g(log(ng))?,

Pr[?tfrl _Zto>T ‘ Flo,Th < T, ¥r€1farl)]<|yit°| < g(log(ng))? ]
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T2
< exp
L., (10g(log(ng))?)?

T2
Xp( T-g1-200-g2- (1og(ng))4)

Il
o

P\ 200-¢-¢- (1og(ng))4)

) = (ng) W,

~
—

a
< exp

( 200-¢-g- (IOg(ng))4

where in (a) we used that T > ngz. Hence, we conclude that

Pr|:2t1+1 <FoyT

§%0, 7" < T, max |v;°| < g(log(ng))? ] >1—(ng) *W.
1€|n
Thus by taking the union bound with Eq. (5.7) we have
Pr[Zt1+1 <Z+T ‘ Flo, T < T, m[a)](|yit°| < g(log(ng))? ] >1-2-(ng) 2
1€|n

For the sake of a contradiction, assume now that more than an (1—r) fraction of the steps t € [ ¢y, t; ]
satisfy A" > Dng. This implies that

t ¢

ZAT>Dg-(1—r)-(t1—t0+1)=D'(1—r)'6-T, (5.8)

t:to
using that t; —to+1=¢-T-g ! When {Z0""! < Z% + T} and {Y < T} hold, then we have

tl t
A

Thtl 4 E — —(2g+1)-(t;—ty+1) < T+ T <2T.
n

t=t,
By rearranging this leads to a contradiction as

AL
0<TH <2T— > = +(2g+ 1) (t; —to +1)
t—to n
@ Af
2T — Z—+c(2g+1) T-g7!

t=t,

—Z—+5c T

t=ty

(5.8) X X
< —D-(1—r)-é-T+5¢-T

(C) 0
using in (a) that t; —ty+1=¢-T-g ', in(b) that¢>1and g =1, and in (c) that D = % =365
(as r= ﬁ)
We conclude that when {Z%1"! < Z% 4T} holds, then at least an r fraction of the steps t € [t,, t;]
satisfy A’ < Dng, and thus,

Pr|:Gfé >r-(tj—to+1) | o, TOLT, l;rel[e}l)1<|yit°| < g(log(ng))? ] >1-2-(ng) 2 O

100



The following lemma provides two ways of upper bounding the quadratic potential using the
exponential potential A. These will be used in the recovery and stabilisation lemmas, to obtain the
starting point condition (Y% < T) for Lemma 5.18.

Lemma 5.19. Consider the potential A := A(a,c4g) for any constant a € (0,1), any g = 1 and any
constant ¢4 > 0. Then (i) for any constant ¢ > 0, there exists a constant c, := c,(a, c4,¢) = 1, such that
for any step t = 0 with A' < ¢-n,

T <, -ng?.

Furthermore, (ii) there exists a constant c, := c,(a,c4) = 1, such that for any step t = 0
t 2 Y2
T <cr-n~(g + (log A") )

Proof. First statement. We begin by proving some basic inequalities between exponential, quadratic
and linear terms. Let @i := (4/a) - log(4/a). Note that e = u (for any u = 0) and hence for any
u=i,

au N au 4
eau/Z — eau/4 . eau/4 > . eau/4 — T L=y,
a
and e™ = e®/2 . o/2 > i .y = 42, Therefore, for every u = 0,
u? < max {ﬁz, eau}. (5.9)

Recall that for any bin i € [n], Al := e® (i —cag)" 4 e (-¥i=48)"  Hence,

©

((f—cag)* )+ ((—yf —ca)?)* < )maX{Z A} max{2ﬁ2~A§,A§ 20%- AL, (5.10)

where in (a) we used Eq. (5.9) first with u = (y/ —c,g)" and then with u = (—y —c,4g)*, in (b)
that A} > 1 for any i € [n] and in (c) that i > 1, since a € (0, 1).
We now proceed to upper bound the quadratic potential,

T'< Z [ ((f —ca®)™ + C4g)2 + (=¥ —cag)" + C4g)2 ]
i=1

(a) 1
S 2 [ ((J’it - c4g)+)2 + ((—yf - c4g)+)2 +2- (c4g)2]

)
<402 A"+ 4ck ng?
(b)

< 4802 - n+4c4 ng?
<

(4¢02 +4c4) ng?,
using in (a) that (a + b)?> < 2- (a + b2) (for any a, b) and in (b) that A’ < ¢ - n. Therefore, for the
constant ¢, := ¢,(@, c4,¢) 1= 4802 + 4c4, we get the first statement.
Second statement. For any bin i € [n] we have,
Yl <cig+ = 1ogAf
Hence, using that (a + b)? < 2-(a? + b?),

(y))*< (c4g + élogAt)2 <2- (c§g2 + % . (logAt)Z) <c - (gz + (logAt)z),

for some constant ¢, := c,(a,c4) = max{2c§, %} = 1. By aggregating the contributions over all
bins, we get the second statement. O
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5.3.4 Hyperbolic cosine potential

We now prove bounds on the expected change of the A potential function over one step. Note that
these hold for any sufficiently small constant a > 0.
We start with a relatively weak bound which holds at any step.

Lemma 5.20. Consider any SEQUENTIAL(r") process such that maX;ern] rit < %for any step t =2 0.
Further, consider the potential A := A(a,c,g) for any a € (O, %], any g 2 1 and any c4 > 0. Then, for
any step t = 0, (i) for every bin i € [n] it holds that

3a
E[A 5 <Al (1+).
Furthermore, by aggregating over all bins, (ii) it holds that
t+1 | t t. 3_0‘
E[ A 3] <A (14 . ).

Proof. Consider an arbitrary bin i € [n]. We upper bound the change of the overloaded compo-
nent, i.e., e*(i~%8)" by placing one ball in bin i € [n] with probability ri < % and ignoring the
change of the average load. Also, we upper bound the change for the underloaded component, i.e.,
e® (Y —ee)" by considering only the change of the average load by 1/n. Hence,

E[ Al{+1 | 3t :| < e (i—cag)” . ((1-— rit) + rl_t ce®) + e (=Y —cag)" (1- rl_t) Led/m 4 rl_t . ea/n)
=@V =a8)" (1 4 1L (e% — 1)) 4 e*(Vieag)" . pa/n
L
(2 e (Vi —cag)” (1 + 2. 1‘5a) + e (yi—cag)" . (1 + 1_5g)
n n

<Af-(1+37a),

using in (a) that e <1+ 1.5u (forany 0 <u<0.7),a<1/2and r{ < % O
Now we improve this bound for any good step t, i.e., when A" < Dng holds.

Lemma 5.21. Consider the setting for any g = 1 and the potential A := A(a,c4g) for
any o € (O, %], ¢4 :=2D and D := 365. Then, for any step t = 0, (i) for € := 1—12, it holds that
2ae€

1
E[ AT |gf,Af<Dng]<Af-(1—T)+18a.

Furthermore, this also implies that (ii) for ¢ := %, it holds that

ae
E[ A1] 3, A <Dng, A > cn] <At (1-=).
n
Proof. First statement. Consider an arbitrary step t = 0 with A®* < Dng. We bound the expected
change of A over one step, by considering the following cases for each bin i € [n]:

Case 1[y/ € (—c4g —2,c4g +2)]: Using Lemma 5.20 (i),

<Af-(1—%)+(2~62“)~(é+3) %
@Ai‘-(l—%)+187a,



using in (a) that A} < e?* +1 < 2-¢2* by the assumption that y! € (—c;g —2,c4g +2) and in (b)
that (2 - e2%)- (1 +3) < 18, since a < 1/4.

Case 2 [y > c,g +2]: By the condition A* < Dng, the number of bins j with y.t = §Dg is
at most 3 At 3Dg < é),% = 5 (see Fig. 5.1 (top)). We allocate to bin i € [n] with y| > c,g +2 =
2Dg+2 > 5Dg + g if we sample bin i and a bin j with y Dg Hence,

2

1
3 3n

1
qitgz.;.

By assumption, bin i deterministically satisfies y/*! > c4g +2—1/n>¢4g, so

E[ A1 5, A" <Dng |
— ea.(yit_c4g)+ . ((1 —q.t) . e—a/n +qF . ea(l—l/n)) +1
L L

(é)ea~<y:—C4g)+.((1_q;).(1_g+g_j)+q;.(1+a.(1_l)+az))+1

n

:eot'(}’,»t—cm%')+ .(1+a (ql ——)+(1 q; ) +q1 )+1

(2) ea~(yf—64g)* . (1 — i + 4&) +1
3n  3n
(o) + a
< e (yi—ea®) (1= = +1
(1-5)
+ a a a
—e2Ui—ag) (1 )41 (1= =)+ =
( 6n) ( 6n) 6
a a
=Al.(1—— el
! ( 6n) 6n’
using in (a) that e <l4+u+u?foru<1.75 a<1and(1—1/n)?<1,in (b) that q; and
(1—-g¢)-= n2 < 3n ® forn> 2, and in (c) that a < ;,so 430;1 < g
Case 3 [y < —c4g —2]: The number of bins j with y ——Dg is at most 3 At 3Dg < ZDLE z
and the number of bins j with y > ——Dg is at least 2 5 (see Fig. 5.1 (bottom)) Similarly to Case
2, we can allocate to a bin i € [n] with load y/ < —c4g 2 only if we sample i and a bin j with
y].t > —3Dg. Hence,
1 4
[=2-- —.
9 n ~ 3

< wim

By assumption, bin i deterministically satisfies t+1 S =8 —2+1<—c4g, 50

E[ A1 5, A" <Dng ]
=1 4 e2(-¥i—cag)" . ((1 _qif) .ea/n +ql§ ,e—a(l—l/n))
() oyt + a (12 1
Drrecia (a-g) (1+ 2+ ) gt (1-a(1-2) + 7))
— 1 4 e®-yi—cag)" . (1 +a- (1 _q_f) +(1—q")- @ +qt- az)
n i i n2 i
214 ealviei)” (1 — =42
9 al-yi—ce) (1%
S1l+e 4 (1 6n)

= (1 - %) 4 e4yi—ag)" . (1 — %) + gin
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a

:A§-(1—ﬁ)+6—n,

6n

usingin(a)thate l1+u+u?foru<1.75,a<1land(1—1/n)*><1,in(b) thatq e[ﬁ,—]and

(1—-q)- %= \“ for n > 2 and in (c) that a < 115,30 520‘ <&

Combining these three cases and letting € := 112, we conclude that

n

E[Af“\gf,Af<Dng:|<;(Af~(1—%)+1870‘)=At~(1_2;:e)+18a-

Second statement. Letting ¢ := % =18-12, it follows that

E[ A™| §, A <Dng, A" > cn] <At-(1—%%)+18a

(1—%) AL —+18a

<AL (1—%) m

5.3.5 Adjusted hyperbolic cosine potential

In Lemma 5.21, we proved that in a good step t with A" > cn (for ¢ := 18- 12), the potential drops
in expectation by a multiplicative factor. Our goal will be to show that w.h.p. A" < cn at a single
step (recovery) and then show that it becomes small at least once every O(n - (g + logn)) steps
(stabilisation). Since we do not have an expected drop in every step, but only at a constant fraction
r of the steps, we will define an adjusted hyperbolic cosine potential function. First, for any step t,
and any step s = t,, we define the following event:

ﬂ {A*>cn}.

t€ltg,s]

Next, we define the sequence (Kio)gto = (7\5% )s>t, (@, 48, €) as Kﬁg := A'(a, c,g) and, for any
s> to,

~ 3a . ae _
Ast0 =A(a,c48)- lgfgl -exp(— - -Bio 1) -exp(+ - Gio 1), (5.11)

recalling that Gf; is the number of good stepsin [ ty, t1], i.e., steps where the event G* := {A®* < Dng}
holds, and Bf; = [tg, t1]\ Gtt; is the number of bad steps in [t, t].

In the next lemma, we prove that by its definition and Lemmas 5.20 and 5.21, the sequence
(/N\St0 )s>t, 1S @ super-martingale.

Lemma 5.22. Consider the setting for any g 2 1 and the sequence (A )s>to : (7\5 )5>t0(a €48,€)

for any starting step t, = 0, any a € (0, 18] and €,c4 > 0 as defined in Lemma 5.21. Then, for any
step s 2 to,
As+1
E| &

¥ <k,
Proof. Recalling the definition of A in Eq. (5.11),
B[R] ]
3
:E[AS+1'15§O|Ss]'exp(_7a'3i) p(_ Gs)

:E[As+1_1 ]-exp(%-lgs—:%a-Lgs)-exp(—:%a'Bio_l)'eXP(%'Gﬁo_l)-
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AL Recovery phase Stabilisation phase

ec38log(ng) Theorem 3.21

2cn

cn

>t
T T T T T T 7
m—A, So T1 S1 T2 m . S3 m+ A
—_— —_——
Recovery by Lemma 5.23 Eachs; — 7; < A, = ©(n - max{logn, g}) by Lemma 5.24

Figure 5.2: Visualisation of the recovery (Lemma 5.23) and stabilisation (Lemma 5.24) phases.
Note that the red intervals w.h.p. will have length < A, implying Gap(m) = O(g +logn) by smooth-
ness.

Thus, to prove the statement, it suffices to show that

1 ae 3a
E[ A1 |5 ] exp (7 Ag— - Lgs) <A 1. (5.12)

To show Eq. (5.12), we consider two cases based on whether G* holds.

Case 1 [G® holds]: Recall that when G° holds, then A® < Dng. Further, when A® < cn holds (for
¢ > 0 the constant in Lemma 5.21), then lgfo = 0. Thus, using Lemma 5.21 (ii),

41 ae ae
E[ A 15 [5,0° <A 1 (1—7) <A Tg-exp (—7).

Hence, since in this case 1 = 1, the left hand side of Eq. (5.12) is equal to

5,6 ] -exp(%) < (As “1g1-exp (—%)) . exp(g) =A% 1g.
n to n n to

Case 2 [G® does not hold]: By Lemma 5.20 (ii), we get

E[As+1 . lc‘ffo

E[ A1 1e

3 3
Ss’_'gs] SA - 1ga (1 + _a) SA -1 -exp(—a).
fo n fo n

Hence, since in this case 15 = 0, the left hand side of Eq. (5.12) is equal to

3a 3a 3a
3, G ] - exp (—7) < (AS . ].gf;l - exp (7)) - exp (—7) =A°- 18?51.

Since Eq. (5.12) holds in either case, we deduce that (/N\Sto )s>¢, forms a super-martingale. O

E[As+1 . lfio

5.3.6 Recovery and stabilisation

We are now ready to prove the recovery, i.e., that A becomes small at least once every O(ng(log(ng))?)
steps.

105



Lemma 5.23 (Recovery). Consider the setting for any g = 1 and the potential A :=

A(a,c4g) with a = %, and c4 > 0 as defined in Lemma 5.21. Further, let the constants c,e > 0 be as

defined in Lemma 5.21, ¢, := c.(a,c4) = 1 as in Lemma 5.19 (ii), r € (0,1) as in Lemma 5.18 and
2
c3 = 2 as in Theorem 3.21. Then, for any step ty, = 0, (i) for A, := A,(g) := 6(:;:r -ng - (log(ng))?,

it holds that

Pr ) {A'<cn} Sfo,lrrelgl>]<|yit°|<csglog(ng) >1-3-(ng) "

te[to;t0+Ar]

Further; (ii) for any step tq = 0, it holds that,

Pr U {(A'<cn} | =1—(ng) .

te[to,t0+Ar]

Proof. First statement. Consider an arbitrary step t, with max;c(p| yl.tol < czglog(ng). Our aim
is to show that w.h.p. A" < cn for some step t € [tq,tg+ A,]. We will do this by first showing
that w.h.p. there is a significant number of good steps, i.e., Gf; = r - A,, and when this happens

w.h.p. /N\E; = 0, which implies the conclusion.
We start by upper bounding A’ as follows,

Alo < 2 - e¥€38108(ng)  ocsgloglng) —. A, (5.13)

since a < % and c3 = 2. Hence, by Lemma 5.19 (ii), there exists a constant c, := c.(a,c4), such
that

T <, n-(g%+logA©)?) < 2c, -n-(c3glog(ng))* =:T.

Let t; := ty + A,. Applying Lemma 5.18 with T = 2¢, - n- (c3glog(ng))? = o(n?g>) (and > ng?)

A A
andc=%>%>1asa,e,r<1,weget

o, A'o < A, max {yito\ < c3glog(ng) ]
i€[n]

Pr|:Gtt;_1 =r-A,
t1—1 t t toy 2
>Pr[Gt0 =r-A, S°,T°<T,m[el)](|yi {<g(log(ng)) ]
1€(n
>1-2-(ng) 2. (5.14)

By Lemma 5.22, (Kgo)f% , is a super-martingale, so E[ K;l) | g ] < Kﬁg = A'o. Hence, using Markov’s
inequality we get Pr | /N\i(l) > Abo - (ng)!? \@tO,AtO < 4] < (ng)™*2. Thus, by the definition of /N\i(l) in
Eq. (5.11), we have

n

Pr|:At1~18t11<At0~(ng)12~exp( ‘B! — Gf;‘l) StO,At°<7Li|>1—(ng)_12. (5.15)
to n

Further, if in addition to the two events {/N\ZlJ < AP - (ng)'?} and {Af < A}, also the event {Gtt;_1 >
r-A,} holds, then

3a -1 Qe —
A1 g S AP (ng)'?-exp (— ‘B, = G, 1)
to n 0 n 0

3
< e8108(ng) ()12, exp(_a (1=r)-A,— Qe . Ar)
n n

(é) eCBgIOg(ng) . (ng)lz . exp(% . £ . Ar — % -1 - Ar)
n n
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= e&a8log(ng) . (pg)12. exp(— AT A )
n 2
60c2c
= %8108(n8) . (ng)12. exp ( _ae r s ng - (log(ng))z)
n 2 aer
(b)
< e©8108n8) . (ng)12. exp (—30c; g log(ng))
<1,
where we used in (a) that r = 6 - implies = 3¢.(1—r)= 37"‘ Zee = 55, in(b) that g > > 1 and

c3 = 1. By the definition of A, we have that A" > n holds determimsUcaHy, and so we can deduce
from the above inequality that 1 1 =0, that is,

to
t —1
Pr [ v

Recalling the definition of 5;;_1 = ﬂte[to,tl—l]{At > cn} and taking the union bound over Eq. (5.14)
and Eq. (5.15) yields

t1—1

>r~Ar:|=1.

§o, AL <A%-(ng)?, A<, G

Pr U (A'<cn} | §o,A <A | >21-2-(ng) 2 —(ng) 2=1-3-(ng) 2. (5.16)

te[to’t0+Ar]

Second statement. Using Theorem 3.21 (iii), for the constant c5 = 2, it holds that,

Pr[max {yﬂ < cgglog(ng)] >1—(ng) .

i€[n]

Recall by Eq. (5.13), that this implies that
Pr[ AP < A] >1—(ng) .

Hence, combining with Eq. (5.16), we conclude that

Pr U {A"<cn} | = (1—3-(ng)_12) . (1—(ng) 14) —(ng) L O

telto,to+A,]

The derivation of the lemma below is similar to that of Lemma 5.23, with the main difference
being the tighter condition that A < 2cn, which allows us to choose a slightly shorter time window
of ©(n - max{logn, g}) steps (see Fig. 5.2).

Lemma 5.24 (Stabilisation) Consider the setting for any g 2 1 and the potential A :=
A(a,c,8) with a = 18, and c, > 0 as defined in Lemma 5.21. Further, let the constants c,e > 0 be as
defined in Lemma 5.21, ¢, := c¢;(@,c4,2¢) 2= 1 as in Lemma 5.19 (i) and r € (0,1) as in Lemma 5.18.

Then, for A, := A,(g) = 80 . max{logn, g}, we have that for any step t, = 0,

aer

Pr U {A*<cn} | §,A <2en | >1—(ng) ™.

tetg,to+A]

Proof. By Lemma 5.19 (i), A'o < 2cn implies that deterministically Tt < c;ng? for constant c,
c;(a,cq,2c) = 1 and

1
max |yl.t°| <cyug+ o -log(2¢cn) < g(log(ng))?,

i€[n]
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for sufficiently large n using that C4, &, ¢ > 0 are constants. Let tl =ty + A,. By Lemma 5.18 with
STg = feor =lasa,e,r <1, wehave

T :=c;ng -max{logn, g} > c;ng? (and T = o(n?g®)) and ¢ :
that
t—1

Pr [ G, ]
Pr[ th 1>, A ‘ Flo, Tl < T, m[:alz](|yit°| < g(log(ng))z]
1€n

(5.17)

>1-2-(ng) 2
Agl | §'o, Al < 2cn] < A = A'. Hence,

By Lemma 5.22, (A! )e>t, 18 @ super-martingale, so E[
< (ng)™'2. Thus, by the

using Markov’s inequality we get Pr|[ /N\ié > A% - (ng)1? | §lo, Al < 2cn ]
definition of Ki; in Eq. (5.11), we have

t—1_

Pr[Atl g SA©-(ng)'2 - eXP(_a BT = th_l) ‘ 35, A% < 2cn] >1—(ng) 2.
to n

to
(5.18)

-1
< 2cn}, also the event {Gtt; =

Further, if in addition to the two events {Kﬁ; < AP.(ng)'?} and {Afo

r - A} holds, then
A L S A% (ng)'?- exp (37“ BT - Gié‘l)
<2cn‘(ng)12'exp(37a (1—r)-AS——6 r-As)
(i)zcn.(ng)u.exp(_%.ﬁ. s)
n 2

60
ge.r S n max{logn, g})

=2cn - (ng)'?- exp(
n 2 oaer
)12 . exp (—30 - max{logn, g})

cn-(ng
)'? - exp (—15 - log(ng))

b
<2
< 2cn-(ng
<1,

— =2£. 5 and in (D) that ¢, >

1mp11es— (1— r):37“~m— -

where we used in (a) that r = g +
a < 1/2. Also A"t > 2n holds deterministically, so we can deduce from the above inequality that
1 t1m -1 =0, that is,
to
Pr|: gL IF, R <A-(ng)'2, AP <2cn, G'> r-AS] =1.

Recalling the definition of £ R ﬂte[to 1] {A" > cn}, and taking the union bound over Eq. (5.17)

and Eq. (5.18) yields

Pr U {A' < cn}

t€lto,to+A]

Foo A <2n | >1-2-(ng) 2 —(ng) 2>1—(ng) "

5.3.7 Completing the proof of Theorem 5.26

We will now prove that starting with Afo
have w.h.p. Gap(t;) = O(g + logn).
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Lemma 5.25. Consider the setting for any g = 1, the potential A := A(a,c4g) with
a= 18, cq > 0 as defined in Lemma 5.21 and A, > 0 as defined in Lemma 5.24. Then, there exists a
constant K = & such that for any steps ty, = 0 and t, € (to, to + (ng)?],

Pr[max|y | k- (g +logn) | §, At°<cn]>1—(ng)_9.

ie[n]
Proof. Consider any step t, with A’ < cn. We define the event for any step t; =t

/\/l := {for all ¢t € [ty, t;] there exists s € [t, t + A,] such that A* < cn},

__ 60c
- aer

that is, if /\/l holds then we have A® < cn at least once every A
Assume now that Mt(l) holds. We will show that

max|y | K- (g +logn).

i€[n]

Choosing t = t;, implies that there eX1sts set,t1+A ] such that A’ < cn, which in turn implies
by definition of A that max;cp,;|y;| < <3 5 log(cn) +c48 < & logn+c,g. Clearly, any y/ can decrease

by at most 1/n in each step, and from this it follows that if M;l) holds, then
ty s AS
maxy," < max yi|+—<1<-(g+logn),
i€[n] i€[n] n
for the constant

A 2 60c;
n-max{logn,g} «a aer

> 0. (5.19)

2 e+
K:=—+c¢
o

Ift; =2 ty+ A, and M;; holds, then choosing t = t; — A, there exists s € [t; — A, t;] such that
A° < cn. (Incase t; < ty+ A, then we arrive at the same conclusion by choosing s = t, and using
the precondition A" < cn). This in turn implies max;cp,|y;| < % -logn +c,g. Hence

A
minyl.t1 > —m |—— —x - (g +logn).
i€[n] le[n]
Hence, M, 2 , together with the precondltlon on A'o < cn implies that maX;e(,] | i | K - (g +logn).

It remains to bound Pr[ M Sto Al < cn}

Note that if for some step j; we have that A/t < cn and for some j, = j; that A2 > 2cn, then there
must exist j € (j;, jo) such that AJ € (cn, 2cn], since for every t = 0 it holds that A™™! < Af-e® < 2A°,
asa < 1/2. Letty < 11 < Ty <--- and ty =: 5o < s; < --- be two interlaced sequences defined
recursively for i = 1 by

T, :=inf{r >s;_; : A" €(cn,2cn]} and =inf{s > 7;: A* <cn}.

Thus we have
t0=80<71 <51<T2<52<"'

and since 7; > 7;_; we have 7, _, > t;. Therefore, if the event N1 o 0{5 —7; < A} holds, then

also /\/li(l) holds.
Recall that by Lemma 5.24 we have foranyi =1,2,...,t; —tgandany 1 =to+1,...,t;

Pr U {At < cn} 3%, A" e(cn,2cn], ;=7 | =2 1—(ng) 1,

t€[7i>7i+As]
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and by negating and the definition of s;,

Pr[si —1;> A, |F",A" €(cn,2cn], ;= T] <(ng) .

Since the above bound holds for any i = 1 and §*, with 7; = 7, it follows by the union bound over
alli=1,2,...,t; —ty, as t; — to < (ng)?,

Pr[ M| Fho, A < cn] <(t;—to)-(ng) M < (ng)™’. O

Finally, we deduce that for the setting, for an arbitrary step m w.h.p. Gap(m) =
O(g +logn).

Theorem 5.26. Consider the setting for any g = 1, the constant k = % defined in

Eq. (5.19) in Lemma 5.25 and a = %. Then, for any step m = 0,

Pr[max|y | K-(g+logn)}>1—2-(ng)_9.

i€[n]
Proof. Consider an arbitrary step m = 0 and recall that A, 6(;?? -ng - (log(ng))?. If m < A,,
then the claim follows by Lemma 5.25 as A = 2n < cn and Ar < (ng)?.
Otherwise, let t, := m— A,.. Firstly, by the recovery lemma (Lemma 5.23 (ii)), we get

Pr U {aA'<en}|z1-(ng)™. (5.20)
te€lto,to+A,]
Hence for 7 :=inf{s > ty: A <cn}wehave Pr[t <m]=>1—(ng) '}, as to+ A, =m.

Secondly, using Lemma 5.25, there exists a constant x := k(a, €) > 0 such that for any step
s€ [t05 m];

Pr[m[a)]<|yim| < k-(g+logn) ‘ FAN< cn] >1—(ng)™°. (5.21)
1€|n

Combining the two inequalities from above, we conclude the proof

Pr[max|y | K- (g+logn)] ZPr[max <k-(g+logn) |t =s]~Pr[T =s]
i€[n] i€[n]
> P M<Kk (g+1 ‘S,As< ]'P =
Z r[?el[a}l)ﬂyl | Kk-(g+logn) |F cn |-Pr[t=s]
(5.21)
= (1—(ng) 9) Pr[7<m]
(5.20)
> (1-(g)7)-(1-(ng) ™) >1-2-(ng)™. O
5.4 setting: Strong stabilisation
In this section, we will obtain for the setting a stronger guarantee for a variant of the

A potential used in Section 5.3. The precise upper bound that we need on g is g < ¢¢logn, where
cg > 0 is a sufficiently small constant defined as

r
Cq = <1, 5.22
67 9.20-C, - log(2ce2n) (5.22)
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where r € (0,1) is as defined in Lemma 5.18, ¢, := ¢,(ay,c4,e2%c) = 1 as defined in Lemma 5.19
(for ¢4 :=730), ¢ > 0 as defined in Lemma 5.21 and a; := % < %, for k > 0 the constant defined
in Eq. (5.19) and a := % used in Section 5.3.

In Section 5.3, we showed that w.h.p. A" = O(n) at least once every O(n-(g +logn)) steps. Here,
we will show that w.h.p. for any step t, we have for all steps s € [t,t + nlog® n] that vy = O(n).
This will serve as the base case for the layered induction in Theorem 7.25.

We start by defining the potential function V := V(a;,c4g) which is a variant of the A :=
A(a, c4g) potential function (defined in Eq. (5.3)), with the same offset c,g = 2Dg = 730g, but
with a smaller smoothing parameter a; < ¢,

n

n
VEi=Viay,cu8) = Z V= Z I:e"‘l(yit_c“g)+ + e“l(_yi[_c4g)+]. (5.23)
i=1 i=1

In Section 5.3, we proved that w.h.p. every O(n - (g + logn)) steps the potential A satisfies
A° < cn. In this section, we will strengthen this to show that every O(ng) steps (for g = O(logn))
the potential V satisfies V° < e®(*18) . n. We will derive Lemma 5.29, which implies the base case
of the layered induction in Section 7.4.1, i.e., that for all steps s € [m —nlog® n,m], ¥y < Cn for
C := 2e2% . ¢ +1 and recalling that ¥, := Wy(a4, csg) for some sufficiently large constant c5 > 0 (to
be defined in Eq. (5.36) in Lemma 5.33) is given by

n n

wi=>"exp(ay- (y; —20)") = > exp(as - (v —c59)*)-
i=1 i=1
We also define
1= oz, 20) = Zn: &y, 1= Zn: exp (o (v —20)*), (5.24)
i=1 i=1

where a, := g—}‘.

The proof follows along the lines of Theorem 5.26 in Section 5.3, but it further conditions on the
gap being O(g +logn) at every step of the analysis. In particular, by conditioning on max;ep,j |y | <
x - (g +logn), we obtain that |AV*!| = O(n!/3) (Lemma 5.30), which allows us to apply Azuma’s
inequality (Lemma B.10) to deduce that w.h.p. V remains small. This bounded difference condition
is similar to the one used in Chapter 4.

5.4.1 A modified process

Let P be the process in the setting (with arbitrary 1 < g < c¢logn) that we want to
analyse. We would like to condition on the event that P satisfies max;c, |y | < x - (g +logn), for
every step t in an interval of 2nlog® n steps, which holds w.h.p., as implied by Theorem 5.26.

We implement this conditioning by defining a modified process Qg . = Qg (P) for the same
g and some arbitrary step ro. Consider the stopping time o := inf{s > r( : maX;c[,]|y;| > x - (g +
logn)}, then the process Q, ;. is defined so that

* in steps s € [0, 0) makes the same allocations as P, and

* in steps s € [0, o0) allocates to the currently least loaded bin, i.e., it uses the probability
allocation vector r°* = (0,0,...,0,1).

Let y, be the normalised load vector of Q, . at step s > 0. By Theorem 5.26, it follows that for
any interval [ry, m] with m — ry < n?, with high probability the two processes agree, i.e.,

Pr ﬂ {ysQ:yS} = Pr ﬂ {max’yf|<x-(g+logn)}
]

ic
s€[rg,m] s€[rg,m t€[n]
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>1-2-(ng)?-n?2>21-2n". (5.25)
The process Q, . is defined in a way to satisfy the following property:

* (Property 1) The Q, , process satisfies the drop inequalities for the potential functions Ag,
Vo and Ty (Lemmas 5.17, 5.20 (ii) and 5.21) for any step s = 0. This holds because for any
step s < o, the process follows P and so it is an instance of the setting. For any
step s 2 o, the process allocates to the currently least loaded bin and therefore minimises the
potential A} given any §°, which means that A7' <E [ As*1]3° ] and so it trivially satisfies
any drop inequality of the original process (and similarly for V5 and 1y).

Further, we define the event that the maximum normalised load in absolute value is small at step r,
as,

Z0 = {max

i€[n]

Yoi| < min{x - (g +logn), nglog(ng)}}, (5.26)

where c5 = 2 is the constant defined in Eq. (3.32). We are primarily interested in the x - (g +logn)
bound on the gap and the second bound is only needed for very small values of g = O(1). When the
event Z' holds, then the process Q, . also satisfies the following property (which “implements”
the conditioning that the gap is O(g + logn)):

* (Property 2) For any step s = r, it follows that

max|yf| <k-(g+logn)+1<2klogn,

i€[n]
using that g < cglogn with ¢g < % by Eq. (5.22). At any step s € [ry,0), this holds by the
definition of o. For any step s 2 o, a ball will never be allocated to a bin with y} > 0 and in
every n steps the at most n bins with load equal to the minimum load (at step s) will receive
at least one ball each. Hence, over any n steps the maximum absolute normalised load does
not increase and in the steps in between this can be larger by at most 1.

5.4.2 Preliminaries

We now define the adjusted potential V, analogously to A in Eq. (5.11). Note that Lemma 5.21 with
constants € = %, ¢ = 1218 also applies to the potential V, since V has the same form as A but a
smaller smoothing parameter a; < a. Next, we define the sequence (‘7;0 s>ty = (\7;0 )s>,(Q1,€48, €)

as Vti)o :=V'(ay,cug) and, for any s > ¢,
V 3a; o1 e
7= Vianes) Tgep( =S5 e 50561 ). (5.27)

where Gi_l (and Bi_l) is the number of good (bad) steps in [ty,s — 1] (as defined in Section 5.3.5)
and

éN’;O = g’ﬁo(V, c):= ﬂ {Vt > cn}.

tefto.s]

Similarly, to A in Section 5.3, we have that V is a super-martingale.

Lemma 5.27 (cf. Lemma 5.22). Consider the Q, , process for any g = 1, any step ro = 0, the
sequence (‘750)5%0 = (\750)5>t0(a1,c4g,e) for any ty = ro with a; > 0 as defined in Eq. (7.4) and
€,¢4 > 0 as defined in Lemma 5.21. For any step s 2 t,, we have that,

B[V |3 1< V.
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Proof. The proof is analogous to that of Lemma 5.22, by substituting A with V and A with V. The
drop inequalities follow from Lemma 5.20 and Lemma 5.21, since V has the same form as A and
a smaller smoothing parameter a; < a. The process Q, , also satisfies the drop inequalities by
Property 1 (see Section 5.4.1). O

The next lemma is a simple smoothness argument for the potential V defined in Eq. (5.23).

Lemma 5.28. Consider the potential V := V(aq,c4g) for any a; > 0, any ¢, > 0 and any g = 1.
Then, (i) for any step t = 0, we have that

PR AR S AR NP L S VA

Further, (ii) for any ¢ > 0, for any integer T > 0 and any step t = 0, for which there exist steps
so €[t—T,t]ands; € [t,t + T], such that V*° < ¢n and V*1 < ¢n, we have that

T A
Vi< e®n - 2¢n.

Proof. First statement. In each step the normalised load of any bin can change by at most 1, i.e.,
t+1 t —a t t+1 a t : : :
ly;" —y;/I<Tandsoe™ -V!< Vl < e - V7. By aggregating over all bins, we get the claim.
Second statement. For any bin i € [n], in T steps the normalised load can decrease by at most

T/n,ie., yfl = yit — % So, the overload term is bounded by

t + T S1 + T
eal()’i —C48) <eYw . eal(.yi —c48) e . Visl.

Similarly, y{ > yl.SO — %, and so the underload term is bounded by

t + T S0 + T
et (i —ag)" L ot . e (Y —68)T L oM . VisO_

Hence, by aggregating over all bins and using the preconditions V*0 < én and V* < ¢n,

n n
T

Vi= Z [e("l(yi[_c‘“g)+ + e“l(_yit_°4g)+] <eMw -Z:(Vis1 + Viso) — e (V1 4+ V%) < e®7 . 26n. O
i=1 i=1
The following lemma shows that by choosing a large enough offset ¢; > 0 in the potential
W, :=Wy(ay,csg) (defined in Eq. (7.10)), when V¢ = e9®18) . cn, then v, = 0(n).

Lemma 5.29. Consider any c,¢ > 0 and the potential V := V(ay,c4g) for any a; > 0, any ¢4 > 0
and any g = 1. Further, consider the potential ¥, := ¥y(ay,c5g) with offset c¢5 := 2 - max{cy, ¢} and
C :=2e*"1-c+ 1. Then, for any step t = 0 with V' < e®1¢€ - 2¢2*1cn, it holds that ¥} < Cn.

Proof. We start by upper bounding W/,

n

\Ij(f): E e"‘l(}’f—csg)+

i=1
— Z eal(yit—csg) + Z eO
i€[n]: yf=csg i€[n]: yf<csg
< e—al(cs/z)g Z eal(yit—(cs/z)g) +n
i€[n]: y{=csg

Q aes/2g S embizan) 4y

i€[n]: yf=cyg

n
< e—al(cs/Z)g Z eal(yi‘—c4g)+ +n
i=1
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_ e—al(cs/Z)g . Vt + n,

where in (a) we used that cs/2 > c,. Now, using the precondition of the lemma that V! < e*1¢¢ .
2e2%1¢cn and cg = 2 - ¢, we conclude

¥y < e (/28 7t 4 n < 2e2% . cn+n=Cn. O

Compared to Section 5.3, where we proved stabilisation over an interval of Q(n - max{logn, g})
steps, here we will be using a shorter interval of length

~ 20 - C. - log(2ce?*
A= s - log( ) ‘ng, (5.28)
a€r

where constants € : 112, ri= 6+€ > 0 are as defined in Section 5.3 and ¢, := ¢,(aq,c4,e>*1c) > 1 s
defined in Lemma 5.19.

We now prove the bounded difference condition for the V potential. This follows from the second
property of Q, . that the maximum normalised load in absolute value is O(g +logn) for any step
s 2T1yp.

Lemma 5.30. Consider the Q, , process for any g € [1,cslogn] with cg > 0 as defined in Eq (5.22),

any step ry = 0, and Z™ as deﬁned in Eq. (5.26). Further, consider the sequence (VS )S>t0 ( )5>t0(a1, 48, €)
for any step to = ro with a; > 0 as defined in Eq. (7.4) and €,c4 > 0 as defined in Lemma 5.21. Then,
for any step s = ty = ry we have that VS+1 0or

1/3.

~ —tg
(‘Avs+1 TN
to

|zfo,35) <16-e

Proof. Consider an arbitrary step s = ry and assume that the event Z' holds. By Property 2 of the
Q,.r, Process (see Section 5.4.1), we have that

rnax|y | K-(g+logn)+1,

i€[n]

which also implies for ¢, := 730 > 0, since g < cglogn <logn and k > 1 that

m[a>]({(yf—c4g)+,(—yl csg)t} <x-(g+logn)+1—csg < 2xlogn. (5.29)
leln

We will now show that |AV**!| < 51'/3 and then use this to bound |AVS*!|. By Eq. (5.29) for
any bin i € [n],

Vs <2. eZalxlogn 2.e3 llogn _ 2n1/3’
using that a; := é. Hence, by aggregating over all bins, V® < 2n*/3. Furthermore, if the ball at
step s + 1 is allocated to bin j € [n], then

2a

AVS+1<ea1/"~Vs+e“1~Vjs—Vs 2N s 4. gnlls < 22 L. 2n*3) +4n'/? < 50173,

n

using that e/" < 1+4+2.- 24 L and e < 2, which both hold as a; < 1/4. Similarly,
AV el e — e VS >~y 22010 > ==L (20*) — 4n'/? > —5n'/®
j n ’

using that e™®/" > 1 — 2 and e <2,as a; <1/4.
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Now, we turn to upper bounding |A\7t50+1| by proving lower and upper bounds on Vfoﬂ. If \7t50+1 =
0, then the conclusion follows. Otherwise, since \7;0“ > 0, we have that 1z = 1z-1 = 1, so by
to to

definition of V in Eq. (5.27),

3a o€ st
Vs =veoexp(— =2 B 1) exp(+ 2= Gl <20 e 0B (5.30)
n n

to

using that Gio_l <s—tyand V° <203,

Now, we upper bound \7;0”, recalling that 15 =1,
to

‘7£sO+1 _ ystl -exp(— 3% .Bio) . exp(-i— % . Gio)

<(V5+5n1/3)-exp(—%~Bi0)-exp(+%-Gio)
< (V5+5n1/3)-exp(—% ~Bi;1)-exp(+%-Gi;l)-exp(%)

ZVtso'eXp(%)“‘E"n”g'eXP(—g%'Bﬁo_l)'eXp(+%-Gio_l)-exp(%)
(2‘750’(1+%)+5'n1/3-e“16'% .2

s—t

(b) ~ s—
< Vts0 +(2- e n*/3). 3 +10-n!/3 . eme
n

S—t,

< 17;0 +16-eME T /3, (5.31)

using in (a) that e®/" < 1 + % asa; <land e =5, G <s—tg, and /" < 2 and in (b)

12> Y,
using Eq. (5.30).
Similarly, we lower bound Vfoﬂ,

Vtsoﬂ =yt -exp(— 3% -Bio) . exp(+ % . Gio)

>(VS—5n1/3)-exp(—3¥:1'B‘;O)-exp(+%-G5 )

g)(Vs—Snl/B)-eXP(—%-Bio_l)-eXp(+%-Gfo‘l)-exp(—%)
:Ntso.eXp(—&%)—S-nl/B.exp(—g—:l.Bio—l).exp(.k%.Gio—l).exp(_g%)
g) ‘7:0 '(1_ﬁ)_5’n1/3 -eale's_%

n

(C) ~ s—to Ba s—tg
>V —(2-emm n*?). =L —5.n1/3. 0T
n

>V; —16- " 01l (5.32)
using in (a) that V* = 2n > 5n'/3 holds deterministically, in (b) that e 3u/n > — 3;:1 and Gio_l <
s —tg and in (c¢) using Eq. (5.30).

Hence, combining the two upper bounds in Eq. (5.31) and Eq. (5.32), we conclude that |AVt50+1| <

s—tg
16-e*1¢ =

-nl/3, O

5.4.3 Strong stabilisation

We will now prove the following slightly stronger version of Lemma 5.24, meaning that stabilisation
is over intervals of length ©(ng) instead of ©(n - (g + logn)).
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Lemma 5.31 (Strong stabilisation). Consider the Q, . process for any g € [1,cslogn] for cg > 0
as defined in Eq. (5.22), any step ro = 0 and Z™ as defined in Eq. (5.26). Then, for the potential
V :=V(ay,csg) with a; > 0 as defined in Eq. (7.4), c4,¢ > 0 as defined in Lemma 5.21 and A, > 0
as defined in Eq. (5.28), it holds that for any step ty = r,

Pr U {(Vi<e%cen} | 20,50, e%cn< Vi <e?*ien | =>1—nth
s€[tg,to+A]

Proof. The proof of this lemma proceeds similarly to that of Lemma 5.24, but we will apply Azuma’s
inequality for Vts0 instead of Markov’s inequality. However, we cannot directly apply concentration
to \75() because the bounded difference condition (Lemma 5.30) holds only when \750 is positive. So
instead we apply it to a stopped random variable Xio to be defined in a way that ensures it is always
positive.

Let t; := ty+ A,. We define the stopping time 7 := inf{s = t;: V* < e*cn} and for any
s €[to, t1],

e 17SA
Xio = VtsO T,
We will now verify that Xio > 0 for all s € [¢tg, t;]. Firstly, consider any s < 7. Since V* > e%icn, by
Lemma 5.28 (i), we have that Vs™! > V. e~* > cn and hence X‘t‘:l = Vfoﬂ > 0. Secondly, for any
> 1, it trivially holds that XSJrl =X; >0.

We proceed to verify the precondltlons of Azuma’s inequality for super-martingales (Lemma B.10)
for the sequence (Xro)se[to,tl]- Firstly, using Lemma 5.27 it forms a super-martingale, i.e., that
E[X‘;0 |371]1< Xfo_l. Secondly, by Lemma 5.30, since X?O > 0, for any filtration ! where 2"
holds, we have that

(b, =i 1z ) < (1 -V 1 25 )
<16 ne R 1l
(a:) (16 . 620~Es~r_1-10g(2c32“1 )g) . n1/3

b) .1 2
< 16 . @20 log(2ce™™)-celogn  ,1/3

‘n
=16-n*"°

20 T,-log(2ce?21)
a€er

Hence, applymg Lemma B.10 for A :=n, N := A, and ¢; := 16 - n*

using in (a) that A -ng and in (b) that g < cglogn and Co =

9-20-¢;- log(2ce2°‘1)

2
n
Pr[Xtt1 >Xtt° +n | 20,50 e*cn< Vi< ezalcn] <exp| ———= <ne®),
0 0 Z-AS-(16-n4/9)2

(5.33)

using that A; = O(ng) = O(nlogn).
As we condition on {V? < e?%¢n}, we have that
log(e®*1cn
max|%] < cyg + 2B < ¢(log(ng))?,
i€[n] aq
for sufficiently large n, using that a,cs,c > 0 are constants. Further, by Lemma 5.19 (i) (since V
has the same form as A), we have that T < ¢,ng?, for some constant ¢, := C, (al, Ca,e2%¢) = 1.
Applying Lemma 5.18 for T :=&ng? (since T € [ng?, 0(n?g®)]) and & := 28 > afgr > 1 (since
a,€e,1r<1),

n-ls .. X
Pr[ Gl =r-Ay| 20, F0,e*cn< Vi< ezalcn]
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to

>Pr[Gt1_1 >r-A,

Flo,rho < T, m[a)]( |yl.t°| < g(log(ng))z] >1—2-n'2. (5.34)
1€|n
Taking the union bound over Eq. (5.33) and Eq. (5.34), we have

Pr[ {Xtto1 <Xtt§ +n}n {Gtt;_1 >r- 55} ‘ 2N, F0,e*Men < Vo < ezalcn] >1—n1

Assume that {X tt; <X tt(‘)) +n} and {Gtt;_1 > r- A,} hold. Then, we consider two cases based on
whether the stopping time occurred before t;.

Case 1 [7 < t;]: Here, clearly there is an s € [¢t(, t; ], namely s = 7, such that V* < e*1cn and
the conclusion follows.

Case 2 [T > t;]: Here, using that {T > t;} and {X fé <X fg + n} both hold, it follows that

\7;)1 < \7;0 +n,
and so, by definition of \7;)1 (Eq. (5.27)),

3a - aq€ —
Vi 1aya -exp(——l-Bt1 1)-exp(+L-Gtt1 1) <Vi+n,
n n 0

t
to 0

t—1

7" > r - A} holds, we have that
0

By re-arranging and using that {G

3a _ a € _
UALRS o <(Vf0+n)-exp(—1-B§1 L .gh 1)
to n 0 n 0

3a ~ a €
<(ezalcn+n)-exp(—1-(1—r)-AS—L-r.As)
n

n
€ ~  aq€ ~
(é)zezal.cn.exp(L.z AS_L r.As)
n 2 n
€ ~
=2e** .cn exp(—L-g-As)
=2e? .¢n eXP(_E'E'20.a.10g(2662a1) -ng)
n 2 a€r

)
< 2e%2% . cn-exp (—1010g(2cezo‘1 ))

Q)
<n/2,

where we used in (a) that r = % implies &% (1-r)= &% e = % -5 and ¢ > 1, in (b) that

g>1,c>1and¢ > 1 and in (c) that c = 18 - 12. Since deterministically we have that V1 > n, it

must be that 1;,-1 = 0, implying that there exists s € [, t;) such that V* < cn < eicn. O
to

We will now show that the potential V becomes small every ©(ng) steps. The proof proceeds

similarly to the proof of Lemma 5.25.

Lemma 5.32. Consider the Q, . process for any g € [1,cglogn] for cg > 0 as defined in Eq. (5.22)
and any step ry = 0. Then, for the potential V :=V(a,c4g) with a; as defined in Eq. (7.4), c4,¢ >0
as defined in Lemma 5.21 and A, > 0 as defined in Eq. (5.28), it holds that for any step to > ry and
t; such that ty < t; < to+2nlog’n,

Pr ﬂ U {VS < ezalcn} Zh g viogen | =1—n"",

teltot1]selt,t+A,]
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Proof. Analogously to the proof of Lemma 5.25, we begin by defining the event

Mié = {for all t € [to, t;] there exists s € [t, t + A,] such that V* < ezalcn} s

that is, if /\’71;1) holds then we have that V* < e?*icn at least once every A, steps and so the claim
follows.

Note that if for some step j; we have that V/1 < e cn and for some j, = j; that V2 > e2%¢n,
then there must exist j € (j;, j,) such that V/ € (e*1cn,e?*1cn], since for every t = 0 it holds that
Vit e .V (Lemma 5.28 (i)). Let ty < T, < Ty < --- and ty =: 5y < s; < --- be two interlaced
sequences defined recursively for i = 1 by

T i=inf{T >s;_, : VT €(ecn, e cn]} and s;:=inf{s > 7; : V° <e%cn}.

Thus we have
=50 <T1 <51 <Tyg <8<+,

and since 7; > 7;_ we have 7, _ = t;—t,. Therefore, if the event ﬂflz_lto {s;—7; < A,} holds, then
also /Wf}) holds.

Recall that by the strong stabilisation (Lemma 5.31) we have foranyi =1,2,...,t; —ty and any
T= t0+1,...,t1,

Pr U {Vt < ealcn} 20§ eMen< VT <e2Men, 1, =1 | =2 1—n"1t,
te[Ti;TiJ’_Es]
and by negating and the definition of s;,
Pr[s;— ;> A, | 20,57, eMen< VT <e*Men,ty=1 | <n 'L

Since the above bound holds for any i = 1 and §°*, with 7; = 7, it follows by the union bound over
alli=1,2,...,t; —tp,as t; —tg < 2nlog5n,

Pr[ ﬁﬂg

Zro’%fto,vto < cn] < (tl _ tO) . n—ll < n—9. O

5.4.4 Completing the proof of Theorem 5.34

In this section, we will complete the proof of the base case of the layered induction used in Sec-
tion 7.4.1, using the stronger stabilisation for the V potential (see Lemma 5.31) and upper bounding
¥, using V (see Lemma 5.29). We will first prove the result for the modified process and then relate
the results to the setting.

Lemma 5.33. Consider the Q, . process for any g € [1,cqlogn] and any step ro = —A, — nlog®n,
where cg > 0 is as defined in Eq. (5.22) and A, := A,.(g) > 0 is as in Lemma 5.23. Further; let ¢ > 0
be as defined in Lemma 5.21 and a; > 0 as in Eq. (7.4), then for the constant C := 2e?>*1-c+1> 8
and the potential ¥, := ¥y(a;, c5g) with the constant integer c¢5 > 0 (to be defined in Eq. (5.36)), we
have that,

Pr N {gs<cn}| 2,50 | 21-n"8
s€[ro+A,,ro+A+nlog’ n]

Proof. This proof proceeds similarly to that of Theorem 5.26 having a recovery and a stabilisation
phase to show that the potential V := V(a,c,4g) stabilises at < e9(@18) . cn. By Lemma 5.29, this
implies that ¥, := ¥y(aq, c5g) stabilises at < Cn for sufficiently large constants cs, C > 0.

118



For the recovery phase, we will use the potential function A := A(a, c4g) defined in Eq. (5.3).
More specifically, we have

Pr U {Vt < cn} ZTo, 5o (g Pr U {At < cn} ZTo &To
telrg,ro+A,] | te€lrg,ro+A,]
(Q Pr U {At < cn} gro,max|yiro| < c3glog(ng)
te[rg,ro+A, ] i€[n]
0-'0 r

()
>1-3-(ng) 2>1-nt,

using in (a) that V' < Af for any step t > 0, as V and A have the same form, but V has a smoothing
parameter a; < a, in (b) recalling that Z" := {max;c[p |yl.r°| < min{x - (g +logn),c3g log(ng)}}
for c3 = 2 the constant defined in Eq. (3.32) and in (c¢) applying Lemma 5.23 (i).

Therefore, for the stopping time 7 :=inf{t > ry: V' < cn}, it holds that

Prit<ro+A, | Z0,§0]=>1—n1, (5.35)

Consider any t, € [rg, o + A, ] (to will play the role of a concrete value of 7). By Lemma 5.32
(for to := ty and t; :=rq+ A, +nlog® n, since t; — t, < nlog’ n+ A, < 2nlog® n), we have that

Pr ﬂ U {vi<e2®en} | 20,0, vio<en | = 1—n7.
te[tg,ro+A,+nlog® n]se[t,t+A;]

When the above event holds, then for every t € [to,ry + A, + nlog® n], there exists sy € [t — A, t]
and s; € [t,t + A;] such that V% < e2*1cn and V*1 < e?*1¢cn, using that for any t € [tg, to + A,] we
can set s, := t, since by the conditioning V% < cn < e2?*cn. So, by Lemma 5.28 (ii) (for ¢ := e?%¢
and T := Zs), it follows that

t a A 2a T t t -9
Pr ﬂ Vi<e®n - 2e 1cn} Zhogovegen | =21—n"".
te[to,ro+A,+nlog® n]

Next, adjusting the range of the big intersection using that ty < ry + A,, it follows that

As _
Pr N {vf et -2eza1cn} 20 g o <en | > 1—n.
te€[ro+A,,ro+A,+nlog® n]

By Lemma 5.29 (for ¢ := |—nA—§-|), we conclude that for ¥, := ¥y(a,, csg) with constant integer

A 20 -, - log(2ce?™
cs ::2.max{c4,[n—gs-‘}:Z.max{c4,[ ¢, +log(2ce )}}, (5.36)

aq€r

and for the constant C := 2e2>* - ¢ + 1, it holds that

Pr N {wi<cn}|zo,§o,vo<en | 21—n". (5.37)
te[ro+A,,ro+A,+nlog® n]
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Finally,

Pr ﬂ {\I/é < Cn} Zlo, Fro
te[rg+A,,ro+A,+nlog® n]
rot+A, [
> Z Pr m {\116<Cn} ZrO,Sro,TZtO -Pr[7=t0|2r0,3r0]
to=To te[ro+A,,ro+A,+nlog® n]
r0+Ar i
> Z Pr ﬂ {\1;5 <Cn} | 20,50, Vio<cn | -Prl[t=ty| 270,50 ]
to=To | te[ro+A,,ro+A,+nlog® n]
(5.37)
> (1-n?) Pr[t<ry+A,| 20,50]
(5.35)

> (1-n?)-(1-nt)>1-n78,

This concludes the claim for ry = 0.
If ry < 0, then deterministically T = 0, since V* = n < cn. Hence, the rest of the proof follows
for an interval of length at most 2nlog® n. O

Theorem 5.34 (Base case). Consider the setting for any g € [1,cqlogn], where cg > 0
is as defined in Eq. (5.22). For constant C := 2e2*1 ¢ +1 > 8 with a; > 0 as defined in Eq. (7.4) and
¢ > 0asin Lemma 5.21, and the potential ®, := ®y(a,, csg) with a, > 0 as in Eq. (7.5), and constant
integer c5 > 0 as in Eq. (5.36), we have that for any step m = 0,

Pr (| {ef<cn}|>1-n"
s€[m—nlog® n,m]

Proof. Let P be the original process in the setting. Consider the modified process Q, .
for ro := m—nlog® n— A, where A, := ©(ng - (log(ng))?) is as defined in Lemma 5.23. Let Yo be
its normalised load vector and ¥, ( be its ¥, potential function. Recall from Eq. (5.25) that the two
processes Qg . and P agree at every step w.h.p., since m —ry < 2nlog5 n,

Pr| () {yo=y}|=1-2n7". (5.38)
s€[ro,m]
Taking the union bound of the conclusions in Theorem 5.26 and Theorem 3.21 (iii), we have that
Pr[Z®]=Pr [ {Iel[%l)]( |yir°| < min{k - (g +logn), c3glog(ng)} ] >1-3-(ng)™°. (5.39)
By Lemma 5.33 we have that,

Pr N {wye<cn}|3eze|>1-n

s€[m—nlog® n,m]

By combining with Eq. (5.39),

Pr N {we<cn}|>0-n)-(1-3-(ng)?)>1-n"".

s€[m—nlog® n,m]
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Taking the union bound with Eq. (5.38), we get that
Pr ﬂ {ysQ=ys}ﬂ ﬂ {\IJSQ’O<CH} >1-n’—2n">1-—n".
s€[ro,m] s€[m—nlog®n,m]

When this event holds we have that W, | = Vg for every step s € [r9, m] and hence we can deduce
for the original process P that

Pr N {¥<cn}|>1-n"
s€[m—nlog® n,m]

Finally, since a; < a;, we have that &} < ¥} for any step s > 0 and hence, the conclusion follows. []
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s SUPER-EXPONENTIAL POTENTIALS

In this chapter, we will analyse super-exponential potential functions, i.e., exponential potentials
with smoothing parameters = 1. In Section 6.1, we define the specific form of super-exponential
potentials that we will be working with and give an overview of the theorems we prove. In Sec-
tion 6.2, we give two sufficient conditions for the expectation of a super-exponential potential to
satisfy a drop inequality over one step, and in Section 6.3, we prove the concentration theorem for
super-exponential potentials.

In Chapter 7, super-exponential potentials are used to analyse a large number of processes.
More specifically, a layered induction argument is applied over a (not-necessarily constant) number
of super-exponential potentials with increasing smoothing parameters and using the concentration
theorem at one layer to establish the sufficient condition for the next one. In [163], a single super-
exponential potential was used to analyse load balancing of tokens in graphs. In Section 7.5, we
prove similar concentration theorems for the setting, where the proof is slightly more
involved.

6.1 Outline

We start by defining the specific form of super-exponential potentials that we will be using.

Definition 6.1. The super-exponential potential function with smoothing parameter ¢ = 1 and inte-
ger offset z := z(n) > 0 is defined for any step t = 0 as
n

n
2= 0(,2) = ) 8 = PO
i=1

i=1
where ut = max{u, 0}.

Note that if for some step t > 0, we have that &' = O(poly(n)), then

Gap(t)=0 (z + l(i%)

There are two differences in the form compared to the hyperbolic cosine potential I" that we used
in Chapters 3 to 5: (i) there is no underloaded component, as w.h.p., its contribution would be
w(n) for any d-SampLE process (with d = ©(1))! and (ii) there is the (...)" operation which is not
essential, but simplifies some of the derivations.

However, the main difference is that for processes allocating one ball in each step, there exist
load vectors where the potential could increase in expectation, even when sufficiently large.? We will
show that in each step where the probability to allocate to a bin with load at least z—1 is sufficiently
small, the potential function ® drops in expectation over one step. More specifically, we require that
the following condition holds at step s = 0,

1 1
S . S SY o— ot S —_ _¢ —_ _¢
K .—ICd)(q).— {(ql,...,ql%ﬂl)ﬁ(n e e e )},

where BY,_, :={i € [n]: y; 2 z—1} and ¢’ is the sorted allocation vector used by the process at
step s.

1t follows by a coupon collector’s argument that the minimum load is w.h.p. % —Q(logn), for sufficiently large t.
2An example of such a configuration for the TWo-CHOICE process is one where n—1 bins have normalised loads z+(1)
and one bin is underloaded.
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In Chapter 7, for most applications we make use of the following simpler condition which implies
K,

~ ~ 1
ICS:ZIC‘;(qS)::{ViE[n]: yizz—1 = qf.<;-e_¢}.

Lemma 6.2 (General drop inequality). Consider any P = SEQUENTIAL(q®) process and any super-
exponential potential ® := ®(¢,2) with ¢ € [4,n]. At any step s = 0, satisfying condition K° :=
IC;) (q°), we have that
1
E[ &3, K° ] <<1>S-(1——)+2.
n
We will try to establish that this condition K° holds for a sufficiently long interval and then show
that in this interval the potential becomes small. In most of our applications in Chapter 7, this
condition will arise from the concentration of the hyperbolic cosine potential I' or from a super-
exponential potential with smaller smoothing parameter.
Now we are ready to state the main theorem of this chapter.

Theorem 6.9 (Restated, page 129). Consider any P = SEQUENTIAL(G®) process for which there exist
super-exponential potential functions ®; := ®,(¢1,2) and &, := ®,(¢,,2) with integer offset z :=
z(n) > 0 and smoothing parameters ¢, ¢ € (0, (logn)/6] with ¢, < %, such that they satisfy for
any step s = 0,

E[<I>51+1|%S,K3]<<I>31'(1—%)+2, (6.1)
and
E[<I>52+1|3S,ICS]<<I>52'(1—%)+2, (6.2)

where K° := Kfpl(qs). Further, let P > n™*. Then, for any steps t > 0 and t € [t,t + nlog® n], which

satisfy

Pr {Gap(t —2nlog*n) < log? n} N ﬂ Kl>=1-P (6.3)

se[t—2nlog* n,t]

they must also satisfy

Pr ﬂ {<I>52<8n} >1—(log®n)-P

selt,t]

The statement of this theorem concerns steps in [t — 2nlog*n, 7] with T € [t, t + nlog® n]. The
interval [t,t] is the stabilisation interval, i.e., the interval where we want to show that $) < 8n
for every s € [t,T]. The interval [t —2nlog®n, t] is the recovery interval where we will show that
w.h.p. ®, becomes O(n) at least once, provided we start with a “weak” O(log?n) gap at step t —
2nlog* n. For both the recovery and stabilisation intervals we will condition on the event K holding
at every step.

For convenience, we define the event

H'2mlee"n = {Gap(t — 2nlog* n) <log?n}.

Several applications of this theorem can be found throughout Chapter 7 and in particular in Sec-
tions 7.1 and 7.2.
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Dealing with negative indices. To avoid notational clutter in the statements and in the proofs, we
will be working with a modified process P’ = SEQUENTIAL(G") which in negative time steps t < 0
performs round robin allocation, i.e., ¢* = (0,...,0, 1), otherwise follows P. Hence, for any t < O,
we have that |y| < 1 and so precondition Eq. (6.3) is trivially satisfied as z > 1. Further, for any
t < 0, we have that <I>§ = <I>§ =n (since z 2 1) and hence preconditions Eq. (6.1) and Eq. (6.2) are
trivially satisfied.

6.2 General drop inequality for the expectation

We start by proving a weaker form of the above theorem, where we assume that the probability
bound holds in pointwise manner, i.e., using condition .

Lemma 6.3. Consider any P = SEQUENTIAL(Q®) process and any super-exponential potential ® :=
®(¢p,z) with ¢ € [4,n]. At any step s = 0 satisfying condition K* := ICfp (¢*), we have that

E[<1>5+1|35,/65]<<1>5-(1—%)+2.

Proof. We consider three cases for the contribution of a bin i € [n]:
Case 1 [y; < z—1]: The contribution of i will remain <I>§+1 =&} =1, even if a ball is allocated
to bin i. Hence,

E[<I>§+1|ES,ESJZ‘Pf:q’?'(l_%)"‘%- (6.4)

Case 2 [y; € [z —1,z]]: By the condition C*, the probability of allocating a ball to bin i with
y;Zzz—1lisq; < % -e~%. Hence, the expected contribution of this bin is at most

E[ & |5, ]<af-e? 0. ¢ + 85 - (1—¢)
S (6.5)
<gs.ob@m 1 ¢ g
L n A
1 1) 2
< —+(I>§=<I>§-(1——)+—,
n n n

using in the last equation that &} = 1.
Case 3 [y; > z]: Again, by the condition K*, the probability of allocating a ball to bin i with
y;>zisq; < % -e~%. Hence,

=51 (@ (1— —
E[ &7 3,0 )= 0 e? /. g 488 e/ (1—¢f) (6.6)
(1-1 —
<¢‘:.e¢( /n).qf+¢‘;.e ¢/n
=<I>§-e_¢/”-(1+e¢-qf)

using in (a) that y; > z implies that y} >z + % since z is an integer, in (b) that e < 1+ %u (for any
—1.5<u < 0) and that ¢ < n and in (c) that ¢ = 4.
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Aggregating over the three cases, we get the claim:

E[<1>5+1|35,/ES]=ZE[¢§“|35,/65]<Z(<1>j.-(1—1)+%)=¢5-(1—1)+2. O

i=1 i=1 n n n

Now, we turn to proving the stronger condition of the theorem, which assumes that the weaker
“majorisation” condition K° holds.

Lemma 6.2 (Restated, page 123). Consider any P = SEQUENTIAL(q®) process and any super-exponential
potential ® := &(¢p,z) with ¢ € [4,n]. At any step s = 0, satisfying condition K° := IC;) (q°), we have
that

E|:<I>5+1|SS,ICS]<(1>S-(1—%)+2.

Proof. By combining the upper bounds Eq. (6.4), Eq. (6.5) and Eq. (6.6) from the three cases in the
proof of Lemma 6.3, we have that

seileels 3 (a(i-0)e)r X et g

ityi<z—1 n n i:y;€[z—1,2]
+ Z o - (e¢'(1_1/n) q; + e_¢/”) (6.7)
iyi>z
Let B, ; :={i:y] = z— 1} be the set of bins with normalised load at least z — 1. The term that

S

%,_1» and is given by

depends on y® is non-increasing over the loads of the bins in B

fOR) = D e g,

ityi>z—1

Therefore, using Lemma B.2 for the vectors (qg, ... ’alth |) and (% e? . ,% . e_¢), and the ma-
=>2—1
jorisation in condition K* := K*(q*), we have the upper bound of Eq. (6.7) is maximised when all

bins i € B>,_; have the same probability

1
q‘l?—_.e_d).
n

Hence, we can apply Lemma 6.3 to deduce that

E[c1>5+1|SS,ICS]<¢S-(1—%)+2. O

6.3 Concentration

6.3.1 Proof outline of Theorem 6.9

We will now give a summary of the main technical steps in the proof of Theorem 6.9 (an illustration
of the key steps is shown in Fig. 6.1). The proof is similar to the proof of Theorem 4.1 for the con-
centration of the hyperbolic cosine potential, in the sense that we use two instances ®; := ®;(¢,2)
and ®, := ®,(¢,, 2) of the super-exponential potential function with ¢, < ¢;/84, such that in steps
s 2 0 when @7 is small, then the change of &}, is very small.
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Recovery. By the third precondition Eq. (6.3) of Theorem 6.9, we start with Gap(t —2nlog*n) <
log® n, which implies that <I>§_2"1°g4n < ezlog'n (Claim 6.4). Using the drop inequality for the po-
tential ®, (first precondition Eq. (6.1)), it follows that E[ ] ] < 6n, for any step s € [t — nlog*n, ]
(Lemma 6.7). By using Markov’s inequality and a union bound, we can deduce that w.h.p. &} <

6n'2 for all steps s € [t —nlog*n,T]. By a simple interplay between two potentials, this implies

_ 4
<I>; nlog'n < 716 (Lemma 6.5 (i)). Now using a drop inequality for the potential ®, (second pre-
condition Eq. (6.2)), guarantees that w.h.p. q>;0 < 6n for some single step ry € [t —nlog*n, t]
(Lemma 6.8).

Stabilisation. To obtain the stronger statement which holds for all steps s € [t,t], we will use a
concentration inequality. The key point is that for any step r with ®] < 6n'2 the absolute difference
|¢£+1 — ®7| is at most n'/3, because ¢, < g% (by preconditions Eq. (6.1) and Eq. (6.2)). This is
crucial for applying the Azuma’s inequality for super-martingales (Lemma B.10) to ¢, which yields
that ®} < 8n for all steps s € [t, 7] using a smoothing argument (Claim 6.6).

R #t2nlog*n and kS for all s € [t —2nlog*n, ] w.h.p. (Third Precondition)
Claim 6.4 | | :

I 4
L peaniogtn oo’
[y

Drop inéguality
o (Second Precondition)
;;E[fbsl]<6n for all s € [t —nlog*n, 7] \\\ \

First Precondition . | \

Lemma 6.73 \

\

Markoy & U.-Bound » i?{;sl <6n'? whp.foralls €[t —nlog*n, 7] |

1
I L

| . 1 ’ | T
Lemma 6.5 (i)  _t—nlog*n 776 | !
w ,’,“I’z <n’/ Bounded Difference ;!
Lemma 6.8, ! (Lemma 6.5 (ii)) ./
Vo Elroe[t—nlog4n,t]:<1>;° <6nwhp. /
v\ ° ¥ ¥

Starting Po:int\\v ®) < 8n f:or all s € [ry, t] w.h.p. (Conclusion)

| Completion of the proof of Theorem 6.9 (Section 6.3.3) }

4 t T<t+nlog’n

t—2nlog*n t—nlog*n

Figure 6.1: Outline for the proof of Theorem 6.9. Results in blue are given in Section 6.3.2, while
results in green are used in the completion of the proof in Section 6.3.3.

6.3.2 Deterministic relations between the potential functions

We collect several basic facts about the super-exponential potential functions ®; := ®;(¢;,z) and
®, 1= &,(¢,, z) satisfying the preconditions in Theorem 6.9.
We start with a simple upper bound on @} using a weak upper bound on the gap at step s.

Claim 6.4. For any step s > 0, where Gap(s) < log? n, we have that P} < ezlog'n
Proof. Since ¢, < (logn)/6, we have that & = > e#1'0i=)" < n. ebrlog’n  p3loghn 0

The next lemma is crucial for applying the concentration inequality, since the second statement
bounds the maximum additive change of @ (assuming ] is poly(n)):

Lemma 6.5. For any step s 2 0, if &} < 6n'2, then
(i) @ <n’/S,

(i) |@5" —@y| <n'/3.
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Proof. Consider an arbitrary step s 2 0 with ¢ < 6n'2. We start by upper bounding the normalised
load y; of any bin i € [n],

log (®° . log (®° 12
yf<z+ g( 1’1)<z+ og( 1)<z+log(6n )<z+14logn.
é1 é1 é1 é1

First statement. Now, we upper bound the contribution of any bin i € [n] to &3,

5, =exp(dy- (¥ —2)") <exp ( 14¢;1¢2 ~logn) <n'/S, (6.8)

using that ¢, < 5)_114- Hence, by aggregating over all bins,
@, <n-n/®=n’/°, (6.9)

2

Second statement. We will obtain lower and upper bounds for <I>52+1 in terms of ®3,. For the upper
bound, let i = i**! € [n] be the bin where the (s + 1)-th ball is allocated, then

¢52+1 <<I>52+<I>52i-e¢2 <d>52+n1/6-n1/6=<1>52+n1/3,

using that Eq. (6.8) and ¢, < (logn)/6. For the lower bound, we pessimistically assume that all bin
loads decrease by 1/n in step s + 1, so

@ ®  n-nl/s
o5t ><I>52-e_¢2/“ = @52-(1—%) = &) — " -10gn><1>52—n1/3,

using in (a) that e" > 1 +u (for any u) and in (b) that ¢, < logn and &} < n- n'/® by Eq. (6.9).
Combining the two bounds we get the second statement. O

The next claim is a simple “smoothness” argument showing that the potential cannot decrease
quickly within [n/log? n] steps. The derivation is elementary and relies on the fact that within this
time frame the average load changes by at most 2/ log® n.

Claim 6.6. For any step s = 0 and any step r € [s,s + [n/log? n]], we have that ®; > 0.99 - &3,

2
log?n”

Proof. The normalised load after r —s steps can decrease by at most == <
i€[n],

Hence, for any bin

2¢9

— (V=) —y e —2 _ 92
<I>£ — e¢2'(y{_z)+ > e¢2.(yi5_¥—z)+ > e¢2 (yf Z)‘*' ¢2 logZn — q)sz e log2n > (1)52 . e—O(l) > 0.99 . q>52 ,
5L 5L 51 5L

for sufficiently large n, using that ¢, < (logn)/6. By aggregating over all bins, we get the claim. [

Recovery Phase

In this section, we will show for an auxiliary process P (to be defined below) that the potential
function @, satisfies &) < 6n in at least one step s € [t — nlog*n, t] w.h.p.
First, we show that for the original process P in the statement of Theorem 6.9, the potential

& =3(t):=d}-1 (6.10)

t—2nlog#
n s TNt 20log* e

re[t—2n log4

is small in expectation for all steps s > t —nlog*n. Note that there is a “recovery time” until the
expectation becomes small, of at most nlog*n steps after the “weak” bound Gap(t — 2nlog*n) <
log? n which follows from the third precondition Eq. (6.3) in Theorem 6.9.
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Lemma 6.7. Consider the potential ®, := ®,(t) for any step t > 0. Then, for any step s > t —nlog*n,
E[ & |<6n.

Proof. By the precondition Eq. (6.1) of Theorem 6.9, for any step s = t —nlog*n,

s+1 S 1] < &S 1

E[ o] 3,k ] <& 1——)+2.

Next note that whenever —K° holds, it follows deterministically that {551 = 551“ = 0}, and hence

FHs+1 s < &S 1

E[ &5 ] <&} 1——)+2. (6.11)

We will now upper bound E[ 551 | St_2”1°g4”,7-[t_2”1°g4”] for any step s = t —nlog*n. When

4 . . ~— 4 - 4 L1oe?
#'~2n198" 1 holds, by Claim 6.4, it also follows that & 2nlogin o ®) 2nlog'n < ezlog'n  Hence ap-

plying Lemma B.1 (i) (fora =1 —% and b = 2) using Eq. (6.11),

E[?{;sl 1?.{t—anog“n,r),_lt—anog“n ] < E[gsl 3t—2nlog4n’$;—2nlog4n < e%.log4n ]
4
14 1 s—(t—2nlog" n)
<621°g”-(1——) +2n
n
4
(@ 1, .4 1 nlog™n
< e2108 "(1——) +2n
n

b
QD bostn . =log"n | o < 1 4 2n < 6,
using in (a) that s = t —nlog*n and in (b) that e > 1+ u (for any u). Hence, the claim follows,

E[& ]=E[ & | a2 | pr[ 2o n | 40 pr[ ~w 208" | < on. -

The auxiliary process P. Let P be the process in the statement of Theorem 6.9, define t; :=
t —nlog*n and the stopping time o := inf{s > t; : {®] > 6n''}u-K°}. Now we define the auxiliary
process P, . such that

* in steps s € [0, 0) it follows the allocations of P, and

* in steps s € [0, 00) it allocates to the (currently) least loaded bin, which is a bin with nor-
malised load < 1 < z.

This way the process trivially satisfies £° as it never allocates to a bin overloaded by more than 1,
and therefore it also satisfies the drop inequalities (Eq. (6.1) and Eq. (6.2)) for any step s = t;.
Furthermore, starting with ' < 6n'l, for any s > t, it deterministically satisfies ®} < 6n'2, since
7 < 6n'l - e?1 < 6n'? (as ¢; < (logn)/6) and for s > o the potential does not increase.

Further, starting from <I>§1 < 6n'!, we will also show that the other potential function &, w.h.p. be-
comes linear in at least one step in [t —nlog*n, t], by using Lemma 6.7.

Lemma 6.8 (Recovery). For any step t > 0 and the auxiliary process P it holds that

t—nlog*n’

4 _ 4
Pr U {ey<en}| gl n o <onlt | > 107,

se[t—nlog*n,t]
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Proof. Fix any step t > 0 and let t; := t—nlog* n be the starting point of the analysis. Recall that the
auxiliary process P, satisfies IC° for any step s > t;. Further, for any s > t;, we define the “killed”
potential function

B — HS .
@) =95 1n, ., ole)>6n)-

We will show that &, drops in expectation by a multiplicative factor in every step. We start by
showing for &, that if 3, > 6n, then it drops in expectation by a multiplicative factor. By the second
precondition Eq. (6.2) of Theorem 6.9,

E[ &5 | &' <6n'',§, 8> 6n|=E[ &) | &' <6n',§, K5, 85> 6n |

1 1 1 1
<<I>32~(1——)+2<<I>52~(1——)—6n-—+2<<I>32~(1——).
n 2n 2n 2n

Whenever the event {®, < 6n} holds, it follows deterministically that {<AI>52 = 552“ = 0}. So, for the
potential 52 we obtain the drop inequality (with one fewer condition),

—~~ -~ 1
E[ 35| &' <6n',5 ] <‘I’sz'(1_§) (6.12)

ty

Using Lemma 6.5 (i), d)il < 6n!! implies that 5;1 <o) < n’/® and so inductively applying Eq. (6.12)
for nlog® n steps starting at t;,we have that

nlog™n
&) | 3, <6n' |<E[ &) | 1,8, <n”/f]<3;- (1—%) <n7/6.e 318 n < S,
n

for sufficiently large n, using that e = 1 + u (for any u). Hence, by Markov’s inequality,
Pr[ 3, <1|§", e <6n']>1-n"°

Since it deterministically holds that {®}, > n} for any step t > 0, it follows that if {5; < 1} holds,

then also {<I>§ = 0}. So, we conclude that 15 Arete; (@5 >6n) = =0 holds, i.e.,

e <én | 21-—n"C. O

Pr U {<I>£ < 6n}

refty,t]

6.3.3 Completing the proof of Theorem 6.9

The proof of Theorem 6.9 shares some of the ideas from the proof of Theorem 4.1. However, there we
could more generously take a union bound over the entire time-interval to ensure that the potential
is indeed small everywhere with high probability. In some applications (see Section 7.2), we need
to apply Theorem 6.9 up to w(1) times, which means that we cannot afford to lose a polynomial
factor in the error probability. To overcome this, we will partition the time-interval into consecutive
intervals of length [n/log?® n]. Then, we will prove that at the end of each such interval the potential
is small w.h.p., and finally use a simple smoothness argument (Claim 6.6) to show that the potential
is small w.h.p. in all steps.

Theorem 6.9 (Super-exponential potential concentration). Consider any P = SEQUENTIAL(q®)
process for which there exist super-exponential potential functions ®; := ®,(¢1,2) and &, := ®,(¢,,2)
with integer offset z := z(n) > 0 and smoothing parameters ¢, ¢ € (0, (logn)/6] with ¢, < ?;4, such
that they satisfy for any step s = 0,

E[ &5,k ] <¢;.(1—%)+2, (6.1)
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and

E[<I>52+1|83,K3]<¢32'(1_%)+2, (6.2)

where K° := Kft)l(qs). Further, let P > n~*. Then, for any steps t > 0 and t € [t, t + nlog® n], which
satisfy

Pr {Gap(t —2nlog*n) < log? n} N ﬂ K>21-PB (6.3)

se[t—2nlog* n,t]

they must also satisfy

Pr ﬂ {<I>S2 < 8n} >1—(log®n)-P
selt,t]

We will start by proving the following lemma for the auxiliary process ﬁt_nlogzt e

Lemma 6.10. Consider any step t > 0 and the auxiliary process P For P = n™* as defined in

Theorem 6.9, it holds that

t—nlog*n

_ 1
Pr ﬂ {<1>52 < 8n} <I>§ nlog*n <é6n'l|=1- 7 (log®n) - P.

s€ft,t]

Proof. Our goal is to apply Azuma’s inequality to ®,. However, there are two challenges: (i) we
cannot afford to take the union bound over all poly(n) steps and (ii) ®, is a super-martingale only
when it is sufficiently large. To deal with (i) we will apply Azuma’s inequality to sub-intervals of
length at most [n/log?n] and then use a smoothness argument (Claim 6.6) to deduce that &, is
small in the steps in between. For (ii) we will define X* := X°(®?) in a way to ensure that it is
super-martingale at every step and also satisfies the bounded difference inequality.
More specifically, consider an arbitrary step r € [t —nlog*n, t] and partition the interval (r, ]
into
I :=(rr+AlL L= +A,1r+2A] ..., I :=(r+{—1)A,T],

~ 5
where A := [n/log?n] and ¢ := [ ] < f%#] < 2log’ n. In order to prove that &, is at

most 8n in every step in (r, t], we will use our auxiliary lemmas (Section 6.3.2) and Azuma’s super-
martingale concentration inequality (Lemma B.10) to establish that &, is at most 7n at each of the
steps r + A,r + 2A,...,r + ({ —1)A,t. Finally, by using a smoothness argument (Claim 6.6), we
will establish that ®, is at most 8n at all steps in (r, t], which is the conclusion of the theorem.

We define the auxiliary random variable Xl.rJr(i_l)A := max {<I>;+(i_1)A, 5n+n'/ 3} for each inter-

vali e [{], and for anys € (r + (i —1)A,r +iA],

Xs =

1

@3 if there exists u € [r + (i —1)A, s) such that } > 5n,
5n+nl/3  otherwise.

Note that whenever the first condition in the definition of X? is satisfied, it remains satisfied until
the end of the interval, i.e., until step r +i- A. Our next aim is to establish the preconditions of
Azuma’s inequality (Lemma B.10) for X?.

For convenience, we define t; := t —nlog*n and the event

Zh = {<I>§1 < 6n'l}.
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Case 2(a) Case 2(b) Case 2(c)

N\~

Sn4nl/3f——e——e——o e e
5n ........................................................................
— X
S
i)
T T — s
to+(—1)-A p p+1 to+i-A

Figure 6.2: Visualisation of three cases in the proof of Claim 6.11 for interval i € [£]. Note that as
long as Z* holds, then X} > &7).

Claim 6.11. Fix any interval Z; for i € [£]. Then for the random variables X, for any step s € (r + (i —
DA, r +iA], (i) it holds that

E[ X! |20, <X,

and (ii) it holds that
(bt —xt] | 2,5 <2nt

Proof of Claim 6.11. Recall that by the definition of the auxiliary process in Section 6.3.2, condition-
ing on Z"1, it satisfies {@‘91_1 < 6n'?}and €571, forany s € (r+(i—1)A, r+iA], since r+(i—1)A > t;.
By precondition Eq. (6.2), when {<I>32_1 = 4n} also holds, we have that,

E[& | 20,55 >4n |=E[ &} | 20,5, K, 85 1 > 4n |

1 1
<‘I’52_1'(1_E)+2<‘I’52_1_4"'E+2<¢52_1' (6.13)

Further, by Lemma 6.5 (ii), we also have that
(Joy—@57| | 20,51 <n'2 (6.14)

Case 1 [<I>£+(i_1)A > 5n+n'/?]: In this case Xf_l = <I>52_1 foralls e (r+(i—1)A,r +iA]. By

Claim 6.6, we also have <I>52_1 >0.99-(5n+n'/3) > 4n (as A <[n/log?n]) and the two statements

follow by Eq. (6.13) and Eq. (6.14).

Case 2 [<I>;+(i_1)A < 5n+ n'/?]: Let p = influ =2 r + (i —1)A: ) > 5n}. We consider the

following three sub-cases (see Fig. 6.2):
* Case 2(a) [s—1<p]: Here X; =X f_l =5n+n'/3, so the two statements hold trivially.
* Case 2(b) [s —1 = p]: We will first establish that

5n< &5 <5n+n'/3 (6.15)

The lower bound <I>52_1 = 5n follows by definition of p. For the upper bound, we consider
the following two cases. If s —1 = r 4+ (i — 1)A, then this follows by the assumption for
Case 2. Otherwise, we have that <I>52_1 = 5n and @52_2 < 5n. By Eq. (6.14), we obtain that
<I>52_1 < <I>52_2 +n'3 <5n4nl/3,

Next, by definition, Xf_l =5n+n'/? and X? = &3, so by Eq. (6.13),
E[ X{| 20,5 | =E[ & | 20,5 <oyt <X,
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which establishes the first statement. For the second statement, we have
s _wvs—1| _|l&s _1/3 s—1 _1/3 s a1 1/3
x5 —x571 =@y —5n—n'3| < |@5 ' —5n—n'?| + |@), — @5 < 2n'/3.

using in the last inequality that Eq. (6.14) and Eq. (6.15).
* Case 2(c) [s—1 > p]: Here, Xf_l = <I>52_1 and X; = &;. Since <I>§ = 5n, by Claim 6.6 (as
s—p < [n/log?n]), we also have that

@51 >0.99-®) >0.99-5n > 4n

and thus by Eq. (6.13), the first statement follows. The second statement follows by Eq. (6.14).
¢

Now we return to the proof of Lemma 6.10. By Claim 6.11, we have verified that X} satis-
fies the preconditions of Azuma’s inequality for any filtration ' where Z holds. So, applying
Lemma B.10 for A = ﬁ, N < A and D = 2n'/3, we get for any i € [{],

n2 14
.r+iA > r+(i—1)A ‘ t r j| < /(4 log Tl)
Pr[Xl X; +A| 2§ exp —2 A (42l

since A < [n/log®n] and P > n~*. Taking the union bound over the at most 2log’ n intervals
i €[], it follows that

—_

zh 5 | <(2log’n)-P< =-(log®n)-P.

o

pr| | {X{“A>X{+i-
i€[(]

=
2log” n

Next, conditional on £%,§", {®} < 6n}, we have the following chain of inclusions:

N {X{“A<X{+i- - }(a) () {x/"* <én+n}

ie[¢] 2log’n ie[f]

2 N {&5 < 7n}

i€[{]

2 ﬂ {®5 <s8n},

SEtt

where (a) holds since i < ¢ < 2log” n and X! < max {®},5n+n'/3}, (b) holds since ®}*4 < x7+i4
(which follows from the definition of X; and Claim 6.11 (ii)), (c) holds by applying the smoothness
argument of Claim 6.6 to each interval i € [¢], as the length of each interval is at most [n/log? n]
and (d) holds since 8 = & and r < t. This implies that

1
Pr| () {#;<8n} | 24,5, @;<6n|> 1—§-(log8n)~P. (6.16)
se[t,t]

Next, define 7 :=inf{r > t;: ®, < 6n}. By Lemma 6.8,

Prit<t|20]>Pr[r<t|§",24]>1-n"" (6.17)
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We get the conclusion for the ﬁtl process, by combining this with Eq. (6.16) and Eq. (6.17),

t
pr| () {ey<sn}|zt|>> pr| () {&;<8n}

zZh F el <6n|-Pr[t=r|2"]

seft,f] r=ty s€lt,f]
(6.16) 1
> (1—5-(log8n)-P)-Pr|:r<t|Zt1]
(6.17) 1 1
= (1—5-(log8n)~P)~(1—n_6)>1—2-(log8n)-R O

We now return to the proof of Theorem 6.9 for the original process P.

Proof of Theorem 6.9. Let t; := t —nlog*n. We start by showing that the processes P and P, | agree
with high probability in the interval [t;, 7] (and so at every step s € [t1, 7] we have &, = ®%. ),

Pey 2
Pr| () {y5= 5 } > Pr N {&<en’in () K
s€lty,t] ! se[t—2nlog* n,t] se[t—2nlog* n,T]
(a) ~
> Pr N {&<en'l}nu2be'nn N g
se[t—2nlog* n,f] se[t—2nlog* n,f]
) 9 11 Q)
=Z1—n“-n —P=1-2P, (6.18)

using in (a) the definition of ®; in Eq. (6.10), in (b) Lemma 6.7, Markov’s inequality and union

bound over T — t; < n? steps and precondition Eq. (6.3) and in (¢) that P > n~*. Note that this also
implies that

_ 4
pr[ @) " " <ontl |>1-2p (6.19)

By Lemma 6.10, for the auxiliary process 73t ,» we have that

S
Pr ﬂ {<I>73t1’2 < 8n}

s€lt,t]

_nlog? 1
<I>in°gn<6n11 >1—Z-(log8n)-P.
By combining with Eq. (6.19) (since by definition P and P, , agree in steps s < t1) we get,

1 3
Pr| () {fb%tl,2<8n} 2(1—2-(1og8n)-1>)-(1—2p)>1—2-(1og8n)-R

s€lt,t]

Finally, using Pr[ANB] > Pr[A]—Pr[ -B ] with Eq. (6.18), we conclude that P and P, , agree in
all steps of the interval [t;, 7] and so

3
Pr {<I>52<8n} >1—2-(10g8n)-P—2P>1—(log8n)-P. O

se[t,f]
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APPLICATIONS

In this chapter, we derive gaps for several processes and settings using the tools we developed in the
previous chapters.

As a warm-up, in Section 7.1, we show two ways to obtain the O(+/logn) gap for the 2-DENSE-
QUANTILE process with probability at least 1 —o(1) in order to demonstrate the advantage of using
the concentration bounds of Chapters 4 and 6. In Section 7.1.1, we obtain the O(4/logn) gap with
probability at least 1 — exp(—4/logn), without using the concentration bounds. In Section 7.1.2,
we make use of these concentration bounds to obtain the same O(4/logn) asymptotic bound with
probability at least 1 —n 3. Usually, the smaller the gap we want to prove, the larger the difference
between the probability guarantee between these two techniques. Therefore, using the concentra-
tion bounds is crucial for several results in this chapter.

In Section 7.2, we make repeated use of the super-exponential potential concentration theorem
(Theorem 6.9) through a form of layered induction to analyse a number of processes including the k-
DENSE-QUANTILE, k-DENSE-THRESHOLD and QUANTILE(6*) processes. In Section 7.3, we generalise
the analysis of k-DENSE-QUANTILE to all processes in the k-RELAXED-QUANTILE family, which implies
bounds for the (1 + f3)-process with  close to 1. Then, in Section 7.4, we analyse the
setting for the Two-CHOICE process for any g < logn and establish upper bounds for a number

of other settings including s and for the Two-CHOICE process.
In Section 7.5, we prove tight bounds for a large family of processes in the setting. In
Section 7.6, we collect results for TWO-CHOICE in the setting. Finally, in Section 7.7, we

outline how layered induction can be used to obtain tight bounds for the MEMORY process.

7.1 Two analyses for the 2-DENSE-QUANTILE process

In this section, we will show two ways to obtain the O(4/logn) bound on the gap of the 2-DENSE-
QUANTILE process with different probability guarantees: (i) in Section 7.1.1 without using concen-
tration bounds and (ii) in Section 7.1.2 with concentration bounds, leading to stronger probability
guarantees. Recall that this process is the QUANTILE(, ) process where 64, 0, are the rounded

up quantiles of 51 ;= e~3'v108M anq 52 = % respectively, so that gl <07 < 251 and 52 < 0,y

7.1.1 Weak probability bounds for 2-DENSE-QUANTILE

In this section, we will present an analysis for the 2-DENSE-QUANTILE process for obtaining the
O(4/logn) gap with probability at least 1 — e_‘/@, without using the concentration bounds. In
fact, this approach extends to the k-DENSE-QUANTILE process for any constant k = 1 (with weaker
probability guarantees as k increases).

We start with the fact that the hyperbolic cosine potential is linear in expectation. This follows
because the 2-DENSE-QUANTILE process is majorised by the MEDIAN-QUANTILE process, which by
Lemma 3.5 with 6 = 1/3, € = 1/3 and C = 2 satisfies the preconditions of Theorem 3.2 for any
smoothing parameter y € (0, 831T22:| Therefore, we obtain the following corollary.

Corollary 7.1. Consider the 2-DENSE-QUANTILE process and the hyperbolic cosine potential T' := T'(y)
forany y € (0, 83+22:| Then, there exists a constant ¢ > 0, such that for any step t = 0,

E[Ft:|<cn.
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Next, the main idea is to bound the number of bins with normalised load at least v with prob-
ability at least 1 — e~©"), using Markov’s inequality. Note that as v gets smaller, the weaker the
probability guarantee that we obtain becomes weaker. As we cannot afford to take the union bound
over all n - polylog(n) steps, we apply this bound to polylog(n) steps at distance n apart and then
use the following smoothness claim (where for our case T = n).

Claim 7.2 (cf. Lemma 5.28). Consider the potential T' := I['(y), any ¢ > 0 and any step s = 0 for which
there exists T = 0 such that for some sy € [s — T,s] with [0 < cn and s; € [s,s + T] with Tt < cn.
Then, T < e’ - 2cn.

Proof. From step s to s, the load of any bin can decrease by at most % Hence, we have that for any
bini € [n],

T
YISyl +—.
n
Similarly, from s, to s the load of any bin can decrease by at most %, o}

T T
yf°<yf+; = —yf<—yf°+;.

Combining the two, we get that
I} = el e TV el - (e_”'iso +e”’§1).

By aggregating over all bins i € [n], we get that
1 1 T S0 S1 T T
F=> <Y erm (e 4 ) el (I +T%1) < el 7 - 2en. 0
i=1 i=1

Now, we are ready to prove the upper bound on the gap.

Theorem 7.3. Consider the 2-DENSE-QUANTILE process. Then, there exists a constant k > 0, such that

for any step m = 0,
Pr[Gap(m) <K- \/logn] >1—e Viosn,

Proof. Consider the potential I' := I'(y) for the smoothing parameter y := 83+22 By Corollary 7.1
and Markov’s inequality, for any step t = 0,

Pr[l"t <cn-é? log”:l >1—e 2Wlogn
Consider the steps
to:=m—nlog®n, t; := m—n(log?n—1),..

.y tlogzn =m.

By the union bound over these at most log?n + 1 < 2-log?n steps, we have that

Pr ﬂ {Fti < cn-eleOg”} >1-—2-¢2vIogn. Jog2n,

je{0}u[log? n]

By smoothness, Claim 7.2 with T = n, we have that for all steps in between, the potential is at most
2e¥cn - e2V108 < 4en - 2V1987 (since y < 1/2), s0

Pr ﬂ {Ft < 4cn-eZV1°g”} = 1—2-e_2‘/1°g”-log2 n. (7.1

te[m—nlog®n,m]
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Consider the super-exponential potential ® := &(¢,z) with smoothing parameter ¢ := v - 4/logn

and offset z := |—$ - 4/log n-|. Recall the condition

~ 1
}Ctz{\?’ie[n]: yizz—1 = qit<;-e_¢},

under which, by Lemma 6.2, we have that

E[df“{sf,ﬁf]<¢f-(1—%)+z.

We will now show that when {I"t < 4cn-e?V log”} holds, then the event K! also holds. The number
of bins with load at least z — 1 is at most

5. floan —Jogn — =
4cn - e2V1081 oD L gen L @2V1081 L o1 VIBN o=V I08N < nF L < 1.

Hence, all bins i € [n] with load at least y| >z — 1 have Rank'(i) < n&; and so

&, 267 2 1g— 1 _1— 1
qlt=_1<_1=_.e_z_l 10gn<_.e_§' 10gn<_.e_¢’
n n n n

n
using in the last inequality that y < 1/8. Therefore, by Eq. (7.1), we have that

Pr ﬂ K| =1—2-e2vlogn.1og2n. (7.2)

te[m—nlog?n,m]

Further, when {Fto < 4cn-e2v log"} holds, we also have that Gap(t,) < K-logn for some constant
K > 0. So for sufficiently large n

oo < n- e)q/logn-Klogn < e%«logzn‘

Hence, by Eq. (7.1) and Eq. (7.2),

Pr | {Gap(ty) <K -logn}n ﬂ K| =21—2-e2Vl0gn . 1og2p, (7.3)

s€ltg,m]
By Lemma 6.2, when the event Kt holds, we have that
t+1 t ot t ]'
E[ o3, K [<@'-(1—=)+2.
n

We define for any step t = ¢,
t._ &t . ~
&= Ligap(cg)<K-log gy g £

When =K holds, then {&' = 0} and {®'*! = 0}, and so & satisfies unconditionally the drop inequal-
ity
~ ~ 1
E[ & §] <<1>f-(1——)+2.
n

Also, we may assume that Gap(t,) < K -logn and so &0 < ezlog’ " otherwise &' = 0 for any step
t = ty. Hence, by Lemma B.1 witha =1 —% and b = 2, we have that

E[$"]=E[ 8" 50,80 <e2le' |
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1 m—tg 1 5
<(1——) cezlog’n 4 o
n

1 nlog’n 11002 log? 11002
<(1——) ce2 98 ML O e %8 M. e2/98 N 4 O < 4n.
n

Hence, by Markov’s inequality we have that
Pr[%m < 4n2] >1-nl,

Combining with Eq. (7.3) using the union bound, we get that

Pr[¢m<4n2]>Pr {<NI>’“<4n2}ﬂ{Gap(tO)<K-logn}ﬂ ﬂ %

s€[tp,m]

>1—n1—2.e2V08n. 1092y > 1 — VI8N,

When {#™ < 4n?} holds, we have that
Gap(m) <z + M < [E . \/logn-‘ + 3. 4/ logn
Y- +/logn Y Y .

Hence, for the constant x := 9/y, we get that

Pr[Gap(m)<K-Vlogn]?l—e“/@. O

7.1.2 Strong probability bounds for 2-DENSE-QUANTILE

Again, we start with the fact that the hyperbolic cosine potential is linear in expectation. This follows
because the 2-DENSE-QUANTILE process is majorised by the MEDIAN-QUANTILE process, which by
Lemma 3.5 with 6 = 1/3, ¢ = 1/3 and C = 2 satisfies the preconditions of Theorem 3.2 for any
smoothing parameter y € (0, 831T22:|

Corollary 7.4. Consider the 2-DENSE-QUANTILE process and the hyperbolic cosine potential T := T'(y)

forany y e (O, ﬁ] Then, there exist constants c;,cy > 0, such that for any step t = 0,

E[Ft+1|3t]<rt-(1—%)+c2y.

Then, by Theorem 4.1 with y; := &3%—22’ Yo 1= g—}‘ and k = 6, we get the following corollary.

Corollary 7.5. Consider the 2-DENSE-QUANTILE process and the hyperbolic cosine potential T, :=
I,(y5). Then, there exists a constant ¢ > 0 such that for any step t = 0

Pr[th <3cn]> 1—n"°.

We now define the super-exponential potential functions ®; := ®,(¢,2) and &, := ®,(¢,,2)
with ¢ 1=y 4/logn, ¢, :=y,+/logn and offset z := [% . \/logn], so thatz—1=> % -4/logn. Also,

let K be the event associated with their drop in Theorem 6.9:

Kt:=K!

1 ~
6 = {Vie[n]: yizz—1 = qit<—-e_Y1'V1°g"}§lC;2.
n

Lemma 7.6. For any step t > 0 such that T, < 3cn, we have that Kt holds.
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Proof. Consider an arbitrary step t with I} < 3cn. Then, in this step the number of bins with
normalised load at least z — 1 is at most

2 (a) ~
o (z— 2 /1 _
3cn-e 2T K 3en e 2R VI8 K etV g < n§L < ndy,

using in (a) that 4/logn > log(3c). So any bini € [n] with y > z—1 has Rank'(i) < n&, and hence

ql = 01 201 _2 . e~ ¥/logn (2 1 —by/iogn (2 1 . e~T1 ¥/ logn_
n n n n n

using in (a) that % - 4/logn = log2 and in (b) that y; < %. O]

Now we are ready to upper bound the gap of 2-DENSE-QUANTILE at an arbitrary step m. Note
that compared to Theorem 7.3, the probability bound is stronger.

Theorem 7.7. Consider the 2-DENSE-QUANTILE process. Then, there exists a constant k > 0, such that
for any step m = 0,

Pr[Gap(m) <kK- \/logn] >1—n3.
Proof. By Corollary 7.5, taking the union bound over 2nlog*n < n? steps, we have that
Pr ﬂ {rf!<3cn} | =21-n"*
te[m—2nlog*n,m]
By Lemma 7.6, Tf < 3cn implies that K holds and Gap(t) < log?n, hence
Pr | {Gap(m—2nlog*n) <log*n}n ﬂ Kt =1—n%
te[m—2nlog*n,m]
and so by Theorem 6.9 for t := m, we get that

8
_ (ogn)”

1—n3.
n4

Pr[e)<8n]|>1
Finally, when {<I>’2” < 8n} holds, we have that

log(8 3 2
Gap(m) <z + _log(8m) < [— . \/logn-l + — - 4/logn,

Yo+ 4/logn Y2 Y2
and for x := 6/v,, we conclude that
Pr[Gap(m)<K~\/logn]>1—n_3. O

7.2 Layered induction over super-exponential potentials
In this section, we illustrate how to apply the concentration bounds (Theorem 4.1 and Theorem 6.9)

in order to obtain o(logn) gap bounds for k-DENSE-QUANTILE, k-DENSE-THRESHOLD, QUANTILE(6™)
and (Two-CHOICE).
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7.2.1 k-DENSE-QUANTILE process

Recall that the k-DENSE-QUANTILE process is the QUANTILE(Sq,...,0;) process where 5j is the
rounded up (to the next multiple of 1/n) quantile of 5 ; defined as:

- if j =k,
I | emalosm ™ e << k—1.

NI=

=4}

@S
®,-recovery @,-stabilisation
Py-recovery P,-stabilisation
By-recovery Pg-stabilisation
i
It
~ Gap(m) = O(logn)
- Gap(m) = O(2(logn)*/4)
~+ Gap(m) = O(3(logn)*/*)
~ Gap(m) = O(4(logn)*/4)
r'=om = K
®=0(m) = K
=0(n) = ICfi,3
T T T >t
m — 6nlog*n m —4nlog*n m —2nlog*n m

Figure 7.1: Layered induction for the k-DENSE-QUANTILE for k = 4, showing that when the potential
at layer j satisfies <I>t O(n), the the drop condition at layer j +1, i.e. ICt " is implied. Then, after

a recovery phase the potential ®;_, stabilises at O(n) and implies a tighter bound on the gap.

Similarly, to the 2-DENSE-QUANTILE process, the k-DENSE-QUANTILE process is majorised by the
MEDIAN-QUANTILE process, so by Lemma 3.5 it satisfies Theorem 3.2 with § = 1/3, ¢ = 1/3 and
C=2.

Corollary 7.8 (cf. Corollary 7.4). Consider the k-DENSE-QUANTILE process and the hyperbolic cosine
potential T :=T'(y) forany y € ( ) 537 22] Then, there exist constants cy,cy > 0, such that for any step
t =0,

E[Ft+1|3t]<f't~(1 1Y)+C2 Y.
n
Then, by Theorem 4.1 with y; := g 3§ 57, Y2 i= 84 and k = 6, we get the following corollary.

Corollary 7.9. Consider k-DENSE-QUANTILE process and the potential T, := T['(y4). Then, there exists
a constant ¢ > 0 such that for any step t = 0

Pr[l“zt < 3cn] >1—n"°.

We will now analyse the k-DENSE-QUANTILE process for any 1 < k < k where

max»

kmax := [kll loglogn-‘ and k' :=loglog(max{3c,8,4%}).

Note that since (logn)/* > 4, 5J~ >65,> e1108n = n=1/4 and so 5j <§; +6;<25;.

:I'—'

J
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We define the super-exponential potential functions ¥; := ¥;(1);,2;) for 1 < j < k—1, with
smoothing parameters v; := v - (log n)/* and offsets Z; 1= |—Y3—2 -j-(log n)l/k-|, so thatz;—1> 722 S
(logn)'/*. Similarly we define ®; := ®;(¢;,z;) with a smoothing parameter of ¢; := v, - (log n)i/k
and the same offset z;. Also, let ICt be the event associated with their drop in Theorem 6.9. For

convenience we also define & := <I>0(}f2, 0), and then we have that &) <Tj.

Lemma 7.10. Let C := max{3c, 8} and consider the k-DENSE-QUANTILE process for any 1 < k < k.
Forany 1< j<k—1 and any step t = 0 such that <I>;_1 < Cn, we have that IC(;_ holds.
J

Proof. Consider an arbitrary step t with <I>Jt._1 < Cn. Then, in this step the number of bins with load
at least z; — 1 is at most

i~1)/k. 2 . 1/k (@)
7 (logn) <

_ G-D/k. (g —1—g. —v,(1 G _ j/k =
Cner2Ulogn) (z7=1-51) < Cpe 2U08M) ne 18" <ng_; <ndy_j,

using in (a) that (logn)'/* > log C since k < k. So all bins i € [n] with load at least z; — 1 have
Rank'(i) < nd;_ ; and hence (recalling that 5, = 0),

~btognyt DL —Lognyt DL~y ognyt

5k—j—l +5k—j < 4gk—j _ i
n

qlt < x -e
n n n n
using in (a) that (logn)/* > 8log4, since k < k.x and in (b) that y; < 1/8. O

Finally, we can perform a layered induction over these super-exponential potentials to deduce a
small gap at an arbitrary step m.

Theorem 7.11. Consider the k-DENSE-QUANTILE process for any 1 < k < k.. Then, there exists a
constant k > 0, such that for any step m = 0,

Pr[Gap(m) < K-k-(logn)l/k]> 1—n3

Proof. Lett;:= m nlog® n+2njlog*n for 1 < j < k—1. By Corollary 7.9, taking the union bound
over m— to < n? steps and using the fact that <I>t <T,,

Pr m {o! <3cn} | >1-n""
te[ty,m]
By Lemma 7.10, foreach 1 < j < k—1, <I>]t._1 < Cn (for C := max{3c, 8}) implies that Efp
J
holds and that Gap(t) < log®n, and so by inductively applying Theorem 6.9 with starting point

tj:= m—2n(k — j)log*n and 7 := m, we get that

pr| () K |=pr| ) {cpf. <8n} >1—(1°L)8(H)

—1 4 >
teftj_1,m] teftj_q,m] ’ n
implies that
(logn)®
t
pr| () {ei<sn}|>1 n4
te[t;,m]
Hence, by induction we get that for j = k—1,
logn)8k—1)
pr| () {el,<sn}|>1- U8 )4 1-n3,
n

te[tk—l’m]
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using that k = O(loglogn). Finally, if {<I>,’("_1 < 8n} holds, then we have that

1
Gap(m) < 7, + —28EM) <[Yi-(k—l)-(logn)l/k%%-(logn)”k,
2

y2(log n)(k-D/k = 2
and hence for k :=5/y, > 0, we get that

Pr[Gap(m)<K-k-(logn)l/k]>1—n_3. O

7.2.2 k-DENSE-THRESHOLD process

The purpose of this section is to show that the layered induction used to analyse the k-DENSE-
QUANTILE process in Section 7.2.1, can also be used to analyse the k-DENSE-THRESHOLD process.
For space and time considerations, we state the base case as a conjecture (though it is quite likely
that the proof follows using the techniques for the strong stabilisation in the setting, see
Theorem 5.34):

Conjecture 7.12. For any k-THRESHOLD process whose smallest threshold is % (or in fact any process
satisfying condition P3), there exist constants ¢ > 0 and y, € (0,1/4), such that for the hyperbolic
cosine potential T, := T,(y,), for any step t = 0,

Pr[Tf<3cn|>1-n"°

Now recall that the k-DENSE-THRESHOLD process has thresholds defined by

Sl

ifj=1,
fi o=
j L+[2 5 (logmV*]—2 if1<j<k-1.
We proceed similarly to Section 7.2.1 defining the super-exponential potential functions &; and
V;, with the same offsets z; and smoothing parameters as in Section 7.2.1, forany 1 < j < k—1 and
1 < k < kyyax- We now prove that when <I>]t._1 < 8n, we also have that E}t holds:

Lemma 7.13. Let C := max{3c, 8} and consider the k-DENSE-THRESHOLD process for any 1 < k <
kax- For any 1 < j<k—1 and any step t = 0 such that <I>§_1 < Cn, we have that IC; holds.

Proof. Consider an arbitrary step t with <I>]t._1 < Cn. Then, in this step the number of bins with load
at least fjt is at most

- U=Vl (ff—t n—g; - G-1/k. 2. vk (@ ik
ngt, < Cne T2U08M (i=t/m==ia) < cpe 12008 7y (o) L o—(logn) /¥

fi

using in (a) that (logn)'/* > log C since k < k... To allocate to a bin i € [n] with yiZzj—1>
fjt — t/n, we need to choose i and one bin k € [n] with y, > fj't —t/n, so

20t ) )
I <2 gtognyt ¢ 1 mritognyt
n n n

t

q;

N

using that (logn)'/* > log2, since k < ky,,, and that y; < 1/2. O

Theorem 7.14. Consider the k-DENSE-THRESHOLD process for any 1 < k < ky,,,. Then, there exists a
constant k > 0, such that for any step m 2 0,

Pr[Gap(m) < K-k-(logn)l/k]> 1—n3.

Proof. The proof is the same as Theorem 7.11, as by Conjecture 7.12 and Lemma 7.13 we have the
same guarantees on the potentials T, and ®;. O
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7.2.3 QUANTILE(6*) process

In this section, we will analyse the QUANTILE(6™) process with 6* being the rounded up quan-
~ 2 ~ ~

tile of 6* = %, so 6" < &% < 26*. We start by proving that this process is majorised by

TiME-HOMOGENEOUS(p) process with a probability vector p having a bias at a constant 6. This

means that we can use Theorem 3.2 and Lemma 3.8 to obtain the following corollary.

Corollary 7.15. The QUANTILE(6*) process is majorised by TIME-HOMOGENEOUS(p) for

e ifi<n/s,
bi =

% otherwise,

for any i € [n] and where € = 26* and € = §*.
By Lemma 3.5 it satisfies the preconditions of Theorem 3.2 for § =1/3, e =26* and C = 2, so
we get the following corollary.
5

Corollary 7.16. Consider the QUANTILE(S™) process and the potential T :=T(y) forany y € (O, WZZ]
Then, there exist constants ¢y, ¢y > 0, such that for any step t = 0,

B[ | gt )<t (1 —~ le*) +cpy5*,

By Theorem 4.1 for y; := %, Yo 1= g—;r and for k := 6, we get following lemma.

Lemma 7.17. Consider the QUANTILE(6*) process and the potential T, := T(y,). Then, there exists a
constant ¢ > 0, such that for any step t = 0,

Pr[th <3cn]> 1—n"°.

We now define the super-exponential potential ®; := ®,(¢1, z) with smoothing parameter ¢; :=
v1-loglogn and offset z := [YS—Z lolgoﬁ)gn ], sothatz—1> YZ—Z lolgﬁ)gn. Similarly we define &, := &,(¢,,2)
with smoothing parameter ¢, := v, -loglogn and the same offset z. We will now prove that in any
step t where I; < 3cn, we also have that Kt .= E;l holds.

Lemma 7.18. Consider the QUANTILE(5™) process. For any step t = 0 where T, < 3cn, we also have
that K* holds.

Proof. Consider an arbitrary step t where I; < 3cn holds. Then, the number of bins with normalised
load at least z —1 is at most

3cn - e—yz-ﬁ ((z—1) < 3cne—210glogn <n- e—loglogn <n- eZlogloglogn—loglogn =ns* < ns*.

So any bin i with y >z —1 has Rank'(i) < n6* and so

o* 26" 2 _ 1 1 1 _
qlt =< <Z. eZlogloglogn loglogn <Z.e 5 loglogn <Z.e N loglogn’
n n n n n
since v, = o(1). Hence, K" holds. O

Finally, we are ready to prove the bound on the gap for QUANTILE(5™).

Theorem 7.19. Consider the QUANTILE(6™) process. There exists a constant k > 0 such that for any
step m = 0,
1
Pr[Gap(m) < K'ﬂ} >1—n".
loglogn
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Proof. By Lemma 7.17 and using the union bound over the 2nlog* n < n? steps, we have that

Pr ﬂ {rf<3cn} | =21-n"*
te[m—2nlog*n,m]
By Lemma 7.18, {I'! < 3cn} implies that K holds and that Gap(t) < log?n, hence
Pr {Gap(m—2n10g4 n) < log® n} N ﬂ Kt|=1—n*
te[m—2nlog*n,m]

So, by Theorem 6.9, we get that

Finally, when {<I>’2” < 8n}, we have that

log(8 1 2 1
Gap(m) <z + 0g(8n) <’73. ogn -‘4_ _togn

YZ-loglogn\ E loglogn E'loglogn’

and so for the constant k :=6/y, > 0,

1
Pr[Gap(mKK-ﬂ]m—n—?’. 0
loglogn

7.3 k-RELAXED-QUANTILE condition

We now define the family of k-RELAXED-QUANTILE, . processes for y > 1 and e € (0,1), which
relaxes the definition of k-DENSE-QUANTILE = QUANTILE(S,...,0), with 1 < k < k... More
specifically for any step t > 0, the allocation vector q° satisfies the following: (i) conditions C; for
6 =1/3 and constant € > 0, and C, for some constant C > 1 and (ii) it holds that,

(Y'%w-.,}"%) forany 1 <i<6;n,
@ ) (Y' @,...,Y- @) for any 6,n <i < d,n,
qy,---,9;) =2

Spgtd Syt .
(y-%,...,y-%) for any 6;_1n <i < §n.

Note that the k-DENSE-QUANTILE process falls into this class fory = 1,¢ = 1/3 and C > 1 (cf. Eq. (2.4)).

Theorem 7.20. Consider any k-RELAXED-QUANTILE,, . process for any 1 < k < kp,y. Then, there exists
a constant k > 0, such that for any step m = 0,

Pr[Gap(m) < K-k'(logn)l/k]> 1—n3.

The proof of this theorem is omitted as it is similar to the proof of the k-DENSE-QUANTILE with
the base case following from the C; condition and Corollary 3.6, and the rest of the analysis follows
with a smaller (by a constant factor) smoothing parameter.

7.3.1 A d-THINNING process
In this section, we use k-RELAXED-QUANTILE framework to prove bounds for general d-THINNING,

which are close to the lower bound in [77, Proposition 4.1].
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Lemma 7.21. Consider the d-THINNING process for 2 < d < kpay induced by the quantiles 64 ..., 61,
given by 6; = e—%-(logn)(d_lﬂ)/(d_l)for 1<j<d—2and 6,4_, =1/3. Then, there exists a constant k > 0
such that for any step m 2 0,

Pr[ Gap(m)<«k-(d—1)- (logn)l/(d_l) ] >1—n2
The definition of this process is such that as we take more samples, we are accepting more bins.
Proof. We will show that this d-THINNING process satisfies the (d — 1)-RELAXED-QUANTILE, . condi-

tionswith e = 1/3 and y = 1. Recall the 64, ..., 54_; in the definition of (d — 1)-RELAXED-QUANTILE
and consider two cases for the i-th heaviest bin:

Y,€

* Case 1[i <nd;]: We allocate to i < nd; if the first d — 1 samples are heavy and the last one
is equal to i. So,

61

-

qi:51'52""'5d—1' <

Sl

* Case 2 [nd; <1 < ndxyq, k < d—1]: Let ji,...,jq be the sampled bins. The probability
of allocating to the i-th heaviest bin is if the first £; = k samples were heavy and then we
sampled i:

d—1 4
Z l_lpl‘l:jgz <n-5[2:|

flzj 62:1

01 0k (140441 + 041 Opqa+ oo +0p4q1----04-1)
1 1
-51-...-5k-(1+5k+1+5k+1-§+5k+1-3—2+...)
3
'5k'(1+55k+1)
3
(Oxt 5Ok Ok

(6 + Ok11)s

N
SIPrIIR,3IRI3|I=3l= 3|

using that 6, < 1/3 for any k.

This verifies condition (ii) and for condition (i) we have that for any i < nd;_;

2
3n’

1
q; < . (64— +04-1) <

Hence, C; is also satisfied for e = 1/3. Since all bins i with Rank’(i) > n/3 have the same ql.t, it

follows that q; < %, so condition C, holds for C = 3/2. So, by Theorem 7.11, w.h.p. it has an
O((d — 1) - (logn)*/@~1)) gap. O

7.3.2 The (1 + f3)-process with 3 close to 1

We will now prove a bound for the (1 + f3)-proces for any f# = 1 — ¢~ 3(logmV/

O(loglogn), by showing that it is a k-RELAXED-QUANTILEg g /3 Process.

for integer k =

Lemma 7.22. Consider the (1 + f3)-process with f = 1 — e~ illogm) ™ — g gl for some integer
1 <k < kpay- Then, it is a k-RELAXED-QUANTILE, . process with € = /3 and y = 3.
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Proof. Let q' :={ be the sorted allocation vector of the (1 + f3)-process, where § = 1 — 5 1 for some
integer k > 1

First, consider any 1 < j < k. Note that as q is non-decreasing ini and f > 1—6; = 1—6;, and
forany 6;_jn+1<i<djn,

@ n-&—1@ 1
G <Tsn 21— p)- —+/5 —\5 —+1 2.5, ~=3.5;-
n n

Bli—‘

<3-(6; 1+5)—

where (a) and (b) hold by definition of (1+ f3)-process, and inequality (c)uses f = 1—6, = 1—6; =
1-6;.
j

Similar to the above, for € : ﬁ

, we can upper bound

3n n

2n/3)—1 _ 1 2 1\ 1-3p
—n2 <;+ﬂ ( )— m_— O

Ty =(1=B) - +5-

Because ¢ is non-decreasing, it follows that it satisfies C; with 6 =1/3 and € = %

Using the above lemma and Theorem 7.20, we get the following upper bound.

Theorem 7.23. Consider the (1+ f3)-process with 3 = 1— 3 (logn) /% for some integer 1 < k < kpa -
Then, there exists a constant k > 0 such that for any step m 2 0,

Pr[Gap(m) < K-k-(logn)l/k]> 1—n3

—%{log n)(k=1/k

By inverting the value of k in f =1—e , we get that

logn logn -1
1 A ——— L d k=(l (—)) -loglogn.
(s ™= g —py S\ a1 —py) ) TOEOET
Hence, if we set B = %, we get an upper bound of (9( -loglog n) bound, which matches

the lower bound in Lemma C.21 for any 1 — f§ = Q(e~1°8'") W1th c= (W)'

7.4 setting for Two-CHOICE with g <logn

7.4.1 Main setting

In this section, we will complete the proof of the (’)(lo‘z r loglog n) upper bound for any g < logn
for TWo-CHOICE in the setting. We do this by first proving the key lemma for the drop of
the super-exponential potentials (Lemma 7.24) and then complete the layered induction in Theo-

rem 7.25.

Let

1 1
=—< —, 7.4
M6k T 6-18 79

forx = % = 18 > 0 the constant in Eq. (5.19) in Lemma 5.25 and

a1 1
= < —. 7.5
%2784 " 84.6-18 (7-2)

We define the function
f(k) := (a; logn)"/* = exlog(as logn)
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which is monotone decreasing in k > 0, and for k = 1, f(1) = a; logn. This implies that for every
1 < g < a, logn, there exists a unique integer k := k(g) = 2 satisfying,

(a;logn)V* < g < (a;logn)V/CD),
This definition implies that k = © 101%)1%) and that k = O(loglogn), since g > 1.

Keeping in mind the previous inequality, we will be making the slightly stronger assumption for
g =0(1) (see Claim D.7) that

)1/(k—1) 7.6)

(a; -logn)V/k < g < (% -logn

For any g satisfying (% -log n)l/k < g < (a; -logn)'/*, we will obtain the stated O(@ -loglog n)
bound by analysing the setting for § = (a; - (logn))/* > g, since
§ < & _8 ¢ <(4ﬂ)1”‘. g :@( g )
logg logg g logg ay logg logg
We will now define the super-exponential potential functions ®,...,®;_;. The base potential

function 9, is just an exponential potential (i.e., has a constant smoothing parameter) defined as

n

n
®p = Py (g, 20) = Z(I)f),i = Zexp(az (i —zo)+), (7.7)
i=1

i=1

where a, := g—i and z; := c5- g for some sufficiently large constant integer ¢; > 0 (which was defined
in Eq. (5.36) in Lemma 5.33). Further, we define for any integer 1 < j < k—1,

n n
<I>j. = <I>;(a2 - (logn) - gj_k,z.) = Zcbj.’i = Zexp (a2 - (logn) - gj_k (i —zj)+), (7.8)
i=1 i=1

where the offsets are given by

4 .
Zj :=c5-g+[—-|-]-g. (7.9)
%)
We further define
n n
W = Wo(an,20) 1= D 05 = > exp (- (3F —20)"), (7.10)
i=1 i=1

and for 1 <j<k—1,

n

\Il; = \I/;(al -(logn) - g/ %, 2.) = Z\I/jl = Zexp(al -(logn) - g/~ i —zj)+). (7.11)
i=1

i=1
We are now ready to prove the key lemma for the layered induction.

Lemma 7.24. Consider the setting for any g € [log(2C), a; logn], for the constant C = 8
defined in Theorem 5.34 and a; > 0 defined in Eq. (7.4). Further, let k := k(g) = 2 be the unique
integer such that (a;logn)/* < g < (aylogn)/®=D. Then, for any integer 1 < j < k—1 and any
step s = 0, ‘1’;—1 < Cn implies K o
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Proof. Consider an arbitrary step s with @; < Cn. Recall the definition of le(pJ 2

_ | L
R, (a) = {Vle[n]; yizm—1 > gt 1,,]}.

Thus, we want to bound the probability to allocate to a bin i € [n] with load y; > z;—1. In order to
do this, we will bound the number of bins £ € [n] for which the adversary can reverse the comparlson
of i and ¢, by bounding the ones with load y; = z; —1—g. Recall that z; :=c¢5- g + |— ] -j-g. In
the analysis below we make use of the following simple bound for 1 < j < k -1,

4 3
az a2

using that a, < 1/2. We consider the cases j = 1 and j > 1 separately as ®, has a slightly different
form than ¢;_; for j > 1.
Case 1 [j = 1]: The contribution of any bin ¢ € [n] with load y; > z; —1—g to & is,

)+ ( ) eSg

(I)BE — 6052'(}’5—540)+ > eaz-(zl—l—g—z
Hence, when {&; < Cn} holds, the number of such bins is at most

_ e — n _
Cn-e38=Cn-e$-e28<=.¢ 2g’

N

using that g > log(2C). Hence, the probability of allocating a ball to a bin i € [n] with y; > z; —1
is at most that of sampling i and a bin £ € [n] with y; >z, —1—g, i.e., at most

using that v; := a; - (logn) - g' ¥ < g, as g = (ay logn)'/x.
Case 2 [j > 1]: The contribution of any bin ¢ € [n] with load y; > z; —1—g to <I>s _ 1s,

i—1-k (7.12) . i1k (3 ik
@5_1[ — eazl(logn)-gl 1 (¥—2j-1) > eaz (logn)-g’ (az g) — 63~(logn)-g1 .

Hence, when {<I>j._1 < Cn} holds, the number of such bins is at most

Cn- e—3-(10gn)~gj7k < n . 6—2'(10gn)'gj7k’
2
) 3 ik g2 - - -
using that e (logn)-g’ < e (logn)-g (logn) 8 allogn <e log(2C) — _C SlIlCe] >1, gs< (al log Tl)l/(k 1),

g = log(2C) and a; <
Hence, the probablllty of allocating a ball to a bin i € [n] with y] > z; —1 is at most that of
sampling i and a bin £ € [n] with y; > z; —1—g, i.e., at most
¢<2 1 % e 2logmg _ L 2togmet ¢ Ly
n

=
=

recalling that v; := a, - (logn) - g/ fora; < 1.

Combining the two cases, we conclude that the event K*, _ holds at step s. O
J» J

Theorem 7.25. Consider the setting for any g € (1,logn]. Then, there exists a constant
K > 0 such that for any step m = 0,

-3

Pr[Gap(m) <K loglogn] =Z1—n

log g
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A

Proof. Let gmin := max{log(ZC), 7 Ja_l} We consider three cases depending on the value of 1 <
g < logn:

Case 1 [min{%,cé} -logn < g < logn]: (for cg > 0 as defined in Eq. (5.22)) In this case, the
O(logn) upper bound follows by the O(g + logn) upper bound of Theorem 5.26.

Case 2 [1 < g < gminl: For 1 < g < gy, £ is constant and the O(loglogn) upper bound on the
gap will follow by considering the setting with g§ = [ g, |- This setting encompasses

as g = g and is analysed in Case 3.

Case 3 [gnin < g < min {%, c6} -logn]: Recall that for any g < a; logn, we defined the unique

integer k := k(g) = 2 satisfying,

(a;log n)llk < g <(aylog “)1/(k_1),

and as explained in Eq. (7.6), since g < % logn, we may assume that the following stronger condi-

tion holds )
(a;logn)* < g < (% logn)

>

Let t; := m—2n(k — j)log*n for any integer 0 < j < k — 1. We will proceed by induction on
the potential functions &;. The base case follows by applying Theorem 5.34 (using g < c¢logn and
to = m—nlog®n),

where the inequalities are valid using Claim D.7 and that g =

Pr et <cnl | =21—n* (7.13)
(N {ey<cn}

te[tg,m]

We will now prove the induction step.
Lemma 7.26 (Induction step). Consider the setting for any g > max { log(2C), 4?/_3_1
satisfying (a; logn)/* < g < (%log n)0=D for some integer k > 2, where C > 0 is the constant
defined in Theorem 5.34 and a, a, > 0 are defined in Eq. (7.4) and Eq. (7.5). Then, for any integer
1<j<k—1andanystep m= 0, if it holds that

(logn)8U—1)
t
Pr| () {#f, <Cn} | >1-—=2—,
te[tj_q,m]
then it also follows that )
logn)®
pr| () {ei<cCn}|> - dogm)”
te[t;,m] n

Proof of Lemma 7.26. Consider an arbitrary integer j with 1 < j < k— 1 and assume that
(log n)8G—1

t
Pri () {8, <cCn}|>1 -

te[tj_1,m]

By Lemma 7.24, we have that {&{ ; < Cn} implies szp_ . - Furthermore, {<I>Jt.j: | < Cn} also implies
1°7]
{Gap(t;_4) < log? n}. Hence, it also holds that

_ (log n)80-D

Pr {Gap(tj_1)<log2n}ﬂ ﬂ Ef]_’zj >1 "

te[tj_y,m]

(7.14)
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Applying Lemma 6.2 for the potentials ®; and ¥;, since ¥; = ¢; = a, - (logn) - g/ 7* > a, - (logn)-
g *>4@sg< (% logn)Y/®=1)) for any step t > 0 it holds that

_ 1
E[ o 5K, } <ol (1——)+2 (7.15)

and

_ 1
t+1 t t t
E[\Ilj 3”%,2]}@6 (1——)+2 (7.16)

Hence, by Eq. (7.15), Eq. (7.16) and Eq. (7.14), the preconditions of Theorem 6.9 are satisfied for
starting step t; :=m—2n(k —j) - log*n, P := (logn)®Y=Y/n* and terminating step at  := m, and
so we conclude (since C = 8) that

pr| () {et<cn} >1—+. 0
teft;,m] n

Returning to the proof of Theorem 7.25, inductively applying Lemma 7.26 for k — 1 times and
using Eq. (7.13) as a base case, we get that

pr| (] {e,_,<cn}|>1-
telty_1,m]

using in the last step that k = O(loglogn). When {®; ; < Cn} occurs, the gap at step m cannot be
more than z; :=csg + |_ai2-| -k - g, since otherwise we would get a contradiction

Cn=®' | >exp (az -(logn) - gDk . (g, _Zk—l))
= exp (az -(logn)-g - ([aiz] . g)) > exp(4-logn) = n*.

Hence, Gap(m) < g, =csg + [aiz] ‘k-g.
By the assumption on g, we have

1/(k—1) 1 lo logn
g<(%10gn) = logg< ——- log(—logn) = k<1+M
4 k—1 4 logg

using that g > 1. Since a5, > 0 and c¢; > 0 are constants, we conclude that there exists a constant
K > 0 such that

Pr[Gap(m)<K ]21—n‘3. O

In the above, we actually proved the following slightly stronger corollary, which we will use in
Section 7.4.3. This is based on the insight that, in order to prove the above gap bound at step m,
the only assumption on the steps [0, t,), with t, := m —nlog®n— A,, is that the coarse bound of
O(glog(ng)) on the difference between maximum and minimum load must hold at step t, (see,
e.g., Lemma 5.23 and Theorem 5.34). While during the interval [ t,, m] the process is required to be
an instance of , in the interval [0, t;) the process can be arbitrary as long as the coarse
gap bound holds at step .

Corollary 7.27. Consider any g € (1,logn], m =0, ty := m—nlog°n—A, for A, := A.(g) > 0as
defined in Lemma 5.23 and c3 > 0O the constant in Theorem 3.21. Further, consider a process which, in
steps [toy, m], is an instance of setting. Then, there exists a constant K > 0, such that

-3

Pr[ Gap(m) <Kk -loglogn | §', max|y | cgglog(ng):| =1—n

logg
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7.4.2 Relaxed setting

In order to analyse the , and probabilistic noisy settings, we study the relaxed
setting, where in most steps the adversary uses a g, < g;. To make this more specific,
consider an arbitrary instance of and define D' as the set of pairs of bins (of unequal

load) whose comparison is reversed with non-zero probability by the adversary G* to allocate ball
t+1,

D(3) = {(i,/) € [n] x [n]: y{ > y{ A(G'(3",1,5,1) > OV G'(§",],1,2) > 0)},

and then define the largest load difference that could be reversed by the process at step t + 1,

¢'(FH):= max

Lyt
(i,))€Dt(F) Vi

This can be seen as the “effective g-bound” of the process in step ¢t + 1. Note that g' < g; holds
deterministically.

Lemma 7.28. Consider the setting for any g, € [1,nlogn], and consider any g, €
[1,log?n]. If for every step t = 0, we have

Prgi<g|>1-n"
then there exists a constant K > 0 such that for any step m = 0,

&2

Pr [ Gap(m) <k - 2
lo

-loglogn} Z1l—n"-.

&2

Proof of Lemma 7.28. Let P be a process satisfying the preconditions in the statement and we will
define the auxiliary process P, for some step t, = O (to be specified below). Consider the stopping
time o :=inf{s > t; : g’ > g,}. Then, the auxiliary process ﬁto is defined so that

* in steps s € [0,0), it makes the same allocations as P, and
* in steps s € [0, 00), it makes the same allocations as the process.

This way P, ,isa process for all steps s = t,. Let ¥ be the normalised load vector for
75%, then it follows by the precondition that w.h.p. the two processes agree for any interval [ ¢, m]
with m—t, <n®, ie,

Pr ﬂ {y¥)’=y}|=Pr ﬂ {(¢<g}|=1-ntnP=1-n"3 (7.17)

s€[tg,m] s€[tg,m]

For m < n3, the upper bound follows directly by Theorem 7.25 for ﬁo and taking the union
bound with Eq. (7.17), i.e., that P, agrees with P.

For m > n®, the analysis is slightly more challenging. We need to show that the process recovers
from the weak upper bound obtained from the setting. Let I' := I['(y) be as defined
in Eq. (3.1) with y := —log(1 — 17%)/ go for the 75% process (i.e., the y load vector). Also, let
to:=m—n®and t; := m—nlog®>n— A, where A, := A,(g,) = ©(ng,(log(ng,))?) is the recovery
time defined in Lemma 5.23. In this analysis, we consider the following three phases (see Fig. 7.2):

* [0,ty]: The process P is an instance of the setting with g; = nlogn. Hence, by
Theorem 3.21, it follows that at step t, w.h.p. Gap(t,) = O(nlog?n).

* (to,t1]: The process P w.h.p. agrees with ﬁto which is a process. We will use
an analysis similar to that in Section 3.3 to prove that w.h.p. Gap(t;) = O(g,log(ng,)).
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AN
Gap(t)

instance instance
Phase 1 Phase 2 Phase 3

nlog®n

g2 log(ng,)

logg -loglogn

T drops in expectation Corollary 7.27

Figure 7.2: The three phases in the proof of Lemma 7.28.

* (t1,m]: The process P w.h.p. continues to agree with 73t which is a process and

so by Corollary 7.27 this implies that w.h.p. Gap(m) = O(k)gg -loglog n).

Phase 1 [0, t,]: Using Theorem 3.21 (iii) (for g := nlogn) and for c5 > 0 being the constant
defined in Eq. (3.32), we have that,

Pr|:ma)]<|y | 3c3n10g2n] = 1—n_14, (7.18)
le n
using c;g log(ng) < c3n -logn - log(n? -logn) < 3csnlog?n.
Phase 2 (t(,t;]: Let us now turn our attention to the interval (¢, t;], where P, is a

process. So, by Theorem 3.21 (i) (for g := g5), there exists a constant ¢; = 1, such that for

any step t = t
E[ I g ] <1t (1— 1) +¢,.

At step ty, when {max;c[, |yt | < 3c3nlog n} holds, we also have that I''o < < 2n-edresnlog’n, Hence,
applying Lemma B.1 (i) (witha=1— 64n and b = ¢;), for step t; we have

E[rfl

gto’max|5/’it | 3cynlog? n] E[rfl
i€[n]

Sto r'o < 2n- eBycgnlog n i|

ti—to  64c
grto'(l_i)l T T
64n »
(é) on . e3resnlogin  p—gmogn® % ‘n
Y
< 100c, o
Y

using in (a) thate“ > 1+uand t; —ty, = %n?’. By Markov’s inequality, we have that,

pr [rn 100c;
Y

TP, max\y ’ 3c3n10g2n] >1-n2,

lEn

100¢; |

When the event {Ftl < n4} holds, it implies that

1 100
Gap(t;) < ; (log( Ycl)+4logn) @ i‘? (O(l)+log( 3g62)+410gn)<c3g210g(ng2),
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using in (a) that ¢ := Yl—géz (defined in Eq. (3.32)). Therefore,

Pr[ max |j/'it1| < 38, log(ng,) 3t0,l;re1farl>]< |j/’l.t°| < 3c3nlog? n] >1-—n3. (7.19)

i€[n]
Phase 3 (t;, m]: Now, we turn our attention to the steps in (t;, m], where P, , s again a
process. Therefore, applying Corollary 7.27 (for ty := t; = m—nlog’n— A, and g := g,),
there exists a constant K > 0 such that

&2
logg

Pr[GapﬁtO(m) <K- ) -loglogn Stl’g% {7:1’ < 38, log(ng,) ] >1-n3, (7.20)

By combining Eq. (7.18), Eq. (7.19) and Eq. (7.20), we have that

Pr [ Gap73tO (m)<«x- loiz

e -loglogn] = (1 —n_14) . (1 —n_3) . (1 —n_3) >1-3n"3.
2

Finally, by Eq. (7.17) we have that w.h.p. P and P, , agree in every step in [t(, m], so by taking the
union bound we conclude

Pr[GapP(m) <K- 82
o)

log g5

-loglogn:|>1—3n_3—n_3>1—n_2. O
7.4.3 Applications

An upper bound for the probabilistic noise setting

Proposition 7.29. Consider the setting with p(8) being any non-decreasing function
in & with lims_,oo p(6) = 1. For any n € N, define §* := §*(n) = min{6 > 1: p(6) = 1—n"*}%.
Then, there exists a constant k > 0, such that for any step m = 0,

Pr[max |yl’"| < k- 6%log(né™) ] >1—n".
i€[n]

Note that for the process where p(6) has Gaussian tails (see Eq. (2.3)), we have
6" = O(o - 4/logn). The choice of 6* in Proposition 7.29 ensures that in most steps, all possible
comparisons among bins with load difference greater than 6* will be correct, implying that the
process satisfies the condition of with g = 6.

Proof. We will analyse the hyperbolic cosine potential T' := I'(y) as defined in Eq. (3.1), with y :=
—log(1— ng) /5%, We first state a trivial upper bound on E[ T**! | §' ] in terms of T't, which holds
deterministically for all steps t 2 0 (cf. Lemma 5.28 (i)),

n n
r*l =T <> el T =ef T < (1+2y) T,
i=1 i=1
using that e’ < 1+2yfor0 <y <1.

We will now provide a better upper bound, exploiting that with high probability all possible
comparisons between bins that differ by at least 6* will be correct. Again, consider any step t = 0.
Let us assume that in step t, we first determine the outcome of the load comparisons among all n?
possible bin pairs. Only then we sample two bins, and allocate the ball following the pre-determined
outcome of the load comparison. For any two bins i,, i, € [n] with |xl.t1 — fo| > 6*, we have

plx{ —x{ )= p(6)=1—n""

!Not to be confused with the optimal quantile in QUANTILE(6*).
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Hence by the union bound over all n? pairs, we can conclude that with probability at least 1—n~2, all
comparisons among bin pairs with load difference at least 6* are correct. Let us denote this event by
G', so Pr [ Gt ] > 1—n"2 for every step t = 0. Conditional on G, the process in step t is an instance
of with g = 6*. Therefore, by Theorem 3.21 (i), there exists a constant ¢; = 1, so that
the hyperbolic cosine potential satisfies

t+1 | wt ot t, _L)
BT 5,6t <1 (1 o) +er

Now combining our two upper bounds on E[ T**! | §* ], we conclude
E[ |3 ] <E[ T 3,6 ] Pr[gf J+E[ T [ ] (1-Pr[ ¢ ])
CE[r 5,6 ] (1—n?) +E[ 17 § ]2
< (Ft-(l—a}/n)+c1)-(1—n_2)+(1+2y)-f‘t-n_2
<rf-(1—$)+cl—rf-n—2+rf~é

n
Y
STt (1—=——|+¢,
( 96n) ‘1

using in (a) that Pr[gt] >1—n"2. So, using Lemma B.1 (ii) (witha =1— 9% and b = ¢;) since

24T n 24T 2y 02

’=2n< %-n,wegetforanyt?O,
100c
E[I']<—21n
Y
Using Markov’s inequality yields, Pr[ rt> % . n4] < n~3. Now the claim follows, since the event

{Ft < 1% . n4} for y = ©(3: ), implies that

Y
1 100
max’y” < —log( a -n4) = O(6* - log(nd™)). O
i€[n] Y Y
Upper bounds for delay settings
In this section, we will prove tight upper bounds for the Two-CHOICE process in the and the

settings for a range of values for the delay parameter T and batch size b. In particular
for T = n, we show:

Theorem 7.30. Consider the setting with T = n. Then, there exists a constant k > 0 such
that for any step m = 0,
Pr[Gap(m) < K-loi} >1—n2.
loglogn

This implies the same upper bound for the setting for b = n, since it is an instance of
the setting with 7 = n. This bound improves the O(logn) bound in [28, Theorem 1] and
can be easily seen to be asymptotically tight due to the Q(k}g"l%) lower bound for ONE-CHOICE with
n balls (Observation C.5).

We will analyse using a more general approach which also works for other choices of the
delay parameter 7 < nlogn. First note that is an instance of with g; :==7—1.
This follows since for all steps, a bin could sampled (and be allocated to) at most 7 —1 times during
the last T — 1 steps. However, for a typical execution we expect each bin to be incremented much
less frequently during the last T — 1 steps, and thus the process is with high probability an instance
of for some g, < g;.

We will now use Lemma 7.28 to prove Theorem 7.30.
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Proof of Theorem 7.30. Any bin can be allocated to at most n—1 times during an interval of T —1 =
n—1 steps, so an adversary with g; = n— 1 who is also aware of the entire history of the process,
can simulate at any step t, by using the allocation information in steps [t —n, t].

To obtain the bound for g,, note that in Two-CHOICE, at each step two bins are sampled for
each ball. So in n—1 steps of TWO-CHOICE, there are 2(n — 1) bins sampled using ONE-CHOICE. By
the properties of ONE-CHOICE (Corollary B.21), we have that for any consecutive n — 1 allocations,
with probability at least 1 —n~® we sample (and allocate to) no bin more than 11logn/loglogn
times. In such a sequence of bin samples, we can simulate using with gy =
11logn/loglogn. Hence, for any step t = 0,

Pr[gi<g,|>1-n".

Since the precondition of Lemma 7.28 holds for g; =n—1 and g, = 11logn/loglogn, we get that
there exists a constant xk > 0, such that

1
pr[Gap(mKK-ﬂ}M—n—Z. 0
loglogn
The same argument also applies for any © € [n-e 16" nlogn]. For ONE-CHOICE with 27
balls the gap is w.h.p. polylog(n) (e.g., see Lemma B.20) and so we can apply Lemma 7.28 with
g2 = polylog(n), to obtain the gap bound of

&2 -loglogn = ©(g,).
log g,
Corollary 7.31. There exists a constant k > 0, such that the setting with any 7 € [n -

e 198°" nlogn], where ¢ > 0 is any constant, for any step m = 0, it holds that

logn

Pr| Gap(m)<x-——=— [>1—n"2
P log (47” -log n)

Remark 7.32. A matching lower bound holds for the setting for any batch size b € [n -
e~19¢°" nlogn]. This follows by the lower bound for ONE-CHOICE with b balls (e.g., see Lemma B.24)

which matches the gap of in the first batch (Observation C.5).
Therefore, Corollary 7.31 and Remark 7.32 establish that w.h.p. Gap(m) = @(MWL"%) for
the setting for any b € [n- e '°¢ " nlogn]. However, the following remark (which also
applies to the setting), establishes that there are regions where the setting has

an asymptotically worse gap than ONE-CHOICE with b balls.

Remark 7.33. For any © (or b) being n'~¢ for any constant € € (0,1), the ONE-CHOICE process has
Gap(b) = O(1) w.h.p. (see Corollary B.22). Hence, by Lemma 7.28 with g, = O(1), has for
any step m = 0, Gap(m) = O(loglogn) w.h.p., which is asymptotically tight by Observation C.7 for
m=n.

7.5 setting: Tighter bounds

In Section 3.2.2, we proved an (9(% -log n) bound for processes satisfying conditions C; and C,, and

in Section 3.2.3, we proved an O(\/g -log n) bound for processes satisfying conditions C; and Cs.
In this section, using an interplay between two potentials, we improve these bounds to (’)(% +log n)

and (’)(1/ % -log n) respectively, which are asymptotically tight as we show in Appendix C.1. More
specifically, we prove the following two theorems with their direct corollaries for concrete processes.
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Theorem 7.39 (Restated, page 157). Consider any SEQUENTIAL(q") process with q" satisfying con-
dition C; for constant &6 € (0,1) and constant € € (0,1) as well as condition C, for some constant
C > 1, at every step t = 0. Further, consider the setting with any n < b < n®
and weights from a (S) distribution with constant S = 1. Then, there exists a constant
Kk :=k(6,¢€,C,S) > 0, such that for any step m = 0 being a multiple of b,

b
Pr[maxyi’"<r<-(—+logn)] >1-—n"2
n

i€[n]

Corollary 7.34. Consider the setting with any b € [2nlogn, n®] and weights
from a (S) distribution with constant S = 1. Then, for the TWO-CHOICE, the (1 + f3)-
process and the QUANTILE(®) process with constant 6 > 0, € (0,1), we have that there exists a
constant k := k(S) > 0 such that for any step m = 0 being a multiple of b,

b
Pr[maxyi’"<r<-(—+logn)] >1-—n"2.
n

i€[n]

Theorem 7.35. Consider the setting with any b € [2nlogn,n®] and weights
from a (S) distribution with constant S = 1. Further let ¢ = 4/(n/b)logn. Consider

any SEQUENTIAL(q") process with probability allocation vector q' satisfying condition C; for constant
6 €(0,1) and € as well as condition C5 for C = 1+ ¢, at every step t = 0. Then, there exists a constant
K :=«(6,8) > 0, such that for any step m = 0 being a multiple of b,

| b
Pr[maxyim<;<- —-logn]>1—n_2.
i€[n] n

The following corollary gives concrete instances of processes that give asymptotically better

bounds for the setting than Two-CHOICE.
Corollary 7.36. Consider the setting with any b € [2nlogn, n®] and weights
froma (S) distribution with constant S = 1. Then, for the (14 ) and the (QUANTILE(1/2),

ONE-CHOICE) processes with 3 =1 = 4/(n/b) - logn, we have that there exists a constant k := k(S) >
0 such that for any step m 2 0 being a multiple of b,

| b
Pr[maxyim<;<- —-10gn]>1—n‘2.
i€[n] n

The proofs of these two theorems (Theorems 7.35 and 7.39) are quite similar, so we only present
the details for Theorem 7.39 and refer the reader to [114] for the proof of Theorem 7.35.

7.5.1 Proof outline of Theorem 7.39

There are two key steps in the proof of Theorem 7.39:

Step 1: Similarly to the analysis in Chapter 4 and Chapter 6, we will use two instances of the
hyperbolic cosine potential, in order to show that it is concentrated at O(n). More specifically, we
will be using I := I7(y;) (defined in Eq. (3.1)) with the smoothing parameter y; := 40,2—52.52 .
min{@, %} and T, := T,(y,) with vy, := %, i.e., with a smoothing parameter which is a large
constant factor smaller than y;. So, in particular I; < I7 atany step t > 0. Also, note that by varying
b € [n,nlogn], both smoothing factors do not change, but this will not affect the upper bound, as
we shall see below.

In the following lemma, proven in Appendix D.5, we show that w.h.p. T, = O(n) for log®n
consecutive batches.
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Lemma 7.37 (Restatement of Lemma D.8). Consider any process satisfying the conditions in Theo-
rem 7.39. Let ¢ :=2- % where ¢ := c¢(6) > 0 is the constant from Theorem 3.2. Then, for any step
t 2 0 being a multiple of b,

Pr ﬂ {I‘Zt+]b<c~n} >1—n>.
j€l0,log® n]

The proof follows the usual interplay between the two hyperbolic cosine potentials, in that con-
ditioning on I} = poly(n) implies that AT} ™" = O(} - n'/4) (Lemma D.10 (ii)). This in turn allows
us to apply a bounded difference inequality to prove concentration for I,. In contrast to Chapter 4
and Section 6.3, here we need a slightly different concentration inequality Theorem B.12, as in a
single batch the load of a bin may change by a large amount (with small probability). The complete
proof is given in Appendix D.5.

Step 2: Consider an arbltrary step s =t + j - b where {I; < ¢-n} holds. Then, the number of
bins i with load y; at least z : E log(c/6) = ©(max{b/n,logn}) is at most cn - e~ 72* = én. With
this in mind, we define the following potential function for any step t = 0, which only takes into
account bins that are overloaded by at least z balls:

A=A ALZ) = Y Ali= Y MU,
iyf>z iyf>z

nlogn

where A := min { s } This means that when {T’; < ¢-n} holds, the probability of allocating to
one of these bins is g} < ==, because of the condition C;. Hence, the potential drops in expectation

over one batch (Lemma 7.38) and this means that w.h.p. A™ = poly(n), which implies that Gap(m) =
O(z+ A7 -logn) = O(b/n +logn) gap.
7.5.2 Completing the proof of Theorem 7.39

We will now show that when I} = O(n), the stronger potential function A* drops in expectation.
This will allow us to prove that A™ = poly(n) and deduce that w.h.p. Gap(m) = O(b/n + logn).

Lemma 7.38. Consider any process satisfying the conditions in Theorem 7.39. Let € := 2 - 5 where
¢ :=c(6) > 0 is the constant from Theorem 3.2. For any step t = 0 being a multiple of b,

— leb

EAt+b|$t cn]<A ~e 2

CA
+n-enh

Proof. Consider an arbitrary step t 2 0 being a multiple of b and consider a sorted labelling of the
bins. Assuming that {I); <€ n} holds, the number of bins with load yit = gz is at most

Con-e2?=C.n-e 1080 =5.p,

For any bin i € [n] with y = z, we get as in Eq. (3.18) (using that A < 1),

b
E[A§+b|gf]</\§-(1+(q —1) A+2-q! SAZ) .

The upper bound on E[ At*? |Sf, I, <C-n ] is maximised when q; = =€ using Lemma B.2 since
there are at most én such bins (i.e., i < 6n). So,

2 b
> E[A? \gf,r2f<’5-n](2 >, Af-(1—%+2-c-s-%)

iy{>z iy{>z
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b b ‘.
SRR R

iyf>z i:yf>zz

using in (a) that ql.t < %, in (b) that A < 755 and in (c) that 1 +v < e” for any v. For the rest of the
bins with i > én,

STEA 5] A (14 (g 2) A aqsa2)

iyf<z iyf<z

(@ C 1 C b

< AL 1+—-A——-A+2-—-s7@)
Z ' ( n n n
ity; <z

(b) CA\? © CA\? (@) a

< Al1+==) < 1+—] < Wb
Z ! ( n ) Z ( n ) Z e
ity; <z ity; <z ity; <z

using in (a) that q; < %, in (b) that A < 4zg, in (c) that A < 1 (as there are at most 5n bins with
normalised load at least z) and in (d) that 1+ v < ¢” for any v.
Aggregating the contributions over all bins,

~ _2e, CA, Ae CA
E[A”b {32F§<c~n]< Z Af-emm P+ Z en P A eTm P 4 pen D, O
iy{>z iyf<z
Theorem 7.39. Consider any SEQUENTIAL(q") process with q' satisfying condition C; for constant & €
(0,1) and constant € € (0,1) as well as condition C for some constant C > 1, at every step t =
0. Further, consider the setting with any n < b < n® and weights from a

(S) distribution with constant S = 1. Then, there exists a constant k := k(6,€,C,S) > 0,
such that for any step m 2 0 being a multiple of b,

Pr[maxy -(é+logn)]>1—n_2.
n

i€[n]

Proof. Consider first the case when m = b -log®n. Let ty = m—b -log®n. Let £ := {T, <¢-n}.
Then using Lemma D.8,

Pr| () &Pt l>1-n"2 (7.21)
jel0,log® n]
We define the killed potential A, with A := A% and for j > 0,

Ktotjb . aAto+ih
Atotib .= A AR

By Lemma 7.38 for t =ty + j - b, we have that

E[/N\fo+(j+1)'b | gto+j'b’gto+s~b :| < Rtotib. e_l ‘. ecnx b

When £0*7'? does not hold, it follows deterministically that A+*U+Db — Ato+j'b — o Hence, we
have the following unconditional drop inequality

C?Lb

E[ AU | gtotib [ Rotib. o5 4 p. (7.22)

Assuming £ holds, we have

~ 2
maxy —~(logc+logn)<—~logn,
i€[n] Y2 Y2
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for sufficiently large n. Recalling that v, = ©(A - logn), there exists a constant x; > 0 such that
Ao <o’ < eralog’n,
Applying Lemma B.1 to Eq. (7.22) with a := e_%'b and b:=n- e%'b for log> n steps,
pplying q g P
LS b
et 15ne R <2n. e R Lo nltre,

(7.23)

~ ~ 2 2 3
E[Am ‘ &tO,AtO < eKl log“n ] < eKl log“n . alog n + ]
—a

using in (a) that %—fl -b=Q(1) and a is a constant < 1 and in (b) that C% -b < k5, -logn for some

) . 1
constant k, > 0, since A = min { 755, 2" }.

By Markov’s inequality, we have

Pr[/N\m < 2.-pttre

Sto’xto < exllogzn :| >1 _n—S.
Hence, by Eq. (7.21),

Pr[A"<2.n**2 ] =Pr[ A" <2-n*™ 2| gl ].Pr[ ] > (1-n%)- (1-n%)>1—-2n72
(7.24)

Combining Eq. (7.21) and Eq. (7.24), we have

Pr[A"<2-n**2 ]>Pr| {Am<2-n*}n (] oMt >1-2nP—nP>1-n2

jel0,log® n]
Finally, {A™ < 2 - n***2} implies that
log2 1
maxy" <z+ 282 +—-(4+k,) -logn=0(b/n+logn),
ie[n] A A

since A = min {4%, nl%gn} = ©(max{b/n,logn}), so the claim follows.

For the case when m < b -log® n, note that A’ < n deterministically, which is a stronger starting

point in Eq. (7.23) to prove that E[ A™] < 2-n!'**2, which in turn implies the gap bound. O
7.6 setting for TwWo-CHOICE

7.6.1 in the setting

In [152], the authors proved bounds on the gap for the (1 + f3)-process (in the setting without
batches) where balls are sampled from a (&) distribution with constant { > 0. Then,
they used a majorisation argument to deduce gap bounds for the setting for the Two-
CHOICE process (from here onwards referred to just as ). However, due to the involved

majorisation argument not working for weights, all results for graphical allocation in [152] assume
balls are unweighted. This lack of results for weighted graphical allocations is summarised as [152,
Open Question 1]. By leveraging the results in previous sections, we are able to fill this “gap”.

For a d-regular (and connected) graph G, let us define the conductance as:

|E(S,V\S)I
min —_—t
scv:i1<lsi<n/2 |S|-d

$(G) ==

where |E(S,V \ S)| counts (once) the edges between the sets S and V \ S. We will call a family of
graphs an expander, if ¢ is at least a constant bounded below from 0 (as n — ©0).

158



Lemma 7.40. Consider on a d-regular graph with conductance ¢. Then, in any step t = 0,
the sorted allocation vector q" satisfies for all 1 < k < n/2,

Further, max;e[,1q; < 2. Thus, the vector ' satisfies condition C, with & =1/2, € = ¢ and condition

Cy with C = 2.
The proof of this lemma closely follows [152, Proof of Theorem 3.2].

Proof. Fix any load vector x' in step t. Consider any 1 < k < n/2. Let S; be the k bins with the
largest load. Hence in order to allocate a ball into S, both endpoints of the sampled edge must be
in Sy, and so

2-|E(Sk, Sl _ d-k—¢-d-k
2-1E| n-d

q._

k
k
lt = = (1 - ¢) )
i=1 n
where the inequality used that d-|S;| = |E(Sy, V\Si)|+2-|E(Ss, Si)| and the definition of conductance
¢ . Now, we will consider the suffix sums for n/2+1 < k < n. We start by upper bounding the prefix
sum up to k—1,

Sig <l dV\Sl90d (k-Dd (k4 D):¢od_ (k=D-(n_k+D)-¢

< L nd nd n
i=1

where the inequality used our assumption that G has conductance ¢. Therefore, we lower bound
the suffix sum by

n k—1
- - k—1)—(n—k+1)- n—k+1
Eq{=1—§q§>1—( ) (n )¢:(1+¢)-T.
i=k i=1

Hence, q' satisfies condition C; with € = ¢.
Finally, we also know that g} < d-gﬁ = %, for any bin i € [n], since in the worst-case we allocate
a ball to bin i whenever one of its d incident edges are chosen. O

The next result is for the non-batched setting.

Theorem 7.41. Consider on a d-regular graph with conductance ¢ > 0. Further, assume
that balls are sampled from a (S) distribution with S > 1. Then, there exists a constant
K > 0 such that for any step m = 0,

Pr[maxlyi’“I < K'S'—i| >1—n2.
i€[n]

Proof. By Lemma 3.5, we have that for the potentials ® := ®(y) and ¥ := ¥(y) with y := %,
2

E[A¢§+1|xt]<¢f'((61§—%)-r+4§-%),
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and
t+1 t t 1 t Yz
E[ A0/ x ] <wf-( (= —qf |-y +4s-—|.
n n

Hence, applying Theorem 3.2 for € := ¢, 6 := 1/2, we get for the potential I' := I'(y) and any step
mz=0,

8
E[rm]<§~n,

for some constant ¢ := c¢(6) > 0. Hence, by Markov’s inequality
8¢
Pr[l“m < g-nB] >1-n2

The event {I'™ < £ - n®} implies that

8c 328 logn
M <log = |+3- =21 :o(s-—). O
max o <log(5 ) +3- 5 togn=0(s- %3
The next result is a Theorem 7.41 which applies for the setting.
Theorem 7.42. Consider on a d-regular graph with conductance ¢ > 0. Further, consider
the batched setting with b =2 n and assume that balls are sampled from a () distribution

with constant { > 0. Then, there exists a constant k := k({) > 0 such that it holds for any step m = 0
being a multiple of b,

Pr| max|y"| <k -— - —— |>1—n"2.
[l < x5 [ 21

Further, if the conductance ¢ is lower bounded by a constant > 0 (i.e., G is an expander), and n < b <
n3, then there exists a constant k := k({) > 0 such that for any m = 0 being a multiple of b,

b
Pr[y{"<x~(;+logn)]>1—n_2.

Note that our first gap bound generalises [152, Theorem 3.2], which is a gap bound of O(log”)

in the setting without batches and weights. Similarly, our second result extends the O(logn) bound
from [152] for expanders, and proves that the same gap bound applies in the
setting with any b = O(nlogn).

Proof. The first result follows directly from Lemma 7.40 and Theorem 3.14. For the second result,

€ = ¢ is a constant > 0, and we can apply the refined gap bound from Theorem 7.39. O
7.6.2 on dense expanders
We now analyse the setting on dense expander graphs. To this end, we first recall some

basic notation of spectral graph theory and expansion. For an undirected graph G, the normalised
Laplacian Matrix of G is an n x n-matrix defined by

L=1-D12.A.DY2

where I is the identity matrix, A is the adjacency matrix and D is the diagonal matrix where D, ,, =
deg(u) for any vertex u € V. Further, let A; < A, < --- < A, be the n eigenvalues of L, and let
A 1= max;¢[3 1|1 — A;| be the spectral expansion of G. Further, for any set U C V define vol(U) :=
> eu deg(v). Note that for a d-regular graph, we have vol(U) = d - |U| and vol(V) = dn.

We now recall the following (stronger) version of the Expander Mixing Lemma (cf. [52]):
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Lemma 7.43 (Expander Mixing Lemma). For any subsets X,Y C V,

vol(X) - vol(Y) \/ vol(X) - vol(X) - vol(Y) - vol(Y)
|2E(X’Y)|_T(V) <A vol(V) ;

where vol(X) = vol(V \ X).
In the following, we consider G to be a d-regular graph.

Proposition 7.44. Consider on a d-regular graph G with spectral expansion A. Then, at
any step t = 0, the sorted allocation vector q" satisfies the following three inequalities.

(i) Forany1<k<A-n,

~ k
g <21--—.
- n

k

(ii) Forany A-n<k,

(iii) Forany 1<k <n,

S| =

Zq§< -(1—(1—1)- n;k).

Proof. First statement. Fix 1 < k < A-n. and let S, be the k bins with the largest load. Using
Lemma 7.43 for X =Y = S;:

2IE(S,.S,) < d- Skl - 1Sk] e d|Sil(n— 1Sk ) <d. ISk - ISkl L ad- 1S,
n n
Since |Si| < A - n, we conclude that
2|E(Sy, Si)| < 2Ad - |S|.
Note that in , we allocate a ball to one of the k bins with the largest load if and only if we

sample an edge in E(Sy,S;). Using this and the upper bound on |E(S, S;)| from above, it follows
that

ISkl
Zk:q‘t _ 2[B(Sk, Sl < 22d|S; | _ 9. @
e t 2|E| nd n
Second statement. Consider now the case where An < |S;|. Then,
Skl |S Sel-(n—|S Skl IS Skl 1S —1|S Skl 1S
2|E(Sk,5k)|<d-M+Ad-M<d-M+d.| il | k|_Tl |k <2d-| il | k|.
n n n n n n

and therefore,

ISkl [Sk|-ISk|
Zk’qt _ 2[E(Sk Sl _ 2d - = =2.(|Sk|)2
i 2|E| nd n )’

Third statement. Finally, consider the general case where 1 < |Sy| < n. Then using Lemma 7.43,

Sil- 1S Sl(n—1S s
2le(s, sl <a- B G SARBD g (1. 2
n n n

and therefore,

s A1 —¢1—2y. =S
3L DI Gl BTV PR T S
n n

q. X
P ! 2|E| nd
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Lemma 7.45. Consider on a d-regular graph G with spectral expansion A < ¢~ (logn) DIk

for some integer k = 2. Then, for any step t = O, the process is a k-RELAXED-QUANTILE, . process with
y=2and e =1/12.

Proof. Consider the setting on the graph G defined in the statement. We will verify that
it is a k-RELAXED-QUANTILE,, process

We start by verifying that q" satisfies the first condition of k-RELAXED-QUANTIL Ey e, 1.€., condition
C, with 6 = 1/3 and € = 1/12. First, consider any prefix sum of the sorted allocation vector q* for
any j € [1,n/3]. Then by Proposition 7.44 (iii),

ia{ i(1—(1—x) ”nj)<%-(1—(1—/1)-§).

Since by assumption A < 1/2, we have 1 —(1—A) - % <1-1/3=1—4efore=1/12.
Similarly, for any j € [(2/3)n, n], then by Proposition 7.44 (iii),

$-(-0) (o da-)s (- (3.00).

and thus again, since A < 1/2, we have 1 + % (1=A)=1+4e.
We will now verify the second condition of k-RELAXED-QUANTILE, .. Let &j,...,6) be the k
quantiles in the condition. then, for any 1 < j < §;n, it follows by Proposition 7.44 (i),

R

i=1

ZA.igy.i,
n n

= |'~.

since y =2 and A < 1/2. Therefore, for any 1 <j < dn,
~ o o
@, .- ,q])<( 1,..-,Y-—1)-
n n

Consider now any prefix sum over g, where j < 6,,yn for any 1 < £ < k. Then. by Proposi-
tion 7.44 (ii), we have that

j ,
o O0¢+6 O0¢+6
Zaf ( ) <2001 5 p OO0 o Ot Om

=1 n n n

Therefore, for any j < 6,,1n

~ ~ 0y +0¢11 6¢+ 0441
@, q) = (Y—+Y —+)
n n
This concludes the proof showing that q* satisfies the k-RELAXED-QUANTILE, . condition, for any
step t = 0. O
Theorem 7.46. Consider on a d-regular graph G with spectral expansion )\ 1/2. Further,

_1 (k—1)/k (kmax—1)/kmax
let k be the largest integer with 1 < k < k., such that e 3(logn) > 1 :=max{A,e” i(logn) }.
Then, there exists a constant xk > 0 such that for any step m = 0,

logn KDk
Pr Gap(m)<K-k-(L~) >1—n"°.
log(1/2)
We will postpone the proof for the moment, and first state the following bound that follows

immediately from the theorem above when A decays polynomially in n:
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Corollary 7.47 (Special case of Theorem 7.46). Consider on d-regular graph on G with
spectral expansion A < n™° for some constant ¢ > 0. Then there is a constant k = x(c) > 0 such that
forany m = 1,

Pr[ Gap(m) < k -loglogn]>1—n"">.

Note that A < n™“ captures a relaxed, multiplicative approximation of Ramanujan graphs (it is
in fact more relaxed than the existing notion “weakly Ramanujan”). Recently, [170] proved that for
any poly(n) < d < n/2, a random d-regular graph satisfies the constraint on A with probability at
least 1 —n~L.

Further, we remark that the above result in some sense extends one of the main results of [100]
which states that for any graph with degree n!/1°81°8" graphical balanced allocation achieves a gap
of at most ©(loglogn) in the lightly loaded case (m = n). Our result above also refines a previous
result of [152] which states that for any expander graph, a gap bound of O(logn) holds (even in
the heavily-loaded case m = n). In conclusion, we see that the gap bound of O(loglogn) extends
from the complete graph (which is the “original” Two0-CHOICE process) to other graphs, provided
we have a strong expansion and high density.

Proof of Theorem 7.46. By Lemma 7.45 the process is an instance of k-RELAXED-QUANTILE, . for
y =2 and € = 1/12. Therefore, by Theorem 7.20, it follows that there exists a constant k > 0 such
that

Pr[Gap(m) <kK-k- (logn)l/k ] >1—n3.

By assumption on k, we have
1 ~
2 - (log n)*V/k > 10g(2), (7.25)
but also, as k is chosen as large as possible,
1 k/(k+1) oY
—2 - (logn) < log(A).

Thus

(k+1)/k
1
L) . 7.26)

logn)'/* < ( -
(logr) log(1/2)

Applying the gap bound of k- k-(logn)'/¥ from Theorem 7.20, and using 7.26 we get the conclusion.
O

7.7 MEMORY process

In this section, we state the main results for the MEMORY process. The proofs and omitted details
can be found in [118]. Our main result is an upper bound for the setting, demon-
strating that it performs better than Two-CHOICE, for which the gap diverges even when a = 10 and
b=10[176].

Theorem 7.48 ([118, Theorem 1.1]). Consider the (MEMORY, §) process where S
is an (a, b)-biased sampling distribution, for arbitrary constants a, b = 1. Then, there exists a constant
K :=«k(a, b) > 0 such that for every step m = 0,

Pr[ Gap(m) < k -loglogn]=>1—n"3.
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For the case of the uniform sampling distribution, we get a matching lower bound by Theo-
rem C.26.

For the upper bound, the base case follows by the analysis of the RESET-MEMORY process. Then,
for the layered induction we proceed as we have done so far for the k-DENSE-QUANTILE and k-
DENSE-THRESHOLD process, but several modifications are needed. We outline these modifications
below, but for space reasons, we will not include all lemmas.

As a corollary of the analysis, we also get the following upper bound for the (1,1,d)-RESET-
MEMORY process.

Theorem 7.49 ([118, Theorem 1.5]). Consider the (1,1, d)-RESET-MEMORY process for any constant
d = 1. Then, there exists a constant k > 0, such that for any step m 2 0, we have that

Pr[Gap(m) <k -logn]=>1—n"°.

Full Potentials. We will be using layered induction over super-exponential potential functions,
similar to the one used in Section 7.2, but with some differences (see discussion below). We now
define the super-exponential potential functions for 1 < j < j.,—1,

n n

n n
t._ t . ay v (yt—z)*t t._ t . ay v (yi—z;)*
\I/j .—Z\I/j,i = E e i7%7  and <I>j = E <I>J.,l. = E e i
i=1 i=1

i=1 i=1
where we set

5
zj = a—‘; -j,  v:=max{log(2Cbh),36b}, C :=max{6¢,6}, jnax=l0g, (%logn), (7.27)

and ay, ay,c > 0 are constants with a; =614 - a,. Our aim is to prove that <I>§." _; = O(n), which
implies that Gap(m) = O(loglogn).

The folded process. In the j-th layer of the layered induction (for 1 < j < j., — 1), we analyse
the following folded process of which MEMORY is an instance. For this, we group the steps into
consecutive rounds (of varying lengths), and refer to the s-th step within the round as substep s.
Further, we let yir’s be the normalised load of bin i after substep s of round r. Then, we define the
folded process as follows:

* For each round r = 0, sample bin i := i(r) € [n] according to the sampling distribution S:
- Case A: If y[ ¥ > zj_1 + i—:, then allocate one ball to an arbitrary bin £ with ylzr’0 <y,

and proceed to the next round.

— Case B: Otherwise, start a sequence of consecutive phases each consisting of alz substeps
(that is, each phase k = 1 consists of substeps s € [(k—1) - alz, k- alz) within the current
round r). In each substep s, we sample one bin i = i(r,s) according to S and allocate
one ball to an arbitrary bin £ with yer’s Szt i—:. At the end of each phase, we also
complete the round if either of the following two conditions hold:

* Condition 1: In none of the substeps s of the current phase did we sample a bin £
with y,* <z;_; + i—z at the corresponding substep s.

* Condition 2: We have completed k; := e’ -log®n < n/7 phases.

164



normalised load of
allocated bin

B e

steps

round

Figure 7.3: The phases and rounds of the folded process. Brown lines indicate the first substep
within a phase in which a light bin was sampled (as can be seen in the second phase of round r +1,
this does not necessarily mean that this bin is going to be used for allocation or as a cache). As
shown, it is only possible to allocate to a bin with normalised load above z;_; + 2—‘; after a long
sequence of red rounds.

Partial potentials. For the recovery phase, i.e., showing that at some step s in an interval of n -
polylog(n) length we have ®° < Cn, we will need larger drop rates for the potentials, so we will be
using the following potentials defined only over the heavy bins

n

n
: : Yl(yt—g. : : Vi(yt—g.
Po=DT0 = > U, and $i= Y e = Y e 0,
i=1

i=1 iyf=z; i:yf>z;
for a;, ay,2; > 0 defined as above. In contrast to ¢; (and ¥;) which are always > n (since each

bin contributes at least 1), ; (and ¥;) could be as small as 0. Also, cpJf < <I>§. < <I>Jt +n (and
%<%<%+m

Potentials over rounds. We also define versions of the ¢; and ¥; potentials indexed by a round
r 2 0 (note the starting step of the first round may not be equal to 0):
1 i 0 1 j 0
U= Z eV O and @ = Z o2V (v =)
] ) ] . .
i=1 i=1

Similarly, we define the partial potential functions over rounds

. i 10 . i L0
\If]r = Z em 0 2)  and <I>]r. = Z etV (0 —5),

ity!>z; iyf>z;

Differences to previous applications: These potentials are similar in form to the ones used in
Section 7.2 for k = ©(loglogn). However, the analysis is different as the potentials drop in expec-
tation only when considering a sufficiently long interval (e.g., the folded version of the process).
For example, starting from a state where the cache has load at least z; + 1, the potential &; will
increase in expectation over one step. Considering rounds consisting of several balls, introduces
several challenges:
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* Issue 1: In each round we could allocate as many as k; balls, which could be (n®). This

. . 3 . . .
would mean, that starting from a round r, with ™ = @(e%°!°8"") and having a drop inequality
similar to that in Lemma 6.2, e.g.,

—r+1
E[ <I>j

3,9, < Cn] <3 - (1 - 1) +2,

j j n
we may need Q(nlog> n) rounds to prove that the potential becomes O(n) in expectation. In
these rounds, we could allocate 2(n'*€ - log® n) balls (k; in each round) and so the length of
the interval of the entire analysis would need to be w(n-polylog(n)). However, it would not be
possible to tolerate a poly(n) probability decrease in each layer, as we have j,,, = ©(loglogn)
layers.

Solution: Define the potential function ¢ ; over just the bins with normalised load at least z;.
For this potential function, we can show that:

yi+l .
E[¢;§+1 Sr,é;_1<2Cn]<<'I'>;-(1—e )-l—e_vj.
n

. . . 3 .
This means that starting from a round r, with ®° = O(e%°1°¢""), we need to wait only for

vl

+1 .
n-e¥" .log®n rounds, so at most n - log® n steps, for the potential to become O(n).

* Issue 2: Unfortunately, for stabilisation, i.e., showing that <I>§. = O(n) for n - polylog(n) steps,

we cannot use the partial potential function & i, as it could change by Q(n'/?) in a single round.

Consider the case where there are n - e™" bins (for j = 1), whose load is z;+ . Thenin a
single round, we could allocate k; balls only in light bins, so that the potential becomes 0.

Hence, the potential decreases by n-e™ -e®Xi/" = Q(n), for j = 1. This means that we can no
longer apply the concentration inequality, as the bounded difference condition is not strong
enough.

Solution: For this part of the analysis, we use the full potential Ej and a stopping time to guar-
antee that the number of balls allocated at every application of the concentration inequality is
at most n/ log? n. This allows us to apply the smoothness argument to argue that the potential
is O(n) in every step in the interval.
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Chapter 71/2. DP for balanced allocations

In this chapter, we show a simple application of dynamic programming to balanced allocations
processes and some of the insights that can be obtained for small values of n and m.

Exact probabilities. For any Markovian (meaning that p’(§*) = p(x)) and index-independent
(meaning that p(x) = p(sorted(x))) process we can use the following forward dynamic program-
ming equations to compute the exact probability Q" (x) = Pr[xt = x] for each sorted load vector
X,

Q' (sorted(x +e;)) += Q'(x)-p;(x), foralliel[n],

and using that Q°(x) = 1,_,. Note that when computing Q'™ we only need the values from Q, so
we can use memoisation.

Having access to the exact probabilities means that we can plot the distribution of any function
f:N" — R of the load vector, such as the gap, minimum load, the £,-norm of the load vector and so
on (see Fig. 7.5 and Table 7.4). In addition, we can compute for instance the expectation of these
quantities or other properties of these random variables.

Process/Parameters | m=n=10 | m=n=20 | m=n=30
ONE-CHOICE 2.748 3.231 3.492
(1+p)forp=1/2 2.369 2.699 2913
MEDIAN-QUANTILE 2.260 2.542 2.743
MEAN-THINNING 2.242 2.550 2.763
QUANTILE(6*) 2.168 2.348 2.497
Two-CHOICE 2.061 2.152 2.224
MEMORY 2.209 2.427 2.586

Table 7.4: Exact computation (to 4 significant figures) of E[ Gap(m) ] form =n and n € {10, 20,30}
using dynamic programming.

This confirms the empirical observation in [136, Section 5] that for small values of n, Two-
CHOICE has a smaller gap than MEMORY. We also confirm that is still the case for some values of

1 I I I I I
—— ONE-CHOICE

0.8 Two-CHOICE 1
(14 B)-process

0.6 MEAN-THINNING h

04} //\ MEDIAN-QUANTILE | |
. QUANTILE"

0.2} MEMORY |
0 . L ! | | | |

l l l l
01 2 3 4 5 6 7 8 9 10 11 12 13 14 15
Distribution of the gap (g)

Pr[Gap(m) = g

Figure 7.5: Exact probability distribution for Gap(m) for various processes for m = n = 30.
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m = n in Table 7.7.

Computing optimal parameters. Using a similar dynamic programming computation, we com-
pute the exact expected gap for the MEMORY* process, an optimal version of MEMORY which can
look at the entire load vector and also decide whether to allocate to a cache (and which one). In
particular, the first two columns in Table 7.8 show that it is not always optimal to allocate to the
cache, even if the process has exactly one cache. The third and fourth column shows the improve-
ment for two caches and raises the question whether the improvement is just in the lower order
terms or whether it leads to a gap that is o(loglogn).

Two-CHOICE | (1,1)-MEMORY | (1,2)-MEMORY | (1,3)-MEMORY
10 2.061 2.209 2.053 1.996
20 2.152 2.427 2.168 2.066
30 2.224 2.586 2.266 2.119

Table 7.6: Exact computation of E[ Gap(m)] for m = n and n € {10, 20,30} using dynamic pro-
gramming. The table shows that for small values of n, TWo-CHOICE is better than MEMORY with
d = 1, sometimes better than MEMORY with d = 2, but worse than MEMORY with d = 3.

m=n|m=2n | m=3n | m=4n
Two-CHOICE (n =10) | 2.061 | 2.132 2.168 2.186
MEMORY (n = 10) 2.209 | 2.335 2.372 2.385
Two-CHOICE (n=15) | 2.113 | 2.205 2.250 2.273
MEMORY (n = 15) 2.326 | 2.462 2.500 2.512

Table 7.7: Exact computation of E[ Gap(m) ] for n € {10,15} and m € {n, 2n, 3n, 4n} using dynamic
programming. As in Table 7.6, it confirms that Two-CHOICE has a smaller expected gap than MEM-
ORY.

n | (1,1)-MEMORY | (1,1)-MEMORY* | (1,2)-MEMORY*
10 2.209 2.099 2.015
20 2.427 2.201 2.043
30 2.586 2.294 2.070

Table 7.8: Exact computation of E[ Gap(m)] for m = n and n € {5,10,15, 20, 25,30,35} using
dynamic programming. The table shows that for small values of n, Two-CHOICE is better than
MEMORY* with one cache, but worse than MEMORY* with two caches.
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CONCLUSIONS

In summary, we introduced a set of techniques for analysing balanced allocation processes in the
heavily-loaded case. The techniques are summarised as follows: (i) a refined analysis for the ex-
pectation of the hyperbolic cosine potential (Chapter 3) and its concentration (Chapter 4), (ii) an
interplay between absolute value, quadratic and exponential potentials (Chapter 5), (iii) an anal-
ysis of super-exponential potentials in expectation and their concentration (Chapter 6) and (iv) a
layered induction over super-exponential potentials (Chapter 7). These techniques allowed us to
obtain asymptotically tight bounds for large families of processes and in a broad variety of settings,
including outdated, noisy and incomplete information (see Tables A.1 to A.4). These reveal several
insights into the balanced allocations problem, such as

The characterisation of adversarial noise in the Two-CHOICE process (Section 7.4.1). As a
corollary of this, we obtained bounds for Two-CHOICE with random and delay noise (Sec-
tion 7.4.3).

A phase transition in the setting, where for batch size b < nlogn, TWO-CHOICE is
asymptotically optimal among processes making a constant number of samples (Section 7.4.3);
and for b > nlogn where instances of the (1+ f3)-process and QUANTILE() processes have a
gap that improves that of Two-CHOICE roughly quadratically (Section 7.5).

Exploring various novel ways for obtaining balanced allocations, such as the “power of filling”
underloaded bins using processes like TWINNING and PACKING (Section 5.2.2), which also
achieve an O(logn) gap in sparse regular graphs, like cycles (Remark 2.20).

Deriving gap bounds for the weighted setting making progress on [ 152, Open Prob-
lem 1], by extending their O(logn/¢) bound on the gap for regular expanders with conduc-
tance ¢ to hold in the presence of weights and even for the setting (Section 7.6.1).
Further, we extend the results of [100] to prove sub-logarithmic gap bounds for expanders in
the heavily-loaded case (Section 7.6.2).

For TwO-THINNING processes, we proved a lower bound that refutes [ 75, Problem 1.3] (see Ap-

pendix C.3). Following [76], we analysed more easily-realisable processes, namely QUANTILE(6™),

which asymptotically achieves this optimal gap and RELATIVE-THRESHOLD processes which are
within polyloglog(n) factors of the optimal. Then, we established a “power of two queries”
phenomenon for processes that use two samples and make more than one queries per sample
(Section 7.2.1). The generality of the analysis also gave us a near-tight bound on d-THINNING
processes with d = 2 (Section 7.3.1).

Investigating the “power of MEMORY” when sampling with heterogeneous distributions of ar-
bitrary constant imbalance, and also demonstrating its robustness to resets (Section 7.7).

In [116], we also used some of the lower bound techniques and the interplay between the
quadratic potential and number of empty bins, to resolve two conjectures in the Repeated
Balls-into-Bins setting [23].

There are several open questions remaining in the area of balanced allocations and various
interesting processes and settings to be explored. We think that a large number of processes and
settings can be analysed using these techniques and extensions thereof. A small set of these are the
following:
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Establishing tight lower and upper bounds for d-THINNING, k-QUANTILE and k-THRESHOLD.
The result for the QUANTILE(6*) process hints that the bound for k-DENSE-QUANTILE process
need not be tight. As shown in [76] for k = 1, the optimal bounds may differ if the number of
balls m is known in advance. This raises the questions: (i) are there easily-realisable processes
that achieve the optimal bounds when m is known in advance and (ii) does this also extend
for k = 2?

Establishing tight bounds for TWO-CHOICE in the setting for arbitrary graphs, like
cycles. This problem has also been stated as [152, Open Problem 2] and in related settings
in [23]. Another interesting direction is to design simpler processes that improve upon Two-
CHOICE and are more easily-realisable than the ones in [20]. It may be of interest to explore
how some of the processes like MEAN-THINNING perform in the setting.

Analysing other real-world processes in the outdated and noisy settings, such as the (k,d)-
CHOICE process [146]. It would also be interesting to explore more closely the connection
between the outdated setting and that of having multiple allocators, which is one of the main
motivations in real-world systems for studying settings with delayed information.

There are several interesting questions regarding the MEMORY process. One possible direction
is to quantify the advantage of the optimal MEMORY strategy when M = 1 (it is not optimal
to allocate in the least loaded of the sampled and the cached bin) and whether this gives any
advantage over TwWO-CHOICE in the presence of weights. Another could be to obtain tight
bounds for (a, b)-biased distributions for not necessarily constant a, b > 1.

Analysing variants of the d-THINNING process which penalise the number of samples rejected
(and thus improve the sample efficiency), e.g., on the k-th sample you allocate k balls (or a
number of balls that is given by a non-decreasing function f (k)).

Devising techniques for deriving bounds that are tight up to lower order terms for the various
settings considered.

Analysing noisy settings where the noise parameters are dependent on the bins (i.e., are het-
erogeneous) and unknown, so they have to be learnt.
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number of samples, 45

ONE-CHOICE process sample-efficiency, 45

definition, 31 samples, 30
lower bound, 194, 196 Sch}lr convex, 34
Poisson Approximation, 192 setting, 39
upper bound, 192, 194, 195 o-Noisy-Load

definition, 44
lower bound, 207
sorted load vector, 28

overloaded, 27
overloaded bins, 27

PACKING process sorted normalised load vector, 28
definition, 49 sorted probability allocation vector, 29

probability allocation vector, 27 standard vectors, 26
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Process Range Lower bound Reference Upper bound Reference
TwO-CHOICE - Q(loglogn) [18, Thm 1.1] O(loglogn) [29, Thm 2]
1+p) B<1-0() (=) [152, Sec 4] (‘g 4 i) [152, Cor 2.12]
(1+p) B<1—0(1) - = o(*zn) Thm 3.7
1+p8) B =1—e 500" for k € [1, loglogn] - - O(k - (logn)'/k) Thm 7.23
1+p) B=1-0( 3 ) for 1 -1 e[Q(1),1) Qk-(logn)/¥) Lem C.21 - -
a+p) B =1—poly(n!) Q(loglogn) Obs C.7 O(loglogn) Thm 7.23
MEMORY - Q(loglogn) Thm C.26 O(loglogn) Thm 7.48
(1,1,2)-RESET-MEMORY - Q(logn) Lem C.27 O(logn) Thm 7.23
PACKING = p)  [117, Thm 10.2] O(logn) [117, Thm 4.3]
TWINNING - Q(logn) Cor C.24 O(logn) Cor 5.12
MEAN-THINNING - Q(logn) Cor C.24 O(logn) Cor 5.12
RELATIVE-THRESHOLD(f (1)) f(n)=0 - - f(n)+ O(logn) Cor 5.13
RELATIVE-THRESHOLD(f (1)) f(n) =logn Q(f(n)) Lem C.25 - -
Two-THINNING(f *) - Q(lolgol%) Thm C.15 - -
TWO-THINNING(f t) = = = 0(%) [76, Thm 1]
QUANTILE(S) = = = O(l"%) Cor 3.9
_ (loglogn)? 1
QUANTILE(5*) 5 = BT = = 0(%) Thm 7.19
k-DENSE-QUANTILE k €[1,loglogn] - - (’)(k - (log n)l/k) Thm 7.11
k-DENSE-THRESHOLD k €[1,loglogn] - = O(k - (logn)/¥) Thm 7.14
d-THINNING = = = O((d—1)~(logn)l/(d’l)) Lem 7.21
d-THINNING - - - Q(d‘(lg;‘l’fg“n)lld) [77, Prop 4.1]

Table A.1: Overview of the lower and upper bounds for different processes derived in previous
works (rows in Gray ) and in this work (rows in Green ). All upper bounds hold for all values of
m 2 n w.h.p., while lower bounds may only hold for a suitable value of m w.h.p.. In all the above.
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Process Graphical Batch size  Weights Gap bound Reference
TwO-CHOICE d-reg., conduct. ¢ = = O(l‘i%) [152, Thm 3.2]
TwO-CHOICE d-reg., conduct. ¢ - random (9(1(1%) Thm 7.41
TwO-CHOICE d-reg., conduct. ¢ b=n random (’)(% . l‘i%) Thm 7.42
TwO-CHOICE expander, d = O(1) be[n,n®] random O(% + log n) Thm 7.42

expander, spectral gap A
Two-CHOICE = - - o(k- LA Thm 7.46
e=30oem' ™ > ) for k € [1,loglogn] (k- (logn)'") o
expander, spectral gap A
Two-CHOICE - - O(loglogn) Cor 7.47

A = poly(n~")

Table A.3: Overview of the gap bounds in previous works (rows in Gray ) and the gap bounds
derived in this work (rows in Green ) for graphical allocations. The upper bounds on the gap hold
for all values of m, while some of the lower bounds may only hold for certain m.

Setting Range Lower bound Reference Upper bound Reference
1sg = = O(g - log(ng)) [142]
1<g - - O(g -log(ng)) Thm 3.21
1<g - - O(g +logn) Thm 5.26
1< g<logn = = O(% -loglogn) Thm 7.25
101;1%;;;1 <g 2(g) Pro C.8 = =
1 Obs C.7
1< 8 < givgn g5 - loglogn) Thm C.9 B -
1<o - - O(a Vlogn - log(na)) Pro 7.29
2-(logn)_1/3 <o Q(min{1,0}~(logn)1/3) Pro C.11 - -
4<o Q(min{o*/®,0%5- /logn}) ProC.11 = =

Table A.2: Overview of the lower and upper bounds for different noise settings for Two-CHOICE
derived in previous works (rows in Gray ) and in this work (rows in Green ). All upper bounds hold
for all values of m = n w.h.p., while lower bounds may only hold for a suitable value of m w.h.p..
Recall that and can be simulated by and ,
respectively.
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Process Range Lower bound Reference Upper bound Reference
Two-CHOICE b=n - - O(logn) [28, Thm 1]
Cy,C,y b>=n — — O(% ~logn) Thm 3.14
@y b e [n,n%] = = O(2 +1logn) Thm 7.39
A b>nlogn - - O(y/2 -10gn) Cor 3.18
C:,Cs b = nlogn - - (’)(m) Cor 7.36
1+p),p<1-0(1) b>1 Q(logn) - - Prop C.2
(11W[§))-’C;C:(;f(:1) b = nlogn Q(%) - - Prop C.3
(Two-CHOICE) T=n = - O( o) Thm 7.30
(TWo-CHOICE) T € [n-e 19" nlogn] - - O( ) Rem7.31
(Two-CHOICE) T=n'"* = = O(loglogn) Rem 7.33
(TWO-SAMPLE) b > nlogn Q(\/W) Obs C.5 - -
(Two-CHOICE) b=n Q(2n )y Obs C.5 = =

loglogn

(Two-CHOICE)

be[n-e 8 nlogn]

logn
Q ( log((4n/b)logn)

) [157, Thm 1]

(Two-CHOICE)

b=n

Q(loglogn)

Obs C.7

Table A.4: Overview of the gap bounds in previous works (rows in Gray ) and the gap bounds
derived in this work (rows in Green ). The upper bounds on the gap hold for all values of m, while
some of the lower bounds may only hold for certain m. The parameters c, € can be any constant in

(0,1).
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TOOLS

B.1 Auxiliary lemmas

We begin with a simple lemma for a sequence of random variables whose expectation satisfies a
recurrence inequality.

Lemma B.1. Consider any sequence of random variables (X!);cy for which there exist 0 < a < 1 and
b > 0, such that every i = 1, .
E[X'|X7']<X"'-a+b.
Then, (i) for every i = 0,
b

l1—a’

E[X'|X°]<x°-d'+
Further, (ii) if X° < % holds, then for every i = 0,

b
1—a’

E[X']<

Proof. First statement. We will prove by induction that for every i €N,

i—1
E[X'|X°]<Xx%d'+b-> d.
j=0

Fori =0, E[X 01X 0] < X°. Assuming the induction hypothesis holds for some i = 0, then since
a>o0,

E[ X" X =E[E[ X" | X" ]| X°]<E[X'|X°]-a+b

i~1
< (Xo-ai+b-2aj)-a+b
j=0
i
=Xx%- a1+ b-Zaj.
=0
The claims follows using that Z;‘:o a < Z;ﬁo a’ = {1, for any a € (0, 1).

Second statement. We will prove this claim by induction. Then, assuming that E[X i] < %
holds for i = 0, we have fori+1

ra+b= b

i+17 _ i+1 | yi il.
E[ X" |=E[E[X |X]]<E[X]a+b<1_a Tt

Next, we proceed with a standard fact, whose proof we give for completeness.

Lemma B.2. Let p,q € R" be two probability vectors such that p > q and ¢ € R" be non-negative and
non-increasing. Then,

(p,c) = (q,c).

Proof. We will consider a sequence of moves between p and q, which gradually moves probability
mass from lower to higher coordinates. Specifically, we define the following sequence:

r' =(p1,P2,P3:Pas--->Pp) =D
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r= (q1,pP2 +(P1—41),P3P4>--->Pn)
rd= (41,92,P3 + (p1 +P2—41 —q2), P45+, Pn)
r* =(q1,92,93, P4+ (P1 + P2+ P3—q1 —q2—q3), - - -, Pn)

n—1

= (qlan:qB: Qa1 P+ Y D —qi)) =4q,

i=1

. . -1
where in the last equation we used p, + >, (p; —q;) = Pn — Pn + qn = -
For any 1 < k < n, since rk and r**! differ only in the k-th and (k + 1)-st coordinate, and
Zle(pi —q;) = 0, we conclude it follows that

k k+1 k k k+1 k+1
(re) = (r""c) Z ric + 1 G — T Skt T Sk

k—1 k
=Ck- ((pk + Z(Pi - qi)) - qk) +Ch1 (pm - (Pk+1 + Z(pi —qi)))
i=1 i=1

k
= (cx = C41) - Z(Pi —q;)
i=1
2 0.

Hence (p,c) = (rl,c) = (r?,c) =--- = (r",c) = (q,c).

O
Lemma B.3. The function f(z) = z - ek/* for k > 0, is decreasing for z € (0, k].
Proof. By differentiating,
k k
/ _ L kjz . kjz N __ k/z _n
fi(z)=e z-e zz—e (1 z)'
For z € (0,k), f'(2) <0, so f is decreasing. O

B.2 Concentration inequalities

In this section, we state several well-known concentration inequalities.

Lemma B.4 (Multiplicative factor Chernoff Binomial Bound [137]). Let X L .., X"be independent
binary random variables with Pr [X t=1 ] = p. Then,

n
Pr|:ZXi = npe] <e P,
i=1
and
n
Pr[ZX" <P ] <elE-Dnp,
im1 €
Next we state a Chernoff bound for Poisson random variables.
Lemma B.5 (Theorem 5.4 from [138]). Let X ~ Pois(A), then forany 0 < 6 < 1,
PriX <(1—6)-A]<e 0"/

and ,
PrX > (146)-1]<e /3
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Theorem B.6 (Berry-Esseen [71]). Let X', ..., X" be a sequence of i.i.d. random variables with mean
u, variance o2 and central moment p = E[|X' — u|3]. Then, there exists a constant C > 0 such that

fora €eR
Ly Xy
-
Pr[n =1

v

o3Jm f
where & is the cumulative distribution of the standard normal distribution.
Lemma B.7 (Berry-Esseen for Poisson r.vs). Let X ~ Po(m), where m €N, then for any a € R

0
o3ym

Proof. The sum of n independent Poisson r.vs. with parameters (k;)!"_, is a Poisson r.v. with parame-
ter 21:1 k; (e.g. [138, Lemma 5.2]). Hence, we can write X as the sum of m r.vs. X' ~ Po(1). Then,
applying Theorem B.6 gives,

\Pr[X<m+a1/ﬁ:|—$(a)| <C-

Pr

i X!
“m_ K _d(a) = _3 _P
% <a ®(a) |Pr[X <m+avm | <I>(a)| <C e

O

The next lemma is a standard Chernoff bound for sum of independent random variables whose
moment generating function is bounded.

Lemma B.8. Assume X', X2,..., X" are independent samples from a distribution W, for which there is
a constant A > 0 such that E{W]1=1 and E[ e""V ] < S. Then for X := ZleXi, it holds for that

Pr[X = 2log(S)/A - k] < exp(—log(S)- k).
Furthermore, for the special case k = 1, we have for any ¢ > 0,

Pr[X'>1/A-(c-log(n)+1log(s)) | <n™*
Proof. Let t € (0, A] to be specified later. Then,

Pr[X >2log(S)/A-k]=Pr[ e > et 21osS)/Ak]
<E[e”® ]-exp(—t-2log(S)/A k)
1 k
= (E[etx D -exp (—t - 21og(S)/A - k)
< (E[e}\"X1 ])k.t/A -exp(—t - 21log(S)/A-k)
< SK™ exp (—t - 210g(S)/A - k)
= exp (k- (log(S) - t/A —t-210g(S)/A)),

where the second inequality is due to Jensen’s inequality. Choosing t = A yields the claim.
For the second statement, for any ¢ > 0,

P1‘|:X1 = 1/A-(c-log(n) +log(8)) < Pr [e’lX e clog(n)— log(S)]
< E eAW] —c-log(n)—log(S)
1
<S-n¢-==n"°. O
'S
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B.3 Concentration inequalities for martingales

In this section, we state several well-known inequalities for martingales.

Lemma B.9 ([51, Theorems 6.1 & 6.5]). Consider a martingale X°, ..., X"~ with filtration §°,...,§"
satisfying |X' — X1 < M and Var[Xl | §! ] < 01.2 for any i € [N], then for any A > 0,

2'2
pr[ [xN—E[xXN]|=2]<2- - )
r[[x-E[x"]|>2] e"p( 2.(z;;ila§+m/3))

Lemma B.10 (Azuma’s Inequality for Super-Martingales [67, Problem 6.5]). Let X°,..., X" be a
super-martingale satisfying |X' —X'"| < ¢; for any i € [n], then for any A > 0,

)(,2
Pr[X” >X0+k:| < exp(——).

2- Z?:l Ci2

A concentration inequality with a bad event. Following [107], we will now give the definition
for strongly difference-bounded and then give the statement for a bounded differences inequality with
bad events.

Definition B.11 (Strongly difference-bounded - Definition 1.6 in [107]). Let Q,...,Qy be prob-
ability spaces. Let ) = 1—1112121 Qi and let X be a random variable on Q. We say that X is strongly
difference-bounded by (11,1, &) if the following holds: there is a “bad” subset B C ), where § =
Pr[w € B]. If w,w’ € Q differ only in the k-th coordinate, and w ¢ B, then

X (0) =X (") < np.
Furthermore, for any w and «’ differing only in the k-th coordinate,
X () =X (") <y,

Theorem B.12 (Theorem 3.3 in [107]). Let Q1, ..., Qy be probability spaces. Let 2 = ]_[],:]:1 Q, and
let X be a random variable on S which is strongly difference-bounded by (11,79,&). Let u = E[ X ].
Then for any A > 0 and any y4,...,Yy > 0,

A2 1
Pr(X>u+A]<exp|-— +&- —.
2+ D kerny (M2 + M1 kez[]:v] Yk

B.4 Probabilistic inequalities

We start with showing that a random variable with bounded MGF also has bounded fourth moment.

Lemma B.13. Consider a random variable W with E [ et ] < 00 for some A > 0. then

4
E[w4]<((§).1og(§)) FE[V].
Proof. Let k :=(8/A)-1og(8/A). Consider x = max(0, ) =: k*. Then

AX/4 X8 X8 s Glog(8/2) | Ax/8 > ; . A?X _

X,

using that e* > gz for any z. Hence,
elx — (elx/4)4 > X4.
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Hence, if p, is the pdf of W, then

*

oo K oo
E[W4]=f x4~pxdx=f x4~pxdx+f x*-p,dx
x x=0 X

=0 =K*

* o3}

K
<J K4‘dex+J e . p.dx
x=0 xX=K*

oo oo
<K4~J pxdx+J e’lx-pxdx=K4+E[elW]. O
x=0 x=0

Lemma B.14. Consider any n = 2 and A > 16 -logn. Let X,...,X™ be independent Poisson random
variables with X' ~ Pois(1), and denote by for Y(,,), Y(,—1) the smallest and second smallest of the X"’s.
Then there exist constants k1, K, > 0 such that,

Pr[Y(n—l)_Y(n) =Ky \/Togn] Z K.
Proof. Let X ~ Pois(A), where A :=m/n = 16 -logn. Let k = 0 be the minimal integer such that
Pr[Pois(A) < k]=>n"l.
By Lemma B.5 for § := 4/4 - A~1 -logn, we have
Pr[X SA—14/4-A- logn] < e h0/2 = gm2logn — =2,

Hence it follows that k = A —2 - 4/ A - logn. Next note that

Pr[Pois(A)=k+1] A
Pr[Pois(A))=k]  k+1’

(B.1)

which, since k = %A (as A = 16logn), also implies that
Pr[Pois(A) <k]<2-nl.
Our next claim is that
Pr[Pois(A)=k]<2-n!. 1/\/Togn.
We will now derive this claim. We have

2n~1 > Pr[ Pois(1) < k]

k
= » Pr[Pois(A)=j]

=0
(a)Jk I i
:;Pr[PoiS(l)Zk]'li:Jli
JATogn
>W.Pr[Pois(l)=k]'(k_lﬂ)
- V[ logn
g)m.pr[Pois(l)Zk]'(ﬂ)
NN T
= \/A/logn - s =k e
v/A/logn - Pr[Pois(A) = k] (1 W)
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©
; v/ A/logn-Pr[Pois(A) =k]-cq,

for some constant ¢; > 0, where in (a) we used Eq. (B.1) and in (b) we used that k = A—24/Alogn,
and in (c) that A > 16logn.
Next we wish to upper bound

Pr[Pois(A) Sk+cy- \/A/logn],

for some constant ¢, > 0. Note that

Pr[Pois(A) <k+cy: \/A/logn]
c24/A/logn

Corfpois) <k]+ > 2 Pr[ Pois(A) = k ]

I T S - Pr =

o S kA D krieD
Acm/l/logn

<2n! . ool

2n"" +c¢y -4/ A/logn Wy 2:-n""-1/4/A/logn

1 —cy4/A/logn

=2n"1+2¢ -(1——) nt

2 cy/A-logn
<cgenl, (B.2)

for another constant c3 > 0, where (a) is due to Eq. (B.1).

We now use the principle of deferred decisions when exposing the n independent Poisson vari-
ables with mean A denoted by X', X2, ..., X" one by one. Let 7 := min{j: X/ < k}. With probability
1—(1—1/n)" = 1—1/e, we have T < n. Conditional on that, X**!, ... X" are still n—7 independent
Poisson variables with mean A. Due to Eq. (B.2), the probability that all of the following Poisson
random variables are larger than k + ¢, - 4/ A/logn is at least

(1 —C3- n_l)T = (1 —C3- n_l)n 2y,

where ¢, > 0 is another constant.
Hence with probability at least (1 —1/e) - ¢4, we have a gap of at least ¢, - v/ A/logn between
Y(n—l) and Y(n)‘ [

B.5 Facts about the ONE-CHOICE process

In this section, we collect several facts about the ONE-CHOICE process. We first restate the so-called
Poisson approximation method.

Lemma B.15 ([138, Corollary 5.11]). Let (xT)l-e[n] be the load vector after T steps of ONE-CHOICE.
Further; let (X T)l-e[n] be n independent Poisson random variables with parameter A = T /n each. Further,
let £ be any event which is determined by x”, and further assume that Pr[ £ ] is either monotonically
increasing in T or monotonically decreasing in T. Further, let £ be the corresponding event determined
by xT. Then,

Pr[£]<2-Pr[£&].

B.5.1 Maximum load: The m = cnlogn balls case

The next standard result was also used in [152, Section 4] and is based on [157]. For convenience
of the reader, we give the self-contained proof for obtaining high probability bounds.
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Lemma B.16. Consider the ONE-CHOICE process for m = cnlogn balls where ¢ = 1/logn. Then,
Pr [ Gap(m) = L(; -logn ] >1—n2.

Proof. In order to use the Poisson Approximation [138, Chapter 5], let X;, X, ..., X, be n indepen-
dent Poisson random variables with parameter A = &+ = clogn. Then,

A?H -logn
Pr[fci >A+£-logn] >Pr[fcl- =7L+£~logn] =e_’1~—
10 10 (A+ -logn)!

. 1 .
Using that z! < v/2nz (%)z e for any integer z = 1,

A A+ 15 -logn
1
Pr[)“ci:)k-i-£ logn] — |

10 4-vV2mA A+‘1/—g-logn

1 1 —— S-logn
>~ .eT0 logn ( + )
4-V2mh 104¢

.e10 logn e_lof (A+ 1o logn)

v 1 1
e %5 log n—15 7= A—1g5 logn
> . 100 logn
4-4V2mA
Since for any k = 0

Prif;=k+1] A
Pri%,=k] k+1’

we conclude that

Je 2—1
Pr[fci>7t+—~logn]> Z Pr[ﬁizk+—-logn+k]
10 par

= \/E-Pr[fqz?u+—c'logn+ ﬁ]

.
>\/X-Pr[;%i=;\+‘/—g-1ogn]-ﬁ( A )
1

A+ ¥ ¥5 -logn+k

Vi
1
> VA e e,
4-v2m (A+10 logn+1/_)

> Vi el (14 )
4. 1/

>ﬁ e —155 logn | —% logn
4. 1/

> e—g—glogn — n—1/99,

where the last inequality holds for sufficiently large n. Hence,

[0{ )L+£ logn}]>1—(1—n_1/99)n>1—n_3.
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Hence for & := {maxie[n] X =z A+ % -logn}, we have Pr[ﬂg’] < n~3. Note that £ is a monotone

event under adding balls, and thus with £ := {Gap(m) = A+ ‘1/—5 -log n}, we have by [138, Corollary
5.11])
Pr[—|5]<2-Pr[—|5~]<2-n_3<n_2. O

B.5.2 Maximum load: The very lightly-loaded case

The following facts about the (very) lightly-loaded region of ONE-CHOICE, follow from the concen-
tration inequalities stated before. The results by Raab and Steger [157] do not cover the region
m < n/ polylog(n), do not provide an estimate for the number of balls with height at least k and
also the bounds are not derived for at least 1 —n™¢ probability.

Lemma B.17. Consider the ONE-CHOICE process with m = ﬁ balls into n bins, where ¢ > 0 is an

arbitrary constant. Then, for any constant a > 0 and for sufficiently large n,

1 logn ]>1_£
c+1 loglogn

Pr [ Gap(m) > .
na

Proof. We will bound the probability of event £, that the maximum load is less than M = % .
logn/loglogn. The maximum load is a function that is increasing with the number of balls.

The technique of Poissonisation [3, Theorem 12] states that for ONE-CHOICE, the probability of
a monotonically increasing event (in this case &) is bounded by twice the probability that the event
holds for independent Poisson r.vs. in place of the load r.vs.

We define £’ to be the event that the maximum load is less than M, for n Poisson r.vs. Thus,
Pr[£]<2-Pr [ & ] We bound Pr [ & ] by bounding the probability that no bin has load exactly M.

We want
-1 1 \WMA\" — L 1 M
1
¢ Ogn(logcn) < e 0gn(logcn) < 1
— | <exp| n——— | < —.
M! M! no

Pr[e]<|1-

This is equivalent to showing that

1 1 M
log® n
€ (logC n )

T < —alogn < logn— log'n

— Mcloglogn—logM! > log(alogn)
1
< logn—log(alogn)— oe*n > Mcloglogn +log M!.
og‘n

Using Stirling’s upper bound [79, Equation 9.1],

Mcloglogn +logM! < Mcloglogn+ M(logM —1) +logM
= M(cloglogn—log(c+ 1) +loglogn—logloglogn—1)+logM
= M(c+1)loglogn—CM — M logloglogn + log M
=logn—CM — M logloglogn + logM

<logn—1log(alogn)—

logn’

for sufficiently large n, since log(alogn) + log%n = o(M logloglogn — M) for any constant a > 0.

Hence, we get the desired lower bound. O

We now extend Lemma B.17 to a case with fewer balls.
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Lemma B.18. (¢f Lemma B.17) Consider the ONE-CHOICE process with m = eub% (for constants
0 < ¢ <1andu > 0) balls into n bins. Then, for any constant k > 0 with u - k < 1, for any constant

a > 0 and for sufficiently large n,
2
Pr[Gap(m) > k- (logn)'™¢ ] =>1——.
na

Proof. We define £ and £’ as in Lemma B.17. We bound Pr[f’ ] by bounding the probability that
no bin has load exactly M = k - (logn)'—¢. We claim

_e—ulogcn —ulogtn MAD _e—ulogcn —ulog‘n M
Pr[f?’]<(1—e (e ) ) <eXp(—ne L ) )<i’

M! M! n¢

which is equivalent to showing that

e—e_” log® n (e—u log® n)M

—n M <—alogn < logn—e

—ulog®n

—Mulog®n—1logM! > log(alogn)
& logn—log(alogn) —e ™8 " > Mulog® n+log M!.
Using Stirling’s upper bound [79, Equation 9.1],

Mulog®n+logM! < Mulogn+ M(logM —1) + logM
= M(ulog®n+logk+(1—c)loglogn—1)+logM
=ku-logn+ M(logk + (1 —c)loglogn—1)+logM

—ulog‘n
>

<logn—log(alogn)—e

for sufficiently large n, since log(alogn) + e “1°¢"" + M(logk + (1 — ¢)loglogn — 1) + logM =
o((1—u-k)logn) for any constant & > 0 and u - k < 1. Hence, we get the desired lower bound. O

We use the following well known results for ONE-CHOICE.
Lemma B.19. Consider the ONE-CHOICE process, for any a > 0, any bin i € [n], and any step m = 0,
E[e® ] < en ("D,

Proof. We will proceed inductively to show that E[ e® ] < en'(¢“=1)_ The base case follows since
0
E[e* ]=1<1. For m 2 1, let Z" indicate whether the m-th ball was allocated to bin i € [n] and

(€*=1) holds, then

m—1

—1
assume that E[ e® ] <e'n

E |: eaxlf" ] —FE [ ea(Zl.m+xLT“_1) ] — E[eazi’" :| -E I: eotx{“_1 ]

=(%~e“+(1—%)-eo)-E[ea"im71]=(1+%'(ea—1))-E[e“xiM71:|
(%)e%,(ea_l)'El:eaxl{n—l]

1 a m—1 a m a
< eE~(e -1) ., e n (e*—1) e;-(e —1)'

using in (a) that 1+ u < e" (for any u). O

We now proceed to obtain an upper bound for the maximum load of ONE-CHOICE for any m <
2nlogn. As we will show in Lemma B.23, this bound is asymptotically tight.

Lemma B.20 (cf. [3, Lemma 14]). Consider the ONE-CHOICE process for any m < 2nlogn. Then,

logn
Pr| maxx™ < 11 & >1—n",

iefn] * ' log(22 -logn)
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Proof. Using Lemma B.19, for the given m and a = log(%“ -logn) > 0, we have that for any bin
i€[n],
m 0, 41‘0 n
E[eaxlm 1< 67"81 (T logn) — 4

Hence, by Markov’s inequality,

Pr[e“xi <n'! ] >1—n"".
When this event holds, we have

1 1 logn
X" < a-log(n )< 11-

log(%” -logn)

By taking the union bound over all bins i € [n], we get the claim. O

For m = O(n), this recovers the well-known O(lolgﬁ)gn) bound.

Corollary B.21 (cf. [138, Chapter 5]). Consider the ONE-CHOICE process for m = 2n. Then,

1
Pr[maxxfn < 11-&] >1-n"%
ieln] ' loglogn

For m = O(n'~¢) for some constant € € (0, 1), this shows that Gap(m) = O(1).

Corollary B.22. Consider the ONE-CHOICE process with m = 2n'~€ for any constant € € (0,1). Then,

11
Pr[maxxim < — ] >1-n"%
i€[n] €
In the following lemma, we prove that the ONE-CHOICE bound obtained in Lemma B.20 is asymp-
totically tight.

Lemma B.23 (cf. Lemma 14 in [3]). Consider the ONE-CHOICE process with m < nlogn. Then, there
exists a constant k > 0, such that

1 1
| s 1 losn 1oy
i€[n] 4 log(3y -logn)

Proof. We will bound the probability of event &, that the maximum load is less than M = % .
logn
log(%g-logn)

balls (while keeping M fixed).

Following Lemma B.15, it suffices to bound the probability of the event £ which is that the
maximum value of n independent Poisson random variables with parameter A = 7 is less than M.
We want to show that

-2 rm\M n —m/n (mM
Pr[§]<(1—u) <exp(—n-¢)<n‘l.
M! M!

This is equivalent to showing that

. Clearly, the probability of the event £ is monotonically increasing in the number of

e_m/"(m)M m m
0. M'n <_1ogn<:)1ogn——+M-log(—)—1OgM!>108108n
. n n

m m

< logn+M- log(—) > — +logM! +loglogn.
n n

Using logM! < M - (logM — 1) +logM (e.g., in [79, Equation 9.1]), we deduce that

i +M - (logM— 1 —log(m)) +logM +loglogn
n n
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|
5}
0]
]
+

1 1
# . (1oglogn—log (4-log(4n ogn)) —log(E))
4.10g(%) m n
1 1 1
logn + # , (log(4n ogn)_log(w.bg(% ogn)))
4.10g($) m m

logn 1 4nlogn
4nlogn "0 m
4-10g(T)

1
-logn + 2 -logn =logn,

N
AW MW plW
)
o
]
+

for sufficiently large n and using that log(&fn) > 0 as m < nlogn. Hence, we get the desired

lower bound. O

Combining with Lemma B.16, we also get the asymptotically tight bound on the gap

Lemma B.24 (cf. [3, Lemma 14]). Consider the ONE-CHOICE process with m < nlogn. Then, there
exists a constant k > 0, such that

logn

—2 > 1-n"l
log(%"-logn) .

Pr| Gap(m) =« -

Proof. For sufficiently small constant C € (0, 1), for any m < Cnlogn we have that

logn

1, logn , m
4 log(%‘-logn) S

and hence the conclusion follows by Lemma B.23 for k = %. For m > Cnlogn, the stated bound
follows from Lemma B.16. O

B.5.3 Number of bins above a certain load

Lemma B.25. Consider the ONE-CHOICE process for m = nlog® n. With probability at least 1—o(n™2),
there are at least cnlogn balls with at least % + 5 logn height for a = 0.4 and ¢ = 0.25.

Proof. Consider the event £ that the number of balls with load above 5logn is at most %log n.
Since £ is monotonically increasing in the number of balls, its probability is bounded by twice the
probability of the event occurring for independent Poisson random variables [3, Theorem 12].

By Berry-Esseen inequality for Poisson random variables (Lemma B.7), for sufficiently large n
and since € = (logn)™,

|Pr[Y = a]—@(a)| <e=>d(a)—e <Pr|:X >log2n+alogn:| < ®(a)+e.

For a = 0.4, we get ®(a) < 0.35. Let X; := 1(Y; = log®n + alogn) and let X := Z?:le-, then
X is a Binomial distribution with p < 0.35. Using the lower tail Chernoff bound for the Binomial

distribution (Lemma B.4),
n
np _
P1‘|: i_Elxi < ?:| <e Q(n).

For sufficiently large n, the RHS can be made o(1/n?), hence there are at least np/e bins with load
at least = + alogn w.p. 1 — 0(1/n?). This means that w.h.p. at least np/e - alogn = 2 logn <
0.26 - nlogn balls have height T + 5logn = 7 + 0.4logn. O
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Lemma B.26. (¢f Lemma B.25) Consider the ONE-CHOICE process with m = Kn+/logn—O(Kn+/logn-
e~ Vv1081) pqils, for K = 1/10. Then, with probability at least 1 — n™*, there are at least % .

e~ 0-21v1ogny  flogn balls with height at least 23—0 - 4/logn.

Proof. Let C := % and note that m = K(1 — o(1))n4/logn. Using Poissonisation [3, Theorem

12], the probability that the statement of the lemma does not hold is upper bounded by twice the

probability for the corresponding event with n independent Poisson random variables X;,X5, ..., X,
m

with parameter A = = = K(1 —o0(1))+/logn. For a single Poisson random variable X, we lower

n

bound the probability that X = u for u = (K + 2 - C)4/logn,

—Aju —Aqu u
e A > e A _e—l+u—1—10gu()')

u eu(u/e)t u

Pr(XZu]=2Pr[X=u]=

> exp((K-i—Z'C) 108“**(%))

= exp(—0.8(K +2-C)4/logn) > exp(—0.24/logn),

K(1—0(1))
(K+2-C)
w.p. 1 —n~* at least ne=0-20v108n=1 > pne=0-214/logn hing have load at least (K + 2 - C)4/logn, so at

least e~ 021v 198" . ¢\ /logn balls have height at least (K + C)+/logn. O

where the penultimate inequality used log( ) > —0.8. Using Lemma B.4, this implies that
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LOWER BOUNDS

In this chapter, we prove lower bounds for various of the processes and settings analysed in the
previous chapters. More specifically, in Appendix C.1, we prove lower bounds for settings with
outdated information. In Appendix C.2, we prove lower bounds for settings with adversarial and
random noise. Next, in Appendix C.3, we prove lower bounds for TwO-THINNING processes. Finally,
in Appendix C.5, we prove lower bounds for MEAN-BIASED processes.

We employ the following set of techniques:

* Use of coupling and majorisation with a ONE-CHOICE process (e.g., Observation C.7, Theo-
rem C.15 and Lemma C.27). To analyse the ONE-CHOICE process, we often employ Poissoni-
sation (see Appendix B.5).

* Use of upper bounds on (exponential) potential functions to bound the number of bins with a
normalised load in a given range (e.g., Theorem C.26).

* Use of layered induction (e.g., Theorem C.9 and Theorem C.26), in a spirit similar to [18], but
with significant modifications.

C.1 Lower bounds for settings with outdated information

For the lower bounds we always assume that balls are unweighted (or equivalently, have unit
weight).

We will now establish an interesting behaviour for a family of processes (including (1 + f3) with
constant 8 € (0, 1) and QUANTILE(S) with constant 6 € (0, 1)), that in the setting for any
b € [n,nlogn], the gap is ©(logn). We do this by proving a matching lower bound for Theorem 7.39.

We recall the following result which assumes no batching, i.e., balls are allocated sequentially
using perfect knowledge about the bin loads.

Lemma C.1. Consider any SEQUENTIAL(q") process (in the unweighted setting) with allocation vector
q' satisfying min;ep,qf = %for some constant C > 0 at every step t = 0. Then, for m = %nlog n,

Cc
Pr[Gap(m) = 6 -logn] >1-—2n"2

Proof. The proof follows via a coupling with ONE-CHOICE. Since min;e[,q; = % ateverystep t =0,

by a Chernoff bound, with probability at least 1 —n~“1) we have that at least 4(,% -nlogn balls are
allocated using ONE-CHOICE. Hence, by Lemma B.16, we get that

c? C2
Pr|:maxyim>( )-logn:|>1—2n_2.
i€[n]

+
4-16 4-16
Since m = 16—6n10g n, we conclude that that
9 —2
Pr Gap(m)>E-logn =1-—2n"". O

By majorisation, it follows that any TIME-HOMOGENEOUS(p) process with a non-decreasing prob-
ability vector p has a worse gap in the setting with b > 1 than for b = 1.
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Proposition C.2. Consider any TIME-HOMOGENEOUS(p) process with non-decreasing probability vector
p satisfying min;e[,) p; = % for some constant C > 0, in the (unweighted) setting for any
b = 1. Then, for m = % -nlogn,

C
Pr [ Gap(m) = T logn ] >1—2n2

Note that this statement applies to the (1 + f3)-process for constant 8 € (0,1) and QUANTILE(S)
for constant 6 € (0, 1), but it does not apply to TwWO-CHOICE.

Proof. Consider the process P = TIME-HOMOGENEOUS(p). Recall that Q = (P) is by
definition a SEQUENTIAL(q") process with ¢° = ¢*(§") being a permutation of p. Since p is non-
decreasing, it follows that g* > p.

By applying majorisation (Theorem 2.5) for processes P and Q, for the first m steps, we get that
there is a coupling such that the sorted load vector y§3 majorizes y;, and in particular,

(¥5h=ph = Gapg(m)=> Gapp(m).
Hence the statement of the lemma follows by Lemma C.1. O

Now, we turn our attention to proving lower bounds for the same family of processes when the
batch size is b = nlogn. This lower bound follows just by looking at the load of the bin i with
probability ¢% > £ in the first batch.

Proposition C.3. Consider any TIME-HOMOGENEOUS(p) process with p satisfying maxie[, p; = for
some C > 1, in the (unweighted) setting with b = nlogn. Then, for y := min(C — 1, O 5),
any bin j = argmax;c,] p; satisfies

Sr.b _ Y8
[y] 4 n]>1 n .

Proof. For convenience, let us define y := min(C — 1,0.5), so y € (0,1/2). Note that during the
first batch consisting of b = nlogn balls, the load vector is never updated and all balls are allocated
using the same probability vector p. Hence each ball will be allocated to some bin i with probability

at least %, independently. Let X := xb = Zb ;» where the X;’s are independent Bernoulli random

variables with E [X 5 ] = 1+Y Hence E[X ]| = b +Y Using the following Chernoff bound, which
states that for any A > 0,

Pr(X <(1—2)-E[X]]<exp(—A%/2-E[X]).

Picking A = y/2 implies

2
Pr[ <@A-7v/2)-(1+7)- —:| <exp (—Y— . 9) <n /s,
8 n

where the last inequality used our assumption that b = nlogn. If x =(1—-y/2)-(1+ y) =, then
this implies for the normalised load,

where the last inequality used y < 1/2. O

Unlike Proposition C.2, Proposition C.3 can be applied to Two-CHOICE and any d-CHOICE process
with d = O(1).
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Herd phenomenon. For b = nlogn, this Q(%) lower bound establishes a sharp contrast between
Two-CHOICE and the (1 + f3) process, as the later for § = ,/Tlogn can achieve the asymptotically
optimal (’)(\/%) gap as shown in Section 7.5. It also demonstrates that increasing d in d-CHOICE
does not necessarily help, a phenomenon which had been observed by Mitzenmacher [134] but not
rigorously proven (to the best of our knowledge).

Observation C.4. Consider any d-SAMPLE process with d = O(1) which uses random tie breaking, in
the setting with any b = nlogn, and assume all balls have unit weight. Then, we have that

b

Pr[Gap(b)?i- -logn:|>1—n_2.
n

10

Proof. In the first batch, any such process behaves exactly like ONE-CHOICE. Hence the result follows
immediately from a known lower bound for ONE-CHOICE for b balls into n bins by Lemma B.16. [

The same Q(4/2-logn) lower bound was shown in [114, Theorem 5.2] to also hold for any process
and at any batch (not just in the first one).

Small batch sizes. For small batch sizes n-e~1°¢'" < b < nlogn with ¢ = O(1), we have that Two-
CHOICE is optimal among all Two-SAamPLE (or in fact any d-SAMPLE process with d = O(1)). This
follows from the upper bound in Corollary 7.31 and the lower bound that follows from ONE-CHOICE
in the first batch (e.g., Lemma B.17).

Observation C.5. Consider any d-SAMPLE process with d = O(1) and random tie breaking, in the
setting with any b € [n - elog'n, nlogn] with any constant ¢ > 0, and assume all balls have
unit weight. Then, we have that

1
Pr| Gap(b) =« - # >1—nl.
log(T” -logn)

Proof. During the allocation of the first batch consisting of b balls, the load information of all bins
is never updated, i.e., their load “estimate” equals zero. Hence in these first n steps, as ties are
broken randomly;, behaves exactly like ONE-CHOICE. Hence, by Lemma B.24 there exists
a constant k > 0,

1
Pr Gap(b)?x-# >1—nl. O
log (%2 -logn)

Random tie-breaking. Let us remark that in the proof of Proposition C.3, we assumed that the
allocation process uses the same probability vector and bin labelling in all steps of the same batch. In
particular, this analysis does not apply to Two-CHOICE with random tie-breaking. However, TwWoO-
CHOICE with random tie-breaking will allocate all balls in the first batch following ONE-CHOICE.
Exploiting this, we can then prove that by the end of the batch, there is a unique bin which attains
the minimum load if b = Q(nlogn), which means for the second batch we can apply Proposition C.3,
and conclude that a lower bound of Q(%) holds with constant probability > 0.

We will make use of the following property of n independent Poisson random variables, which
is proven in Appendix B.4:

Lemma B.14 (Restated, page 191). Consider any n = 2 and A > 16 - logn. Let X',...,X" be
independent Poisson random variables with X' ~ Pois(A), and denote by for Y(,), Y(,—1) the smallest
and second smallest of the X'’s. Then there exist constants K,k > 0 such that,

Pr[ Y(n—l)_Y(n) = L IRY/ 7(,/ logn] = Ko.
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Using this we can now derive the lower bound for allocation processes with random tie-breaking.

Lemma C.6. Consider a TIME—HOMOGENEOUS(p) process with probability vector p and random tie-

breaking, such that p, > ¢ = for some constant C € (1,1.5] in the (unweighted) setting with
b= (C 1)2 nlogn. Then, there exists a constant k := k(C) > 0, such that
C—1 b
Pr[Gap(Zb) =z —- —} =K.

Proof. Initially, all bins have load 0, so the first b balls will be allocated using ONE-CHOICE. In order
to use the Poisson Approximation Method [138, Theorem 5.6], let X 1,)?2, ... ,)?n be n independent
Poisson distributed random variables with rate A = (b —4- +/b)/n. By Lemma B.8, the sum S, :=
Z?:l X, is in the range [b—8+/D, b], with probability at least 1—o(1). By Lemma B.14, we have that
with at least constant k, > 0 probability, the difference between the smallest and second smallest
bin is at least x; - 4/ A/logn, for some constant x; > O.

Consider now the allocation of the remaining b —S,, < 8+/b balls. The average load of a bin
through these balls is 84/b/n. Using Markov’s inequality, the smallest bin does not receive more
than 16+/b/n additional balls with probability at least 1/2.

Since x; - 4/A/logn = k- 4/0.5-b/n-1/logn = 16+/b/n we can conclude that there is still a
unique minimally loaded bin after the allocation of all b balls. Further, by using a Chernoff bound
for ONE-CHOICE, it follows that

Pr[ b/n—\/6-b/nlogn]>1—n_2.

Taking the union bound, we conclude that at the end of the first batch, the following holds:

Pr[yfe[ v/ 6-b/nlogn, yn 1= ]]/Kl %—o(l)—n 2, (C.1

Conditioning on yr’l’ < yr’f_l —1, we have p,(x?) > p, > % For simplicity, let us fix label n to be the
index of the bin with smallest load at time b. Applying Proposition C.3 to the allocations made in
the second batch to bin n, we conclude that there is a constant y > 0 such that

Pr[x?lb (1+Z) [ \/6:-b/nlogn, yn 1= ]i| >1—n1/8, (C.2)

Both events in Eq. (C.1) and Eq. (C.2) hold with probability at least x; - %, and in this case,

2b _ b, .2b__ b
Xn —xn+xn Xn

—1
22 V6" b/nlogn+(1+CT)-%
2 —1
b 6- b/nlogn+—C4 E
n n

(;)Zb C—1 b

= — _— —

5

n 8 n
where we have used in (a) that if b > (CBE;‘)Z nlogn then,
C—1 b 384
——— - —22-4/6-b/nl < b>2——"-nlogn.
- /nlogn C—17 nlogn
Hence Gap(2b) = % . %. O
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C.2 Lower bounds in noisy settings

In this section, we will state and prove lower bounds on the gap of Two-CHOICE in various noisy

settings. Recall that the and processes are specific instances of the
setting. Our main result is for , Where we will prove a lower bound
of Q(g + 1ogg i loglogn), which matches the upper bounds in Sections 5.3 and 7.4.1 for all g = 0

(Corollary C.10). Table C.1 gives a summary of the results.

Process Range Lower Bound Reference
Any 0<g log,logn +Q(1) Obs C.7
2<g Q(g) Prop C.8
1 log
10< g <35 oglogn Q(loig -loglogn) Thm C.9

2. (logn)_l/3 <o Q(min{l,0} - (logn)1/3) Prop C.11
32<0o Q(min{c*/°,0%/>. /logn}) Prop C.11

Table C.1: Overview of the lower bounds for different noise settings. All of these hold for a particular
value of m with high probability.

We start with a simple lower bound which follows immediately by majorisation with the Two-
CHOICE process without noise. This lower bound holds regardless of which strategy the adversary
uses.

Observation C.7. There exists a constant k > 0 such that for any g 2 0 and any instance of the
setting,

Pr[Gap(n) = logzlogn—K] >1-nL

Proof. For the Two-CHOICE process without noise, it was shown in [18, Theorem 3.3] that there
exists a constant k¥ > 0 such that Pr[ Gap(n) = log, logn —k ] >1—nl.

At any step t = 0, the probability allocation vector p of TWo-CHOICE without noise is majorised
the probability allocation vector q* of any instance of Two-CHOICE in the setting, as q°
is formed by p and possibly reallocating some probability mass from light to heavy bins. Hence, the
lower bound follows by majorisation (see Theorem 2.5). O

We proceed by analysing the process by coupling its allocations with that of a
ONE-CHOICE process.

Proposition C.8. Consider the process. Then, (i) for any g € [2,6logn] and for
m= % -ng, it holds that

1
Pr| G >—.¢g|>1—n2
r[ ap(m) 35 g] n

Further, (ii) for any g = 6logn and for m = ng?/(32logn),
1
Pr| G >—.g|>1-2n"2%
r[ ap(m) 0 g] n

Recall that for g = Q(polylog(n)), our upper bound on the gap is

@) (g + & -loglogn) =0(g).
logg

This means that the lower bound in Proposition C.8 is matching for those g. For smaller values of
g, a stronger lower bound will be presented in Theorem C.9.
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Proof. First statement. Consider with m = % -ng balls and define the stopping time
7 :=inf{t > 0: maxc[,; x| > g}. Note that T < m implies there is a bin j with x].T = g, and hence

1 1 1
Gap(m) X; X; 28 8 28 35g

=3

Let us now assume T > m. In that case, all bins have an absolute load in [0, g] and are therefore
indistinguishable. Hence during steps 1,2,...,m, the process behaves exactly like
ONE-CHOICE.

By Lemma B.16 (for ¢ := % . loin = loén since g = 2) it holds for ONE-CHOICE that,

1
Pr| Gap(m)=2 ——=-+/g-lo n]?l—n‘z,
[ pim)> 1575 V& lo

which, as g -logn > —égz, implies that
Pr[Ga( )>—1 }>1— 2
m) = -g | = n--.
p 35 g

Second statement. We will first prove for the process that w. p. 1 —o(n™?!) for any
step 1 <t < m and any bin i € [n], it holds that |y/| < %. To this end, fix any bin i € [n] and define
forany1<t<m,Z'=2Z'(i):= Z;.:l(Yj — %), where the Y;’s are independent Bernoulli variables
with parameter 1/n each. Clearly, Z* forms a martingale, and E [ zZt ] =0forall 1 <t < m. Further,
let T:=inf{t > 1:|Z'| > %}. Then Z'" is also martingale. Further, we have

1 1 1
Var[ Z'*1 | Zt]:—-(l——)<—=:02.
n n n

Also |Zt*1 — 7| £ 1 =: M. Hence by a martingale inequality Lemma B.9,

A,Z
Pr| |ZMV > <2 -ex (— ),
L |>2] P 2370, 02+ MA/3)
: _g

with A = 3,

g g* g*

Pr[ |ZmAT| > —] <2-exp| ———F— | =2-exp| ——5—— | <217,

2 8(m'ﬁ+3) 8'(32§0gn+%)
where the last inequality holds since 8 - (% + %) < 8- (32%';“ + Sz‘fjgn) = 21%;1, using that
g = 6logn.

If the event | Z™"7| < % (or equivalently T > m) occurs, then this implies that bin i deviates from
the average load by at most % in all steps 1,2, ..., m. By the union bound, this holds with probability
1—2n"2 for all n bins. Consequently, the process behaves exactly like ONE-CHOICE
until time m with probability 1 —2n72.

By Lemma B.16 (for ¢ := ﬁ) it holds for ONE-CHOICE that,

g ] -2
Pr| Gap(m)=z2 ———|[=1—n"".
[ p(m) 10- /32

g
[

. . . . g
The claim follows by taking the union bound and using that 0.-75 =
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. _logn
loglogn

Theorem C.9. Consider the process for any g € [10,% 1. Then, there exists

¢ :={(g,n) (defined in Eq. (C.3)), such that for m = n - £, it holds that

1.8
8 logg

Pr [ Gap(m) = -loglogn ] >1—nW,

The proof of this lower bound is similar to the method used by Azar, Broder, Karlin and Upfal [18]
to prove the Q(loglogn) lower bound for TWo-CHOICE without noise, in the sense that it follows a
layered induction approach, but some additional care is needed. For example, the induction step
size in the load is g and not 1, and the outcome of a load comparison depends on the load difference.

Proof. In the proof we will divide the allocation of m = n - £ balls into £ consecutive phases, each of
which lasts for n steps, where

(C.3)

_ 1og(% logn/log g)
N logg '

First, we verify that £ = 1

log(% glogn/logg) (a) log(% glogn/logg) (b) log(% glogn/logn) 1
logg log( logn/logn) log( logn/logn) ’

where (a) used that g < élog n/loglogn and (b) that g < logn.
Next we define for any k =1, 2,...,£ the following event:

&= {]{i €[n]: x> k-g}| > n-g—zi‘—lgf}.

The main goal of this proof is to show that £, occurs with high probability. Assuming for the moment
that &, indeed occurs, let us verify that the lower bound on the gap follows. First, note that £, implies
the existence of a bin i € [n] with x* > (- g and thus Gap(m) > x"— T > {-g—L =1 -(g—1),

log(é logn/logg) J
b

since by the choice of £ = L Togg

g_Z?:l g/ (ﬁ) g—4g > g——logn/logg _ n—l/z (C.4)

where in (a) we used that for any g = 2,

k 4 (+1 (+1

‘ ‘ -1
Slgi<ad gi=2.8 <2-8 =44t (C.5)
=1 i=0 g§—1 28

.
Thus n - g_ZJ'ZI ¢ >1. Secondly, we verify that £ - (g — 1) = Q(lo‘gg -loglog n),

@

£ (g1 log(glogn/logg)

logg
log(1/8) +loglogn —loglog g g

log g
8, (C.6)

=
oo|.—~ -N'—‘ .M.—-

log logn
logg

V

where (a) holds since |u| Z u/2foru=>1 (as{ > 1) and g—1 = g/2, since g = 2, and (b) holds since
for sufficiently large n, (1/4) - loglogn = —log(1/8) and (1/4) - loglogn = loglog g as g < logn.
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In order to establish that & occurs w. p. 1 —o(n™!), we will proceed by induction and prove that
for any k > 1, with €, := n~*® and &, := Q,

Pl'[gk | 5k—1]> 1—€k.

Induction Base (k = 1). Here we consider the allocation of the first n balls into n bins. We are
interested in the number of bins which reach load level g during that phase. Note that as long as
the loads of both sampled bins are smaller than g, the allocation follows that of ONE-CHOICE; if one
of the bins has a load which is already larger than g, then the load difference may force the process
to place a ball in the lighter of the two bins. In the following, we will (pessimistically) assume that
the allocation of all n balls follows ONE-CHOICE.

Instead of the original ONE-CHOICE process which produces a load vector (x[');[,], we consider
the Poisson Approximation (Lemma B.15) and analyse the load vector (X7');[,], where the X7', i € [n]
are independent Poisson random variables with mean n/n = 1. Clearly, for any i € [n],

Pr[f??g]>Pr|:)?i”=g:|=e_l-—>2-g_‘°’,
using in the last inequality Stirling’s approximation (e.g. [138, Lemma 5.8]) and g > 5,

g\¢ et 2eg e
ceg () = g (28) e
gl<e g (2 S8 (eg S8

LetY := |{l €[n]: x!'> g}| Then E[Y ] > 2n - g7¢. By a standard Chernoff Bound,

1
Pr[Y<n-g_g]<Pr[Y< ~E[Y]]<exp(—§-E[Y])<n_“’(1),

1
2
where we have used g7¢ > g_4ge > n~'/2, due to Eq. (C.4). Hence by the Poisson Approximation
(Lemma B.15), Pr[&; 1> 1—2-n7¢M =1 —pn~),

Induction Step (k—1— k, k = 2). For the induction step, we analyse phase k =2,...,¢ and

k-1

we will lower bound Pr[ & | £, ]. Assuming &;._; occurs, there are at least n- g_zizl ¢’ bins whose
load is at least (k — 1) - g at the beginning of phase k. Let us call such a set of bins B;_;, which can
be assumed to satisfy with equality:

k=1 ;i
Byl =n-g 2=, C.7)

Next note that whenever we sample two bins iy, i, from B;_;, we allocate the ball to a random bin
among {i;, i} if both bins have not reached load level k - g. Therefore, in order to lower bound the
number of bins in B;_; which reach load level k - g by the end of phase k, we may pessimistically
assume that if two bins in B;_; are sampled, the ball will be always placed in a randomly sampled
bin. Note that the probability that a ball will be allocated into the set B,_; is lower bounded by

2
(@)2. Let Z denote the number of balls allocated to By_; in phase k. ThenE[Z]>n- (@) .

2
Using a Chernoff Bound for m := % ‘n- (@) ,

2 1
Pr[Z<ﬁ1]<Pr[z< E-E[Z]] <exp(—ﬁ-E[Z])<n_‘“(l),

where we used that @ )
E[Z]> n_g—ZZf;ig’ ; n-g_zgk >n-n"2

k—1
j=1

gk—1

using in (a) that for any integer g > 2, >.:_ g/ < =T S ¢*, and in (b) that k < ¢ and the property

of £ in Eq. (C.4).
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Conditioning on this event, in phase k we have a ONE-CHOICE process with m balls into n
n. Again, we apply the Poisson approximation

|Bj_1| bins, Wpich w.l.o.g. will be labelled 1,2, ...,
and define (X™);c[5) as n independent Poisson random variables with mean A given by

2
- 2 1Byl
m 3 1 ( n

A= —_ = |Bk_1| — E . g_Zf;} gj,
|Bi—1|

n 3

_2
3

using Eq. (C.7). With that, it follows for any bin i € B;_;,
2 k 1g‘
g - MO a8 gy
Pr(X;>g]>Pr[X,=gl=e"* = ' ( ' ) >2.g ijlg”
g’ g’

using in (a) that A < 1 and in (b) Stirling’s approximation (e.g. [138, Lemma 5.8]) and that g > 10,

-1 g 8 -1 8
=5 G) e () ) <7 ()
I<e-o- (8 =8 (2] .08.( 22 <& . [2) ..s
g eg(e 5 \3) & (* 8| % 2 \3) ¢

.
Let Y :=|{i e[n]: X; = g}|. ThenE[Y ] > 2ﬁ~g_zf=1 ¢ Thus by a Chernoff Bound,

L5k 1 1
<fi-g Zf—lgj]@)r[y = E[Y]:|\exp(—§ E[Y])<n_‘°(1),

Pr[Y <n
2
where we used that
E[Y]>2n- g_zj'(zl ¢ =on. g RIS _Zj'(zl ¢ >on. g_zzﬁzl ¢ (C>5) 2n - g_4gk (>) 2n'/2,

¢ and Eq. (C.4). Thus by the union bound and Poisson Approximation,

where in (a) we used k <
n~“M which completes the induction.

Pri& | Eq]121—n M —2.p70W =1
Finally, by a simple union bound,

4
Pri&]>1— > Pr[-& | & 1> 1L >1-

-loglogn, and therefore the proof is complete.
O

n—e@),

As verified in Eq. (C.6), & implies Gap(m) = % logg

Combining Observation C.7, Proposition C.8 and Theorem C.9, we get

process for any g = 1. Then, there exists an m :=

Corollary C.10. Consider the
m(g) = 0, such that

Pr|:Gap(m) = Q(g + -5 -loglogn)] >1—-nl.
logg

We proceed with two lower bounds for the process.

Proposition C.11. Consider the process with p(6) :=1— % . exp(—(6 / 0)2) for some
(not necessarily constant) o > 0. Then, (i) for any o > 2 - (logn)~/3,

1 1
Pr[Gap(n) = min{g -(log n)'/3, 50 -(log n)l/S} ] >1—2n"1

Further, (ii) for any o = 32, it holds for m = —04/5

1 1
Pr[Gap(m) = min{ga“/s 300 2/5. \/logn} :| >1—2n"2.
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Proof. First statement. Let T := inf{t > 1: max;c[,)X; = 0 - (log n)l/?’} If T < n, then
Gap(n) = x;' — n Zxi—1=20- (logn)l/3 —12 EO‘ -(logn)'/3.
n

Consider now the case T > n. For any step t < 7, we will perform a “sub-sampling” of the correct
comparison in (possibly) two stages as follows. Let i; = i] and i, = i; be the two sampled bins, and
5 be their load difference. Let Z; ~ Ber(1—exp(—(5/0)?)) and Z, ~ Ber(1/2) be two independent
random variables, which can be thought as the outcome of two biased coin flips that will be used
to determine whether the load comparison is correct. If Z; = 1, then the comparison is correct
(regardless of what Z, is). However, if Z; = 0, then the comparison is correct if and only if Z, = 1.
Overall, the probability of a correct comparison (if 6 > 0) is equal to

Pr[Z;=1]+Pr[Z,=0]-Pr[Z,=1|Z,=0]=1—exp(—(6/0)*) +exp(—(6/0)?)-

N+

= 1—exp(~(5/0)?).

Further, conditional on Z; = 0, the ball will be placed in a random bin among {i;,i,}. Hence
as long as t < 7, we can couple the allocation of each ball by to an allocation by
ONE-CHOICE with probability at least exp(—(5/0)?) = exp(—(logn)?/?). Using a Chernoff bound,
with probability 1 —n~“™), we we can couple the allocation of at least n/2 - exp(—(log n)?/3) balls
out of the first n balls with that of ONE-CHOICE. Consequently, using Lemma B.23 the maximum
load (and gap) is at least 3(logn)'/® with probability at least 1 —n~*. Combining the two cases we
get the claim.

Second Statement. Consider any o > 32 and define the stopping time 7 := inf{t > 1: max;c[,; x| =
o*°}. Let m := 305 - n. If T < m, then there is a bin i € [n] with x7 > o*/°, and

Gap(m) = x" — m = x; — 104/5 = 104/5.
n 2 2
Otherwise, in each step until m, the load difference between any two sampled bins is at most o
and therefore each ball is coupled with the allocation of a ONE-CHOICE process with probability at
least exp (— (c#/°/0)?) > 1— #
Let X be the number of ONE-CHOICE allocations in the first m steps. Using the following standard
Chernoff bound,

4/s.

Pr(X>(1—6)-E[X]]>1—e 25 EX],
with5:— 1 (sincec>1)and E[X ] > (1_%) m, we get that

>
- 4/5 |

[ 2( 02/5) o n]
B. o

16 (forc:=5-(1—-2- == 04/5-10;1 10gn) we get that

>1—e 30" EX] 5 _pme),
5) '

NI

Therefore, using Lemma =

1
> .
Gap(m) 0 \

1

1
> — g% 4/ logn,

30
using in (a) that o = 32. So, combining the two cases we get the claim. O
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C.3 Lower bounds for TWO-THINNING processes

Now, we turn our attention to proving lower bounds for Two-THINNING. In the lightly-loaded case
(i.e., m = n), [75] proved an upper bound of (2+0(1))-(+/2logn/loglogn) on the maximum load
for a uniform THRESHOLD (f)-process with f = 4/2logn/loglogn ([77] extended this to d > 2).
They also proved that this strategy is asymptotically optimal. In [75, Problem 1.3], the authors
suggest that the O(4/logn/loglogn) bound on the gap extends to the heavily-loaded case. Here we
will disprove this, establishing a slightly larger lower bound of 2(+/logn) (Theorem C.20). We also
derive additional lower bounds (Theorem C.15 and Corollary C.16) that demonstrate that any QUAN-
TILE or THRESHOLD process will “frequently” attain a gap which is even as large as Q2(logn/loglogn).
These demonstrate that the QUANTILE(6™) process is asymptotically optimal.

Let us describe the intuition behind this bound in case of uniform quantiles, neglecting some
technicalities. Consider QUANTILE(S) and the equivalent TwO-THINNING instance where a ball is
placed in the first bin if its load is among the (1 — &) - n lightest bins, and otherwise it is placed in a
new (second) bin chosen uniformly at random (Lemma 2.19). We have two cases:

Case 1: We choose most times a “large” 6. Then we allocate approximately m - 6 balls to
their second bin choice which is uniform over all n bins. This will lead to a behaviour close to
ONE-CHOICE (Lemma C.12).

Case 2: We choose most times a “small” 6. Then we allocate approximately m - (1 — &) balls
with the first bin choice, which is a ONE-CHOICE process over the n - (1 — &) lightest bins. As
we establish in Lemma C.13, for small 6 there are simply “too many” light bins that will reach
a high load level, so the process is again close to ONE-CHOICE.

Lemma C.12 (Restated, page 212). For any QUANTILE(6") (or THRESHOLD(f ")) process,

logn

Pr[ max  Gap(t) =

1
—- ] >1—o(n2).
te[1,nlog? n] 8 log log n

In fact, as shown in Corollary C.16, this lower bound holds for a significant proportion of time-
steps. We also show a lower bound for fixed m, which is derived in a similar way as Theorem C.15,
but with a different parameterisation of “large” and “small” quantiles:

Lemma C.12 (Restated, page 214). For any adaptive QUANTILE(8") (or THRESHOLD(f ")) process,
with m = 15 - n/logn balls, it holds that

Pr[Gap(m) = %\/logn] >1—o(n2).

C.3.1 Preliminaries

Let us first formalise the intuition of the lower bound. Recall that we will analyse the adaptive case,
which means that the quantiles at each step t may depend on the full history of the process ‘. We
also remind the reader that any adaptive THRESHOLD(f ") process can be simulated by QUANTILE(S")
(Lemma D.1), which is why we will do the analysis below for QUANTILE(S") only.

The next lemma proves that if within n consecutive allocations a large quantile is used too often,
then QUANTILE(S) restricted to the heavy loaded bins generates a high maximum load, similar to
ONE-CHOICE.

Lemma C.12. Consider any QUANTILE(S") process during the time-interval [ t, t +n). If QUANTILE(S")
allocates at least n/(logn)? balls with a quantile larger than (logn)~2 in [t,t 4+ n), then

logn

1
Pr[Gap(t +n)=—

>1—o(n ™).
810glogn] o(n™)
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Proof. Assume there are at least n/(logn)? allocations with quantile larger than (logn)™2. Then,
using Lemma B.4, w.p. at least 1 —o(n™?), at least %lo;n . loglzn = logsn balls are thrown using
ONE-CHOICE.

Consider now the load configuration before the batch, i.e. the next n balls are allocated. If
Gap(t) = logn, then Gap(t +n) = %log n/loglogn, as a load can decrease by at most 1 in n steps.
So we can assume Gap(t) < logn. Let B be the set of bins whose load is at least the average load
at time t, then |B| > n/logn. Using Lemma B.4, w. p. at least 1 — o(n~*) the batch will allocate at
least n/(logn)® balls to the bins of B. Hence, by Lemma B.17, at least one bin in B will increase its
load by an additive factor of % logn/loglogn w.p. at least 1 —o(n™*). Since the average load only
increases by one during the batch, there will be a gap of %log n/loglogn w.h.p., and our claim is
established. O

The next lemma implies that if for most allocations the largest quantile is too small, then the
allocations on the lightest bins follows that of ONE-CHOICE, and we end up with a high maximum
load.

Lemma C.13. Consider any QUANTILE(S!) process with m = nlog?n balls that allocates at most n
balls with a quantile larger than (logn)™2. Then,

Pr[ Gap(m) = 0.2logn]>1—o(n2).

The proof of this lemma is similar to Lemma C.12, but a bit more complex. We define a coupling
between the QUANTILE(S") process and the ONE-CHOICE process. We couple the allocation of balls
whose first sample is among the (1 — &%) - n-lightest bins with a ONE-CHOICE process. The balls
whose first sample is among the &' - n-heaviest bins are allocated differently, and cause our process
to diverge from an original ONE-CHOICE process. However, we prove that the number of different
allocations is too small to change the order of the gap.

Proof. We will use the following coupling between the allocations of QUANTILE(S") and ONE-CHOICE.
At each step t € [1,nlog? n], we first sample a bin index j € [n] uniformly at random. In the ONE-
CHOICE process, we place the ball in the j-th most loaded bin. In the QUANTILE process:

1. If j > 6" - n, we place the ball in the j-th most loaded bin (of QUANTILE), and we say that the
processes agree.

2. If j < 6" - n, we sample another bin index 76 [n] uniformly at random and place the ball in
the j-th most loaded bin (of QUANTILE).

Let y® and 2° be the sorted load vectors of ONE-CHOICE and the QUANTILE process respectively at step
s = 0. Further, let L(s) := d; (¥°,2") be the {,-distance between these vectors. Note that L(0) = 0.
If in a step both processes place a ball in the j-th most loaded bin, using a simple coupling argument
(see Lemma C.14 below for details) it follows that

L(t+1) < L(t).

Otherwise, if in a step the processes place a ball in a different bin, since only two positions in the
load vectors can increase by one, then

L(t+1)<L(t)+2.
Hence by induction over s, if k is the number of steps for which the processes disagree, then
L(nlog?n) < 2-k.

We will next show an upper bound on k, which in turn implies an upper bound on L(nlog? n).
First, for each of the at most n steps t € [1, nlog? n] for which §° > (logn) 2, we (pessimistically) as-
sume that the two processes always disagree. Secondly, for the at most nlog? n steps t € [1, nlog?n]
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with §° < (logn)™2, using a Chernoff bound (Lemma B.4), we have w.p. 1 — o(n2) in at most
(nlog?n) - (logn)~2- e = ne of these steps s, the case that j < §°-n, i.e., the two processes disagree.
Now if this event occurs,

k<n-1+n-e<2n-e = L(nlog?n) < 4n-e.

By Lemma B.25, there are constants a = 0.4, ¢ = 0.25 such that with probability 1—o(n2), the
ONE-CHOICE load vector y"logz " has at least 0.25n log n balls with height at least 0.2log n. However,
any load vector which has no balls at height 0.21og n must have a £;-distance of at least 0.25nlogn to

y”logz " and thus we conclude by the union bound that Gap(nlog® n) > 5 log n holds with probability
1—20(n"?). O

Lemma C.14. Let ¥, and ¥, be two non-increasing sorted load vectors. Consider the sorted vectors
Y1 +e; and y, + e; after incrementing the value at index i. Then, d; (¥1,¥2) = d; (¥1 +e€;, Y, + ).

Proof. If the items being updated end up both in the same indices (after sorting), then their £,
distance remains unchanged.

Let u := yy; and v := y,; for the updated index i in the (old) sorted load vector. To obtain the
new sorted load vector, we have to search in both y; and Y, from right to left for the leftmost entry
being equal to u and being equal to v, respectively, and then increment these values. Then, there
are the following three cases to consider (in bold is the value to be updated):

Case 1 u < v: Let v < w; < ... < wy, where w; is the matching value for u + 1 in z, then
we>v=>we2u+2

Yil..e U ... u U ... u ... R y1+e u+l ... u u  ...ou
Yo W ... Wi V ... VL. Yo+ e W ... wp v+1l .oov
~— S~~~
-1 +1

Case 2 u <v: Letu <w; <...< wy, where wy, is the matching value for v+ 1in y

Yi|eeo Wi oo Wy ou ...ou ... R Y1 +e W ... w; u+l ... u
Yo v v v \ Yo+ e v+1l ...y Voo
S~~~ S~~~
<1 -1

Case 3u=v: Letu <w; <...< wy, where wy is the matching value foru+ 1 in z

Yifeew We oo o wpouooouwo yi+e; W ... w; u+l ... u
¥ u u u u Yo+ e u+l ... u u ... u
S~~~ S~~~
-1 +1

C.3.2 Lower bound for a range of values

With Lemmas C.12 and C.13 proven in the previous subsection, we can now derive a lower bound
for any QUANTILE(6") (or THRESHOLD(f)) process, establishing Theorem C.15. After the proof, we
also state two simple consequences that follow immediately from this result.
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Theorem C.15. For any QUANTILE(6") (or THRESHOLD(f ")) process,

logn

Pr|: max  Gap(t) =

1
= ] >1—o(n?).
te[1,nlog?n] 8 loglogn

Proof. Since any adaptive THRESHOLD(f") can be simulated by an adaptive QUANTILE(6") process
(see Lemma D.1), it suffices to prove the claim for adaptive QUANTILE(S") processes. We will allow
the adversary to run two processes, and then choose one that achieves a gap of < élog n/loglogn
(if such exists):

* Process P;. The adversary has to allocate m = nlog?n balls into n bins. The adversary wins
if for all steps t € [m], Gap(t) < %log n/loglogn, and, Condition K;, at least n out of the m
quantiles are larger than (logn) 2.

* Process P,. The adversary has to allocate m = nlog?n balls into n bins. The adversary wins
if Gap(m) < %log n/loglogn and, Condition K,, at least m —n = nlog?n —n out of the m
quantiles are at most (logn)™2.

Note that the conditions £; and K, form a disjoint partition. We will prove that the adversary
cannot win any of the two games with probability greater than n~2. Now recall the original process,
the one we would like to analyse:

* Process P; (adaptive QUANTILE(S!)). The adversary has to allocate m = nlog?n balls into
bins at each step. The adversary wins if Gap(t) < %log n/loglogn for all t € [m].

We will show below that Pr[ adversary wins P; ] = o(n2) and Pr[ adversary wins P, ] = o(n™2),
and these bounds hold for the best possible strategies an adversary can use in each game, respec-
tively. Assuming that these bounds hold and by noticing that exactly one of X; and K, must hold
for P3,

Pr[ P; wins ] = Pr[ P; wins, K; ]+ Pr[ P; wins, K, ] < Pr[ P; wins ]+ Pr[ P, wins ] < o(n™2).

Analysis of Process 1: Let &, be the event that (i) QUANTILE allocates at least n/(logn)? balls
with a quantile larger than (logn)~? in the interval [t, t +n), and (ii) Gap(t +n) < %log n/loglogn.
Note that this is the negation of Lemma C.12, so by union bound over 1 <t <m—n,

m—n
Pr[ U & ] <nlog?n-o(n™*) =o(n7?).
t=1

Note that if none of the &, for 1 < t < m—n occur, then the adversary allocates at most n/(logn)? -
(logn)? = n out of the m balls with a quantile at least (logn)~2. Therefore,

Pr[ adversary wins P; ] < o(n™2).
Analysis of Process 2: The analysis of P, follows directly by Lemma C.13. O

Let us also observe a slightly stronger statement which follows directly from Theorem C.15:

Corollary C.16. For any QUANTILE(S") process, it holds that,

1 1
Pr U { [ min Gap(s) = — ogn } >1—n2.
se

1 logn 16 loglogn
tE[l,nlngn] t’t+ﬁnloglogn) g g

Proof of Corollary C.16. If there is a step t for which Gap(t) = % -logn/loglogn, then for any s with
t<s<t+ % -logn/loglogn, Gap(s) = Gap(t)—(s—t)/n = % -logn/loglogn. Hence the statement
follows from Theorem C.15. O
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In other words, the corollary states that for Q(nlogn/loglogn) (consecutive) stepsin[1,0(nlog?n)],

the gap is Q(logn/loglogn). This is in contrast to the behaviour of the process QUANTILE(61, 85),
for which our result in Section 7.1.2 implies that with high probability the gap is always below
O(+/logn) during any time-interval of the same length.

For uniform QUANTILE(S), we are always running either process P; or P,, so the following

strengthened version of Theorem C.15 holds:

Corollary C.17. For any uniform QUANTILE(S) process for m = nlog® n balls,

1 logn
8 loglogn

Pr[Gap(m) = ] >1—o(n"2).

Proof. Since ¢ is fixed, in the proof of Theorem C.15, we are always running either process P; or P,.
For process Py, £,,_, holds w.p. 1 —o(n™*), so there is an Q(logn/loglogn) gap at m. For process
P,, there is an Q(logn/loglogn) gap at m w.p. 1 —o(n"2). Hence, in both cases the gap at step m
is Q(logn/loglogn) w.p. 1—o(n2). O

C.3.3 Lower bound for fixed m = ©(n4/logn)

We now prove a version of Theorem C.15 that establishes a lower bound of £(4/logn) on the gap for
a fixed value m. It follows the same proof as Theorem C.15 except that the parameters are different:
@ m =606 \/@) and (ii) Condition K; is defined as having at least m - 6_1/@ out of the m
quantiles being at least e~V1%8" Lemma C.18 is the modified Lemma C.12 and Lemma C.19 is the
modified Lemma C.13.

Lemma C.18. Consider any adaptive QUANTILE(6") process during the time-interval [t, t + n). If the

process allocates at least n/e

vi1ogn palls with a quantile larger than e~ V1°8™ in [t, t 4+ n), then

1
Pr|:Gap(t +n)= g\/logn] >1—o(n*).

Proof. Assume there are at least n/e V18" allocations with quantile larger than e~ vV1°8", Then, using

Lemma B.4, w. p. at least 1 —o(n™*), at least %

n 1 n
. =
e logn e logn e3,/logn

balls are thrown using ONE-

CHOICE.

Consider now the load configuration before the batch is allocated. If Gap(t) = %\/log n, then

Gap(t +n) > %\/@, as a load can decrease by at most 1 in n steps. So we can assume Gap(t) <
%\/@. Let B be the set of bins whose load is at least the average load at time t, then |B| =
n/(}m/log n). Using Lemma B.4, w.p. at least 1 — o(n™*) the batch will allocate at least n/(e -
e3v/logn . (}‘\/@)) > n/e4‘/@ balls to the bins of B. Hence, using Lemma B.18 with ¢ = 1/2,
u=4and k = % at least one bin in B will increase its load by an additive factor of %\/@ w. p. at

least 1 —o(n™*). Since the average load only increases by one during the batch, we have created a
gap of %\/ logn—1> %\/ logn, and our claim is established. O

Lemma C.19. Consider any adaptive QUANTILE(S") process with m = %n\/ logn balls that allocates

at most n balls with a quantile larger than e~V 1°8™, then

1
Pr[Gap(m) > %\/logn] >1—o(n?).

Proof. Let C =1/20 and K = 1/10. We will use the same coupling as in the proof of Lemma C.13.
We now obtain an upper bound on the number of steps k where the two processes disagree, which
in turn implies an upper bound on L(m). First, for each of the at most n steps t € [1, m] for which

5t > e V198" we (pessimistically) assume that the two processes always disagree. Secondly, for the
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at most m steps t € [1,m] with §' < e~ V18" ysing a Chernoff bound (Lemma B.4), we have w. p.
1—o0(n2) in at most e - (Kny/logn) - e~ V198" of these steps s the case that j < &° - n, i.e., the two
processes disagree. Now if this event occurs,

k<n-1+n-e<2n-e = L(Kn\/logn)<4-e-(Kn\/logn)-e_‘V1°g".

By Lemma B.26, with probability 1 —o(n2), the ONE-CHOICE load vector yX"v1°8m has at least
e~0-21/lo8n . cn, /logn balls with at least (K + C) - 1/logn height. However, any load vector which
has no balls at height (K + C) - 1/logn must have a {;-distance of at least e *2!v1°¢" . Cn,/logn -

K - /logn > L(m) to yX"v1°8" and thus we conclude by the union bound that Gap(Kn+/logn) >
C +/logn holds with probability 1 —20(n™2). O

Theorem C.20. For any adaptive QUANTILE(6') (or THRESHOLD(f ")) process, with m = 1—10 -n4/logn
balls, it holds that

1
Pr[Gap(m) = 2—0\/logn] >1—o(n2).

Proof. LetK = 1/10. Since any adaptive THRESHOLD(f ") can be simulated by an adaptive QUANTILE(S")
process (see Lemma D.1), it suffices to prove the claim for adaptive QUANTILE(S') processes. We
will allow the adversary to run two processes, and then choose one that achieves a gap smaller than

C+/logn (if such exists):
* Process P;. The adversary has to allocate m = Kn+/logn balls into n bins. The adversary
wins if for step m, Gap(m) < C+/logn, and, Condition k;, at least (Kn/logn) - e~V 1°8" out
of the m quantiles are larger than e~V 198",

* Process P,. The adversary has to allocate m = Kn+/logn balls into n bins. The adversary
wins if for step m, Gap(m) < C+/logn and, Condition K, at least m — (Kny/logn) - e~ V108"
out of the m quantiles are at most e~ V1087,

We will prove that the adversary cannot win any of the two games with probability greater than
n—2. Now recall the original process, the one we would like to analyse:

* Process P; (adaptive QUANTILE(S)). The adversary has to allocate m = Kn+/log n balls into
bins using one adaptive query at each step. The adversary wins if Gap(m) < C+/logn.

Again, we will show below that Pr[ adversary wins P; ] = o(n"2) and Pr[adversary wins P, ] =
o(n2), and these bounds imply that Pr[ P; wins ] = o(n~2). We now turn to the analysis of P; and
Py

Analysis of Process 1: Let &£, be the event that (i) QUANTILE allocates at least n - e_W/@ balls
with a quantile at least e~v1°81 in the interval [t,t+n], and (ii) Gap(t +n) < %\/log n. Note that
this is the negation of Lemma C.18, so by union bound over 1 <t < m—n,

Pr [ ”Dn &, ] <K -ny/logn-o(n™*) =o(n2).
t=1

Note that if none of the &, for 1 < t < m —n occur, then we either have Gap(t) = %\/ logn at some
time t < m (implying Gap(m) = (% - %)\/logn > % +/logn), or the adversary allocates less than

?g -K+/logn out of the m balls with a quantile at least e~v1°8", Therefore,
e ogn

Pr[ adversary wins P; ] = o(n™2).

Analysis of Process 2: The analysis of P, follows directly by Lemma C.19. O
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C.4 Lower bound for (1 + f3)-process with large

In this section, we prove a simple bound for the (1 + f3)-process which matches our upper bound in
Theorem 7.23 up to multiplicative constants for any 1 — § = Q(e~1°8' ).

Lemma C.21. Consider the (1 + f3)-process with 1—f§ = e~ ilog" " for any c € [m, 1). Then, there
exists m := m(f3) and a constant k > 0 such that
logn
Pr[Gap(m) ZK- —] =1—o0(1).
—log(1—-p)

Proof. Consider m := %o-n log! ¢ n balls. Then, by a Chernoff bound with probability at least 1—o(1)
we have that at least %(1 — ) - m balls are allocated using ONE-CHOICE. Hence, by Lemma B.23,

logn
Pr | maxx™ > g

1 logn
ie[n] 4 4log n
EE==)

The expression for the maximum load is given by

=1—o0(1).

logn logn S 1 logn —l‘logl_c n,

1 1
N log( Alog'n )_4 log (400 (logn)-eilos'n) ~ 4 2log'n ~ 8
2(-p)
102

. 1 .
using that e7!°8'" > 40010g° n for any ¢ = Q(@). Hence, subtracting the average, we get the
conclusion

1 1 1 1
—‘logl_cn——'logl_cn>—‘logl_cnzﬂ(i). O
8 10 40 —log(1—p)

C.5 Lower bounds for MEAN-BIASED processes

We shall now define a new condition for allocation processes which is satisfied for many natural
processes, including TWINNING, MEAN-THINNING, and (1 + f3) with constant (3.

* Condition P,: for any € > O there exists a constant 0 < k3 < 1 such that for all steps t = 0
with 6* € (¢,1—¢€) and all bins i € [n] we have
ks

¢
P =

So essentially this condition implies that in any step t where the mean quantile 6 is in (€,1—¢€),
there is at least a 2(1/n)-probability of allocating to each bin.
We shall now observe that

* For the MEAN-THINNING process, the probability of allocating to an overloaded bin i € [n] is

t
qi = %. Thus condition P, is satisfied with k3 := €.

* For the TWINNING process, we have ¢! = % So P, is satisfied with k3 := 1.

* The (1 + 3)-process has g} = % +BeD %, satisfying P, with ky :=1—f3.

n2

The next claim shows that for many steps the mean quantile is not at the extremes.
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Claim C.22. Consider any MEAN-BIASED process. For any m = ©(nlogn) and € > 0, let GI" := G"(¢)
be the number of steps s € [1,m] with 6° € (e,1— €). Then, there exists some € > 0 and a constant
k :=k(e) > 0 such that

Pr[Gl'>k-m]|>1-2-n"'%

Proof. By applying Lemma 5.7 for t, = 0, (where A° = n), we get that there exists a constant C > 0
such that A" < C - n for a constant fraction of the rounds t in the range [1,m] with probability at
least 1 —n~'2. The claim then follows by applying Lemma 5.5 at each of these rounds. O

Lemma C.23. Consider any MEAN-BIASED process satisfying condition P,. Let k := k3k /1000 where
ks is specified by P4 and « is given by Claim C.22. Then

Pr[Gap(k-nlogn) > w_k-logn]=>1—n""'.

Proof. Letm = k-nlogn and let q* be the allocation vector of the process at step t = 0. By Claim C.22
w.h.p. there exists some constants € > 0 and x > 0 such that there are at least km rounds s € [0, m]
with 6° € (e,1—€). Denote this set of rounds by S and observe that by condition P,, for any s € S
and i € [n] we have q} > k3 /n.

Observe that we can couple the location of the balls allocated as rounds in S to locations under
a ONE-CHOICE process as follows: before each round s € S we sample an independent Bernoulli
random variable X; ~ Ber(ks) with success probability k5. If X; = 1 then we allocate the ball(s)
to a uniformly random bin. Otherwise, if X; = 0 we allocate the ball(s) to the i-th loaded bin with
probability (¢} —ks/n)/(1—ks3). If we let X = > o X, then it follows that, conditional on |S| > km
we have X > ksxm/2 w.h.p. by the Chernoff bound. It follows that w.h.p. at least (ksxk/2)-nlogn
balls are allocated according to the ONE-CHOICE protocol.

By Lemma B.16, when cnlogn balls are allocated using ONE-CHOICE, for any constant ¢ > 0,
then with probability at least 1 —n~2, the max load is at least (c + 4/c/10)logn. Thus if we choose
k = k3 /(800w?), since each ball has weight at least 1 and at most w_, we have

Gap(m) _ kakk | 1 4[ksck 1 kSKk_W_k=w_k,
logn 2 10\ 2 0V 2

with probability 1 —n"! by taking the union bound of these three events. O

Hence, we can deduce from the lemma above by recalling that MEAN-THINNING, TWINNING and
(1 + ) all satisfy P, and either the conditions P, and W4, or, W, and P5:

Corollary C.24. For either the MEAN-THINNING, TWINNING or (14 f3)-processes, there exist a constant
k > 0 (different for each process) such that

Pr[ Gap(k -nlogn) > k-logn]=>1—n"1.

Finally, we prove a tight lower bound for any RELATIVE-THRESHOLD(f (n)) process with f(n) =
logn.

Lemma C.25. Consider any RELATIVE-THRESHOLD(f (n)) process with f(n) = logn, then for m :=

100n-(f (m))*
logn

Pr| |J {Gap(t)=f(m)}|=>1-n"".

te[0,m]
Proof. Since f(n) = logn, it follows that m = nlogn. We also define the stopping time

T :=inf{t = 0: Gap(t) = f(n)}.
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Clearly, if T < m, then there is a step t in [0, m] with Gap(t) = f(n). Otherwise, in these m steps we
are always allocating to the first sample and so we can couple the allocations to that of a ONE-CHOICE
process (call it P). By Lemma B.16, we have that

1
Pr[GapP(m)> T ‘/%-lognzf(n)] >1—nl.

Hence,

Pr U {Gap(t) = f(n)} >Pr[Gapp(m)>%-ﬂ%-lognzf(n)]?l—n‘l. O

te[0,m]

C.6 Lower bounds for MEMORY process

In this section, we state the lower bounds for the MEMORY processes. The omitted details and
complete proofs can be found in [118].

Theorem C.26 ([118, Theorem 1.2]). Consider the MEMORY process (with the uniform sampling
distribution). Then, there is a constant k > 0 such that for every step m = n,

Pr[ Gap(m) =« -loglogn]>1—n"".

On a high level, the proof of this theorem follows the layered induction argument used by [18]
to lower bound the gap of TWO-CHOICE in the lightly-loaded case. However, for the MEMORY process
in the heavily loaded case, we require some additional arguments to bootstrap the induction and
also deal with the correlations between the bins.

We also state a simple lower bound for the (1,1, d)-RESET-MEMORY process.

Lemma C.27. For the (1,1,d)-RESET-MEMORY process with constant d > 0 and m = 40%nlog n, we
have that

1
Pr| G >——1 >1—-n2
[ ap(m) 200d ogn:| n
Proof. In (1,1,d)-RESET-MEMORY, every d steps the cache is reset and so the ball is allocated using
ONE-CHOICE. Hence, in m steps, there are m/d balls allocated using ONE-CHOICE. By Lemma B.16,
we get

1 1
P m> +—11 >1-n2
r[gﬁﬁyl (400d2 ZOOd) Ogn] 4

Therefore, by definition of m = 40%nlog n,

Pr[Gap(m)?—-logn}?l—n‘z. O

400d
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OMITTED PROOFS

D.1 Relation between THRESHOLD and QUANTILE processes

Lemma D.1. Any THRESHOLD(f,..., f;') process can be simulated by a QUANTILE(S], ..., 8} ) process.

Proof. Consider an arbitrary time step t = 0. Since the process is adaptive, we are allowed to
determine the value of 5; by looking at the load distribution x‘. We want to choose & Jt , such that
comparing the rank i < 5§n gives the same answer as f ].t < x| for every i € [n]. This can be achieved
by choosing 5]? to be the largest possible quantile such that yé}t_.n < fjt(t). This way any i < 5§n

will have xl.f < 6; and these will be the only such i’s by construction. Hence, at each time step the
probability vectors of QUANTILE(S], ..., 8;) and THRESHOLD(f, ..., f;) will be the same. O

Lemma D.2. For any QUANTILE(S), ..., 8;) process, there exist thresholds f|,..., f' and probability
vector (By,...,B,) such that (THRESHOLD(f{), ..., THRESHOLD(f;)).

In other words, there is a reduction from QUANTILE to adaptive THRESHOLD, but the THRESHOLD
process must have the ability to randomise between different instances of THRESHOLD.

Proof. Let us first prove the claim for k = 1, that is, QUANTILE(S) can be simulated by an adaptive
randomised threshold process with one threshold. Since we only analyse one time-step t, we will
for simplicity omit this dependency and write § = 5°.

Let 5! be the quantile where the values equal to y,.s start and 52, where they end (so §' <
5 < 6%). Sampling between a threshold of y,.s and y,.s + 1 with probability a € [0,1] inter-
polates between the QUANTILE(6') and QUANTILE(62). Let p' and p? be the probability vectors
for QUANTILE(S') and QUANTILE(62), then the probability vector g for this adaptive randomised
threshold process is given by,

g =a-p;+(1—a)-p;.
Ati<n-&'<n-&2 we have,

51 52
gg=a-—+(1Q—a) —.
n n

We pick a = (;522__551 €[0,1] so that q; = % fori<n-&'. Thenfori>n-562>n-5', we get

1+61 1+62_a+(1—a)+a-61+(1—a)-52_1+5

n n n

g =a +(1—a) ,
by the choice of a. So at the indices i € [n]\ (6'n, §%n] agree with QUANTILE(S).

At the indices n- 5! < i < n- 62, the probability is shared between bins with the same load, so
the effect is indistinguishable (see Fig. D.1), in terms of the resulting load vectors.

We will extend this idea to k > 1 quantiles, by replacing each quantile &; with a mixture of two
thresholds Yns; and Yns; +1 with probability a;. For this, we define 5]1 and 6}2. with 5? =6;= 5}
to be the left and right quantiles for the values of Yn:s;-

To argue that there exist coefficients a; such that the two processes are equivalent, we start
with the probability vector q of the QUANTILE(S+,...,0;) process. For each j € [k], construct the
probability vector g/ which agrees with g atalli <n-& j, except possibly for values equal to Yn-s;-
For these values at i < §; - n, we will ensure that the processes have the same aggregate probability,

so the effect on these bins will be indistinguishable.
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1+8%)/n
1+8)/n
1+6YHY/n
2
85//: = QUANTILE(81)
— QUANTILE(8?)
8t/n QUANTILE(S)
= THRESHOLD
T T T T
0 5t 1) 52 1

[ —
All bins have load y,.s

Figure D.1: The ONE-THRESHOLD process which uses a threshold of y, s probability a and
Yn.s + 1 with probability 1 — a, corresponds to mixing the probability vectors of QUANTILE(S')
and QUANTILE(52). The resulting probability vector differs from QUANTILE(S) only in the region
(n-64,n-6,], where by design all bins have load y,.5. Hence, the effect of the two processes is
indistinguishable.

In each step we create probability vectors p*/ and p%/, by adding quantiles 6} and & respectively
to ¢/~!. These affect only the values of the entries in (n - & j—1,M6;j41]. As in the one query case,

we choose a; := Eé_ai such that, fori € (n-6;_4,n- 5}]
i
. §._,1+6! 5. ,+62 5. 51 52 5. .46
j—1 j—1 -1 -1
q{:aj'( ])+(1—aj)'( ]): b L +(-a) L= =g,
n n n n n n

and fori e (n-5?,n-5]~+1],

. 51+6,4 52+6i14 5. a6l +(1—a;)62 5. .46,
q{:a}(]—ﬂ—)_i_(l_a])( J ]+) ]+1+ 717 177 j—1 j_
n

q;-
n n n

- —
The linear weighting preserves the following property: Let B be a set of bins, then if >, 5 p;j =
2j j 1j 25 s a1
DbesPy then D nq) =D Py = Dupep Py - This implies that:
1 2j i 1 2j
1. prl.] =pl.J, then ql]. =pi1 =pi1.

2. Let B, be the set of bins in [1,8;_; - n] with equal load x. By the inductive argument, in q’
the probability of allocating a ball to x will be the same as in that of g.

Hence, this ensures that each step extends the agreement of probability vector ¢/ and q to each bin
i €[1,6;4; - n]. The only possible exceptions are bins with equal load, where the probability mass
is just rearranged among them. Hence, q* will be equivalent to q for the given load vector. O

Lemma D.3. Any QUANTILE(S,...,0) process can be simulated by an adaptive (and randomised)
(2k)-THINNING process.

Proof. We may assume that QUANTILE (61, . .., 0;) will process 2k queries one by one, and alternate
between the two bins. First, send the largest quantile to bin i, then send the largest to bin i,, then
send the second largest to bin i;, etc. and stop as soon as you receive a negative answer. Therefore,
for ease of notation, let us set y; := &,_; for i € [k].
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Further, let i; and i, be two chosen bins, and 7 be the bin where the ball is finally placed. Note
that

Pr[ Rank'({) <n- Y; ]= ity

since i € {i;,i,} will be of rank at least n- v; if and only if both bins i; and i, satisfy Rank'(i;) <n-y i
and Rank'(i,) <n-y ;; and those bins are chosen independently.

On the other hand, consider now an adaptive (2k)-THINNING process with increasing load thresh-
olds f; < fy < ... < fy and 2k bin choices iy, iy, ..., iy, which are chosen uniformly and indepen-
dently at random. Each load threshold f; applied to bin i; will be randomised so that it simulates a
QUANTILE (y|(j—1)/2)) see (Lemma D.2). Further, let i be the final bin of this allocation process.

First, the bin i, in iteration £ will not be accepted with probability

Pr[ Rank'(i;) <n- Y1+1¢/2) ]= Y1+1e/2)
and using the independence of the first 2j sampled different bins, we obtain

2j

Pr[ Rank'(i) < n-y; 1= l_[Pr[Rankt(ie) < n-yHsz]
=1
=YY Y2 Y2t YT SV <Pr[Rankt(?)<n-yj]. O
D.2 setting

Lemma D.4. There exists S := S({) = max{1, 1/}, such that for any a € (0,min{{/2,1}) and any
K& [_1: 1];
E[e“'“'w] <l+a-x+Sa?-x2

Proof. This proof closely follows the argument in [152, Lemma 2.1]. Let M(z) = E|:ezW ], then
using Taylor’s Theorem (mean value form remainder), for any g € [—a, a] there exists £ € [—a, a]
such that

M(z)=M(0)+M’(O)-2+M”(§)-%-22=1+Z+M”(§)-%-zz.

By the assumptions on a and ¢,

M"(€) = ELW?e5" 1 < VEWA] E[28V] < (E[w4]+E[ e )

. ((? -log(§)) L E[ 9]+ E[ ]) .

where (a) uses the Cauchy-Schwartz inequality |[E[ X - Y ]| < /E[ X2 ]E[ Y2 ] for random variables
X and Y, (b) uses a mean inequality, and (c) uses Lemma B.13. Now defining

S :=2-max{(§ -log(§))4,2-E[e€W],1/2},

and choosing z := k - a, the lemma follows. O

D.3 MEAN-BIASED processes

Lemma D.5. For any constant 11 > 0, the (1 + n)-process is a MEAN-BIASED process.
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Proof. Let q° be the allocation vector of (1 + 1) with parameter 1 € (0, 1); that is, with probability
7 it performs MEAN-THINNING, otherwise ONE-CHOICE. Then for any i € Bi,
60 _1_n-(1-59

" .

1
g =0=m)-—+n —=
n n n

Similarly, for any i € BY,

1+6¢ 1 ok
. S

1
g; =1=n)—+n

Thus for k; = ko =1 € (0, 1), the (1 + 7)) process satisfies P; and W,. O

n n n

Lemma D.6. For any constant f3 € (0, 1], the (1 + n)-process with n = 3 majorizes (1 + 3)-process at
each step.

Proof. We will show that for any step t = 0 and for any load vector, the (1+ 7)) for n = 8 allocation
vector majorizes the allocation vector of (1 + f3)-process. So, by Theorem 2.5, the claim will follow.
Recall that the (1 + f3) allocation vector p' is given by,

L Bei-1)

nZ

_pl_(]' ﬁ)

The sorted allocation vector g* for the (1 + 1) process is non-decreasing and uniform over BY and
B!, so majorization follows immediately once we prove that

|BS| |BS |

Zpl Z

For the allocation vector p we have,

Ry
Zpl Z(l By~ Z’“z‘ =a-p o+ B s gt o)

Similarly, for the allocation vector §° we have,

5tn Sn 5n
_st
Sai=y - P s g oo a
i=1 it o= "
D.4 setting

Claim D.7. Consider a;,a, > 0 as defined in Eq. (7.4) and Eq. (7.5) respectively. Then, for any
g= % and k := k(g) > 2 being the unique integer such that (a; logn)'/* < g < (ay logn)Y/*),
it holds that )

(ar-Qogn)* < (2 (logm)) .

Proof. Let R := 4%_1 % 1 (using that a, = % and a; < 1). By rearranging the target
inequality,

a _ 1 a 1
(?2 - (log n)) (a1 - (logn)) Yk = exp (E -log (?2 log n) T -log(a; log n))

% exp( L (g s L togtopn)
> exp| . —7 (108 . loglogn

Q] 1
= exp(ﬁ . (logR—logR)) =1.

using in (a) that —% loga; = 2(k 3 log @; and in (b) that k < -loglogn since g =R, O

loR
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D.5 Concentration for the setting

In this chapter, we prove that the hyperbolic cosine potential concentrates at O(n) for a large family
of processes in the setting for n < b < n®. In particular, we complete the proof of the
following lemma stated in Section 7.5, which is essential for getting the O(% + log n) bound on the
gap (Theorem 7.39).

Recall that in Theorem 7.39, we considered the setting withanyn < b <
n® and weights from a (¢, S) distribution with constant {,S > 1, for any SEQUENTIAL(q")
process with g' satisfying condition C; for constant 6 € (0,1) and constant € € (0,1) as well as
condition C, for some constant C > 1, at every step t = 0.

Lemma D.8. Consider any process satisfying the conditions in Theorem 7.39. Let ¢ := 2 - %—C where
¢ :=c(6) > 0 is the constant from Theorem 3.2. Then, for any step t = 0 being a multiple of b,

pr| () {mY<cn}|z1-n
je[0,log® n]

The proof of this lemma is similar to the proof of Theorem 4.1 in Chapter 4, in that we use the
interplay between two instances of the hyperbolic cosine potential I := I}(y;) and I, := [,(y5)
with smoothing parameter y, being a large constant factor smaller than y;. More specifically, we

will be working with y; := 40.2—‘2.52 -min {@, 2} and vy = gis.

The rest of this chapter is organised as follows. In Appendix D.5.1, we establish some basic
properties for the potentials I} and I, and in Appendix D.5.2 we use these to show that w.h.p. I, =
O(n) for at least log® n batches, and complete the proof of Lemma D.8.

D.5.1 Preliminaries

We define the following event, for any step ¢t = 0

H' = {Wt < 1?5 -logn},

which means that the weight of the ball sampled in step t is O(logn) (since by assumption { > 0 is
constant).

Lemma D.9. Consider any (&) distribution VW with constant { > 0. Then, for any steps
to=0and t; € [ty, to + n®log® n], we have that

Pr ﬂ H | =>1—n10

s€[to,t1]

Proof. Consider an arbitrary steps € [tg, t;]. Since w* is sampled according to W with E[ ¢ ] < oo,
by Lemma B.8, we have that

Pr[ws > 1?5 -logn] <n 4,

By taking the union bound over the interval [t,, t; ] and since t; —t, < n*, we get the conclusion. [J
We will now show that when I = poly(n) and " holds, then AT;*! is small.

Lemma D.10. Consider any process satisfying the conditions in Lemma D.8 and any step t = 0, such
that Ff < 2¢-n?% and H! holds. Then, we have that

(i)  Ti<n™4
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n
(i)  |rit-rf <E-n1/4.

Further, let X be the load vector obtained by moving the t-th ball of the load vector x' to some other
bin, then

(ii))  THE') <2-THx').

Proof. Consider any step t > 0, such that I < 2¢- n%® and H' holds. We start by bounding the load
of any bin. For any bin i € [n],

If<28-n*= eNYi 4 e Y KT on yi< glogn A=y < glogn, (D.1)
T1 T1
where in the second implication we used log(2¢) + i—i’ logn < % logn, for sufficiently large n.
First statement. Using Eq. (D.1), we can bound the contribution of any bin i € [n] to T as
follows,
If, < T2Vl 1oVl < 9. gl logn 2-n'/8, (D.2)
using that v, := 8 35- By aggregating, we get the first claim I| = Z?Zl I, <2-n- nt/8 < n5/4,
Second statement. Consider the change for the bin j € [n ] where the ball was allocated. Since
Yy < m and S > %, we have v, - %5 -logn < 1 and so by a Taylor estimate, el2Tlogn ¢
1+2-75- % -logn. If j € [n] is an overloaded bin (y].f = 0), then

‘Art+1

15 30 30 n

€8 - 5. Similarly, if j is underloaded (yjt < 0), then

40-C2.S2

using Eq. (D.2) and y, <

T 30 30
<ot Og”<F2tj—1"2tj-(1—)f2-?-logn)zl"ztj~}f2~?

The contribution of the rest of the bins is due to the change in the average load. In particular,
for any overloaded bin i € [n]\ {j},

t+1
‘Asz

-logn < % . n1/8~logn.

L5 logn 15 logn 30 logn _1
|ATE | ST - e™> T —rzfl.<r§i-(1+2~y2-?-7)—1§i I 7o 7 <4 -logn-n
Similarly, for an underloaded bin i € [n]\ {j},

.15 logn 15 logn 30 logn _1
|ATEH | < TL —Tf e 727 \thi—I‘Ztl.-(1—2-}/2~?~T)=I‘2ti-y2~?~ "= <~ logn-n
Hence, aggregating over all bins

1 n
\Ar§+1|<’Ar;j“‘+ >, |Arf+1|<2 '/ logn+n-—-logn-n'/S < -n',

ie[n]\{j}

for sufficiently large n.
Third statement. Let i,j € [n] be the differing bins between x' and X*. Then since H' holds,
wt < 1?5 -logn, so for any bin i € [n]

I (R) <™ -Th(xh) < 2- T (xD),
since y < m and S > 1/¢. Similarly, for bin j,

I(RY) <em™ I (x") < 2T (x).
Hence,

r(Af)—Z HED < Zz O (x) =2 T{(x). O
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Next, we will show that E[ T}, ] = O(n) and that when T}, is sufficiently large, it drops in expecta-
tion over the next batch.

Lemma D.11. Consider any process satisfying the conditions in Lemma D.8. Then, for any step t = 0
being a multiple of b,

‘.

N

n, and (ii)) E[T,]<

N

(i) E[T{]1<

Further, there exists a constant ¢; := ¢;(€, ) > 0 such that

t+b t Pt~ > t €1
(ii1) E[I‘2 ‘3’,F2>c~n]<f‘~(1—logn),

[\

and
n

(iv) E[F2t+b‘3t,l"2t<5-n]<5-n— _—
log“n

Proof. First/Second statement. The statements follow immediately by Lemma 3.13 and Theorem 3.2,
by setting ¢ := 16¢/§, since ¢ :=c(6) > 0.
Also, using Lemma 3.13 and Theorem 3.2 for smoothing parameter y,, we get that for any t = 0,

E[r;+b|3f]<rzf-(1—b~g—i-y2)+b-cy26. (D.3)

Third statement. LetCq := %-b-%-}fz = ¢,/ logn, for some constant ¢; > 0 since y, = ©(min{n/b, 1/logn})
and e > 0 is constant. When I; > - n, then Eq. (D.3) yields,

E[FZHZ’ @t,F2t>E-n]<1“2t-(1—2-53)+b-cy26
<F2t—63'r2t+(b'CY26—Eg'F£)
~ 1 €d 16¢
<I‘Zt—c3-I‘2t+(b-C}/26—E-b-g-m-?-n)

() ;
<({1——— |- T,.
( log n) 2
Fourth statement. Similarly, when I'Y <¢-n, Eq. (D.3) yields,

E|:I‘2t+b 3T, <'E~n]<'5-n~(1—2~'53)+b~cy26

=c-n—=¢- 3'n+(b-c7fze—?:'-2'3-n)
E‘ 1 —~ n

‘n<c-n— 7 - O
logn ]og n

In the next lemma, we show that w.h.p. I is poly(n) for every step in an interval of length
2blog®n.

Lemma D.12. Let ¢ :=2- % be the constant defined in Lemma D.11. For any n < b < n® and for any
step t = 0 being a multiple of b,

Pr M {g<en®}|>1-n
selt,t+2log® n]
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Proof. We will start by bounding I at steps s being a multiple of b. Using Lemma D.11 (i), Markov’s
inequality and the union bound, we have for any t = 0,

2log® n
pll -

V

1—

pr| () {o¥P<e.n'?} (D.4)

s€[0,21log® n]

Given that FIHS'b < ¢-n'2, we will upper bound Flt+5'b+r for any r € [0, b). To this end, recalling

that 50+ .= <I>§‘.L5'b+r + \I/fl.“'b”, we will upper bound for each bin i € [n] the terms <I>§;L5'b+r and

\Il{;”'b” separately. Proceeding using Eq. (3.18) in Lemma 3.13 (since y; < 1 and p satisfies C,),

+s-b+ ‘b +s-b 11 C '
E[ o0 | §tb ] <olP -(1+—n +2—- 57’1)

.
(2 pLsb. (1 + 2CY1)
n

. .L . b (B .
< (Pli'lfs b . e2y1C 7 < ‘I);H b . eZnC n < 2 . @i'l'rs b’

€d
40-C2.82 < S

40.22.52 2 < g+ 4. Similarly, using Eq. (3.20)

2 and in (b) that y; <

using in (a) that y; <
in Lemma 3.13,

Cc C r
E|: lIl;i—s-b-i—r | St+s-b:| < \IJ][:;i-sb . (1 4 =1 Y1 +2.2 S')/l)

@ gisst (1 . 2Cyl)
n

. .L . 2 (B .
< \IJ][:;FS b 'CZYC 7 < lII{j_S b . eZYC 7 < 2'\1/]!?:-5 b,

€d
40-C2-.§2 Y

€d n 1 n :
700252 5 S 3¢ - p- Hence, aggregating over

using in (a) that y; < % and in (b) that y; <

the bins,
E[ F1t+s-b+r | St+s-b’ F1t+s-b ] <2. F1t+s-b.

Applying Markov’s inequality, for any r € [0, b),
Pr[rt+s~b+r < n14 . Ft+s-b ] >1-2. n—14
1 NS 1 = .
Hence, by a union bound over the 2b -log® n < 2 - n®-log® n possible rounds for s € [0, 21og® n] and
r €[0,b),
1
prl () () {o™'r<anitt}|>1-2-n*-2blog’n>1- 5% @5
r€[0,b]5€[0,210g° n]
Finally, taking the union bound of Eq. (D.4) and Eq. (D.5), we conclude

pr| () {r<en®)

selt,t+2blog® n]

> Pr ﬂ m {F1t+s-b+r <n'4. F1t+s~b} n ﬂ {F1t+s~b <Z- n12}

r€[0,b]5€[0,210g% n] s€[0,21og n]
1 2log®n

>1——-n_10——g>1—n_10. O
2 nll
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We will now show that w.h.p. there is a step every blog®n steps, such that the exponential
potential I, becomes O(n). We call this the recovery phase.

Lemma D.13 (Recovery). Let ¢ := 2 - % be the constant defined in Lemma D.11. For any step t 2 0
being a multiple of b,

pr| ) {O*’<@n}|>1-2-n5
s€[0,log®n]

Proof. By Lemma D.11 (ii), using Markov’s inequality at step t being a multiple of b, we have
Pr[Ii<c¢-n’]>1-n8. (D.6)

We will be assuming I, <¢- n°. By Lemma D.11 (iii), there exists a constant ¢; > 0 such that for
any step r = 0, then

- ¢
E[F2r+1|Sr,F2r>c-n]<I‘2r~(1—log1n).

In order to prove that I, is small in some s € [0, blog® n], we define the “killed” potential function
for any r € [0,log® n],
Bt+rb __ pt+reb
FZ r - F2 mo. mse[o,r]{rzt+s'b>»5'n}.
Note that T;*""? < /" and that {T.*"” = 0} implies that {T{*""*! = 0}. Hence, the T potential
satisfies unconditionally the drop inequality of Lemma D.11 (iii), that is,

/\t+(r+1)b t+r-b Tvt+r-b Tt+r-b . — El_]'
E[l"2 ‘S T }<1‘2 (1 logn)'

Inductively applying this for log® n batches, and since ¢; := ¢;(¢,5) > 0 is a constant,

at+(log’n)b | ~t 1t t Gl \O2'n o ~ 9 —7
E| T L0 | ST -(1——) e n.C.n’ <n’.
2 2 2 10ng

So by Markov’s inequality,

~t+(log® n)-b ~ -
Pr[I‘2 (log”n) <n‘1“2t<c-n9]>1—n8

By union bound with Eq. (D.6),

~ 3.9 ~ 30).
Pr[F2r:+(log n)-b > ni| — PI‘[ 1_.2r:+(log n)-b >n

th<E-n9]Pr[F2t<E-n9:|+Pr|:F2t>E-n9:|

<n®+nt=1—-2-n8%.

Due to the definition of T, at any step t > 0, deterministically I'; > 2n. So, we conclude that w.p. at

~t+(log® n)-b

least 1 —2-n~8, we have that L, = 0 or equivalently the event

- ﬂ {F2t+5’b>2'-n},

s€[0,log®n]

holds, which implies the conclusion. O
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D.5.2 Completing the proof of Lemma D.8

We are now ready to prove Lemma D.8, using a method of bounded differences with a bad event
Theorem B.12 ([107, Theorem 3.3]).

Consider any process satisfying the conditions in Theorem 7.39. Let ¢ := 2- % where ¢ :=¢(8) >
0 is the constant from Theorem 3.2. Then, for any step t = 0 being a multiple of b,

pri () {B7'<en}|>1-n"
j€[0,10g3n]

Proof. Our starting point is to apply Lemma D.13, which proves that there is at least one step t + p -
be[t—blog®n,t] with p € [—log® n,0] such that the potential T, is small,

prl ) [m¥'<en}|z1-2n7% (D.7)
p€[—log®n,0]

Note that if t < b -log® n, then deterministically on = 2n < ¢ -n (which corresponds to p =—t/b).

We are now going to apply the concentration inequality Theorem B.12 to each of the batches
starting at t + p - b, ..., t + (log> n) - b and show that the potential remains < ¢ - n at the last step of
each batch. In particular, we will show that for any 7 € [p, log3 nl,forr=t+b-7,

Pr[l“2r+b>€-n\Sr,F2r<E'-n:|<3-n_4.

We will show this by applying Theorem B.12 for all steps of the batch [r,r + b]. We define the
good event

g =gt = (] ({rg<e-n®}nw),
]

s€[r,r+b

and B, := (G, )¢ the bad event. Using a union bound over Lemma D.9 and Lemma D.12,

Pr N ({r<e-n®}n#s) | =1-2n71°. (D.8)
se[t—blog® n,t+blog®n]

Consider any u € [r,r + b]. Further, we define the slightly weaker good event,

'g'f = ﬂ ({1"13 <25-n26}ﬂ7-{,3)

s€[ru]

and the “killed” potential,

D=1y 1g,
We will show that the sequence frr yeees frr *+b js strongly difference-bounded by (n5/ 4 3 nl/4 2. n_lo)
(Definition B.11).
Let w € [n]® be an allocation vector encoding the allocations made in [r,r + b]. Let w’ be an
allocating vector resulting from «w by changing one arbitrary allocation. It follows that,

TP (w) =TI ()| < maxT/*(3) —minT *P(&) < max Ij*(&)—0<n®4,
w w Cseg,f*'

where in the last inequality we used Lemma D.10 (i) that for any & € §:+b, we have frr (&) <
F2r+b(&3) <nd/4,
We will now derive a refined bound by additionally assuming that w € G,. Then, for any u €

[r,r+b],
(o) <2-TT(w) < 26+ n%,
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where the first inequality is by Lemma D.10 (iii). Hence «’ € §;+b, 50 g5,y = 1 and frr”’(w’) =
F2rr+b(w’). Similarly, for w € G, C QN:”’, we have fr”b(w) = l“zrr”’(w) and by Lemma D.10 (ii),

|/F\:+b(co)—/r\:+b(a)/)| — |1—-2r+b(w)_l—-2r+b(w/)~ < % . n1/4.

Within a single batch all allocations are independent, so we apply Theorem B.12, choosing v} :=
% and N := b, which states that for any A > 0 and u := E[Fr”b >u+A|F,T; <c- n],

b
~ )(,2
Pr[rrr+b>u+l|3r F2r<5-n:|<exp(— )+2-n_10-2b.
’ b
2'2k21(%'”1/4+n5/4'%)2 o

By Lemma D.11 (iv), we have u < E[frr”’ |Ty <c-n]< E[F2r+b |T, <c-n]<TC- n—n/log®n.
Hence, for A := n/log2 n, since n < b < n3, we have

21 4
Tr+b ¥, TIrLT- < _ n/og n =10, 32
Pr[T/*">Cn| 3,1y <Con] eXp( 2-b-(2- & nl/ay 2 b

< exp (— ) +2n 0.0 <3074

8-log*n-nl/2

Let ICZ = Q;;’F'b n {1“2t+p'b <C-n} for ¥ €[p,logn]. For any ¥ = p, since ICZ“ C ICIF), we have

N
P

§THT 1, <Ton| <3t (D.9)

By union bound of Eq. (D.7) and Eq. (D.8),

3 . .
pr|l (J kpEr|zee|g%in ) {BY<en)
pe[—log®n] pe[—1log®n,0]
>1-2-n%-2.n1%>1-3.n78, (D.10)
— Tb > e Tt+7-b ~
Let A . m7€[0,10g3 Tl] {F2t+r < C- n} and Ap - ﬂ'FE[p,logS Tl] {F:+r * ].KF < C:- Tl}. Then,

P

t+pb _ ~ SE45h -
Pr[Ap ’FZ P <c'n}> l_[ Pr ﬂ {I‘f“ '1K§<c-n}
7e[p,log® n—1] se[p+1,7+1]

{T¥ 1 <Ton}, TP 16 <Ton
) o
se[p+1,7—1]

Tr+b ~ t+7-b Tt+7-b ~
> l_[ Pr[I‘rr -1K2+1>c-n‘& Y 'l,cl;)<c~n:|
7e[p,log® n—1]
= (1— 3n_4)21°g3" >1-6-n"* log’n,
where in the last inequality we have used Eq. (D.9) and the fact p > —log® n. So,
Pr[A'O ] :Pr[Ap ‘ F2t+p‘b <¢c-n ] -Pr[l“sz'b <E'n]+1 -Pr[ﬂ{l“zﬁp'b <E~n}]

>1-6-n"* log’n. (D.11)
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3
Note that for any p € [—log® n,0], we have that Ao N /ci?g .

bound of Eq. (D.10) and Eq. (D.11), that

C A. Hence we conclude by the union

Pr[A]=Pr U Kﬁ’gB”ﬂ ﬂ A, >1-3-n%—6-n*log°n=>1—n"3.
p€[—log®n,0] pe[—1log®n,0]
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Gap(m) at m = n?

' EXPERIMENTS

—— ¢g-BOUNDED n = 10°

—— g-Myoric-ComP n = 10°
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n = 10*
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Figure E.1: The Gap(m) for n € {10% 5-10% 10°} and m = n? for noisy settings of TWO-CHOICE
setting (25 repetitions).
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Figure E.2: The Gap(m) for n € {5-10%,10%,5-10% 10°} and m = 1000 - n for various processes
(25 repetitions).

Gap(m) at m = 10 - n?

150

100

50

0

QUANTILE(J)

100 ‘

(1+5) RELATIVE-THRESHOLD( f(n))
- 100 K |
50 - :
| | | 0 | | |
0 02 04 06 08 1 —10 0

Parameter

Threshold offset f(n)

| |
04 06 08 1

Parameter §

Figure E.3: The Gap(m) for n = 10° and m = 107 for different parameters of the (1 + f3),
RELATIVE-THRESHOLD(f (n)) and QUANTILE(S) processes (15 repetitions).
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