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Nominal Domain Theory for Concurrency

David C. Turner

Abstract

Domain theory provides a powerful mathematical framework for describing se-
quential computation, but the traditional tools of domain theory are inapplica-
ble to concurrent computation. Without a general mathematical framework it
is hard to compare developments and approaches from different areas of study,

leading to time and effort wasted in rediscovering old ideas in new situations.

A possible remedy to this situation is to build a denotational semantics based
directly on computation paths, where a process denotes the set of paths that it
may follow. This has been shown to be a remarkably powerful idea, but it lacks
certain computational features. Notably, it is not possible to express the idea

of names and name-generation within this simple path semantics.

Nominal set theory is a non-standard mathematical foundation that captures
the notion of names in a general way. Building a mathematical development
on top of nominal set theory has the effect of incorporating names into its
fabric at a low level. Importantly, nominal set theory is sufficiently close to
conventional foundations that it is often straightforward to transfer intuitions

into the nominal setting.

Here the original path-based domain theory for concurrency is developed within
nominal set theory, which has the effect of systematically adjoining name-
generation to the model. This gives rise to an expressive metalanguage, Nominal
HOPLA, which supports a notion of name-generation. Its denotational seman-
tics is given entirely in terms of universal constructions on domains. An oper-
ational semantics is also presented, and relationships between the denotational

and operational descriptions are explored.

The generality of this approach to including name generation into a simple se-
mantic model indicates that it will be possible to apply the same techniques
to more powerful domain theories for concurrency, such as those based on

presheaves.



Acknowledgments

Firstly I would like to wholeheartedly thank my supervisor, Glynn Winskel, for
all the ideas, support, encouragement, direction and freedom that he has given
me over the course of my research. I hope that my work brings his vision for the
future of semantics closer to reality. I would also like to thank the EPSRC for
their generous support through their grant “Domain Theory for Concurrency”,
number GR/T22049/01, whose principal investigator was Prof. Winskel.

Sam Staton’s positive influence on my work cannot be overstated, both for his
detailed mathematical support and his equally thorough typographical assis-

tance. All errors that remain are entirely my own work.

Andrew Pitts must also receive my appreciation for his auspiciously timed sem-
inar on nominal set theory at the start of my studies, as well as his enthusiasm
for all things nominal, and for his terrible puns: it is fortunate that for this
work his support seems to be infinite. I regret not having capitalised more on
Jamie Gabbay’s equally infectious zeal for the subject; I hope that he, and all
the other participants of CANS, enjoy reading this thesis as much as I have

enjoyed producing it.

At the Computer Laboratory and at DPMMS I have met many other wonderful
people who have helped me along my way. In particular I would like to thank
Martin Hyland for pointing me in Glynn’s direction in the first place; Matthew
Parkinson for helping me to hammer IXTEX into shape and in particular for his
macro to produce m; and the Theory and Semantics Group
for all our varied conversations on all manner of topics over tea and beer and

games of pool.

Clare College has been a wonderfully supportive — and remarkably patient —

home to me for the past decade, and the source of many valuable friendships.

My family have played a larger part in this work than perhaps they realise.
I would like to thank Mum and Dad and Andy and Di and Howard and all
my grandparents for giving me the encouragement, the work ethic and the
environment that brought me here. I hope you can make it as far as page 10

and I hope it makes you proud.

Finally, to Tess, who is the most wonderful person in the world: without you I
would have never got so far, so happily, with so much of my sanity still intact.

You made it all worthwhile. This is for you.
To all of you, thank you.

— Dave Turner, Cambridge, December 2008



Contents

1 Introduction

2 Preliminaries

2.1 Domain Theory . . . . . . . .. ..

2.1.1

2.1.2

2.1.3

2.14

2.1.5

Complete Partial Orders and Continuous Functions

Algebraic CPOs . . . . . . .. ... oo
Nondeterminism in Domain Theory . . . .. ... .. ..
A Simple Domain Theory for Concurrency . . . . . . . ..

Domains of Paths . . . . . . . .. .. .. ... ... ...

2.2 Nominal Sets . . . . . . . .

2.2.1

2.2.2

2.2.3

2.24

2.2.5

2.2.6

Finite Automorphisms on Names . . . . . . .. ... ...
The Theory of Nominal Sets . . . .. ... .. .. ....
Constructing Nominal Sets . . . . . ... ... ... ...
A Category of Nominal Sets . . . . . .. ... .. .. ...
Binding in Nominal Sets . . . . . . .. ... .. ......

Choice and Nominal Sets . . . . . . . . .. .. ... ...

2.3 Conclusion . . . . . . .

3 Nominal Domain Theory

3.1 Nominal Preorders . . . . . . . . . . . . ... ...

13

13

15

17

19

20

21

23

25

30

32

35

35

39

42

43



CONTENTS 6

3.1.1 Definitions . . . . ... Lo oo 44

3.1.2 The structure of NPre . . . . ... .. ... .. ..... 45

3.2 FM Preorders . . . . . . . ... L 46
3.2.1 Fraenkel-Mostowski Set Theory . . . . .. ... ... ... 46

3.3 Nominal Nondeterministic Domains . . . . . .. .. ... .. .. o1
3.3.1 Free Join-Completions of Path Orders . . . . .. ... .. 52
3.3.2 Categories of FM-Linear Maps . . . . .. .. ... .. .. 53
3.3.3 A relationship between (—)#% and (/—\) ........... 54
3.3.4 A relationship between J, and (/—\) ............. 56
3.3.5 The Structure of FMLin, . . . . . . . ... ... ..... 59

3.4 Continuity in FM Domain Theory . . . .. ... ... ... ... 63
3.4.1 Name-Binding is not Directed-Join Continuous . . . . . . 63
3.4.2 FM-Continuity . . .. ... ... .. ... L. 65
3.4.3 FM-Isolated Elements . . . . .. ... .. ......... 67
3.4.4 Categories of FM-Continuous Maps . . . . ... ... .. 69
3.4.5 A relationship between (—)#%and ! . .. ... ... ... 73
3.4.6 A relationship between 0, and ! . . . . ... ... L. 74
3.4.7 Binding and Continuity . . . . . .. ... ... ... ... 7
3.4.8 The Structure of FMCts, . . . . . . . . ... ... .... 79

3.5 Conclusion . . .. .. ... 85
4 Nominal HOPLA: Syntax and Operational Semantics 86
4.1 Syntax . . ..o 87
4.1.1 Preliminaries . . . . . . . ... ... Lo 87

4.1.2 Syntax of Types . . . . .. ... .. L. 88
4.1.3 Syntax of Environments . . . . . .. .. ... .. ... .. 88

4.1.4 Syntaxof Terms . . ... ... ... ... ... ...... 90



CONTENTS 7

4.1.5 Syntax of Actions . . . . . ... ... L. 91
4.1.6  Permutations on Terms and Actions . . . .. ... .. .. 91
4.1.7 Substitution . . . . . ... Lo 92

4.2 Typing Rules . . . . . . .. ... oo 92
4.2.1 Typing Rules for Terms . . . . . ... ... ... ... .. 92
4.2.2  Typing Rules for Actions . . . . .. ... ... ... ... 97

4.3 The Substitution Lemma . . . . . . .. ... 0oL 103
4.4 Operational Semantics . . . . . . . . . . ... ... 107
4.4.1 Properties of the Operational Semantics . . . . . . . . .. 108

5 Nominal HOPLA: Denotational Semantics 110
5.1 Types and Environments . . . . . . . .. .. ... 110
5.1.1 Types as Path Orders . . . .. .. ... ... ... .... 111
5.1.2  Environments as Products . . . . . .. ... ... ... .. 112

5.2 Terms and Actions . . . . . . . . ... 113
5.2.1 Higher-Order Processes . . . . .. .. ... ... ..... 114
5.2.2  Prefixing and Matching . . . . . ... ... ... 116
5.2.3 Labelled Processes . . . . . .. .. .. ... ... ..... 118
524 Recursion . . . .. ... Lo oo 120
5.2.5  Nondeterminism . . . . ... ... ... ... ... ... 122
5.2.6 Names and Binding . . . . .. ... ... ... ... ... 123
5.2.7 Structural Rules . . . . . ... ... ... ... ... ... 126

5.3 Substitution as Composition . . . . . . ... .. ... ... .... 132
5.4 Soundness and Adequacy . . . . .. ... 139
54.1 Soundness . . . . ... 140

5.4.2 A Logical Relation . . . . .. ... ... . ... .. ... 143

54.3 Adequacy . . . .. ... ... 146



CONTENTS 8

6 A Universal View 153
6.1 FMPre; in Dependent Type Theory . . . . . .. .. ... . ... 154
6.1.1 A Fibration . . . . . .. .. ... .. 155

6.1.2 Bindingin (FMPreg | y) . . . . . . . ... ... ... 158

6.2 Adjunctions and Kleisli Categories . . . . . . .. .. ... .. .. 161
6.2.1 Adjoints to Inclusions . . . . . ... ... 161

6.2.2 Adjunctions in Kleisli Categories . . . . . .. ... .. .. 163

6.3 Binding in FM-Linear Categories . . . . . . . .. .. ... .. .. 166
6.3.1 Binding in FMLing, Abstractly . . ... ... ... ... 166

6.3.2 Binding in FMLing, Concretely . . .. .. ... .. ... 168

6.4 Binding in FM-Continuous Categories . . . . . . .. ... .. .. 169
6.4.1 Binding in FMCts,, Abstractly . . ... ... ... ... 170

6.4.2 Binding in FMCts,, Concretely . . . . ... ... .. .. 174

7 Conclusion 176
7.1 Related and Future Work . . . . . ... ... . ... ... ... 176
7.1.1 Full Abstraction . . .. ... ... ... ... ... 176

7.1.2 Relationships with New HOPLA . . . .. ... ... ... 178

7.1.3 Even-More-Nominal HOPLA . . . .. ... ... ... .. 179

7.1.4  Presheaf Semantics . . . . . . .. ... .00 180

7.1.5 Nominal Domain Theory . .. .. .. ... .. .. .... 180

T2 Summary . ... .. 182



Chapter 1

Introduction

Nygaard and Winskel[20] motivate the study of domain theory as follows.

Denotational semantics and domain theory of Scott and Strachey
provide a global mathematical setting for sequential computation,
and thereby place programming languages in connection with each
other; connect with the mathematical worlds of algebra, topology
and logic; and inspire programming languages, type disciplines and

methods of reasoning.

Sequential computations typically receive some input, perform a calculation,
and output the result once they have finished. In contrast, computation in
the modern world is increasingly performed by interconnected collections of de-
vices, each performing parts of computations and interacting with their neigh-
bours and with their environment in the course of their calculations. Input may
not all be received at once; output may not all be sent simultaneously; and
computations do not necessarily even have a well-defined finish. In this world of
concurrent, distributed computation there is no global mathematical model that
serves to guide developments and unify different approaches and which provides
a forum for comparing innovations. In particular, classical domain theory has
failed to scale to the intricacy required to properly model concurrent computa-
tion. The result of this is that a wide variety of approaches to understanding

concurrency have been developed on a more-or-less ad hoc basis.

Operational semantics — which studies collections of operational rules that
dictate how a computation proceeds step-by-step — is an accessible and pop-
ular approach to studying concurrency|[25]. Operational semantics is typically

described syntactically, affecting the state of a computation by altering its sym-

9



CHAPTER 1. INTRODUCTION 10

bolic representation. Operational descriptions often suggest a possible physical
implementation of a computation by providing a description of the local be-
haviour of a process. Working at this low level of abstraction makes it easier to
understand the progress of a computation, but the quantity of detail can make

it harder to see the high-level situation.

On the other hand denotational semantics — which associates a computation
with a mathematical object that captures the essence of the computation in its
mathematical properties — starts from a much more abstract viewpoint and
makes it easier to distinguish general results about computation itself from spe-
cific results about particular syntactic systems. The drawback of this approach
is that the mathematics involved is often either too coarse to be a suitable tool,

or too intricate to be useful to the working scientist.

Consequently, theories for concurrent computation form a disjointed landscape
with unclear relationships between approaches. Particular process calculi are
optimised to different tasks, and it is sometimes difficult to see which optimi-
sations are valuable innovations that can be applied elsewhere and which are
relevant only to the calculus in question. The lack of a common framework
means that lessons derived from work in one area remain isolated from other

areas of study.

Work by Cattani and Winskel on a semantics given in terms of presheaves[5]
has the potential to provide a common denotational framework for studying
concurrency. The presheaf semantics supports a rich domain theory which cap-
tures nondeterministic branching and provides a natural notion of equivalence
for higher-order processes via bisimulation. Importantly, many computational
features can be captured by universal constructions on presheaves which jus-
tifies the claim that the presheaf semantics may provide a broadly applicable
theory of concurrent computation. This work also led to the development of a
simple semantics by Nygaard and Winskel[20] where presheaves are replaced by
sets of computation paths. Roughly, this semantics describes whether a process
can perform a particular path, whereas the presheaf semantics describes how
the path can be performed. The path semantics is therefore much coarser, but
at the same time it is significantly simpler and more familiar to conventional
domain theorists. Intuitions developed in the path semantics can sometimes be

translated into innovations in the presheaf semantics.

A notable omission from this semantic model is that it does not support the no-
tion of name generation. In the m-calculus[16], for example, names may be used
to identify communication channels between processes. They may be passed
from process to process to model the mobility of channels; and importantly they

may be hidden to model the restriction of scope or, from another viewpoint, a
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process may create a new channel, complete with a unique freshly-generated
identifier, at will. The original semantics of the mw-calculus was given opera-

tionally, but more recent work has developed denotational models too[4, 8].

Names also crop up in the study of syntax, in the guise of placeholders for
variables. A free variable in a term may be modelled by a name. Like channel
names in the m-calculus it may be passed around to other parts of a term, and
hidden by a binder. When performing a proof by induction over the structure of
a term that contains bound variables, it is common to unbind them and assert
that they are “chosen to be different” from the free variables that are already
known, effectively generating fresh new names at will. This practice is normally

justified by an informal assertion such as Barendregt’s Variable Convention|2].

Although this is acceptable practice when human beings are manipulating syn-
tax, it is necessary to provide a more formal explanation to allow computers
to do the same manipulations. Shinwell[27, Section 1.1] and Gabbay[9, Section
33] summarise some of the approaches that have been developed and concen-
trate — as does this discussion — on a recently developed method based on a
non-standard set theory: the theory of nominal sets as pioneered by Pitts[10].
Nominal set theory captures the common manipulations applied to names, such
as binding and unbinding, in a very natural fashion and otherwise behaves much
like more familiar set theories such as ZF. This is important, because dealing
with names can occasionally throw up some subtleties that might be hard to
pin down in a more cumbersome setting. The similarity with standard set the-
ories is also valuable because it makes it straightforward to transfer intuitions

developed in a name-free setting into the nominal setting.

Importantly, the operations of binding and generating names in nominal set
theory are generalisations of — rather than dependent on — the corresponding
syntactic notions. It would therefore appear plausible that nominal set theory is
a suitable setting for studying the semantic as well as syntactic uses of names,
such as for channel identifiers in the m-calculus. It is this observation which

motivates this thesis, the aims of which are

1. to demonstrate that the nominal set theory of Pitts et al. can be used to
systematically adjoin name generation to a conventional model for con-

currency, and

2. to demonstrate that the path-based domain theory for concurrency of
Winskel and Nygaard can be systematically extended with name genera-

tion.
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To help with the navigation of this document the contents of each chapter are

summarised below.

Chapter 2 sets out the mathematical preliminaries of the discussion, in order
to fix a consistent notation and nomenclature for the rest of the dissertation.
As such, it mostly consists of definitions, discussions and results that are well-

known and published elsewhere.

Chapter 3 develops the promised domain theory for nondeterministic processes
with names. Roughly speaking, this development takes the construction of the
path-based domain theory for concurrency mentioned above and follows a paral-
lel road within the theory of nominal sets. Importantly, all of the constructions
are given by means of universal properties, which supports the claim that this

work points towards a general framework for concurrency.

The path through the dissertation diverges at this point and it is possible to

choose whether next to read chapters 4 and then 5, or else to read chapter 6.

Chapter 4 introduces an expressive process calculus, Nominal HOPLA, which
can be used to illustrate the domain theory of chapter 3. Nominal HOPLA is
closely related to the language HOPLA (a Higher-Order Process LAnguage)[20]
and is inspired by the language new-HOPLA[38]. The content of chapter 4
requires only a little nominal set theory and no domain theory to appreciate,
since it concentrates on a syntactic and operational description of the process

calculus.

Chapter 5 links the operational semantics of chapter 4 with the domain theory
of chapter 3 by giving a denotational semantics to Nominal HOPLA in terms of
universal constructions, and then proving soundness and adequacy results that

closely link the two styles of semantics.

Chapter 6, which depends only on chapters 2 and 3, takes a more abstract
approach and develops some categorical foundations for the domain theory of
chapter 3, providing support for the claim that this work is an example of a

systematic procedure to incorporate name generation into a semantic model.

Finally, chapter 7 discusses a number of possible future avenues of enquiry that

this thesis has made available.



Chapter 2

Preliminaries

This chapter sets out some of the mathematical prerequisites for the remainder
of this dissertation. As such, it mostly consists of definitions, discussions and
results that are well-known and published elsewhere, but which are collected
here so that it is possible to make use of them with consistent nomenclature

and notation.

Notable exceptions to this rule include lemma 2.2.1.6 and the non-implications
of lemma 2.2.6.2, both of which are original work by the author. Lemma 2.2.1.6
in particular is a key insight that makes it possible to characterise the domain-
theoretic notion of isolated elements (also known elsewhere as a compact or
finite elements) within the non-standard nominal set theory, as demonstrated

in lemma 3.4.3.5.

This chapter falls into two independent halves: section 2.1 introduces denota-
tional semantics and elementary domain theory, and section 2.2 introduces the

theory of nominal sets.

2.1 Domain Theory

Denotational semantics is the branch of computer science that gives meaning
to pieces of syntax by assigning to each program P a mathematical object [P]
that P is said to denote, and whose mathematical properties correspond to the
computational properties of P. Domain theory is an important branch of deno-
tational semantics, using mathematical structures called domains as universes
of denotations. Its origins lie in work in the 1960s when Scott was searching

for a setting for denotational semantics as pioneered by the work of Strachey.

13
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Stoy[31] and Amadio and Curien[1] provide good accounts of the subject. A
consequence of this work was the development of a denotational semantics for
the untyped A-calculus. This was an important development since it is clear
that it is not possible to use the ‘obvious’ semantics where each A-term denotes
a total function, because such a semantics would have required a set D such
that D 2 D — D where — is the usual set-theoretic function space. A sim-
ple cardinality argument demonstrates that the only solutions to this equation
are trivial. A way around this problem was effectively to permit the model to
contain ‘partial’ elements, corresponding to partially-defined functions, and to
equip the set D with extra structure that captures the relationships between
these partial elements in terms of continuous operations with respect to an
appropriate topology. The resulting structured sets are generally all called do-
mains, although this word has a variety of subtly different definitions depending

on the detailed properties of the denotational semantics under study.

This section gives an overview of elementary domain theory, but much deeper
treatments are available elsewhere[23, 34]. Firstly section 2.1.1 introduces two
of the more common basic notions of domain, namely CPOs and wCPOs, and
the appropriate morphisms of domains that preserve their structure. Then sec-
tion 2.1.2 highlights a particularly useful class of algebraic domains which can
be obtained as the completion of a particular class of simple isolated elements.
Section 2.1.3 discusses a number of general approaches to giving a domain the-
ory for nondeterministic processes whose computational behaviour is not totally
specified and which may therefore make choices at certain points. Nondeter-
minism can be used to describe concurrency, where more than one computation
can be performed at once and the interactions between such computations are
not necessarily precisely specified. Section 2.1.4 introduces a particularly simple
domain theory for concurrency and finally section 2.1.5 gives an intuition for

this domain theory in terms of the computation paths that processes can follow.



CHAPTER 2. PRELIMINARIES 15

2.1.1 Complete Partial Orders and Continuous Functions

A domain — in the sense of domain theory — is an ordered structure with some
appropriate completeness property. The elements of a domain can be viewed
as representing computations, and the order on a domain represents increasing
computational information, information which can be represented as a limit of

approximations. A simple notion of approximation is by sequences of the form
dCdC...Cd,C.... (2.1.1.1)
This gives rise to the following candidate for a suitable notion of domain.

2.1.1.2 Definition. An w-complete partial order (wCPO) is a partial or-

der (D,Cp) that has joins of all increasing w-chains in D.

A more general notion of convergence is to consider approximation by directed
sets (which, to avoid any ambiguity, here does not include &.)

2.1.1.3 Definition. A complete partial order (CPO) is a partial order
(D,Cp) that has joins of all directed subsets of D.

Whichever completeness property is chosen, it is chosen to capture an appropri-
ate notion of approximation of elements of D by some kind of limiting process
of the appropriate shape. It is important here to emphasise that the choice of a
suitable notion of approximation is a key variable in the development of domain
theory, so it is worth making the following definition.

2.1.1.4 Definition. Write ®4 for the property of directedness and @, for the

property of being an w-chain.

®, and &, capture the two notions of approximation that have been introduced
so far. It turns out that elementary domain theory is somewhat independent of
the choice of any particular notion of approximation, in which case the chosen
notion of approximation can be written simply as ®. This generality is impor-
tant when working in the theory of nominal sets (the setting for much of the
rest of this dissertation) since it helps to capture the salient features of the de-
velopment of domain theory that are independent of any particular notions of
approximation. Indeed, neither ®; nor ®,, fully capture an appropriate notion
of approximation in the theory of nominal sets and it is necessary to use a subtly
different definition instead. However, it is sufficient to think of ® as being either
®, or &, in the following, and when introducing approximations in nominal set

theory in section 3.4 the mathematics is developed from scratch.

2.1.1.5 Definition. A ®-complete partial order (P CPO) is a partial order
(D,Cp) that has joins of subsets of D that have the property ®.
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The property ® also gives rise to a notion of ®-continuous function.

2.1.1.6 Definition.

18 ®-continuous if it is a function f: D — E that preserves

e the ordering T (i.e. it is monotone)
e the property of ®-ness (i.e. if v C D is ® then sois {fd|d € x}), and

e joins of ® subsets of D (i.e. if x C D is ® then f(\/x) =V{fd|de x}.

The collection of PCPOs and P-continuous functions form a category ®CPO.
If & € {9y4,D,} then the category ®CPO is cartesian closed. The cartesian
product is given by the product of the underlying sets ordered componentwise,
and the exponential is given by the space of ®-continuous functions with the
pointwise order. This is important for giving denotational semantics to a lan-

guage with higher-order functions such as the A-calculus.

2.1.1.8 Definition. IfP is a preorder and x C P then define
x| =aet {P' | Ip € v.p’ <p p}.
Say that 2’ C P is a lower set in P if it is of the form x| for some x C P.

2.1.1.9 Definition. A ®-ideal in the preorder P is the lower set of a ® subset
of P. In other words, it is a set of the form x| where x C P has the property ®.
The ®-ideal completion of P, written 1dlg (P), is the set of all ®-ideals of P

ordered by inclusion.

2.1.1.10 Lemma. The ®4-ideal completion (respectively the ®,-ideal comple-
tion) of a preorder P is a ®4CPO (respectively a ®,CPO) with joins given by

UNION.

Proof. 1t is only hard to see that the union of an w-chain of ®,-ideals is itself a
®,-ideal. Let xg C 1 C ... be an w-chain of ®,-ideals of P. Suppose that each
x; is of the form {p; o <p p;;1 <p ...}|. For each i € w, define j(i) to be the least
J such that py; <p p;; for all k,I <. Such a j certainly exists, for if k,1 <1
then z;, C x; and hence py; € x; from which it follows that there exists j such
that pr; < p;;; there are only finitely many k,! < i. Now it is the case that
Uicw i = {po,j(0) <p P1j1) <p ...}|, for if p € J,c,, ®i then p € x; for some k&
and hence there exists [ such that p <p pr; <p Py j(m) Where m = max(k, ) by
definition of j(m) as required. O
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2.1.2 Algebraic CPOs

Certain elements of a PCPO D cannot be reached by the join of a succession of
increasingly close proper approximations and such elements are called #solated.
Computationally, the isolated elements of D typically correspond to those com-
putations that can be realised in finite time. The terms compact and finite
are also used in the literature, but this dissertation consistently uses the term

1solated which 1s defined as follows.

2.1.2.1 Definition. An element d of the ®CPO (D,Cp) is ®-isolated if
whenever d Cp \/ x for some x C D satisfying ® it follows that there exists
d € x such that d Cp d'. The collection of all ®-isolated elements of D is

written D°.

If a ®CPO consists of elements that can all be approximated by its ®-isolated
elements then its structure is considerably simplified. Those ®CPOs that consist

only of such approximable elements are called algebraic:

2.1.2.2 Definition. A ®CPO D is algebraic if for every d € D there exists
an x C D° which is both ® and such that d = \/ x.

Sometimes algebraicity also includes a constraint on the size of D — for example
it may insist that that D° is countable — but this point is not dwelt upon here.
Indeed, much of this dissertation works within the theory of nominal sets, and
in this theory the notion of cardinality is subtle because of the failure of the
Axiom of Choice. For example, lemma 2.2.6.2 demonstrates that even the idea

of finiteness is delicate.

Importantly, the isolated elements of an algebraic #CPO determine its structure

precisely, as the following lemma shows.

2.1.2.3 Lemma. If (D,Cp) is an algebraic ® CPO then D = 1dlg(D°).

Proof. If d € D then by the algebraicity of D there exists « C D° which is &
and such that d = \/z, so define f(d) = x| € Idls(D°). To see that this is
well-defined let ' C D° be ® and such that d = \/2'. If d; € x’l then there
exists do € a’ such that d; Cp do, but d = \/ 2’ sothat dy Cp do C d = \/ x and
dy is ®-isolated so there exists d3 € x such that di Ep ds and hence d; € .

This shows that :L"l C x| and the converse is similar.

If I € Idlg(D°) then by definition there exists  C D° which is ® and such
that I = x|, so define g(I) = \/ z. To see that this is well-defined let 2’ C D°
be ® and such that I = :1:’l IfdeaxC1I = $/l then there exists d’ € 2’

such that d Cp d’, so that \/ 2 Cp \/ 2’ and the converse is similar. It is now
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straightforward to show that f and g define an isomorphism D 2 Idlg(D°) as
required. O

Alsoif f: D — FE is ®-continuous and D is algebraic then f is entirely specified
by its action on D° as the following lemma shows.

2.1.2.4 Lemma. Let (D,Cp) be an algebraic ® CPO and let
f:g: <D7ED> = <E72E>

be two arrows of ®CPO such that f(d) = g(d) for every d € D°. Then f = g.

Proof. Let d € D, then by the algebraicity of D there exists x C D° which is
both ® and such that d = \/ x. Therefore

fld = f(Vz) (2.1.2.5)
= \{f(d)|d €z} by continuity of f
V{g(d') | d €z} since f and g agree on D° D x
= 9(\/ IU) by continuity of ¢
9(d)

as required. O

The collection of algebraic ®CPOs and ®-continuous functions forms a category
® Alg and much of the structure of ®CPO restricts to ® Alg. For example, the
cartesian product of a pair of algebraic ®CPOs (as objects of #CPO) is again an
algebraic ®CPO. However if D and E are ®-algebraic then it is not necessarily
the case that the function space D — E is ®-algebraic, and neither ®4Alg nor
®,Alg is cartesian closed. Fortunately ®Alg may contain a cartesian closed
subcategory that is a suitable setting for denotational semantics. In ®4Alg
one such setting is the collection of Scott domains, which are those algebraic
®,CPOs where every bounded subset has a join. Another is the collection of
strongly finite or SFP objects[24].

A strengthening of the concept of isolation is that of primality. An element in
a PCPO is (completely) prime if it cannot be properly decomposed as a join of
any shape. The associated concept of algebraicity is that every element of the

®CPO can be approximated entirely by primes, as follows.

2.1.2.6 Definition. An element d of the ® CPO (D,Cp) is completely prime
if whenever d Cp \/ x for any x C D for which \/ x exists it follows that there
exists d' € x such that d Cp d'. A ®CPO (D,Cp) is prime algebraic if for
every d € D there exists x C {d' € D | d' completely prime} such that d =\/ x.

Sometimes completely prime elements are called simply ‘prime’.
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2.1.3 Nondeterminism in Domain Theory

In order to capture a denotational semantics for nondeterministic choice, it is
possible to extend the notion of a ®CPO with a binary operation LI represent-
ing the nondeterministic sum of a pair of computations. There are a number of
possible axiomatisations of the operation LI depending on the style of nondeter-

minism that is under study.

2.1.3.1 Definition. A Plotkin-nondeterministic ® CPO (Np®CPO) is a
®CPO (D,Cp) together with an idempotent, commutative and associative bi-

nary operation Up : D x D — D that is ®-continuous in each argument.

A Hoare-nondeterministic ®CPO (Ny®CPO) is a Plotkin-nondetermin-
istic ®CPO (D,Cp,Up) such that additionally d Cp dUp d' for all d,d’ € D.

A Smyth-nondeterministic ®CPO (Ns®CPO) is a Plotkin-nondetermin-
istic ®CPO (D,Cp,Up) such that additionally d Up d' Cp d for all d,d’ € D.

Intuitively, the Hoare-style nondeterminism captures a ‘may do’ semantics: a
nondeterministic sum of two computations contains at least as much informa-
tion as each of the summands, because it may produce the output of either.
Conversely, the Smyth-style nondeterminism captures a ‘must do’ semantics:
fewer guarantees can be made about the nondeterministic sum of two computa-
tions, so the sum contains less information. The Plotkin-style nondeterminism
captures a mixture of both the ‘may do’ and ‘must do’ styles of semantics.
When the discussion is not concerned with the differences between the styles of
nondeterminism, it is enough to refer to Np®CPOs, Ny ®CPOs and Ng®CPOs
simply as N®CPOs.

The natural morphisms between NPCPOs are ®-continuous functions that are
additionally LI-homomorphisms, and these objects and morphisms form a cate-
gory N®CPO with the obvious forgetful functor U : N®CPO — ®CPO. Fur-
thermore this functor has a left adjoint F' associating to each PCPO D the object
F'D which is the free NOCPO on D. The composition UF : #CPO — #CPO

is usually called the powerdomain monad and is often written simply P.

A similar story unfolds when attention is restricted to algebraic #CPOs. Non-
deterministic algebraic @CPOs are defined similarly to more general nondeter-
ministic CPOs, and together with ®-continuous LI-homomorphisms they form a
category N®Alg with a forgetful /free adjunction FF 4 U : N®Alg = ®Alg as
before. An advantage of restricting attention to algebraic ®CPOs is that the
powerdomain monad becomes easy to describe concretely in this setting. For
example, if D is an algebraic ®;CPO then there is an associated preorder !(D°)
whose elements comprise the finite subsets of D° and whose order is defined by
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setting x <ype) 2’ iff for all d € x there exists d’ € 2’ such that d Cp d’. The
Hoare powerdomain Py D is then given as the ®4-ideal completion of !(D°).
Alternatively, Py D can be characterised as the collection of lower subsets of

D*° ordered by inclusion.

2.1.4 A Simple Domain Theory for Concurrency

Dropping some of the generality developed above, in the following consider just
the notion of approximation given by directedness and just the Hoare ‘may do’
style of nondeterminism. Viewing nondeterminism as a computational effect
(in the style of Moggi[18]) draws attention to the Kleisli category of Py which
can be more simply characterised as the category PreRel of preorders and

monotone relations as follows.

2.1.4.1 Definition. The objects of the category PreRel are preorders P, Q, . . ..
Its arrows R : P — Q are relations R C P x Q such that if p’ >p p R q >q ¢
then p’" R q'. Composition in PreRel is straightforward relational composition,

and the identity relation on the preorder P is simply >p.

2.1.4.2 Proposition. If Py : ®qAlg — ®4Alg is the Hoare powerdomain
functor described above then its Kleisli category K1(Pp) is equivalent to PreRel.

Sketch Proof (Object-parts only). The equivalence comprises the functors (—)°

Kl(Py) — PreRel and Idlg, : PreRel — Kl(Pgy). Lemma 2.1.2.3 demon-
strates that if D is an algebraic ®;CPO then D =~ 1dlg,(D°). For the converse,
suppose that P is a preorder and consider elements x € (Idlg,(IP))°. Since
x € Idlg,(IP), there exists a directed g C P such that x = x¢; and hence
z = Upe,, (P} Also since zg is directed in P it follows that {{p} | p € zo} is
directed in Idlg,(P), and since z is isolated there must exist p € xo such that
zo = {p},. Thus P and (Idls,(P))° are isomorphic in PreRel. O

The use of preorders in the domain theory — rather than the more usual partial
orders — does not make a significant difference to much of the theory, but it does

enable an intuitive method for solving simple recursive domain equations|20].

Concretely the equivalence Kl(Pp) ~ PreRel factorises the monad Py as

H(=)°)

T T
®;Alg_ 1 " PreRel (2.1.4.3)

Idls,,
where the functor Idlg, takes a preorder to its ®4-ideal completion and !((—)°)
takes an algebraic domain to the preorder of finite sets of its ®4-isolated elements

(with the order as described above).
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The category Kl(Pp) is also equivalent to the category Lin of preorders and

join preserving (or linear) maps.

2.1.4.4 Definition. The objects of Lin are preorders P,Q,.... Its arrows f :

P - Q of Lin are functions f : P @ which preserves all joins, where P is

the free join-completion of P. Concretely, P consists of all lower subsets of P

ordered by inclusion.

2.1.4.5 Proposition. The category PreRel is isomorphic to the category Lin

of preorders and join preserving (or linear) maps.

Sketch Proof. The isomorphism acts as the identity on objects. If R: P — Q is
an arrow of PreRel then the corresponding arrow of Lin is F'R where if z € P
then FRr = {q € Q| 3p € z.p R q}. Conversely if f : P — Q is an arrow of Lin
then the corresponding arrow of PreRel is Gf where if p € P and ¢ € Q then
p Gf qiff ¢ € f{p},. It is straightforward to show that F' and G are mutual

inverses. O

Lin can be understood as a categorical model of Girard’s linear logic[20]. From
this viewpoint, the arrows of Lin correspond to linear processes which do not
either duplicate or discard their inputs. This linearity is an important aspect of
concurrency: in a distributed computation it may be difficult to copy processes.
Copying may not be impossible, however, and in general it is too restrictive
to constrain attention just to linear maps. Following the discipline of linear
logic, copying and discarding may be controlled explicitly by considering maps
whose domain is under an exponential which corresponds to a comonad on the
underlying category. The adjunction !((—)°) - Idle, above draws attention to
the comonad !((Idlg,(—))°) = ! on Lin.

2.1.5 Domains of Paths

The semantic setting discussed above can be approached more directly by taking
the intuition that a nondeterministic process denotes the set of computation
paths that it may follow. A brief overview of this approach is below, but much
more detail is available elsewhere[20]. The objects P, Q, ... of Lin take the role
of domains of paths (ordered by extension) which can be used as a type system
for nondeterministic processes. More precisely, nondeterministic processes of
type P denote subsets of P. Furthermore, within the Hoare-style ‘may do’
semantics if a process can perform some path then it can also perform any
shorter path, so that processes of type P denote lower subsets of P. In other

words P can be thought of as a domain of meanings for processes of type P.
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As (/—\) takes a preorder to its free join-completion, it is natural to consider the
join-preserving (i.e. linear) maps between freely join-completed structures, but
the linear maps are too restrictive a class of maps for a rich domain theory. In
particular, since they preserve all joins they preserve the empty join, so that a
process that receives no input cannot spontaneously perform any output. It is
better to turn attention to a collection of maps that preserve some smaller class
of joins: perhaps nonempty joins or perhaps only directed joins. Nonempty-
join-preserving maps are also known as affine and form a category Aff, whereas
directed-join-preserving maps could be called continuous and form a category
Cts.

From a different viewpoint it turns out that Lin can be used as a setting for
Girard’s classical linear logic, and following the discipline of linear logic it would
seem that the solution to the strictness of linearity is to consider those maps
whose domain is under an exponential. Aff can be seen to be the coKleisli
category of the comonad (—); : Lin — Lin which takes a preorder P to the
order P, = Pw {1} where the new element L is ordered below each element of
P. Aff then forms a model of affine-linear logic[12]. On the other hand, Cts can
be seen to be the coKleisli category of the comonad ! : Lin — Lin introduced
in the previous section. Cts then forms a model of multiplicative-exponential

linear logic[3], with ! taking the role of the exponential.

It is in the setting of Cts that Winskel and Nygaard[20] have developed a
simple domain theory that captures certain important computational features.
In detail,

e Cts is cartesian closed and therefore supports higher-order computations.

e Its hom-sets are richly equipped with joins and therefore Cts supports

recursively-defined processes and nondeterministic sums.

e The operation ! gives rise to a primitive observable action. A richer struc-

ture of actions is supported by means of labelling.

Perhaps of the greatest importance is that all of this structure is given by univer-
sal properties, rather than by ad hoc definition. Moreover, Winskel and Nygaard
are led by these universal properties to the expressive metalanguage HOPLA,
so named because it is a Higher-Order Process LAnguage. They demonstrate
that HOPLA can simulate well-known process calculi such as higher-order CCS,
and because of its denotational underpinnings it is claimed that this approach
points the way towards more universal models of concurrency. That said, the
domain theory based in Cts is no panacea. In particular because the semantics
is based on a simple-minded notion of paths it equates processes that some-

times would be best kept separate. For example, the terms t; =qor @.a.nil and
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to =def a.nil+a.a.nil (in a CCS-like process calculus) both denote the path set
{€,a,a.a} despite the fact that t; and t5 are not bisimilar. A possible remedy is
as follows: P can be seen as the space of characteristic functions P°? — 2 where
2 is the nontrivial poset on the two-element set {T, L} of truth values. Intu-
itively, T and L correspond to whether a path was realised or not. Replacing 2
with some larger collection of truth values opens the way to thinking about how
a path may be realised. In the case of 5 above, the path a could be realised
in two different ways, one for each component of the sum, whereas t; can only
realise a in one way. Taking this idea sufficiently far suggests that 2 could be
replaced by the category Set; viewing each P as a small category then gives
a domain theory in terms of presheaves P°? — Set with much finer-grained
distinctions than is possible with the coarser path semantics. In fact, Cattani
and Winskel[5] developed this presheaf-based semantics first, which motivated
Nygaard and Winskel[19, 20] to explore the simpler path semantics.

Also absent from the path-based semantics in Cts is the concept of name-
generation. In order to model a modern fully-fledged process algebra such as
the m-calculus it is necessary to be able to model locally-scoped names and treat
them as first-class data that can, for example, be passed from process to process.
Winskel and Zappa Nardelli[38] developed the language new-HOPLA in which
this was possible. This language was based on a sketch of a denotational seman-
tics given in the functor category Lin' — where I is the category of injections
between finite sets of names — following the ideas of Stark|[28], Moggi[17], Fiore
and Sangiorgi[8] and Oles[21] amongst others. The use of Lin' rather than Lin
facilitates a semantics that is parametric in the ‘current’ set of names. However
there are some technical problems in the associated domain theory, particu-
larly regarding the existence of function spaces. This thesis aims to overcome
such problems by avoiding the technical machinery of functor categories and
working in a more elementary setting. The following section introduces the
theory of nominal sets, which provides a suitable situation for a name-theoretic
domain theory for concurrency, which ultimately leads the way to a metalan-
guage, dubbed Nominal HOPLA, in the same way that constructions in Cts
and Lin" led respectively to HOPLA and new-HOPLA.

2.2 Nominal Sets

The syntactic principle of ‘binding’ of a variable is easy to understand. Every

algebra student would agree that the theorems

Ve.(br+2=12=2=2) and Vy.(by+2=12=y=2)
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express precisely the same concept, as the symbols = and y are just used to
name something to which a later reference needs to be made. In some sense,
it seems to be an innate ability to give something a name and later refer to
that ‘something’ using just its name. Furthermore, such a name may only make

sense in a particular context.

This concept can be seen to be surprisingly subtle when working fully formally.
Computers (and the formal systems that they implement) have no such innate
ability to deal with locally-scoped names, so this ability must be carefully im-
plemented by hand. Over the years a variety of ways to deal with locally-scoped
names have been created. Shinwell[27, Section 1.1] and Gabbay[9, Section 33|
summarise some of these approaches and concentrate — as does this discussion
— on a recently developed method based on a non-standard set theory: the
theory of nominal sets as pioneered by Pitts[10]. This theory is a powerful one
in the context of this thesis because it gives a purely semantic account of the
idea of a bound name, which makes it possible to give a natural account of a
compositional denotational semantics incorporating binding. For example, the
denotation of the m-calculus term va.P should be built from the denotation of
P via some kind of binding operator: the name a should appear ‘free’ in [P]
but must not be free in [ra.P]. The theory of nominal sets makes sense of the
idea of a name appearing free in a semantic object such as [P] in a fashion that
smoothly extends the syntactic notion of free names. It also allows the construc-
tion of the kind of binding operator that takes [P] to [va.P]. Importantly, the
internal logic of the theory of nominal sets is very close to that of standard set
theory, so the development of a domain theory for concurrency within nominal
set theory is accessible to conventional domain theorists as the name-theoretic

details can be ignored when they are not relevant.

The roots of nominal set theory lie in the study of syntax, so it is introduced here
from this viewpoint. The theory rests on two key observations about names.
The first is that the concrete names used by any piece of syntax are not relevant
outside of their scope. The second is that any piece of syntax can only explicitly

mention finitely many names.

From the first observation, the names used by any piece of syntax can be in-
jectively renamed to some other collection of names without changing the un-
derlying meaning of the syntax. Unlike the collection of injective renamings,
the collection of bijective renamings forms a group, and the group structure
simplifies the theory. The restriction of attention to bijective renamings is not a
severe constraint. Also, since each piece of syntax only mentions finitely many
names it is possible to turn attention to those bijective renamings that fix all
but finitely many names. A few lemmas about such bijective renamings are

developed in section 2.2.1, then section 2.2.2 introduces the theory of nominal
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sets and section 2.2.3 shows some examples and constructions for building new
ones. The category of nominal sets is briefly explored in section 2.2.4 and section
2.2.5 demonstrates how the theory can be used to capture the idea of ‘binding’
a name. Finally, one of the more important differences between nominal and
conventional set theories is the failure of the Axiom of Choice in the nominal

setting, and section 2.2.6 explores the consequences of this.

2.2.1 Finite Automorphisms on Names

Let A be a fixed infinite set whose elements are to be called names. The letter
A is chosen as names are also known as atoms: they are atomic in the sense
that they have no internal structure. From the discussion above, the basis for
the theory of nominal sets is that of a finite automorphism of A, i.e. a bijection
o : A — A such that oca # a for only finitely many a € A. In particular this
includes permutations of A, which are represented as finite lists of transpositions
of pairs of names (a1by) ... (a,b,) and whose action is defined by recursion on

n by letting ta =40t @ where ¢ is the empty list, and

(albl) . (anbn)bn+1 a = Qp+1
(a1b1) ... (@nbn)(@nt1bni1)a =der § (a1by) ... (anbn)ans1 @ = byyq

(a1b1) ... (anbn)a otherwise.
(2.2.1.1)

It is well-known that any finite automorphism may be represented as a permu-
tation; the following lemma strengthens this result by restricting the length of

this permutation and the names that it permutes as much as possible.

2.2.1.2 Lemma. Any finite automorphism o : A — A may be represented
as a sequence of transpositions of pairs of names (a1b1) ... (apby,) where either
og=14 (and n =0) orn < |{a € A | oa # a}| and for each i, oa; # a; and
ob; # b;.

Proof. The proof proceeds by strong induction on [{a € A | ga # a}|. If
{a € A | oa # a}| = 0 then 0 = 14. Suppose that |[{a € A | ca # a}| > 0
and let a € A be such that ca # a. In order to use the induction hypothesis, it
is necessary to find an automorphism that moves strictly fewer names. Letting
a’ = o~ 1la it will now be shown that o o (aa’) is such an automorphism. To
see this, notice firstly that U((aa’ )a) = a. Furthermore, suppose that b is such
that o ((aa’)b) # b, then ob # b as follows. Clearly b # a; also if b = a’ then
ob = a # b; finally if b # o then (aa’)b = b so that b # o((aa’)b) = ob
as required. Therefore {b € A | o((aa’)b) # b} G {a € A | oa # a} so the
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induction hypothesis applies to o o (aa’) to give a sequence T of transpositions.
Note that a’ # a since a # oa, so that 7(aa’) is as desired. O

It is sometimes useful to be able to reorder the list of transpositions that rep-
resent a particular permutation, which is possible as shown in the following

lemma.

2.2.1.3 Lemma. If o is a permutation and a and b are names then

oo (ab) = (ca ob) o 0.

Proof. Tt is sufficient to show that o(ab)c = (oa ob)oc for all names ¢, and for
this it is sufficient to consider the three cases ¢ = a, ¢ = b and ¢ ¢ {a,b}. If
¢ ¢ {a, b} then it follows that (ab)c = ¢ and it is also the case that oc ¢ {oa,cb}
by the injectivity of o, so that (ca ob)oc = oc = o(ab)c. If ¢ = a then (ab)c = b
and hence (ca ob)oc = ob = o(ab)c as required. The case ¢ = b is similar. [

2.2.1.4 The Footprint Lemma. The following lemma characterises permu-
tations in terms of their footprints on a particular set B of names. The intuition
behind this lemma is as follows. Suppose that in the course of a calculation there
is a bound B on the set of names that are ‘known’. For example, the calcu-
lation could be a reduction of a term ¢ in some context C' and B contains the
free names of ¢, so they cannot be permuted without affecting its context. In
this example, t and C' ‘know’ the free names. Importantly, if B contains all the
names that are ‘known’ by a calculation then for the purposes of that particu-
lar calculation any names outside B are equivalent. Therefore it is possible to
characterise a permutation ¢ in terms of its ‘footprint’ on B: the action of o
just on the names in B. Of course if a ¢ B but oa € B then this is significant,
although the precise source a of oa is not important. Similarly it is significant
if b € B but ob ¢ B, although the precise destination ob of b is not. If B is
finite then it is possible to specify a disjoint set D that represents a canonical
collection of ‘unknown’ sources and destinations of the elements in B. Then
from the point of view of the calculation in question the permutation ¢ may be

represented as a permutation oy such that
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if b € B and ob € B then o2b = ob,
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if a ¢ B but oa € B then 0, 'ca € D, and

T

if e ¢ BU D then oge = e.

(The symbol o9 is chosen for consistency with the notation in the following
lemma.) Importantly a set D may be chosen that suffices for any permutation
o, and a finite such D exists, so o9 takes only finitely many possible values.
This fact is used in the proof of 3.4.3.5.

To illustrate this, consider the simple case where B = {b} is a singleton. For
this case the choice D = {d} for some d # b suffices. If a permutation o fixes b
then the footprint of o on B is represented by the identity permutation, since
this is a permutation that satisfies the four properties listed above. On the other
hand if o - b # b then also 0~! - b # b so that oo = (bd) represents the footprint
of o on B: it is a permutation that satisfies the four properties of a footprint

representation listed above.

In this case the representing permutations were unique, but in general this is
not so: if B = {b} and D were chosen to be {d, d’} where b, d and d’ are distinct,
then (bd), (bd'), (bdd") and (bd'd) are all representations of a permutation o such
that o - b # b, and both the identity and the transposition (dd’) represent any
o such that o -b=b.

The idea of representing ¢ in terms of a particularly constrained permutation
oo can be phrased in terms of a factorisation property which states that there
exist 01, 09 and o3 such that 0 = 010903 and where o and o3 leave B fixed

and oo moves only B U D. The following diagram illustrates this idea: the
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shaded areas cover the names that may be moved. The set A in this diagram is
a set of names that o and its factors must all fix, which is a refinement of the

fundamental idea that is necessary for the later application of this lemma.

D -

7 7

7, - -
7 .

;7 fV///////

Firstly it is necessary to show a well-known and elementary special case, where
B = {b} is the set of names of interest, D is chosen as the disjoint set {d}, and

= (be) for some fresh name e.

2.2.1.5 Proposition. Ifb, d and e are distinct names then (be) = (de)(bd)(de).

Proof. 1t is the case that (de)(bd) = ((de)b (de)d)(de) = (be)(de) by lemma
2.2.1.3, so that (be) = (be)(de)(de) = (de)(bd)(de) as required. O
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The general result is now as follows.

2.2.1.6 Lemma (Footprint Lemma). Let A, B and D be finite sets of names
such that |D| > |B| and such that AU B and D are disjoint. Then for all
permutations o such that ca = a for all a € A there exist permutations o1, 02,

o3 such that

® 0 = 010903, and
e g1a=a and oza = a for alla € AU B, and

e ogoaF#a only ifac (BUD)\ A.

Proof. Represent o as a finite list of transpositions of names not in A and
proceed by induction on the length of the list. If the list is empty then o = ¢
and 01 = 09 = 03 = ¢ is a factorisation in the desired form. On the other hand,
if the list is nonempty then write o = o’(ab) where a ¢ Aand b ¢ A and o’c = ¢
for all ¢ € A. By induction there exist o1, oo and o3 such that ¢/ = 010203 and
o1c=cand osc=cfor all ce AUB and o9c # conly if c€ (BUD)\ A.

If a ¢ B and b ¢ B then define o4 = o3(ab). Since o4c = ¢ for all c € AU B,
o = 01020% is a factorisation in the desired form. If @ € B and b € B then
os(ab) = (ab)os by lemma 2.2.1.3 so let 05 = 02(ab) which has oc # ¢ only if
c€ (BUD)\ A, so that 0 = 010b03 is a factorisation in the desired form.

Otherwise without loss of generality let a ¢ B and b € B. Then by lemma 2.2.1.3
it follows that o3(ab) = (a’b)os where a’ = o3a. Note that a’ ¢ AU B since
otherwise a’ = o3a’ and hence a’ = 73 'a’ = a ¢ AU B which is a contradiction.

There are two cases to consider, depending on whether a’ € D or not.

If @ € D then let 0§ = 09(a’b). Then ohe # c only if ¢ € (BU D) \ A, so
that 0 = o10b03 is a factorisation in the desired form. On the other hand
a’ ¢ D then let ¢ € D be such that oy - ¢ € D, which exists since by assumption
|D| > |B|. Then (a’b) = (a’c)(bc)(a’c) by proposition 2.2.1.5 so that writing
¢ =09 -c € D it follows that o = o1(d’¢’)oa(be)(a’c)os by lemma 2.2.1.3. Let
o) = 01(d'd), 04 = o2(bc) and o} = (d'c)os, then o = o} ohof is a factorisation
in the desired form. O
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It is sometimes useful to be able to extend an injection 7 : s »— A into a
permutation o; : A — A. This is always possible if s is finite, although there is

never a unique such permutation.

2.2.1.7 Notation. If two sets A, B are disjoint then their union A U B may

be written as A U B to emphasize its disjointness.

2.2.1.8 Lemma. If s Cg, A and i : s — A is an injection then there exists a

finite permutation o; such that the restriction of o; to s is i.

Proof. The proof proceeds by induction on [s|. If s = & then any finite per-
mutation suffices for o;. Now suppose that a ¢ s and i : s U {a} — A, and
let i/ = i|ls : s — A. By induction, there is a permutation o, extending 7’
so define o; = (ia oya)oy. It is immediate that o;a = ia. Let b € s, then
o:b = (ia oya)(i'b) = (ia oya)(ib). Certainly ia # ib as ¢ is an injection, and

ib = i'b = 0b so that o;;a # ib and hence ;b = ib as required. |

2.2.2 The Theory of Nominal Sets

This section is a very short introduction to the theory of nominal sets. More

details and longer discussions are available elsewhere[22].
2.2.2.1 Definition. Write G for the group of finite permutations of A.

2.2.2.2 Definition. A G-set is a set X together with a left G-action, written
as the infix operator -x or more commonly simply - where the set X is clear

from the context.

A G-set is intuitively a set whose elements ‘use names’. The action of a particular
permutation on an element x of a G-set is therefore the action of permuting the
names that x uses. A G-action is enough to capture the concept of ‘using’ names

without needing to refer to syntax as follows.

2.2.2.3 Definition. A set s C A is said to support x € X (and x is said to
have support s) if for any permutation o such that ca = a for all a € s it is

the case that o -z = x.

Intuitively s supports x if s is an upper bound for the set of names that = uses.
The elements of interest use only finitely many names and in this case it is

possible to find a smallest possible support.

2.2.2.4 Lemma. Ifx € X has a finite support then (1{s Can A | s supports z}

Supports x.
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Proof. Tt is sufficient to show that if s and s" are finite supports of x then s N s’
also supports z. Let a,b € A\ (sNs’) and show that (ab) - © = x as follows. If
a,b € A\ s then (ab) -z = x since s supports z. Similarly if a,b € A\ s’ then
(ab) - x = x too. Therefore without loss of generality suppose that a € s\ s’
and b € ' \'s. Let c € A\ (sUs’), then (ac) -z = z and (bc) -z = x, so
that (ab) - x = (ac) - (bc) - (ac) - © = x as required. More generally, let o be a
permutation such that ca = a for all @ € sNs’, then by lemma 2.2.1.2 ¢ may be
represented as a string of transpositions (ab) where a,b ¢ s s’. By induction,

using the argument above, o -x = x and hence sN s’ supports x as required. [J

2.2.2.5 Definition. A G-set X is a nominal set if every x € X has a finite
support.

2.2.2.6 Definition. In the light of lemma 2.2.2.} if X is a nominal set and
x € X then define supp(x) to be the smallest finite support of x, that is,

sSupp(z) =det ﬂ{s Chn A | s supports x}.

2.2.2.7 Definition. If X and Y are nominal sets and x € X and y € Y then
say x 18 fresh fory and write ‘x # y’ iff supp(z) Nsupp(y) = <.

2.2.2.8 Notation. For the remainder of this dissertation the symbol s and

its relatives s’, s”, s1, s;, etc. always refer to finite subsets of A.

2.2.2.9 Lemma (Equivariance of support). Let X be a nominal set, z € X,
s Cein A and a,b € A. Then s supports x if and only if {(ab)-c | ¢ € s} supports
(ab) - x.

Proof. Suppose that s supports x and let o be a permutation such that for all
¢ € s it is the case that o - (ab) - ¢ = (ab) - ¢. Therefore (ab) - o - (ab) - ¢ = ¢
for all ¢ € s so that (ab) - ¢ - (ab) - * = = since s supports z. It follows that
o - (ab) -z = (ab) - z, and as o was arbitrary this shows that {(ab) - ¢ | ¢ € s}
supports (ab) - z. The converse now follows by noting that (ab) - (ab) -z = z and

{(ab) -c|ce{(ab)-d|d e s}} =s. O

2.2.2.10 Lemma. Let X be a nominal set, let x € X and let a,b € A. If
a € supp(x) and b ¢ supp(x) then (ab) - x # x.

Proof. Let s Cqy A be such that s supports x and b ¢ s, which exists by the
definition of supp(z). Lemma 2.2.2.9 shows that {(ab) - ¢ | ¢ € s} supports
(ab) - x, but a ¢ {(ab) - ¢ | ¢ € s}. However, since a € supp(z) it follows that
{(ab) - ¢ | ¢ € s} cannot support x, so that x # (ab) - = as required. O
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2.2.2.11 Lemma. Let X be a nominal set, x € X, a,b € A and suppose that
s Can A supports x. If b ¢ s and (ab) - © # x then a € supp(x).

Proof. Suppose that a ¢ supp(xz). Since b ¢ s it follows that b ¢ supp(x)
too, but supp(z) supports x so that (ab) - * = z which is a contradiction as

required. O

2.2.3 Constructing Nominal Sets

It is worth discussing some examples of nominal sets.

2.2.3.1 Discrete nominal sets. Any set may be given the trivial G-action
0-x =4et © and with respect to this action every element has empty support. A
set with the trivial G-action is called a discrete nominal set. Any finite nominal

set is necessarily discrete.

2.2.3.2 The set of names. The set A is a nominal set with permutation
action given by o - a =qo¢ ga. This is clearly a group action, and it is straight-
forward to show that every a € A is supported by the finite set {a} and that
a € supp(a) by lemma 2.2.2.11 so that supp(a) = {a} and hence a # b iff a # b.

2.2.3.3 The set of permutations of names. The group G is a nominal set,
with permutation action given by o - 0’ =get co’c ™!, It is not hard to see that
this is a group action. Furthermore, supp(c) = {a € A | oa # a} as follows.
Suppose that o’a = a for all a € A such that ca # a, then it is required to
show that o’ - 0 =gef 0’00’ * = 0. Let a € A and suppose that o’a # a, then
o' 'a+#a=0c0""asothat o' 'a = 06’ a. Therefore (¢'-0)a =o'c' " 'a = a.
Also if 0’a # a then oa = a so that (0’ -0)a = oa as required. On the other hand
suppose that o’a = a, then ¢/ 'a = a too. If ca = a then (¢’ - 0)a = a = oa,
and if oa # a then ocoa # oa so that o’ca = oa and hence (¢’ - 0)a = a = oa
as required. Therefore o is supported by {a € A | ca # a}. Furthermore, this
is the smallest support: pick any a and b such that ca # a and ob = b then it
is certainly the case that (ab) - 0 # o so that a € supp(o).

2.2.3.4 Products and sums. If X and Y are nominal sets then their product
X x Y and their sum X + Y are both nominal sets, with permutation actions

given componentwise. The support of a pair (z,y) € X XY is supp(x)Usupp(y).
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2.2.3.5 Subsets. If X is a nominal set and Y C X is closed under the action

of G then Y is also a nominal set with respect to this action.

2.2.3.6 Nominal powersets. If X is a nominal set then its powerset PX

has a natural G-action given by
0-A=qet {0 2|z €A} (2.2.3.7)

However in general not every subset of X has finite support with respect to
this action. For example, consider some A C A which is neither finite nor has
finite complement, then this A does not have a finite support with respect to
the usual G-action on A defined above. To see this, suppose that A is supported
by a set s C A. If there exists a € A\ sand b € A\ (AUs) then (ab) - A # A
which contradicts that s supports A, so either A\ s =@ or A\ (AUs)=o. If
A\ s = @ then A C s and hence s is infinite, whereas if A \ (AU s) = @ then
AUs = A and hence A \ A C s so that s is infinite in this case as well.

However, PX does contain a nominal set,
Prs(X) =get {A C X | A has finite support}. (2.2.3.8)

Lemma 2.2.2.9 demonstrates that if A C X is supported by s then o - A is
supported by {oa | a € s} = o - s so that P X does have a well-defined G-
action. Notice that any finite subset of X is supported by the union of the
supports of its elements (which is finite) and therefore the finite powerset Pg, X

is also a nominal set.

2.2.3.9 Nominal function spaces. If X and Y are nominal sets then the
set of functions X — Y is a subset of P(X x Y'), where the derived G-action
amounts to

(0 f)x =get 0 - (f(a_1 33)) (2.2.3.10)

In general a function f : X — Y does not have finite support: if A C A is
infinite and has infinite complement then its characteristic function x4 : A — 2
has no finite support for the same reason that A has no finite support. Again,

X — Y does contain a nominal set,
X =4 Y =ger {f : X — Y | f has finite support}. (2.2.3.11)

It is not hard to see that if s supports f then o-s supports o- f so that X —g Y

does have a well-defined G-action.

The remainder of this discussion barely mentions the fact that any particular
object that has been constructed — even subsets and functions — is finitely

supported. This is justified by the following principle.
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2.2.3.12 Theorem (Finite Support Principle, cf. [22, Theorem 3.5]).
Any function or relation that is defined from finitely supported functions and
relations using higher-order, classical logic without choice principles, is itself

finitely supported.

A particularly special class of finitely-supported function consists of those that

have empty support.

2.2.3.13 Definition. A function f : X — Y between nominal sets is equiv-

artant iff it has empty support.

If f is equivariant then o~ - f = f so that for all z € X it follows that
fr=(c"' flm=0""-(f(ox)) and hence

o (fz) = f(o- ). (2.2.3.14)

The converse also holds. There are many equivariant functions. Using lemma
2.2.2.9 it is not hard to see that the support function supp : X — PgnA is
equivariant: o - supp(x) = supp(o - z). The identity function 1x is equivariant.
Composition is equivariant: o - (go f) = (0 - g) o (6 - f). The projections
X XY — X and injections X — X + Y are equivariant. Function application
is equivariant: o - (fz) = (o - f)(o - ). The boolean operations on sets are
equivariant: o - (zxy) = (0 - z) % (0 - y) for * € {U,N,\}, and more generally
o-(UX)=U(o-X)=U{o-z |z e X} and similarly for intersections.

Certain predicates also exhibit an equivariance property. For example, freshness,
set membership and the subset relation are equivariant: = # y iff (o-x) # (0-y),
reAiffo-rco-Aand ACA iff6-ACo-A.

A simple but useful consequence of equivariance is that an equivariant function

cannot extend the support of its argument. More precisely,

2.2.3.15 Lemma. If f : X — Y is an equivariant function between mominal
sets X and Y and © € X then it follows that supp(fx) C supp(z). More
generally, if f : X — Y is a finitely-supported function then it follows that

supp(fx) C supp(f) Usupp(z).

Proof. If o is a permutation such that ca = a for all a € supp(x) then it
follows that o - x = z. Furthermore by the equivariance of f it is the case that
o-(fx) = f(o-x) = fr which implies that supp(z) supports fz as required.
The general case follows by noting that function evaluation is equivariant as a

function ((X — Y) x X) — Y, and the support of the pair (f,z) is given by
supp(f) U supp(z). O
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2.2.4 A Category of Nominal Sets

2.2.4.1 Definition. The category NSet has nominal sets for objects and equiv-

ariant functions for arrows.

It is clear that the composition of equivariant functions is equivariant, so this
does define a category. Furthermore, it has products x, coproducts + and
exponentials — given as above, and to cut a long story short it is also a Boolean
topos: the subobject classifier is the discrete nominal set on 2 =4 {T, L} and

powerobjects are given by Pks.

2.2.4.2 Lemma. Let1 be the category whose objects are finite subsets of A and
whose arrows are injections between them. Then the category NSet is equivalent
to the Schanuel topos Sch which is the full subcategory of Set' consisting of those

presheaves that preserve pullbacks.

Sketch Proof. A functor F': NSet — Sch is defined by
(FX)s =def {x € X | s supports z}, (2.2.4.3)

where if 7 : s — s’ then there is some permutation o; that extends ¢, so define
Fi(x) =qet 0; - . Note that there are many choices for o; but this definition is
independent of this choice, because if ; and ¢} both extend i then o; ‘o) # s

and s supports = so that o; ' - 0} - 2 = 2 and hence o, -z = o} - .
A functor G : Sch — NSet is defined by
GX —def COlim(X’J) (2244)

where the colimit is taken over the restriction of X to a diagram of shape J,
which is the category whose objects are finite subsets of A but whose arrows
are just the inclusions between them. The action of G on morphisms is given
by the universal property of this colimit.

There are obvious transformations 1 — F'G and 1 — GF which essentially
take elements to their equivalence classes in the colimit. It is straightforward
to show that these are natural isomorphisms and hence that F' and G define an

equivalence of categories as required. O

2.2.5 Binding in Nominal Sets

The syntactic notion of a binding operator is captured semantically by the

following condition. Pitts[22] demonstrates that this is effectively the condition
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that is needed to be able to define functions by purely structural recursion over

a syntactic signature with binding.

2.2.5.1 Definition. If X is a nominal set and f : A — X 1is a finitely supported
function then f satisfies the freshness condition for binders (FCB) if there
exists a € A such that a # f and a # fa.

2.2.5.2 Lemma. If f : A — X satisfies the FCB then there exists a unique
x € X such that for any name a # f, fa = x. Furthermore, in this case

supp(x) C supp(f) and in particular a # x.

Proof. Since f satisfies the FCB let a € A be such that a # f and a # fa. Let
b # f, so that (ab) - f = f. If a = b then fa = fb trivially, so suppose that
a #b. Then fo = ((ab) - f)b = (ab) - (f((ab)b)) = (ab) - (fa). However b # f,a
implies that b # fa and by assumption a # fa so that (ab) - (fa) = fa and
hence fb = fa which means that fa is the unique element of X as required.

Lemma 2.2.3.15 shows that supp(fa) C supp(f,a), and a # fa by the argument
above, so it follows that supp(fa) C supp(f,a) \ {a} = supp(f). O

2.2.5.3 Definition. If f : A — X satisfies the FCB then write freshbin fb
for the unique x € X such that for any name b # f it is the case that fb = x.

Note that if X is a discrete nominal set then any finitely-supported f satisfies
the FCB. In particular if f is a finitely-supported predicate on A and hence a
function A — 2 then it satisfies the FCB. In this case, freshain fa = Wa.fa
where U is the ‘new’ quantifier of Pitts and Gabbay|[10].

When performing calculations involving terms of the form freshbin fb, it is
common to pick a particular name b that is fresh for f and calculate using fb.
Everything in the remainder of this discussion is finitely supported so it is always
possible to simply pick a name that is asserted to be ‘fresh’, which means that
it is fresh for everything that has already been mentioned. It is also normally
clear that the f used in the term fresh bin fb does satisfy the FCB, so this fact
is rarely mentioned. The following lemma illustrates a simple calculation using
fresh...in....

2.2.5.4 Lemma. Let f : A - X, g: A —>Y andh : X — Y — Z be
finitely-supported functions such that f and g satisfy the FCB. Then

h (freshain fa) (freshbin gb) = freshcinh (fc) (ge).

Proof. Let d be a fresh name (i.e. d # f,g,h). Then freshain fa = fd
and freshbingb = gd, and freshcinh (fc) (gc) = h (fd) (gd) as required.



CHAPTER 2. PRELIMINARIES 37

Notice that as promised above it is clear that Ac.h(fc)(gc) satisfies the FCB:
if d # f,g,h then certainly d # Ac.h(fc)(gc) and furthermore since f and g
satisfy the FCB it follows from lemma 2.2.5.2 that d # fd and d # gd so by
lemma 2.2.3.15 it follows that d # h(fd)(gd) as required. O

There is a symmetric monoidal structure ® on NSet. Via the equivalence of
lemma 2.2.4.2 it can be characterised abstractly as the Day tensor[7] of functors

I — Set. Concretely, if X and Y are nominal sets then
XY =qef {(z,y) e X XY |z # y} (2.2.5.5)

with the action of the tensor on arrows given componentwise. By an abstract
argument (7] that relies on the characterisation of ® as the Day tensor, NSet is
®-monoidal closed. In fact this discussion only uses this tensor as part of the
functor (—) ® A and it is possible to characterise its right adjoint, written J, as
follows. There is an equivalence relation ~, on X x A that captures the notion

of a-equivalence as
(rya) ~o (2',a")  Sqer  freshbin (ab) -z = (a'd) - 2. (2.2.5.6)

Writing the equivalence classes as [a].z =qef [(%,a)]~, it is then possible to
define

0X =gef (X x A)/~y ={[a].x|a€ A and x € X}. (2.2.5.7)

The permutation action is given by o - ([a].x) =gef [0a].(o - ), which is well-
defined since if [a].z = [a’].2" and b is a fresh name then (ab) - z = (a’b) - 2’ so
that o - (ab) - & = o - (a’b) - 2’ and hence (ca b) - (6 - ) = (0d’ b) - (o - 2") by
lemma 2.2.1.3 so that finally [oal.(0 - x) = [0d/].(0 - 2) as required. It follows

that supp([a].x) = supp(z) \ {a} and therefore 6.X is a nominal set.

If ' € X and a # 2’ then define the concretion x'Qa as the unique x € X
such that 2’ = [a].z. To see that there exists such an z note that z’ = [b].y for
some b € A and some y € X, so if ¢ is a fresh name then (ac) - (ab) -y = (bc) - y
and hence [a].((ac)-y) = [b].y. Therefore if d # = € X then ([a].z)Qd = (ad) - x.

If f: X — Y is an equivariant function and 2’ € §X then define
(0f)2" =qet freshbin [b].(f(z'QD)). (2.2.5.8)

It is straightforward to check that ¢ so defined is a functor on NSet, using the

following lemma.

2.2.5.9 Lemma. If f: X — Y is an arrow of NSet, b € A and x € X then

df([b].x) = [b].(fz)
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Proof.
df([b]l.x) = freshcin|c].(f((bc)- x)) (2.2.5.10)
= freshcin|c|.(bc) - (fz)
= freshcin (be) - ([b].(fx))
= freshcin[b].(fz)
[b].(fz)
since c is fresh and b # [b].(fz). O

The unit of the adjunction (—) ® A = ¢ is the transformation £ : 1 — §((—) ® A)
defined by
Ex(x) =gef freshaina).(z,a). (2.2.5.11)

The counit is the concretion operator @ : (§—) ® A — 1 defined above. That
the triangular identities are satisfied amounts to saying that ([a].z)@Qa = x for

any name a, and [b].(2'@Qb) = 2’ for a fresh name b.

To see roughly why the operation § corresponds to ‘binding’, consider the set
A of X terms, and its quotient A/~, under a-equivalence. The set A may be

defined recursively by the rules

M N M
a— (@ed) "IN oM

(a€h) (2.2.5.12)
which amounts to the statement that A is an initial algebra for the endofunctor
A+ (=)?+ A x (=) on NSet. Notice that the components of this functor arise
directly from the recursive definition of A. Furthermore, the initiality of A is
the property that gives rise to the principle of structural induction on A terms.
Similarly, A/~ is an initial algebra for the endofunctor A+ (—)?+§(—), and the
initiality gives rise to an induction principle that can be described as ‘structural-
up-to-a’. It is a structural principle in the sense that it decomposes terms into
their components, and it is ‘up-to-a’ in the sense that a decomposition of a
term of the form Aa.M picks a name a which is fresh for any other names in
scope. This captures the common informal practice for inductive reasoning over
syntax with binding, where bound names are always chosen to be fresh. A
much more detailed discussion of this can be found elsewhere[22]. Notice that
0 is a purely semantic construction, so it can be used even without any obvious
notion of syntax. For this reason, the word ‘binding’ is used to mean ‘related
to the adjunction (—) ® A - ¢’ in chapters 3 and 6, since these chapters are
not concerned with syntax. This is justified by the results of chapter 5 which
relates the semantic and syntactic notions of binding in the language Nominal
HOPLA.
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2.2.6 Choice and Nominal Sets

Nominal set theory is closely related to Fraenkel-Mostowski (FM) set theory,
which was originally developed early in the 20th century to prove the indepen-
dence of the Axiom of Choice (AC) from the other axioms of set theory. The
relationship between the two theories is discussed further in section 3.2.1 but
here it is merely worth noting that, as a consequence of its origins, AC fails
to hold in FM set theory and this failure also occurs in nominal set theory.
For example, AC implies that there is an injective function f : N — A picking
distinct names for each n € N. Suppose that f has a finite support, s, then
since f has infinite range it must be that there exist m # n € N such that
f(m), f(n) ¢ s and hence (f(m) f(n))-f = f. Also, N is a discrete nominal
set so that (f(m) f(n))-n = n. However, (f(m) f(n)) - (f(n)) = f(m) # f(n)
which is a contradiction, which shows that f cannot have a finite support so it

certainly is not a function in the sense of nominal set theory.

The impact of the failure of AC is not as severe as perhaps it sounds, but it
does have some subtle consequences. One of the more interesting ones is that
there are a number of distinct ways of characterising the subsets of a nominal

set that are, in some sense, finite.

2.2.6.1 Definitions of Finiteness

(1) The usual definition: A is finite if it bijects with a finite ordinal.

(2) Kuratowski’s definition: & is finite, {x} is finite for each z, if A and B are

finite then so is A U B, and no other sets are finite.

(3) A is finite if for all directed collections (B;);cr such that A C |J B; there
exists 7 € I such that A C B;.

(4) A is finite if for all increasing chains By € By C ... C B,, C ... such that
A C | B,, there exists n € N such that A C B,,.

(5) Dedekind’s definition: A is finite if it has no injections into any of its proper

subsets.

All of these definitions coincide in classical ZFC set theory, but the situation
is more complicated within nominal set theory because everything under dis-
cussion is assumed to be finitely-supported; technically, in the internal higher-
order logic of nominal set theory every quantification ranges over only finitely-
supported objects. In particular, in the definition of (3)-finiteness the map-

ping ¢ — B; must be finitely supported, and similarly the mapping n — B,, is
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finitely-supported in the definition of (4)-finiteness. Also in the definition of (5)-
finiteness the injections in question are all finitely-supported. For the avoidance
of doubt, where the word ‘finite’ appears in this discussion without reference to
any of these definitions, it means (1)-finite. There is another possible way to

characterise finiteness that is specific to the theory of nominal sets:

(6) A is finite if {x € A | supp(z) C s} is (1)-finite for each s Cqy, A.

In fact, these 6 characterisations capture three distinct notions of finiteness as
the following lemma shows. The non-implications (4)-finite % (1)-finite and
(5)-finite # (4)-finite are the key features of this lemma. Many of the other

implications are well-known general results[14, Chapter D2].

2.2.6.2 Lemma. Let A C X be a finitely-supported subset of a nominal set X .

Then interpreting each of these 6 sentences in the theory of nominal sets

A is (1)-finite
A is (2)-finite
A is (3)-finite
A is (4)-finite
A is (5)-finite
A is (6)-finite

O A

and no other implications hold in general.

Proof.

(1)-finite = (2)-finite If A bijects with the finite ordinal n then its elements
can be enumerated as ag,a1,...,a,_1. By a simple induction on n it follows
that A is (2)-finite.

(2)-finite = (3)-finite Let (B;)icr be a directed collection such that A C |J B;.
If A= @ then any i € I is such that A C B;. If A = {z} then there must exist
i € I such that A C B; since A C |JB;. Finally if A = A; U Ay where A; and
Ay are (2)-finite then by induction there exist i1,i5 € I such that A; C B;,
and As C B;,, and by directedness there exists i3 € I such that B;, C B;, and
B;, C B;, so that A C B,, as required.

(8)-finite = (1)-finite Let (B;);c; be the collection of all (1)-finite subsets of
A ordered by inclusion, then this collection is directed so there exists ¢ € I such
that A C B; and hence A = B; for some (1)-finite set B;.
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(3)-finite = (4)-finite The chain By C B; C ... C B, C ... is directed, so

this case is immediate.

(4)-finite # (1)-finite For example A is (4)-finite because if the increasing
chain By C By C ... C A is supported by the finite set s then each element B;
of the chain must also be supported by s. However there are only finitely many
such subsets of A, namely the subsets of s and the supersets of A \ s, so the
chain must eventually become stationary and hence B,, = A for some n € N.
On the other hand by definition A is not (1)-finite.

(4)-finite = (5)-finite 1t is simpler to show the contrapositive, so assume that
A is (5)-infinite and therefore obtain a finitely supported injection f : A — A
and an element a € A such that the range of f is a subset of A\ {a}. For
each n let B, = {a, f(a), f*(a),..., f"(a)}. It is straightforward to show that
By & By & ... since f is injective and a is not in its range. Furthermore
since f and a are finitely supported it follows that each B, is supported by
supp(f) U supp(a) so that the chain (B, )nen is also finitely supported. Let
B, = U B, and for each n let C,, = (A \ B,) U B, then certainly A = |JC,
and (C, )nen is finitely supported but there exists no n € N such that A = C),
so that A is certainly not (4)-finite.

(5)-finite # (4)-finite For example PanA is (4)-infinite because if
B, ={s Can A | |s| <n} (2.2.6.3)

then By C B; C ... is a finitely supported chain and Ps,A = |J B,, but there
exists no n € N such that Psgn,A = B,. On the other hand suppose that
[ PanA — PgrA is a injection supported by the finite set s and let sg be
outside the range of f. Considering the sequence that starts at sg and continues
by setting s,+1 = f(sn), it is clear that this sequence never repeats as f is

injective. However, by considering supports it is also the case that

Sn+1 = Supp(sn41) = supp(f(sn)) € supp(f) Usupp(s,) CsUs, (2.2.6.4)

so that s,, € sUsq for all n and therefore the sequence (s,,)nen must eventually

repeat. This is a contradiction, so Pg,A is (5)-finite as required.

(5)-finite = (6)-finite Suppose for a contradiction that {z € A | supp(z) C s}
were infinite. This set can be wellordered (externally to the theory of nominal
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sets) so that it contains an injective sequence xg, x1, .... Define f: A — A by

Tpy1 fx=ux,

f2 =qes (2.2.6.5)

x otherwise,

then f is supported by supp(A)U s because if o # supp(A)Us then o -z, =
for all n € N. It is also immediate that f is injective and not surjective so that
A is not (5)-finite as required.

(6)-finite = (5)-finite Suppose for a contradiction that f : A — A is finitely
supported and injective but not surjective, and let xy be outside its range. It
follows that setting x,.1 = f(x,) for all n € N gives an injective sequence

(n)nen in A. Therefore for all n

supp(x,4+1) = supp(f(z,)) C supp(f) Usupp(x,) (2.2.6.6)

so that by induction supp(z,) C supp(f) U supp(zg) for all n. Therefore it

cannot be that {z € A | supp(x) C supp(f) Usupp(zo)} is finite, and hence A
is not (6)-finite as required. O

2.3 Conclusion

This chapter has set out the mathematical prerequisites for the remainder of this
dissertation, defining a consistent nomenclature and notation for both domain
theory and for the theory of nominal sets. The next chapter concentrates on
combining the ideas of these two theories to construct a nominal domain theory.
For an indication that this could be harder than it might first appear, notice that
(3)-finiteness and (4)-finiteness (as defined in 2.2.6.1) are very closely related to
the idea of isolation in domain theory with respect to approximation by directed
sets and by w-chains respectively. This observation influences the design of an
appropriate nominal notion of approximation, as demonstrated in section 3.4.2

below.



Chapter 3

Nominal Domain Theory

This chapter develops a domain theory for nondeterministic processes with
names. Roughly speaking, this development takes the construction of the do-
main theory for concurrency that underpins HOPLA[20] and follows a parallel

path within the theory of nominal sets.

In slightly greater detail, the development of the domain theory behind HOPLA
runs as follows. Firstly, processes are typed by the computation paths that
they may follow, and these paths may be ordered by a kind of information
ordering. To incorporate nondeterminism, these ‘path orders’ are freely closed
under joins, and this free construction draws attention to a rich category of join-
preserving — or linear — maps. Computationally speaking, these linear maps
use their input precisely once which is a severe restriction on their expressivity,
so it is desirable to turn to ‘continuous’ maps which preserve only directed
joins and so can express discarding or limited copying of inputs, by means of
a coKleisli construction. The category of path orders and continuous maps is
then rich enough to support a natural domain theory for concurrency, with

many computational features given by universal constructions.

A similar story unfolds within nominal set theory, but it is complicated by a
number of factors. Firstly, following the usual pattern of nominal sets, ev-
erything in sight must be finitely-supported: linear maps need only preserve
finitely-supported joins, for example. As may be expected this involves little
real alteration to the narrative. Secondly, if the domain theory is to make
use of the name-binding constructions of nominal sets then the key adjunction
(—) ® A 46 must be woven into the tale somehow. This is simple enough when
dealing with basic path orders, but it takes an attention to detail to ensure that

this adjunction meshes properly with the free constructions mentioned above.

43
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Thirdly, and perhaps most surprisingly, the appropriate notion of ‘continuous’
here is not simply the preservation of directed joins — even finitely-supported
directed joins — but of directed joins with more stringent constraints on sup-
ports. As illustrated in 3.4.2 this is the price to be paid for working in a universe
without the Axiom of Choice.

In 3.1 the theory of nominal preorders is introduced, and is shown to be a
straightforward combination of the theories of nominal sets and of classical pre-
orders. In 3.2 this theory is generalised to include objects and arrows that have
nontrivial finite supports, because the domain theory needs to make use of such
structure. Then 3.3 builds a path-based semantics using preorders of compu-
tation paths and the induced ‘linear’ maps are studied. As mentioned above,
linearity is too restrictive a condition on the maps and in 3.4 an appropriate

notion of continuity is developed.

3.1 Nominal Preorders

The theory of nominal preorders is a straightforward reinterpretation of the clas-
sical theory of preorders within nominal set theory. In some sense the nominal
structure and the order structure are orthogonal, so that many of the results of

these two base theories carry through into their combination.

3.1.1 Definitions

3.1.1.1 Definition. A nominal preorder is a pair (P, <p) where P is a nom-
inal set and <p is a subset of P x P which is reflexive and transitive as a bi-

nary relation on P, and which is closed under the permutation action given by

o - (p1,p2) =det (0 - D1,0 - P2).

As a consequence, if p; and po are elements of a nominal preorder P and o is

any permutation then p; <p po if and only if (o - p1) <p (0 - p2).

3.1.1.2 Definition. A nominal monotone function P — Q is a function
f between nominal preorders (P,<p) and (Q,<g) such that f(p1) <o f(p2)

whenever py <p py (i.e. it is monotone) and such that for any permutation o,

o-f(p)= f(o-p) (i.e itis equivariant).

3.1.1.3 Definition. The category NPre has nominal preorders for objects and

nominal monotone functions for arrows.

It is not hard to see that this structure really is a category: the composition of
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monotone functions is monotone and the composition of equivariant functions

is equivariant.

3.1.2 The structure of NPre

The category NPre has products and coproducts, given as in Pre. In detail, if P
and Q are nominal preorders then their product is the order (PxQ, <pyg) where

P x Q is the cartesian product of the underlying nominal sets with permutation

action given by o - (p,q) =def (0 -p,0-q), and (p1,q1) <pxq (P2, q2) iff p1 <p p2
and ¢1 <g ¢o.

The coproduct of P and Q is given by (P + Q, <p,q) where P+ Q =q¢f P Q
with the permutation action given componentwise, and <pi g =qef <p t <g.

The category NPre is also cartesian closed, where the function space P — Q
consists of finitely-supported monotone functions from P to Q, ordered point-

wise.

Furthermore, NPre contains an object of names, A, with the discrete ordering.

It also inherits the ‘fresh’ tensor product of nominal sets, and concretely
P®A =get {(p,a) €Px A |a+#p} (3.1.2.1)

where
(p1,01) <pga (P2, 02) Sdef a1 = a2 and p1 <p po. (3.1.2.2)

Finally, NPre is monoidal closed with respect to this tensor. As was the case
in NSet, the important consequence of this is the existence of a right adjoint to
the functor (—) ® A which can concretely be given in terms of the a-equivalence

relation on A x P where
(a1,p1) ~a (a2,p2) Sder freshbin (a1b) - py = (asb) - po. (3.1.2.3)
The a-equivalence classes are denoted [a].p where
[a].p =der [(a,p)]~., (3.1.2.4)
and the right adjoint to (—) ® A is given by the functor ¢ where
OP =qer {[a].p | (a,p) € A x P} (3.1.2.5)
and

[a1].p1 <sp [az]-p2 < qer freshbin (a1b) - p1 <p (a2b) - pa. (3.1.2.6)
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On arrows, if f: P — Q is an arrow of NPre then §f is defined for all p’ € 0P
by
5f(p") =get freshbin [b]. f(p'@b). (3.1.2.7)

It is not hard to see that d f is monotone if f is, and otherwise the functoriality of
0 follows from the same argument as in NSet. Also, just as in NSet, the unit of
the adjunction is given by the function that takes x € X to freshain[a].(z, a)

and the counit is the concretion operator @ as defined in 2.2.5.

3.2 FM Preorders

As demonstrated in 2.2.4, nominal sets can be thought of as certain presheaves
over I°P, and in the language of presheaves the global elements of a nominal set
are those (set-theoretic) elements that have empty support. In some sense the
interesting elements of nominal sets are precisely those that do not have empty

support, because it is these elements that have a nontrivial permutation action.

Similarly, nominal sets (and preorders) can be seen as the emptily-supported
‘global” elements of a wider class of gadgets that are a little like nominal sets (and

preorders respectively) but which also have a nontrivial permutation action.

For example, consider a simple type theory that uses nominal sets to interpret
types. If a computation cannot produce a result with a particular name a in its
support then it might be desirable to record this information in the type of that
computation. This could be achieved by means of an operation (—)#@ which
essentially deletes all elements with a in their supports from the denotation of
the type. This operation certainly does not result in a nominal set in general:
for example, A is the nominal set of all names but A#¢ = A\ {a} is not a
nominal set, as b € A#® but a = (ab) - b ¢ A#* so A#® is not closed under the

permutation action.

It turns out that it is worth being able to manipulate sets such as A#® as

first-class objects. This is possible within Fraenkel-Mostowski (FM) set theory.

3.2.1 Fraenkel-Mostowski Set Theory

FM set theory is closely related to the theory of nominal sets. The cumulative
hierarchy of FM sets Vg is constructed similarly to the von Neumann hierarchy
Vzr of ZF set theory, with the following differences[10]. Firstly, the starting
point includes an infinite collection of atoms as well as the empty set. The

permutation action on this collection of atoms gives rise to a permutation action
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on all of Ve by €-recursion, which gives rise to the notion of ‘support’ for
arbitrary elements of Vry. The iterative process of the construction of Vpy
then continues in such a way as to only include elements that have (hereditarily)

finite supports.

With this construction, the @-supported FM sets are nominal sets where the
permutation action is given by €-recursion. For now it is worth pretending that
these are the only nominal sets. This roughly corresponds to the pretence that
conventional mathematics is developed within ZF set theory when in fact an
arbitrary topos (especially a Boolean one) would be perfectly adequate most of
the time. In particular the axiom of foundation is not very important to many
mathematicians, and similarly the e-recursive nature of the permutation action

is not very important here.

In some sense Vry is a large nominal set, or ‘nominal class’: it has a permutation
action and all of its members are finitely-supported. It only takes a small logical
leap to see that this justifies the use of the language of nominal sets developed
in chapter 2 to manipulate FM sets too. For example, the freshness predicate #
and the construction fresh...in... immediately carry across to FM set theory

since any FM set can be seen as a subset of the nominal ‘set’ Vpyg.

The analogue of the concept of a preorder in FM set theory is a FM-preorder,
which is a pair (P, <p) where P and <p are both FM sets such that <p is a
reflexive and transitive binary relation on P. The €-recursive nature of the per-
mutation action on FM sets gives rise to a permutation action on FM-preorders,
where 0 -P={o-p|peP}and p <pp' if and only if o - p <,.p 0 -p’. The
FM-preorder (P, <p) is often referred to simply as P, but note carefully that
supp(PP) is an abbreviation for supp(P, <p) (with respect to the permutation
action described above, of course).

The collection of FM-preorders and finitely-supported monotone functions be-
tween their underlying sets forms a category FMPre, and for any FM-preorder
P it is the case that P#® is also a FM-preorder (where p1 <p#a po is defined to be
p1 <p p2 A p1, p2 € P#9) since P#¢ is supported by the finite set supp(PP) U {a}.
It would be convenient to be able to make (—)#® into a functor, but this is not
possible on FMPre. To see this, let P be any FM-preorder and consider the
unique map f : P — {a} which is necessarily monotone and finitely-supported,
and hence an arrow of FMPre: however if P contains an element without a

in its support then P#® #£ & so there are no possible candidates for the arrow
fe . p#e - {a}#a = .

In summary NPre is too small to define (—)#* on objects but FMPre is too

large to define (—)#® on arrows. Fortunately there is a middle ground:
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3.2.1.1 Definition. For any finite set of names s let FMPre, be the subcate-
gory of FMPre consisting of only those objects and arrows which are supported

by s.

The categories FMPre, are appropriate for defining a functor (—)#¢ as follows.

3.2.1.2 Definition. If P is a FM-preorder then define the FM-preorder
P#* =qet {p € P | a # p} (3.2.1.3)

ordered by the restriction of the order on P, and if f : P — Q s a finitely-
supported monotone function then for all p € P#® define

F7(p) =aet f(p)- (3.2.1.4)

3.2.1.5 Lemma. If a ¢ s then the operation (—)#% defined in 3.2.1.2 is a
functor FMPres; — FMPre,(q) -

Proof. Tt is only unclear that if p € P#% then f#2(p) € Q#“. To see this, note
that if p € P#% then a # p, and if f is an arrow of FMPre, and a ¢ s then a # f
and hence a # f(p) so that f(p) € Q#* as required. It is now straightforward to
see that (—)#“ sends objects and arrows of FMPre, to those of FMPre,; ()

and that its action on arrows is functorial. O

The discussion in 6.1.2.3 demonstrates that this functor arises naturally from
the tensor operation (—) ® A in NPre. Furthermore, its right adjoint ¢ gives

rise to a right adjoint to (—)#% which is given a concrete description here.

3.2.1.6 Definition. If P is a FM-preorder then define the a-equivalence rela-
tion ~o on P X A as in 3.1.2.3 and define the FM-preorder

0aP =det {p' € (P x A)/~, | freshbinp’ @b € (ab) - P}, (3.2.1.7)
where if py and ph are elements of 6, then
Py <s.p Dh Sdet fresh bin pj @b < (,p).p o Q@b. (3.2.1.8)

If f: P — Q is a finitely-supported monotone function then for all p' € 6,P
define
6af (") =aer freshbin [b].((ab) - f)(p'@b). (3.2.1.9)

Intuitively, d, captures the idea of ‘hiding’ the name a within a FM preorder that
might have had a in its support, which is closely related to the idea of binding a
in a syntactic object. To see this, notice that (A x A)/ ~,= 0A = AW {x} where

the new element x is the a-equivalence class containing (a,a) for all a € A. If
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$ Can A\ {a} then under this bijection d,s = s and d,(s U {a}) = s U {*}: in
the latter case, a is hidden by replacing it with the new element *. Furthermore
da(A\s) = A\sU {x} and 6,(A\ (s U{a})) = A\ s: again, a is hidden by using
the new element * in its place. Note carefully that §, does not simply delete a:

if x Cg A then a € 0,2 if and only if z is cofinite.

3.2.1.10 Lemma. If f : P — Q is a finitely-supported monotone function,
peP and f#be A\ {a} then

da f([b].p) = [b].(((ab) - f)p)-

Proof.

0af([b].p) = freshcinlc].(((ac)- f)((bc) - p)) (3.2.1.11)

I
=
®
0
=
)
[y
=
o~
S

(
fresh cin (be) -
= freshcin ([0].((ab) - f)p)
= [b].(((ab) - f)p)

where the penultimate step follows since c is fresh and b # [b].((ab) - f)p. O

3.2.1.12 Lemma. Ifa ¢ s then the operation §, defined in 3.2.1.6 is a functor
FMPre,,;,, — FMPre;.

Proof. Let P be an object of FMPre, ;. Suppose that ¢ is a permutation
that fixes s, let p’ € §,IP and let b be a fresh name, then p’@Qb € (ab)-P and hence
(o-p")@b = o-(p'@Qb) € o-(ab) -P. However, supp((ab) - P) C s U {b} and o fixes
s and b was fresh so that o fixes b too, and hence o - (ab)-P = (ab) -P. Therefore
o-p € §,P and hence o - §,P C 6,P. By the same argument o' - §,P C §,P
and hence o - §,P = §,P by equivariance. Therefore s supports ,P so that the

action of §, on objects is well-defined.

Now let f : P — Q be an arrow of FMPre, ), let p' € §,P and let b be a
fresh name. Therefore p’@b € (ab) - P so that

((ab) - f)(p'@b) = ([b].((ab) - f)(p'@b))@b € (ab) - Q (3.2.1.13)
and hence [b].((ab) - f)(p'@b) € 6,Q so that &, f is well-defined.

Let p <s5,p py and let b be fresh. Therefore pj@b <(4).p p3@b so that by
monotonicity ((ab) - f)(p1@b) <(up).0 ((ab) - f)(p3@b) and hence it is the case
that 3, f(p}) <s,0 0o f(p5) which demonstrates that d,f is monotonic.
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Let 0 be a permutation that fixes s and suppose that b is fresh. The support of
(ab) - f is contained in s U {b} so that o - (ab) - f = (ab) - f. Therefore

o-(0af(P)) = o-[bl.((ab)- f)(p'QD) (3.2.1.14)
[ b].(o - (ad) - f)(o - (p'@b))

= [0].((ab) - f)((o - p")@D)

baf(o-p')

so that s supports d, f so that the action of §, on arrows is also well-defined. It

is not hard to see that the action of §, is functorial. O

3.2.1.15 Lemma. Ifa ¢ s then there is an adjunction

(—)#* 46, : FMPre, S FMPre,(,;.

Proof. For each object P of FMPre, define & : P — §,(P#%) as an arrow of
FMPre; by
Ep(p) =der freshbin [b].p. (3.2.1.16)

Let p € P and let b be a fresh name. Since s supports P, (ab) - P = P so that
(ab) - p € P. Furthermore b # p so that a # (ab) - p and hence (ab) - p € P#9,
so that ([b].p)@b = p € (ab) - (P#?). Therefore &p(p) = [b].p € 54 (P#?) so that
&p is well-defined. It is not hard to see that &p is supported by s and that it is

monotone.

For each object Q of FMPre,:,; define (g : (0,Q)#* — Q as an arrow of
FMPreSO{a} by
Co(d') =det ¢'Qa. (3.2.1.17)

Let ¢’ € (,Q)%% so that a # ¢/. Also let b be fresh, then ¢’@b € (ab) - Q and
hence (ab) - (¢'@Qb) = ¢'@Qa € Q so that (g is well-defined. It is not hard to see
that (g is supported by s U {a} and that it is monotone.

Let f: P — P’ be an arrow of FMPre,, let p € P and let b be a fresh name.
Then

(Ba(F#) 0 &e)(p) = da(f#)([b] ) (3.2.1.18)
= [)-((ad) - f#)(([b]-p)@D)
= []-(ab) - (£((ad) - p))
= [.f(p) asa# fandb# f
(&0 f)p)

so that &p is natural in P. Let g : Q — Q' be an arrow of FMPre,q, let
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"€ (6,Q)7* and let b be a fresh name. Then

(¢ o (6ag)*) (@) = ([b]-((ad) - g)(q'@b))@a (3.2.1.19)
(ab) - (( b) - 9)(¢'@b)
= g((ab) - (¢ QD))
(q’@a ) as a # ¢

= (90¢)(d)

so that (g is natural in Q.

It remains to show that ¢ and ¢ satisfy the triangular identities. Let p € P#¢
and let b be fresh, then (Cpsa 0 &) (p) = ([b].p)Qa = (ab) - p = p as a # p so
that C(_)#a o g#a = 1(_)#a.

Let ¢’ € 6,Q and let b be fresh, then

(0aCg 0 &s.0)(0) = dala((bl-q') (3.2.1.20)
= [B].((ab) - Co)(([b].¢")@D)
= [bl-(ab) - Co((ab) - ¢')
= [b].(ab) - (((ab) - ¢')@Qa)
[b].(¢'@b) = ¢’
so that 6,( 0 &5, = 15, as required. O

Finally, it is worth giving a name, 7, to the obvious natural embedding of p#a

into P as follows.

3.2.1.21 Definition. Ifa ¢ s and J : FMPre, — FMPre,, is the inclu-

sion of categories then define the natural transformation
7% : (—=)** = J: FMPre, = FMPre,

by 78 (p) =det p for all p € P#a,

3.3 Nominal Nondeterministic Domains

Recall from section 2.1.5 that the development of the classical domain theory
that underpins the language HOPLA is based on a semantics of paths, where
intuitively a process denotes the collection of computation paths that it may
perform. A similar intuition applies when working within FM set theory, with
the added constraint that each process can only access finitely many names,
so the denotation of a process must be finitely supported. Apart from this
additional constraint the development of categories of FM-linear maps follows

closely that of the development of the classical category Lin of linear maps. The
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FM-linear categories are similar in structure to Lin, but they also have enough
structure to capture the idea of names and binding, as demonstrated in 3.3.5.9

below.

3.3.1 Free Join-Completions of Path Orders

The collection of path sets over a nominal path order P may be ordered by
inclusion to form the nominal partial order I/P\), which can be interpreted as a
domain of the meanings of processes of type P. More generally, if P is any
FM-preorder then define

P =qef {z] | # Cgs P}, (3.3.1.1)

ordered by inclusion. (For the sake of definiteness, the set comprehension in-
volved in the definition above is external to the universe of nominal sets.) Such
a poset is an FM-complete join-semilattice in the sense that every finitely-

supported subset of P has a join in P given by its union.

Alternatively, P may be viewed as the monotone function space PP —g 2
where 2 is the nontrivial poset on {T, L}. Elements z € P correspond to their

characteristic functions x, such that

T ifpex
Yo () = | (3.3.1.2)
1 otherwise.

The order P contains elements of the form {p}, for each p € P. These elements
are (completely) prime: if X C P and {p}; CUUX then p € [JX so there exists
x € X such that p € x and hence {p}; C x. Conversely, every prime element
is of this form: certainly « C [J{{p}, | p € } so if = is prime then there exists
p € x such that © C {p}, and hence x = {p} as required.

Furthermore, if x € P then

v = o} I p e} (3.3.1.3)

so that P is prime algebraic.

Finally, P can be characterised abstractly as the free finitely-supported join
completion of P. In other words, P has all finitely-supported joins and if C'
is a FM-poset that also has all finitely supported joins and f : P — C'is a
monotone finitely-supported function then there is a unique finitely-supported
fi P — C that preserves all finitely supported joins and such that the following
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diagram commutes. Note that the Pth component of the natural transformation
{-}; :1 — (—) is written {-}p and not {-}p.

{-}r

P—>Pp (3.3.1.4)
N
C
The function fT is given by
flo=aer \/{fp|pe€at (3.3.1.5)

The uniqueness of f1 follows from the algebraicity of I/ES, and it is not hard to show
that it preserves finitely-supported joins and that it is itself finitely-supported.
In particular, if C' is of the form @ then this shows that finitely-supported
monotone maps P — @ are in bijective correspondence with finitely-supported
maps P— @ that preserve finitely-supported joins. For brevity, call such maps

‘FM-linear’ or simply ‘linear’.

Notice that if f and g are linear maps P — Q and fo{}p=go{}p then by
3.3.14
f=(ol{t) =(go{lp) =4 (3.3.1.6)

3.3.2 Categories of FM-Linear Maps

Let FMLin, be the category whose objects are FM-preorders P, Q, ... sup-
ported by s and whose arrows P - Q are FM-linear maps P— @ supported
by s. The discussion at the end of the previous section shows that there is a
bijection

FMPre, (P, Q) = FMLin, (P, Q). (3.3.2.1)

FM-linear maps are necessarily monotone, since if p < p’ then p VvV p’ = p’ so
that if f preserves joins then fpV fp' = f(pVp') = fp’ and hence fp < fp'.
Therefore there is a functor J : FMLing — FMPre,, where JP =g4¢¢ P and
if f:P - Q is an arrow of FMLin, then Jf =ger [ : P — @ in FMPre;.
Furthermore the freeness property 3.3.1.4 says that (P, {-}p) is initial in (P | J)
which implies that 3.3.2.1 is an adjunction with J the right adjoint to the functor
which acts as the identity on objects and takes an arrow f : P — Q of FMPre,
t0 f =qet { Yoo )T :P — Q in FMLin,. Concretely this means that if z € P
then

fr={qeQ|Ipecurqg<qfp}={fr|per}. (3.3.2.2)
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The unit of this adjunction is {-}, and the counit is given by U =gef lJ(L_\) where

if X € P then
UpX =1Lx =X (3.3.2.3)

3.3.3 A relationship between (—)#* and (/—\)

For the entirety of this section (3.3.3) let s Chp A and a € A\ s be fixed.
In order to construct a functor (—)#¢+ : FMLin, — FMLing,; that plays
a similar role to (—)#¢ : FMPre, — FMPre,,) as defined in 3.2.1.2 it is
helpful to be able to commute the functors (—)#® and (/—\) in order to construct

a composition such as

#a

e —> P#a > G#ta — QHa (3.3.3.1)

where f : P - Q. The abstract results of chapter 6 demonstrate that this

composition makes up a suitably canonical analogue of the functor (—)#® on
the linear categories, but for the purposes of this section it suffices to work more
concretely. To that end, for each object P of FMPre, define (;SI(P,G) . PHa _, p#a
by

(@) =aet {p €z | a # p) (3.3.3.2)

-1 —
and define also ¢I(P>a) : P#a s P#e by

¢]§»a)_1(96‘) =det T U U (ab) - x. (3.3.3.3)
bita,P

Often the parameter a is given by the context, and it is then simpler to denote
@ simply as ¢, and similarly for ¢~!. It is convenient to characterise the

action of ¢p L as follows.

3.3.3.4 Lemma. IfP is an object of FMLin, and x € P#e then

p€¢p'(z) < freshcinp € (ac) - z.

Proof. Suppose that p € ¢p (), then either p € x or there exists b such that
b# x and p € (ab) - x. If p € x then a # p. Let ¢ be fresh, then it is the case
that p = (ac) - p € (ac) - x as required. On the other hand, let b be such that
b# x and p € (ab) - z, then b # p. If a = b then this reduces to the previous
case, so suppose that a # b. Let ¢ be fresh, then

p=(bc)-p € (be)-(ab) -z = (ac) - (bc) -z = (ac) - x

as required. Conversely, suppose that ¢ is fresh and p € (ac) - z, then ¢ # x,P
so that p € ¢p L(x) as required. O
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The notation is no accident: ¢ and ¢! are natural and mutual inverses.

3.3.3.5 Lemma. Ifa ¢ s and P is an object of FMPre, then
qﬁp:@#agﬁl:qﬁﬁl

is an isomorphism in FMPre ., which is natural in P. Put differently, the

map ¢ is a natural isomorphism of the functors

#a ——

()", (5)#* : FMPre, = FMPre, ).

Proof. Firstly, it is clear that ¢p is an arrow of FMPre, ;. To see that ¢p
is natural in P, let f : P — Q be an arrow of FMPre, and let x € P#a. Let
q € (f#\a o gbp)(:ﬁ), then there is some p € x such that a # p and ¢ < fp, and
also a # q. However if a # p then a # fp since a # f by assumption, so that
qe (qﬁQ o f#“)(a:) Conversely let g € (qﬁQ o f#“)(a:), then a # q and ¢ < fp for
some p € x. Let b be a fresh name, then ¢ = (ab) - ¢ < (ab) - (fp) = f((ab) - p),
and b # p so that a # (ab) - p. Therefore ¢ < f((ab) - p) € (f#\“ o ¢p)(z) and
hence (f/#\“ o ¢p) = (¢pg o f#“)(a:) so that ¢p is natural in P.

Now it is necessary to show that ¢, 1is well-defined, so let z € IP;@ Let
p E ¢E§1(x) and let b be a fresh name, then by lemma 3.3.3.4 it follows that
p € (ab) -z C (ab) - P = P so that ¢p'(z) C P. Now let p’ <p p, and let '
be fresh, then a # (ab’) - p’ so that (ab') - p’ <ps. (ab’)-p € x € P#a 5o that
(ab') - p' € x and hence p’ € ¢5 ' (z). Therefore ¢5 ' (z) € P. It remains to show
that a # ¢ ' (z), so let b be a fresh name and show that ¢5 ' (x) = (ab) - ¢5 ' ()
as follows. Let p € ¢p ' () and let ¢ be a fresh name, then p € (ac)-z and hence
(ab)-p € (ab)-(ac)-x = (ac)-(bc)-z = (ac)-z so that (ab)-p € ¢5 ' (). Therefore
o3 (z) C (ab)- ¢y ' () so that by equivariance ¢p ' (x) = (ab)- ¢p ' () and hence
o5 () € P#a. Now to see that ¢! is supported by s U {a} let z € P#a and let
o be a permutation that fixes s U {a}. Let p € o - (¢p ' ()) and let b be a fresh
name, then p € o - (ab) - x = (ab) - o -  and hence p € gblgl(a - x). Conversely
let p € ¢p ' (0 - x) and let b be a fresh name, then p € (ab) -0 -z =0 - (ab) -
and hence p € o - ¢p *(x) as required. Therefore o - ¢p* () = ¢p ‘(0 - x). Tt is
clear that ¢p 1 is monotone, so this has shown that op lis indeed an arrow of
FMPre, -

To see that ¢ ' o ¢p = 154., let o € P#¢ and show that (0" 0 ¢p)(7) = x
as follows. Let p € x and let b be a fresh name. By assumption, a # x so
that (ab) -p € z. Also b # p so that a # (ab) - p and hence (ab) - p € ¢p(x).
Therefore p € (ab) - ¢p(x) and b is fresh so that p € (qu;l o ¢p)(x). Conversely
let p € (¢p' o dp)(x) and let b be a fresh name, then p € (ab) - ¢p(z) so that
p € (ab) - x = x. Therefore ¢p ' 0 ¢p = 154,
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To see that ¢p o ¢p ' = 1, letz € P#a and show that (¢p o ¢p ' )(x) = x as

follows. Let p € x, then p € ¢p '(x) and furthermore a # p so it follows that
p € (ppody')(z). Conversely, let p € (¢ppo¢p')(x), then a # p and p € ¢5 ' ()
so that for a fresh name b, p € (ab) - x and hence p = (ab) - p € x. Therefore
¢p ° dp L= 1oy It follows immediately that ¢, !is natural in P, and hence
that ¢ is a natural isomorphism with inverse given by ¢! as required. 4

The transformation ¢ also interacts well with the unit {-} of the (/—\) monad

as follows.

3.3.3.6 Lemma. The following diagram commutes.

()t —> "
{'}(_)#a l(é
&

Proof. Let P be an object of FMPre, and let p € P#%, then

({Ipre)p = {p' € P**|p <psa p} (3.3.3.7)
= {PePla#p Np <pp}
op{p’ € P | p' <pp}
(¢p o {‘}Ip#a)p-

3.3.4 A relationship between ¢, and (/—\)

For the entirety of this section (3.3.4) let s Cuy A and @ € A\ s be fixed. In
order to construct a functor §F : FMLing {a} — FMLin; that plays a similar
role to d, : FMPre,,; — FMPre; it is helpful to be able to commute the

functors d, and (—) in order to construct a composition such as

— ~ Oaf ~ —

5P 5.P 5.0 5.0 (3.3.4.1)

where f : P - Q. The abstract results of chapter 6 demonstrate that this
composition makes up a suitably canonical analogue of the functor §, on the
linear categories, but for the purposes of this section it suffices to work more

concretely. To that end, for each object P of FMPre,,; define the map
9]1(;) : 5afP’ — 04P by

0\ (') =aet {p’ | freshbinp'@b € ' @b} (3.3.4.2)
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—1 — —~
and define 9]%(1) 1 0,P — 9,P by

6" (2) =qut freshbin[b].{p | [b.p € z). (3.3.4.3)

As was the case for ¢ in 3.3.3, the notation is no accident as # and §~! are
natural and mutual inverses. It is also usual to drop the parameter a where it is
otherwise clear from the context and hence to write (%) simply as 6. A similar

. . ~1
convention applies to #(* " too.

It is perhaps interesting to note that the existence of this isomorphism seemed
implausible when first it was realised that such a relationship was necessary
for the development of this thesis. In personal correspondence Pitts pointed
out that the isomorphism 6(X — Y) = §X — 0Y in nominal sets[9] might
provide useful insights, since letting Y = 2 draws attention to the isomorphism
PoX = yPX where P, the powerset functor, corresponds closely to (/—\) This
observation led directly to the definitions above, and notice that if P is a nominal
set then §,P = 0P and if P has the discrete ordering then P = PP so that

PP = §PP is a special case of the isomorphism given here.

3.3.4.4 Lemma. Ifa ¢ s and IP is an object of FMPre,: ., then
Op : 0,P = 6,P : 0"

18 an isomorphism in FMPreg which is natural in P. Put differently, the map

0 is a natural isomorphism of the functors

—_

da(—), 00— : FMPre,,; = FMPre;.

Proof. Tt is necessary to show that fp is well-defined, so let 2’ € 5(1]@ and show
that Op(z') € 5.P as follows. Let p’ € Op(2') and let b be a fresh name, then
P'@b € 2/Qb € (ab) - P so that p'@b € (ab)-P and hence p’ € §,P. Let p” <s.p p/
and let b’ be a fresh name, then p”@b" < ,).p p'@Qb" € 2'QY € (ab’) . P so that
p""@b" € ’Qb" and hence p”’ € 2. Therefore Op(z) € 5.P as required.

To see that fp is supported by s let o be a permutation that fixes s, let 2’ € 5a@
and show that o - Op(z') = Op(o - 2’) as follows. Let p’ € o - Op(2’) and let b be
a fresh name, then (o - p')@Qb € 2’@b and hence p’@b € (o - 2')@b as o -b=b so
that p’ € Op(o-2"). Conversely, let p’ € Op(o-2’) and let b be a fresh name, then
p'@b € (o-2")@b and hence (o-p')@Qb € 2'@Qb as o-b = b so that p’ € o-0p(2’) as
required. It is clear that fp is monotone, so this has shown that 0p is an arrow
of FMPre;.

To see that Op is natural in P, let f : P — Q be an arrow of FMPre,,,
let ¥’ € 6,P and show that (Og o 5af)(x’) = (0qf o Op)(x’) as follows. Let
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~

¢ € (6god.f)(x') and let b be a fresh name, then

-~

q'@Qb € (8, f(«"))@b = ((ab) - f)(a'Qb)

so that there exists p € /@b such that ¢'Qb <g ((ab) - f)(p). Therefore

q' <s.0 [0].((ab) - £)(p) = [B].((ad) - f) (([b]-p)@D) = daf([b].p)

and [b].p € Op(2’) so that ¢’ € (@ o0p)(z"). Conversely, let ¢’ € (@ o Op)(x")
so that there is p’ € Op(2’) such that ¢’ <s5,0 d.f(p'). Let b be a fresh name,
then p'@b € 2/@b and ¢'Qb <g (Jof(p'))@b = ((ab) - f)(p'@b). Therefore
q'@b € ((ab) -ﬂ(m’@b) = (6afA(x’))@b and hence ¢’ € (6go0,f)(z') as required.

It is necessary to show that 6, Lis well-defined, so let z € ﬁ and show that
0 (z) € 5,P as follows. Let b be a fresh name, and let p € (Hﬁjl(m))@b, then
[bl.p € © C 0,P so that [b].p € 0,P and hence p € (ab) - P. Let p’ <p p,
then [b.p" <s,p [b].p € x € 5.P so that [b].p" € = and hence p’ € (65" (z))@b.
Therefore (05" (z))@b € (ab) - P so that 0 () € 5.P as required.

To see that 6y 1is supported by s, let o be a permutation that fixes s, let
x € 0,P, let b be a fresh name and show that o - 05 ' (x) = 05" (0 - x) as follows.
Let p € (003 ' (2))@b then [b].(c71-p) € z and hence [b].p € oz since 7-b = b.
Therefore p € (ngl(a-w))@b. Conversely let p € (Oﬁl(o-x))@b then [b].p € -z
and hence [b].(0~! - p) € z since o - b = b. Therefore p € (o - 05 *(x))@b so that
(005" (x))@b = (5" (0 -2))@b and hence o -0 () = 0 (0 - x) as required. It
is not hard to see that 0, ! is monotone, so this has shown that Op lis an arrow
of FMPre;.

To see that ;' o Op = 1, 5. let 2’ € 5,P and show that (051 0 0p)(2) = 2’ as
follows. Let b be a fresh name, then it suffices to show ((0 "ofp)(z'))@b = z'@b.
Let p € 2’@b, then ([b].p)@b € z'@b and hence [b].p € Op(2’) so that finally
p € (Qﬁl(ep(:p’)))@b. Conversely, let p € (ngl(ep(x’)))@b, then [b].p € Op(2’)
so that if ¢ is a fresh name then (bc) - p € 2’Qc and as b and ¢ were fresh this

means that p € ((be) - 2')@Qb = 2'@b as required.

To see that fp o 0 = 155, let z € 5,P and show that (p 0 05" )(z) = z as
follows. Let p’ € x and let b be a fresh name, then p’@Qb € (Qﬁl(m))@b so that
P € (0p 0 05 1) (). Conversely, let p' € (fp 0 05 ')(x) and let b be a fresh name,
then p'@b € (0 '(z))@b so that p’ = [b].(p@b) € = as required. It follows
immediately that 0p ! is natural in P, and hence # is a natural isomorphism

with inverse given by 6~ as required. O

The transformation 6 also interacts well with the unit {-} of the (/—\) monad as

follows.
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3.3.4.5 Lemma. The following diagram commutes.

6(1 : ~
6aP jﬁ' (5(11?)

Op
H:k l

—

0o P

Proof. Let P be an object of FMPre,,, and let p € 6,P, then

({Jo.r)p = {0 €0.P| P <50 p} (3.3.4.6)
{p' € 0,P | freshbin p’@Qb <(,p).p pQb}

{p' € 6,P | freshbinp’@b € {pQb},}

{p’ € 6,P | freshbinp’@b € ([b].{p@b})@b}

= 0Op(freshbin [b].{p@b}))

= (Bpoda{}r)p.

3.3.5 The Structure of FMLin,

The use of the word ‘linear’ in this context stems from the observation that
each FMLin, has enough structure to be understood as a categorical model of
multiplicative-exponential linear logic[3]. It has other features that are impor-
tant for the development of a rich domain theory too, and this section explores
some of their details. This exploration closely follows the pattern of Winskel
and Nygaard’s exploration of Lin in the development of HOPLA[20].

3.3.5.1 Hom-sets. Recall from 2.2.3.11 that P —¢ Q means all finitely-
supported functions from P to Q, and write P —4 Q for just those functions

supported by s. The chain of isomorphisms

FMLin,(P,Q) =~ P—,Q by 3.3.2.1 (3.3.5.2)
> P, (QPF — 2) by 3.3.1.2
~ (PxQ%)—,2 by currying
= (PP x Q)°P —, 2

1%

{z € P x Q| supp(z) C s}

characterises hom-sets in FMLing. Under this correspondence the ordering
(given by inclusion) on IP’TPX\@ gives rise to an ordering (given by pointwise
inclusion) on FMLin, (P, Q), and joins (given by union) in PP x Q give rise to
joins (given by pointwise union) in FMLing (P, Q). Furthermore composition

preserves joins in both its arguments, and in particular it is monotone. The order
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structure on the hom-sets gives rise to a commutative monoid structure, with
multiplication given by binary pointwise union and unit given by the empty map
&. Moreover composition is a monoid homomorphism which makes it possible to
view each FMLin, as being enriched over the category of commutative monoids

and monoid homomorphisms.

3.3.5.3 Coproducts. Since left adjoints preserve coproducts, the disjoint
union of the orders P; and Py forms the binary coproduct P; + Py in FMLin,.
The ith injection in; : P; - Py + P is given by the action of (/—\) on the ith in-
jection of the underlying preorders: concretely, ini(z) = xW& for example. The
empty order O is the empty coproduct. More general coproducts are defined

similarly.

3.3.5.4 Products. Since FMLiny is enriched over CMon and it has binary
coproducts it follows that the coproduct of the orders P; and Py is also a bi-
nary product P; & Py. The projections are defined by out; =ger [1p,, 2] and
outy =gef [, 1p,], and concretely for each i the map out; : Py &Py - P, is
given by out;x =4 {p € P; | in;p € x}. Furthermore, the commutative monoid

structure means that injections and projections satisfy

out;, oin; = 1p, out,oin; =& (i # j) (3.3.5.5)
((in o outy) U (iny o outs)) = 1p, 1p,

and in short the object P; + P5 is the biproduct of P; and P, with respect to
this monoid. More general biproducts may be defined in FMLing in the same

way.

3.3.5.6 Generalised Biproducts. In fact, if (Py)scy, is any collection of FM-
preorders where the mapping £ — Py is supported by s then it makes sense to
define the object P, ; P¢ as the disjoint union of the . It is not hard to see that
@D ,c P is supported by s and therefore an object of FMLin,. Furthermore,
for each £y € L the foth component Py, is an object of FMLin, gupp(s,), and
if J : FMLing — FMLin,gpp(¢,) 1S an inclusion of categories then the foth
injection is an arrow ing, : Py, - J@KGLPE of FMLin, gupp(e,)- Moreover

if Q is an object of FMLing and (fy : Py - Q)eer is a collection of arrows

(in the appropriate categories) such that the mapping ¢ — f, is supported by
s' O s then there is a unique [fe]rer @ @y Pe - Q in FMLing such that
[feleer o ing, = fo, in FMLing yeupp(e,) for each £y. In short, @, Pr behaves
much like a coproduct, except that its injections do not necessarily all inhabit

the same categories.
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This generalised coproduct €, ; P, also has projections outy, : @, Ps — Py,
that satisfy conditions much like those of a product, except that again they also
do not all lie in the same category. Also, the projections and injections interact
as for a biproduct: out, oiny, = 1p, in FMLiny where s’ O s U supp(¢) and
outyoiny = & in FMLing where £ # ¢/ and s O sUsupp(¢)Usupp(¢’). Finally
Usey (ing o outy) = 1@46LP2 where the union is a join taken in the complete

partial order -
(DrerPe)™ x BperPe

which contains all the function spaces FMLiny (D, Pe, D, Pe) by 3.3.5.2.
In short, P ¢ Pe behaves much like a biproduct, except that its injections and
projections are spread over many different categories.

3.3.5.7 Tensor. A tensor product on FMLing can be defined as the product
Py xP; of the underlying preorders. It is straightforward to see that this product
is associative, and the (discrete) nominal preorder on the one-element set is a

unit for this operation on both sides, so that this is a monoidal structure on
FMLin,. Via 3.3.5.2,

FMLin,(P x Q,R) = {ze€ m | supp(x) C s}
{z € PP x Q°P x R | supp(z) C s}
~ FMLin,(P,Q x R)

I

so that FMLing is closed with respect to the x tensor, and the internal function
space is given by Q —o R =g4¢ Q°P x R.

3.3.5.9 Name Binding. If a € A\ s then there is an adjunction on the FM-
linear categories that is analogous to (and built from) the adjunction (—)#® 4 6,
described in lemma 3.2.1.15. Abstractly this adjunction arises from the general
argument of section 6.3, but this section describes it in concrete terms. This
adjunction is the key structure in the FM-linear categories that makes them
a suitable setting for a domain theory that is sensitive to names and binding.

More precisely, for any s and a ¢ s there is an adjunction
(=)#** 46} : FMLin, = FMLin,,, (3.3.5.10)

as follows. If P is an object then P# =4t P#% and 0P =q4¢¢ 6,P. The unit
and counit are given by E and QA“ LI frP - Q is an arrow of FMLin, then

fHat . p#e - Q% is the arrow of FMLing ¢, defined concretely as

f#a+x =det 1 € f(x)) | a # q}. (3.3.5.11)
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Also if f : P - Q is an arrow of FMLing,; then 0T f : 6,P - 0,Q is the

arrow of FMLing defined concretely as

55 fr =get {¢ € 6,Q | Ip € x. freshbinq@b € ((ad) - f)({p@b},)}. (3.3.5.12)

For the purposes of calculation these definitions are a little unwieldy and it is
useful to have a slightly more abstract description of (—)#9 and §; in terms
of (—=)#%, 84, ¢ and 6 as shown by the following results.

3.3.5.13 Lemma. If f: P - Q is an arrow of FMLing then
fFt = ggo [T o gyt

Proof. Let x € p#a, Suppose that q € f#9tz so that ¢ € f(z|) and ¢ # a. By
definition z C ¢} 12 and op 12 € Pso that x 1 € op 2 and by the monotonicity of
f it follows that g € f(%,flx) and hence that g € (¢Q o fita o¢§1)x. Conversely,
suppose that ¢ € (gb@ o f#%o op 1):1) then certainly ¢ # a by definition of ¢q.
Also by the linearity of f there exists p € ¢p'a such that ¢ € f{p}; and by
3.3.3.4 if ¢ is a fresh name then (ac)-p € z. As a # g and a # f it follows
that ¢ = (ac) - q € (ac) - f{p}, = f{(ac) - p},; C f(z|) and hence q € f#**z as
required. O

3.3.5.14 Lemma. If f:P - Q s an arrow of FMLing (4, then
S5 f=0g0d.foby".

Proof. Let x € m, then

(6g o daf o 9H§1) () (6g © 6a.f) (freshbin [b].{p | [b].p € z})
0g (freshbin [b].((ab) - f){p | [b].p € })
{¢' € 6,Q | freshbin
q'@b € ((ab) - f){p | [b].p € x}}
by linearity of f = {¢ €6,Q | freshbin
W €xb#p ANgQbe ((ab) - f){p' @b} }
= {¢ €0,Q| 3 €z .freshbin
q'@b € ((ab) - f){p'Qb}, },
= 06, f(z)
(3.3.5.15)
as required. O
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3.4 Continuity in FM Domain Theory

As in the development of HOPLA, linear maps are too restrictive to give a
semantics for concurrent processes: it is desirable for a process to be able to
perform actions spontaneously, without having received any input, but linear
maps are join-preserving so that they preserve empty joins in particular and

hence a linear process with no input can generate no output.

The solution to this issue is to consider maps which are continuous (with re-
spect to some notion of approximation) rather than merely linear. In the de-
velopment of HOPLA[20], continuity was chosen to mean ‘preserves directed
joins’ but the discussion of section 3.4.1 demonstrates that this is not a suitable
choice in FMLin,. Reconsidering directed sets as generalised sequences in sec-
tion 3.4.2 suggests a more satisfactory notion of approximation. Section 3.4.3
demonstrates that it is simple to characterise the elements that are isolated with
respect to this notion of approximation, and this gives rise to an appropriate
exponential ! that captures the continuity in much the same way that the finite-
join-completion exponential does in HOPLA, and section 3.4.4 demonstrates

that this exponential can be characterised by a coKleisli construction.

Sections 3.4.5 and 3.4.6 demonstrate some technical results that show that the
natural isomorphisms ¢ and 6 defined in 3.3.3.2 and 3.3.4.2 interplay well with
the exponential !, and section 3.4.7 demonstrates that the functors (—)#** and
6+, as described in lemmas 3.3.5.13 and 3.3.5.14, preserve continuity as well as
linearity. This ensures that these functors are suitable candidates for a binding

adjunction on the continuous categories.

Finally, section 3.4.8 studies the structure of the induced categories of continuous
maps and describes certain universal constructions that motivate the design of
the language Nominal HOPLA in the following chapter.

3.4.1 Name-Binding is not Directed-Join Continuous

It is now necessary to speculate a little on what a nominal extension to the
process calculus HOPLA may look like. This speculation is motivated by the
development of new-HOPLA[38].

A key feature of a nominal extension to HOPLA would be terms of the form
newa.t whose intended meaning is to bind the name a in the outputs of t. In
particular there will be a term new a.x (where x is a free variable) which receives
a process as input in the variable x and binds the name a in its output. The

term x (set in teletype typeface), is an object-level variable which is therefore
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treated with the usual informal methods regarding binding and a-conversion as

discussed in chapter 4. In particular, the permutation action on x is discrete.

As the effect of newa.t is to bind a, if b is a fresh name then it should be the
case that newa.t = newb.((ab) - t), and in particular the name a should not
be in the support of newa.t. The semantics of newa.t are motivated by the
semantics of new .t from new-HOPLA:

Pt -2t
p

new «.
0P :newa.t — newa.t’

where « is a variable that ranges over names.

Now consider the term ), _,b:'nil which outputs a name b nondeterministi-
cally chosen from A. Recall that the type of a HOPLA term corresponds to the
actions that it can do, so the type of this process will be (isomorphic to) A since
its possible paths are (essentially) outputs of elements of A. Furthermore, it is
closed so its denotation will simply be a subset of A, and since it can output

any name it must be that

[>4eab: nil] = A. (3.4.1.1)

The term newa. (3 ,c,b: 'nil) should be able to output a bound name [a].a if

it is to satisfy the same operational semantics as new-HOPLA, and therefore

[a].a € [newa. (Y ,c,b: 'nil)]. (3.4.1.2)

Recall that in HOPLA substitution is given by composition of denotations.
In new-HOPLA, substitution under a newa.(—) ensures that a is a fresh name
before proceeding, but any a is fresh here since ), _, b: !'nil has empty support.

Therefore

[newa. (> ,cpb:'nil)] = [newa.x] o[>, ,b: 'nil] = [newa.x](A). (3.4.1.3)

Now A = J,c,. , s is a directed join, so if [newa.x] is directed-join continuous
then

[newa.x](A) = [[newa.x]]( UAS) = U [newa.x]s, (3.4.1.4)

$Cfin 5CrinA

so it follows that [a].a € U, ,[newa.x]s. Let {b1,...,b,} be such that

[a].a € [newa.x]{b1,...,b,} = [newa.x]o[by:!nil+...+b,: 'nil]. (3.4.1.5)

Again, note that substitution under a newa.(—) ensures that a is a fresh name

in new-HOPLA. In particular ¢’ may be chosen so that it is distinct from the
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b; and then newa.x = newda’.x since the term x is unaffected by permutations

of names and therefore has empty support. Therefore
[newa.x] o [by:'nil+...+b,:'nil] = {[a].b1,...,[d'].bn}. (3.4.1.6)

But this is a contradiction: [a].a = [a'].a’ # [d/].b; for any i as a’ was chosen to
be fresh.

If it is unpalatable to take a sum over the set A of all names, notice that
the argument above also applies to a term of the form ), 5b:!nil for any
cofinite B Cg A, since it rests only on the fact that B is infinite but finitely
supported. From all of the speculative assumptions made in this example, the
least convincing is that [newa.x] must preserve directed joins, so it is sensible

to seek an alternative notion of continuity that includes maps such as [newa.x].

3.4.2 FM-Continuity

Continuity in domain theory arises from considering the process of physically
realising some computation by performing a sequence of computational steps.
Taking ‘continuous’ to mean ‘preserves joins of increasing w-sequences’, con-
tinuous functions are those that are physically feasible[23, Thesis 5]. Classi-
cally it makes little difference to the elementary domain theory whether one
uses increasing sequences or directed sets. After all, a poset has limits of all
(ordinal-indexed) increasing sequences iff it has limits of all directed sets: in-
creasing sequences give rise to directed sets, and conversely given a well-ordered
directed set the well-ordering gives rise to an increasing sequence. The Axiom of
Choice ensures that all directed sets have well-orderings. However, the Axiom
of Choice does not hold in the theory of FM sets, so the equivalence between
the use of increasing sequences and the use of directed sets breaks down here. It
is therefore worthwhile to study increasing sequences in FM set theory in order
to define a suitable notion of approximation in this setting. Firstly, notice that
the supports of elements of total orders are very constrained as the following

lemma shows.

3.4.2.1 Lemma. Let P be a totally ordered FM-poset. Then each p € P has
supp(p) < supp(P).

Proof. Let A 5 b,c # P, then for all p € P it follows that (bc) - p € P too,
so that either p < (bc) - p or (be) -p < p. If p < (be) - p then (be) - p < p by
equivariance, so that p = (bc) - p, and if (be)-p < p then p = (bc) - p by a similar
argument. However if supp(p) € supp(P) then letting b € supp(p) \ supp(P) and
¢ ¢ supp(p, P) means that (bc)-p # p by lemma 2.2.2.10 which is a contradiction,
so that supp(p) C supp(P) as required. O
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3.4.2.2 Definition. An increasing FM-sequence in a FM-poset D is an
increasing sequence (i.e. a monotone function from some (external) ordinal o
to D) that is additionally finitely-supported.

Notice that the ordinal « is totally ordered, so if dy < d; < ... is an increasing
FM-sequence in D then each d; in the sequence is supported by the finite set
supp(a, d). In other words, supp(«,d) is a uniform support for the sequence
d since it supports the elements of d uniformly. This observation suggests the

following definition.

3.4.2.3 Definition. An FM set X is uniformly supported by s if every
element x € X 1is supported by s. An FM set has uniform support if there

exists a finite set s that uniformly supports it.

The (external) Axiom of Choice gives a well-ordering of any set X, and if X
is uniformly supported by s then this well-ordering must also be supported by
s, so that X can be well-ordered within FM set theory. It follows that clas-
sical increasing sequences are to directed sets as increasing FM-sequences are
to directed sets that are also uniformly supported. More precisely, an FM pre-
order has limits of all increasing FM-sequences iff it has limits of all uniformly
supported directed sets: increasing FM-sequences are already uniformly sup-
ported directed sets, and conversely any uniformly supported directed set can
be wellordered within FM set theory and this gives rise to a corresponding

increasing FM-sequence.

Returning to the example of [newa.x], let X C A be directed and uniformly
supported by a finite set s. Therefore every x € X is either a subset of s or a
superset of A \ s, so X is finite. Since X is also directed it contains a maximal

element x so that
[newa.x] (U X) = [newa.x]z = U [newa.x]z’ (3.4.2.4)
r’eX

and hence [newa.x] does preserve joins of directed sets that have uniform sup-
ports. It turns out that approximation by uniformly-supported directed limits

is a satisfactory notion of approximation in nominal domain theory.
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3.4.3 FM-Isolated Elements

Considering P as a domain of meanings for processes of type P, it is now sen-
sible to investigate the structure of the isolated elements of this domain with
respect to uniformly-supported directed approximations, since the isolated ele-
ments correspond to those computations that can be realised in finitely many

steps.

3.4.3.1 Definition. An element P € P is FM-isolated iff for all uniformly
supported directed sets X C @, if P C |JX then there exists x € X such that
PCz.

For the purposes of this discussion it is unambiguous to call FM-isolated ele-

ments simply ‘isolated’.

For example, every element of A is isolated. To see this, let z € A be such that
x C X where X C A is directed and uniformly supported by s, then every
element of X is either a subset of s or a superset of A\ s. Therefore X is finite,

and since it is also directed it contains a maximal element z’ and hence z C 2.

The usual definition of isolation in the theory of FM sets would be with respect to
approximation by finitely-supported directed sets. With this definition, isolated
clements of A are precisely the finite subsets of A. Intuitively, the cofinite
subsets (with support s) of A can also be represented by a finite process since
if B C A is supported by s then it is only necessary to check the membership
status of the elements of s and a single a ¢ s to characterise B. Working towards

a generalisation of this intuition,

3.4.3.2 Definition. IfP is a FM-preorder, F' a finite subset of P and s a finite
set of names that contains supp(IP) then define

(F)s =aet | J o F. (3.4.3.3)

Every « € A is of this form: either z is finite and hence z = (z) or else

supp()
x is cofinite and hence x = ({a})supp(x) for any a € z. Lemma 3.4.3.7 shows
that the isolated elements of P are precisely those elements generated by sets of
this form. Corollary 3.4.3.10 also shows that an appropriate s may be chosen
relatively freely, as long as it is sufficiently large. The set (F')s is generated
from F' by closure under the action of certain permutations, and the origin of
the notation (F')s is by analogy with a presentation of a group in terms of its

generators: (a,b,...| R(a,b,...)).

3.4.3.4 Lemma. Ifsupp(P) C s C s’ Cg, A and F', F Cg, P are such that
F’ Q Fl then <F,>S/ Q <F>sl-
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Proof. Let p' € (F')s, then there exists o’ # s’ such that ¢’ -p’ € F' C F)
so that o - p’ € F| and hence there exists p € F' such that o - p’ <p p. Also
s C s’ so that o # s and hence o~ ! - p € (F)4 which implies that p’ € (F)g, as
required. O

3.4.3.5 Lemma. Ifsupp(P) C s C s’ Cgy A and F C P is finite then there
exists a finite F' C P such that (F)s = (F')s.

Proof. Let 5§ = s" U, supp(p) and note that since F' is finite it follows that
5 is finite and supp(F) C 5. Let s” be a finite set of fresh names of greater
cardinality than 5 and let ¥ = {o | supp(c) C (5Us")\s}. Let ' = J, 5,0 F
and note that ¥ is finite so that F’ is also finite. Show that (F'); = (F')s as

follows.

Let p € (F)s, then by definition there exists o # s such that p € o - F. By
lemma 2.2.1.6 there exists o1, 02, o3 such that 0 = 010903 where o1 # § and
o3 # 5 and supp(oz) C (5Us”) \ s.

Firstly, supp(F') C s so that o3+ F = F and hence p € o1 - 05 - F.. Also, since
o9 € X it follows that p € oy - F’. Finally since o1 # 5 DO s’ it follows that
p € (F')s as required.

Conversely, let p € (F'), then there exists o # s’ such that p € o - F’. By
definition of F’, there exists o’ € ¥ such that p € -0’ - F' and therefore o’ # s.
Furthermore, s C s’ so that oo’ # s and hence p € (F); as required. O

3.4.3.6 Lemma. The support of (F)s is contained in s.

Proof. 1t is sufficient to show that if o # s then o - (F')s = (F)s. Let p € (F)s,
then there exists o’ # s such that p€ o’ - F. Theno-p€ o -0’ -F and oo’ # s
so that o - p € (F)s and hence (F), C o - (F')s. The converse is similar. O

3.4.3.7 Lemma. An element P € P is isolated iff it is of the form (F')s| where

F is a finite subset of P and s is a finite set of names that supports PP.

Proof. Suppose that (F)s; C |JX where X C P is uniformly supported and
directed. In the light of lemma 3.4.3.5 suppose without loss of generality that s
is large enough to be a uniform support for X. Let F' = {p1,...,pn}, then for
eachi e {l,...,n}, p; € (F)s C|JX so there exists z; € X such that p; € z;.
Since X is directed, it contains an upper bound z for the z;. If p € (F)5| then
p <po-p; forsomeie {1,...,n} and some o # s. Therefore p e o-2; Co -,
but s is a uniform support for X so that o -Z = Z and hence p € Z. Therefore
(F)s; € 7 so that (F)s) is isolated.
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Conversely, let P € P be isolated, let s = supp(P) U supp(PP) and define X C P
by X = {(F)s; | F Cgn P}. From lemma 3.4.3.6 it follows that X is uniformly
supported by s, and it is clear that if F; Cg, P and Fy Cg, P then F1UF, Cq,, P
and (F7 U Fy),) is an upper bound for (F})s; and (Fh)s| so that X is directed.
Therefore by the isolation of P there exists F' Cg, P such that P C (F)g.
Furthermore, (F)s; C P as follows. Let p € (F)s|, then there exists o # s and
p’ € F such that p <p o -p'. Also, F C P so that p’ € P, and o # s so that
oc-P=Pandhence p<po-p € Pe P so that p € P. Therefore P = (F) as
required. O

3.4.3.8 Lemma. If o is a permutation and o # P then

o-(F)s=(0-F)g.s.

Proof. Let p € o - (F)s then it follows that there exists ¢’ # s such that
pec-o - F=0-0-07l - 0-F,andoo’'c ' # o-ssothat pe€ (- F)y.s. The

converse case is similar. O

3.4.3.9 Lemma. If F' Cg,, P and supp(PP) C s then

(F)s = (F)supp((F). P)-

Proof. Let p € (F)s then there exists 0 # s such that p € o - F. By lemma
3.4.3.6, supp((F')s) C s so that o # (F)s; furthermore o # P as supp(P) C s
so that p € (F)supp((r).,p)- Conversely, let p € (F)gupp((r),,p) then there exists

o # (F)s,P such that p € 0 - F = 1-0-F and « # o - s so it follows that
pE(o-F)ys=0-(F)s = (F)s as required. O

3.4.3.10 Corollary. If P € P is isolated and supp(P,P) C s then there exists
F Cgin P such that P = (F)s,.

Proof. If P is isolated then by 3.4.3.7 there exists finite F/ C P and finite
s 2 supp(lP) such that P = (F').|. By 3.4.3.9 therefore P = (F')g,pp(p,p), and
by 3.4.3.5 there exists F' Cg, P such that P = (F') as required. O

3.4.4 Categories of FM-Continuous Maps

The discussion of 3.4.2 indicates that ‘continuous’ could be taken to mean ‘pre-
serves joins of uniformly-supported directed sets’ or equivalently ‘preserves joins

of increasing sequences’ which suggests the following definition.

3.4.4.1 Definition. If P, Q are preorders then say that a function f : P— @

18 FM-continuous if it preserves all joins of uniformly-supported directed sets.
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Let FMCts; be the category whose objects are FM-preorders P, Q, ... sup-
ported by s and whose arrows P = Q are functions P — @ that are FM-
continuous and supported by s. Note that in particular FM-linear maps are
FM-continuous so that FMLin, is a subcategory of FMCts;.

Following the development of HOPLA, it will be possible to characterise FM-
continuous maps in terms of FM-linear maps whose domain is under an expo-

nential ! which captures the appropriate notion of approximation.

3.4.4.2 Definition. The preorder P consists of the all elements of the form
(F)s where F' Cg, P and s supports P and the ordering is given by letting
P <p P’ whenever P C Pl/'

Write ip for the map ip : P — P given by ipP =gef P.

Each P is the free uniformly-supported-directed-join completion of !P. In detail,
this means that P has all uniformly-supported directed joins (indeed, it has all
finitely-supported joins) and if C' is a FM-poset that also has all uniformly-
supported directed joins and f : P — C' is a monotone finitely-supported func-
tion then there is a unique finitely-supported FM-continuous f* : P — C that
such that the following diagram commutes.

ip ~

) (3.4.4.3)

NG

C

The function f* is given by
f o =gef \/{fPl | P € P, P C z and supp(P) C supp(z,P)}. (3.4.4.4)

Note that this is well-defined since the join is taken over a directed set that is
uniformly supported by supp(f,z,P), so the join exists in C. It is also clear
that f* is supported by the finite set supp(f, C,P).

3.4.4.5 Lemma. The map f* is FM-continuous.

Proof. It not clear that f* is even monotone. Let =, 2’ € P be such that z C 2’
and show that ffz < f%a’ as follows. By the monotonicity of f it is sufficient
to show that for all P € !P such that P C z and supp(P) C supp(z,P) there
exists P’ € IP such that P C P| and P’ C 2’ and supp(P’) C supp(z’,P), so
let P € P be such that P C x and without loss of generality (by 3.4.3.10)
write P = (F')gupp(z,a/,p)- Define P’ = (F)gupp(ar,p)- It is certainly the case that
P C P[ (by 3.4.3.4) and supp(P’) C supp(a’,P) (by 3.4.3.6) so it remains to
show that P’ C 2/. Let p’ € P’, then there exists o # z’ such that p’ € o - F.
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However, since P = (F)gupp(z,2/,p) © © C 2, it must be that p’ € o - 2’. Since

o # ' it follows that p’ € 2’ as required.

Having now shown that f* is monotone, the proof of its continuity is standard.
Let X C P be uniformly-supported and directed. For all z € X it is the
case that ffzx < f* (U X ) by monotonicity, so f* (U X ) is an upper bound for
{f*x | z € X}. It remains to show that it is the least such upper bound, i.e. for
any U such that ffz < U for all € X it is the case that f* (U X) < U. For
this, it is sufficient to show that U is an upper bound for

{fP, | P €!Pand P C|JX and supp(P) C supp(JX,P)} (3.4.4.6)

since f* (U X ) is the least such. Therefore, suppose that P € !P is such that
P C|J X and supp(P) C supp(|J X, P). Then P, is isolated, and X is uniformly-
supported and directed, so there exists x € X such that P C x. It is clear that
f*P; = fP|, so by monotonicity fP, < ftz and f*x < U so that fP, < U as
required. O

It is also the case that P is algebraic with respect to approximation by uniformly-

supported directed sets, as the following lemma shows.

3.4.4.7 Lemma (Algebraicity of I/Es) If x € P then

x = U{Pl | PP, P Cz and supp(P) C supp(z,P)}

Proof. Certainly x 2O |J{P| | P € 'P,P C z and supp(P) C supp(z,P)}. To
see the converse let p € z and let P = ({p})supp(z,p)- It is clear that p € P.
From 3.4.3.6 it follows that supp(P) C supp(z,P) and from 3.4.3.7 it follows
that P € IP. Let p’ € P| then by definition there exists o # supp(z,P) such
that p’ <p o -p, but 0 -p € 0 -z = = and hence p’ € x. Therefore P| C z so as
required it follows that

pE U{Pl | P € P, P C 2 and supp(P) C supp(z,P)}. O

As a consequence,

3.4.4.8 Corollary.
P >~ 1d1(!P)

Proof. The quotient of !IP by the preorder equivalence is isomorphic to @O by
lemma 3.4.3.10, and the result follows by the same argument as in lemma 2.1.2.3.

O
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Lemma 3.4.4.7, together with the argument of lemma 2.1.2.4, also ensures the

uniqueness of f*, and in particular if f and g are FM-continuous maps P p Q

and f oip = goip then

f=(foip) =(goip)' =g. (3.4.4.9)

Notice that there is a natural FM-continuous np : P o IP given by np =gef {'}!ip,
or concretely npX = {P € !P | P C X}. In particular,

ne o ip = {-}p. (3.4.4.10)

Furthermore for every FM-continuous f : P = Q it is the case that the FM-

linear function (f oip)’ : IP - Q satisfies

(foip)tone = ((foip)Tonpoip)t = ((foip)To{-}p)t = (foir)’ = f (3.4.4.11)
by 3.3.1.4 and 3.4.4.3. Also, if g : P - @ is a FM-linear function such that
gonp = f then

(foip)l =(gompoir)l =(g0{}p)' =g. (3.4.4.12)

Therefore (f o ip)' is the unique FM-linear function such that the following
diagram commutes.
P —> (3.4.4.13)

™o
P

x l(fol'n»)T
Q

In other words if J : FMLing — FMCts, then (np,!P) is an initial object of
(P | J). If
If =det (ng o foir)' : 1P —1Q, (3.4.4.14)

for any arrow f : P p Q of FMCts; then this means that there is an adjunction
FMLin,(!P,Q) = FMCts, (P, Q). (3.4.4.15)

with ! as the left adjoint. Concretely, 3.4.4.14 means that if X € IP then
(X)) ={Q €!Q | 3P € X. Q@ C fP;}. The unit of the adjunction is n as
defined above and the counit € is defined as ep —=gqet i]];. Therefore ep is the

unique FM-linear map such that

€p O {~}!]p = /L']p. (34416)
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3.4.5 A relationship between (—)#* and !

This section shows that there is an isomorphism — indeed, a bijection —
(IP)#a = |(P#) (3.4.5.1)

where a € A\ s and PP is an object of FMPre,. This bijection can be seen
as arising from the action of ¢p and its inverse, which have particularly sim-
ple characterisations when attention is restricted to just the isolated elements.
This isomorphism is a key ingredient in an adjunction on the continuous cate-
gories that is analogous to the ‘binding’ adjunction (—)#%* 4§} on the linear
categories, as demonstrated in section 6.4. It is also used in giving a denota-
tional semantics to pattern matching in the process calculus Nominal HOPLA

as demonstrated in 5.2.2.7

3.4.5.2 Lemma. IfF Cgq, P# anda ¢ s’ O s where P is an object of FMPre;
then

¢p(F)s) = (F)sufa}-
Moreover any element of ('P)#® can be written as (F)y where F Cg, P#¢ and
a ¢ s D s and in this situation it is also the case that (F)gqy € (P#).

Proof. Let p’ € ¢p(F)s |, then a # p' and there exists p € F and o # s’ such
that p’ <p o -p. Let b be a fresh name, then p = (ab) - p and p’ = (ab) - p’ so
that p’ <p (ab) - o - (ab) - p. Since b # o it follows by the equivariance of #
that s' U {a} = (ab) - (s’ U {b}) # (ab) - o = (ab)o(ab) so that p' € (F)g a0y,
Conversely, let p' € (F)g 40y, then there exists p € F and o # 5" U {a}
such that p’ <p#« o -p. Therefore o # s’ and p’ <p o -p and a # p so that
P € ¢p(F)s | as required.

If P € ('P)#% then P # a so that a ¢ supp(P,P,s) and hence by 3.4.3.10
there exists I’ Cq, P such that P = (F)epppp,s)- If b is a fresh name then
(ab) -supp(P, P, s) = supp(P, P, s) and hence P = (ab) - P = ((ab) - F)supp(P,p,s)-
Also a # (ab) - F and F is finite so that a # p for all p € (ab) - F' and hence
(ab) - F C P#@ as required. Clearly (F)stgay € I(P#4) by 3.4.3.7. O

3.4.5.3 Lemma. If F Cg, P#® and a € s’ O s # a where P is an object of
FMPre, then

¢p (F)sr) = (F)sn{a}1-
Moreover any element of |(P#%) can be written as (F)y where F Cg, P#¢ and
a € s' D s and in this situation it is also the case that (F)g\ () € (IP)#°.

Proof. Recall from 3.3.3.4 that

P €y (Flyy <« freshbinp' € (ab)- (F)y. (3.4.5.4)
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Let p' € ¢p ' (F)s| and let b be a fresh name, then p’ € (ab) - (F)y | so that
by 3.4.3.8 there exists p € (ab) - F and o # (ab) - s’ such that p’ <psa o - p.
Therefore p’ <p o-(ab)-(ab)-p and (ab)-p € F. Furthermore if ' € '\ {a} then
o-(ab) -a’ = a as b is fresh and o # (ab) - s D 5"\ {a} so that p’ € (F)\(a})-
Conversely, suppose that p’ € (F) ¢\ (43|, then there exists p € F'and o # s"\{a}
such that p’ <p o -p. Let b be a fresh name. Since p € F, a # p and hence
(ab) - p = p. Therefore (ab) - p’ < (ab) - o - (ab) - p and (ab)o(ab) # s’ since
o # (s'\ {a}) U {b} = (ab) - s’. Hence (ab) - p' € (F)y so that p’ € ¢ (F)g,
as required.

Certainly a # (F)sn, by 3.4.3.6 so that (F)n, € ('P)#* by 3.4.3.7. Finally if
P € (P#%) then by 3.4.3.10 there exists F' C P#* such that P = (F)supp(a,p,P,s)

as required. O

It therefore makes sense to define ¢! : (1—)%* — 1((=)#9) and its inverse by

letting
OB (F) g =det (F)stygay Where a ¢ 8" D s (3.4.5.5)

and
P —1

Pp

This latter map can importantly be characterised as follows.

(F)s =det (F)s\{q} Where a € ' D s. (3.4.5.6)

3.4.5.7 Lemma. The following diagram commutes.

| —1
!(p#a) L (!]p)#a

Ip#a l lzfﬂ
oot

e — o Pt

Proof. By 3.4.5.3. O

3.4.6 A relationship between ¢, and !

Similarly to section 3.4.5 this section shows that the isomorphism 6 suggests a
bijection

5,IP =2 15,P (3.4.6.1)
where a € A\ s and P is an object of FMPre,,). As was the case with
the relationship between (—)#? and ! the path to this result is to observe that
fp and its inverse have particularly simple characterisations when attention is
restricted to just the isolated elements, as shown below. This isomorphism, like

the isomorphism ¢' defined above, is a key ingredient in an adjunction on the
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continuous categories that is analogous to the ‘binding’ adjunction (—)#* - 5+
on the linear categories, as demonstrated in section 6.4. Its development is
sufficiently similar to that of ¢' that it seems sensible to present it here, although
it is not revisited until section 6.4.

3.4.6.2 Lemma. Ifb is a fresh name, F' Cgqy, (ab) -P and b € s’ O s # a where
P is an object of FMPre,,y then

02 ([B1-(F) ) = ({100 | p € FYury o

Moreover any element of 0,!P can be written in the form [b].(F)s where b is a
fresh name, F Cg, (ab) - P and b € 8" O s and in this situation it is also the
case that ({[b].p | p € F'})on\ 1y € 10aP.

Proof. Let p' € 0p([b].(F)s ) and let ¢ be a fresh name, then p'@c € (be)- (F)y )
so that there exists p € I and o # s so that (bc) - (p'@c) <(qp).p 0 -p. Therefore
((be) - p @b <(apyp o -p = ([b].(c - p))@b so that (bc) - p' <s,p [b].(0 - D).
However o # s’ 3 b so [b].(6 - p) = o - ([b].p) and hence p’ <;s.p (bc) - o - ([b].p)
so it follows that p’ € ({[b].p | p € F'})sn\ (s}, as was required. Conversely, let
p € ({[b]l.p|p € F})s\(p},, then there exists p € F and o # 5"\ {b} such that
p <s,p 0 ([b].p). Let ¢ be a fresh name, then

p'Qc <(4eyp 0 - (be) - p = (be) - (be) - o - (be) - p. (3.4.6.3)
Furthermore, (bc)o(be) # s’ so that p’@c € (be) - (F)s) and hence as required
p’ S QP([b]‘<F>8/l)'

If P" € §,!P and b is a fresh name then it follows that P'@Qb € (ab) - P so that if
a € s’ O sUsupp(P’) then there exists F' Cgy, P such that (ab) - (P'@Qb) = (F)g
and hence P' = [b].({(ab) - F)(4p).s') and b € (ab) - s" as required.

Finally, if F" C (ab) - P it follows that {[b].p | p € F'} C §,P so that by 3.4.3.7

({[bl.p | p € F'})on vy € 10aP (3.4.6.4)
O

3.4.6.5 Lemma. Ifb is a fresh name, F Cgqy, (ab) -P and b ¢ s’ O s # a where
P is an object of FMPre(,y then

O ({Ibl.p [ p € Fl)sry = B].(F) sy

Moreover any element of 16, can be written in the form ({[b].p | p € F'})s where
b is a fresh name, F Cgy (ab) -P and b ¢ s O s and in this situation it is also
the case that [b].(F) ) € 0a!P.
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Proof. Let ¢ be a fresh name, then it is sufficient so show that

(05" ({[b]-p | p € F})ory)@c = ([b].(F) gcipy, ) @c. (3.4.6.6)

Let p' € (65" ({[bl.p |p € F})s,)Qc, then [c].p' € ({[b].p|p € F})y, so that
there exists p € F and o # s’ such that [c].p’ <s.p o - [b].p. Let d be a fresh
name, then it follows that (cd) - p’ <(qay.p (0 - [b].p)@d = o - (bd) - p so it is the
case that p’ <(4¢).p (cd) - 0 - (bd) - p. Since ¢ # F and F' is finite ¢ # p so that
p = (cd) - p; furthermore (cd) = (be)(cd)(bd), so that

(cd)-o-(bd)-p=(bc) - (cd) - (bd) - o - (bd) - (cd) - p. (3.4.6.7)

Also it is the case that s’ U {d} # o so that ' U {b} # (cd)(bd)o(bd)(cd), from
which it follows that p’ € (bc) - (F)guyy = ([b]-(F)soqpy)@e. Conversely,
let p" € ([b].(F)suqpy)@Qc = (be) - (F)gyqpyy, then there exists p € F and
o # s U {b} such that p’ <(4¢).p (bc) - 0 - p. Therefore

[c].p’ <s.p [c].((bc) -0 -p) = (be) -0 - [bl.p (3.4.6.8)

and (be)o # s so that [c].p" € ({[b].p | p € F})s| and hence as required it is the
case that p' € (0 " ({{b].p | p € F})s)@c.

If P € !6,P then by 3.4.3.10 there exists F' C 6,IP such that P = (F')supp(p,s,p)-
Let b be a fresh name, then as b # F’ and F’ is finite it follows that b # p’ for
all p’ € F', so that F' = {[b].(p'@b) | p’ € F'} and {p'Qb | p’ € F'} Cgy, (ab) - P
as required. Finally since s’ D s it follows that (ab) - (s’ U {b}) D (ab) - s = s.
Therefore it is the case that (ab) - (F) o0y = ((ab) - F) ap).(srqpy) € P so that
as required [b].(F) g ypy € 0a!P. O

It therefore makes sense to define 6' : §,! — !0, and its inverse by letting
0p([0]-(F)s) =aet ({[].p | P € F})sn (s where b s’ D's (3.4.6.9)

and

-1
0 ({[b].p|p € F} s =det [0].(F) r0yqpy where b ¢ 5" D s. (3.4.6.10)
This latter map can importantly be characterised as follows.

3.4.6.11 Lemma. The following diagram commutes.

1 —1

Op
16, ——6,!P

'L'(Sa]?l laai]P
o1

— P ~

0P ——>0,P

Proof. By 3.4.6.5. O
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3.4.7 Binding and Continuity

This section demonstrates that the actions of (—)#%* and &, as described
in lemmas 3.3.5.13 and 3.3.5.14, preserve continuity as well as linearity. This
ensures that these functors are suitable candidates for a binding adjunction on

the continuous categories, as discussed in 3.4.8.26.

3.4.7.1 Lemma. Ifa ¢ s and f : P = Q is an arrow of FMCts, then the
composition

bgo [** o gz PH — Qe

18 also F'M-continuous.

Proof. Let X C pta be directed and uniformly supported by s’. Without loss

of generality assume that a € s’ and s C s’. It is required to show that
Ul@ao #0651 (@) | € X} = (00 4065 (LX)

Let p € U{(dg o f#* o dp')(x) | © € X}, then there exists x € X such that
p € (pgofFPogyt)(x). Tt is also the case that = C |J X so that by monotonicity
p € (pgo fFo¢p’)(UX). Conversely let p € (¢g o f#* o ¢z") (LX) then
p#Haandpe f (¢]P71 (U X)) By 3.4.4.7 it is the case that

6 (UX) = U{P | Pe!Pand P C oyt (UX) (3.4.7.2)
and supp(P) C supp(¢5 " (U X))}

Since f is FM-continuous there exists P € !P such that P C ¢5"' (lJX) and
supp(P) C supp(ép ' (UX)) and p € fP. Notice that supp(¢p' (U X)) C &
so it follows that by 3.4.3.10 there exists a finite set {p1,...,pn} C ép " (UX)
such that p € f(({p1,...,Pn})s|). Let b be a fresh name, then from 3.3.3.4 it
follows that (ab) - p; € [JX for all ¢ so that there exist zq,...,2, € X such
that (ab) - p; € x;. However, X is directed so there exists z € X such that
x; C x for all 4, and X is uniformly supported by s’ so that supp(z) C s’ and
hence ({p1,...,pn})s C (ab) -z C ¢5'(z). Therefore p € (¢g o f#% 0 ¢p')(x)
as required. O

It is useful to characterise the interaction between ¢' and the unit 7 of the !

comonad with the following technical lemma.

3.4.7.3 Lemma. If P is an object of FMPre, then

—

-1 1
Pb OMpra = Ppony " 0 dp
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Proof.
¢1!p>_1 O Np#a O ip#a

= ¢, o {-}!(p#a% by 3.4.4.10

= {}ap#a o b by naturality of {-},

= gpof{}ftiog,” by 3.3.3.6

= gponioil ol by 3.4.4.10

= d)!]P (e} nﬂ?fa o ¢]I:1 (¢] i]P?#u. by 3.4.5.7.
But using 3.4.7.1 the maps qbfl;l oNp#a and ¢pp ongf‘l o cbﬂ;l are both continuous,
so the result follows by 3.4.4.9. O

3.4.7.4 Lemma. Ifa¢ sand f:P = Q is an arrow of FMCtsgy(,y then the
composition
g0 dafobyt:6,P— 6,Q

18 also F'M-continuous.

Proof. Let X C @I\P’ be directed and uniformly supported by s’. Without loss

of generality assume that a € s’ and s C s’. It is required to show that
UtOa 0607 0651 (@) |2 € X} = (Bg 00 065 (U X)

Let p € U{(fg 0 duf 0 05")(z) | * € X}, then there exists z € X such that
p € (Bgodafoby')(z). Tt is also the case that = C |J X so that by monotonicity
p € (fgodafoby') (UX). Conversely let p € (6godafofz') (lUX) and let b be
a fresh name. Therefore p@b € ((6,f 005 ") (UX)) @b = f((65" (UX)) @b).
By 3.4.4.7 it is the case that

(61 (UX))@ = U{P |Pe!Pand C (6" (UX))@b
and supp(P) C supp((6 ' (U X)) @b)}.
(3.4.7.5)
Since f is FM-continuous there exists P € !P such that P C (65" (X)) @b
and supp(P) C supp((6p ' (X)) @b) and p@b € fP. Notice the fact that
supp((@lg1 (UX))@b) C s"U{b} so that by 3.4.3.10 there exists a finite set
{p1,...,pn} € (65" (UX)) @b such that p@b € f({({p1,....pn})srufp}). As
b # |J X it follows that [b].p; € |JX and hence there exists x; € X such that
[b].p; € z; for all .. However X is directed so there exists z € X such that
x; C z for all 4, and X is uniformly supported by s’ so that supp(z) C s" and
hence ({[b].p1, ..., [b].pn})s C x. Using 3.4.6.5 it follows that

{p1, - on ooy = (05 {[bl.p1, -, [bl.pn})s) @b C (05 x) @b

so that p@b € f ((0p'(z)) @b) = ((6af o0y "')(x)) @b and hence as required
p € (Bgodafoby!)(). O
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Finally, it is useful to characterise the interaction between #' and the unit 1 of

the ! comonad as follows.

3.4.7.6 Lemma. IfP is an object of FMPreg 4, then

—

91![»_1 ons,p = Ohp 0 Sanp 0 O "

Proof.
91!@71 0 Ns,P © i5,P
= 0, o { hap by 3.4.4.10
= {ls,po «9]!1)_1 by naturality of {-}|
= Opod{}po 9]!?_1 by 3.3.4.5
Oip 0 Gamp © 8gip o 0h by 3.4.4.10
Op 0 dump o0yt 0dsp by 3.4.6.11.
But using 3.4.7.4 the maps 0]!137_1 ons,p and fp o dgnp o 19]1?,1 are both continuous,
so the result follows by 3.4.4.9. O

3.4.8 The Structure of FMCts,

This section studies the rich structure of the categories (FMCts;)scy,,a and in
particular describes the universal constructions that motivate the design of the

language Nominal HOPLA in chapter 4.

3.4.8.1 Hom-sets. The chain of isomorphisms

I

FMCts, (P, Q) FMLin, (P, Q) by 3.4.4.15  (3.4.8.2)

~ {xe€ PP x Q | supp(x) C s} by 3.3.5.2

characterises hom-sets in FMCtss. As in FMLing each hom-set may be en-
dowed with a partial order structure, given by C, and joins given by union.
Furthermore composition preserves joins in both its arguments, and in particu-

lar it is monotone.

More generally, if (f;);cr is a collection of continuous maps P = Q where the

mapping i + f; is supported by s then their union [ J,c; fi; is an element of
PP x Q and it is not hard to see that it is supported by s. By 3.4.8.2 it
makes sense to denote the corresponding arrow of FMCtsg as ), fi : P = Q.

Concretely, this map is given by a pointwise union.
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3.4.8.3 Products. Since right adjoints preserve products, FMCts; has finite
products given by the disjoint union of the underlying preorders as in FMLiny.
The product of the objects P, and Py is written as Py & P2, and its ith projection
is out,;. As in FMLing, out;x =4 {p € P; | in;p € z}.

3.4.8.4 Definition. If f; : Q pe P; are arrows of FMCtsg for i € {1,2} then

write (f1, f2)% for the unique arrow such that
out; o (f1, fo)¥ = f; for each i. (3.4.8.5)

If g; - P; = Q; are arrows of FMCtsg for i € {1,2} then define

91 & 92 =der {g1 0 outy, go 0 outy)® : Py & Py - Q1 &Qe. (3.4.8.6)

It is not hard to see that the operation
& : FMCtsy(P1, Q1) x FMCts,(P2,Q2) — FMCts,(P; & P2, Q1 & Q2)
preserves all joins in each argument.

If P; and Py are objects of FMPre, then it follows that there exists an isomor-
phism mp, p, : Py x Py = Py & Py where if z; € IP/’\Z for i € {1,2} then

mp, Py <$17 l’2> =def T1 W To. <3487)

It is not hard to see that this isomorphism is supported by s and monotone, and
hence an arrow of FMPre,. Furthermore it is straightforward to show that it is
natural in P; and P5. The isomorphism m can be used to perform calculations
with products more easily than dealing directly with elements of m In
particular,

out; omp, p, = T; : I@I X I@; — P, (3.4.8.8)

so that if f; : Q o P; are arrows of FMCts, for i € {1,2} then

(f1, f2)% = mp, p, o (f1, fo) (3.4.8.9)

and if g; : P; o Q; are arrows of FMCits; for i € {1,2} then

(91 & g2) o mp, p, = M, 0, © (91 X g2)- (3.4.8.10)

This helps to make the presentation of a denotational semantics in the FM-

continuous categories look a little more familiar.

Also, since each FMCts; is cartesian it follows that it supports all the usual
constructions in cartesian categories. A few of these constructions are described

here to fix their notation. For any objects P; and Py there is a twist map

Py, P2 =det (OUt2, OUL;) Py & Py — P& Py (3.4.8.11)
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In particular ¢ is natural in P; and Py in the sense that if f; : P; = Q; for
i € {1,2} then
(f2& f1) o spy Py, = <010, © (f1 & f2)- (3.4.8.12)

Finally for any objects P of FMCts; there is a diagonal map

Ap =gef (1p, 1p)¢ : P - P&P. (3.4.8.13)

3.4.8.14 Coproducts. In FMLin, the finite products were also coproducts
and there were relationships between the injections and projections that made
them into biproducts. This structure carries across to FMCts,, except that
there may not be a mediating arrow in the coproduct diagram if its legs are
continuous but not linear. In detail, the injections into the product P; & P, are

given as in FMLing and the projections and injections satisfy

Olltz' o il’ll‘ = ]—IP’i outi o inj =o (Z 7& j) (34815)

((in; o outy) U (ing o outsy)) = 1p, 1p,.

3.4.8.16 Generalised Biproducts. Similarly to the situation in FMLing,
the object @, P, behaves as a ‘generalised biproduct’ in FMCts, when the
mapping ¢ — Py is supported by s. In detail, for each ¢y € L the yth component
Py

arrows ing, and outy, of FMLinspp(e,)- Also, the projections and injections

o is an object of FMLin, gupp(e,), and the £oth injection and projection are

interact as for a biproduct: outyoiny, = 1p, in FMLingy where s’ O sUsupp(¥)

and outy o iny = @ in FMLin, where ¢ # ¢ and s’ O s U supp(¢) U supp(¢').

Finall injoouty) = 1 here the union is a join taken in the
1 y UgeL( 4 e) @%LPZ W uni jo1

complete partial order

(! (@eeLm))op X Dy P

which contains all the function spaces FMCtsy (P, Pr, P, Pr) by 3.4.8.2.

3.4.8.17 Exponentials. If P and Q are objects of FMCts, then there is
an isomorphism mfp@ P x 1Q = (P& Q) which maps a pair (P, Q) to the
union P W Q. To see that this is well-defined, pick s’ O supp(P,Q,P,Q) and
write P = (F)y and @@ = (G)s by 3.4.3.10, then it is straightforward to see
that PW Q = (FWGE)y € (P& Q). Moreover, any element of (P& Q) can be
written as (F'W )y and in this case (F)y € IP and (G)y € !Q, so that mfpy(@
is an isomorphism. It is straightforward to see that mfp@ is supported by s and

natural in P and Q, and finally it is clearly linear in both its arguments.
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Recall from 3.3.5.7 that FMLin, is monoidal closed, so that each (—) x Q
has a right adjoint Q —o (—). Together with the natural isomorphism m' and
the adjunction 3.4.4.15 this gives rise to the following chain of isomorphisms
(naturally in P and R).

I

FMCts, (P& Q,R) FMLin,(!/(P& Q),R) (3.4.8.18)

(
FMLin,('P x IQ,R)

(

(

12

1%

FMLin, (P, |Q — R)
FMCts, (P,!Q — R)

1%

so that Q — (=) =gef /Q — (—) gives a right adjoint to the cartesian product
(—) & Q in FMCtsg, so that FMCts; is cartesian closed.

In detail, the exponential counit is apply : (IQ — (—)) & Q -1 where if

fe@—o\]?andye@then

applyp(fWy)={pecP|[3Qc!Q. Q CyA(Q,p) € f}. (3.4.8.19)

The exponential transpose of a continuous arrow f : P& Q e R is written

abstract(f) : P p (IQ — R) where if 2 € P then

abstract(f)(z) = {(Q,7) €!Q =R |r € f(zwQ)}. (3.4.8.20)

3.4.8.21 Strong Monad. There is a map npg : P x @ — m defined by

np,o(T,y) =det {(P,q) EPXxQ|pexngeuy} (3.4.8.22)

It is straightforward to show that n is natural in P and Q. The composition

—

-1
Mpi1g ~ —~ TP, _

PRl P eIl —S P x 10— P x 10 —> (PeQ) (34823)

defines a natural strength map Sp g for the monad (!, 7, /). Concretely, if z € 2
and Y € !Q then

SpozwWY)={PUQ|PCxz,Pec!Pand Q €Y} (3.4.8.24)
It follows that if 2 € P and Yy € @ then

Spgo (1p & ng)(z Wy) (3.4.8.25)
= Spoo(zw{Qe!Q|Q Cy})
= {PYQ|PePAQeIQAPC2AQCy})
= mp&(@(.%'@y).
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3.4.8.26 Name-Binding. There is an adjunction on the FM-continuous cat-
egories that is analogous to the adjunctions (—)#¢ -4 §, and (—)#*t - &F
described in 3.2.1.15 and 3.3.5.9. This adjunction is the key structure in the
FM-continuous categories that makes them a suitable setting for a domain the-
ory that is sensitive to names and binding. More precisely, for any s Cg, A and
a ¢ s there is an adjunction

(—)#tT 45T : FMCts, S FMCts (4 (3.4.8.27)

as follows. If IP is an object then P#e++ =,¢ P#® and 6P =4¢ 6,P. The unit
and counit are given by & and (. If f: P = Q is an arrow of FMCts, then

fHrott . pra = Q% is defined by

FHHE —gef dg o f7 0 ¢pt. (3.4.8.28)

Alsoif f : P — Qs an arrow of FMCts,(,) then Ot 0,P — 04Q is defined
by

ST f =aet Og 0 daf oz (3.4.8.29)
Notice that the definitions above are the same as those for the adjunction
(=)#at - 6 described in 3.3.5.9. As shown in 3.4.7.1 and 3.4.7.4, the ac-
tions of (—)#**+ and §}* do send continuous maps to continuous maps as
required. That this genuinely is an adjunction follows from the abstract argu-

ments of 6.4.2. Also, the action of (—)#%* interacts well with the unit 7 of the
! comonad as follows.

3.4.8.30 Lemma. The following diagram commutes.

(e L (ye

Proof. Let P be an object of FMCts,, then

Shonttt = Glogpontios! by 3.4.8.28 (3.4.8.31)
= Ghodh lomps. by 3473
= Np#a as required.
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3.4.8.32 Freshness Assumptions. The machinery of freshness (such as the

functor (—)#? and the isomorphism ¢ : (—)# — (—)#e) can be extended in
order to model freshness with respect to a list s’ of names. This can be used
to capture the idea of ‘freshness assumptions’ in a type system: a variable of
type P#5' insists that it receives input that is fresh for s/, and a term of type
P#' avoids the names in s in its evaluation. More precisely, if sNs’ = @ and
s’ is the underlying set of a list s’ of distinct names then there is a functor
(—)#57 : FMPre; — FMPre_. ; defined as

()0 = Tempre, and (=)o = (2)#e o (<)#7 (3.4.8.33)
Concretely this means that p#s = {p € P | p # s’} where the order on P#5 is
given by the restriction of the order on P, and the action of (—)#37 on arrows is
also given by restriction. Therefore the order of the names in s is unimportant,
so the functor (—)#57 may be written simply (—)#5.

It follows that the isomo/rphism @ of 3.3.3.2 can be used to construct an
isomorphism (;5(87 ) (/—\)#S — (f)%' by setting

¢([]) — ]_/;\ and ¢(a::s_7) _ ¢(a) , 0 gb(s’)#a' (34834)

(—)#s

Concretely this means that if # € P#¢ then ¢]g,87)x ={pe€ax|p# s} Therefore
the order of the names in § is again unimportant, so the transformation gb(‘? )
may be written simply qb(s’). The inverse ¢(5,)—1 is defined similarly, and by
repeatedly applying 3.3.3.4 the inverse can be characterised concretely by letting
s'={a1,...,a,}, thenp € ¢(Sl)_1(x) if and only if there are n fresh and distinct
names ci,...,c, such that p € (a1¢1) ... (anc,) - x. It is clear that if s, s; and

so are mutually disjoint then

B = g, 0 gl (3.4.8.35)
A similar argument applies to the similarly-defined map
o' (1 #F (=) ) (3.4.8.36)
and in particular if P is an object of FMCts, then
s = by o " T (3.4.8.37)

by repeatedly applying lemma 3.4.8.30.

Furthermore, the map 7% : (—)#% — J of 3.2.1.21 extends in the obvious fashion

to a natural transformation 7087 : (=)#s" — .J where J is the inclusion functor.

Concretely if p € P#¢" then TEESI)(p) —det p. The maps 767 and ¢*) can be

used to construct the map

—_—

’ Sl S/ —1 )
7O+ = T(<_A)) 0 )T (D) (-, (3.4.8.38)
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3.4.8.39 Lemma. The map 7+ s a4 natural transformation of the type
(—)#S/++ — J : FMCts; = FMCts,,, where J is the inclusion of categories.

Proof. The naturality of 7D+ follows directly from that of 7). It remains
to show that each 7'(5 )+ is FM-continuous so let X C IP’#S be directed and

uniformly supported by s”, then it is necessary to show that

A Ux) = w0 e (3.4.8.40)
reX
Let s = {a1,...,a,}. Let p € TIEE;SI)++(UX), let ¢y, ..., ¢, be fresh and let

o = (a1c1) ... (ancy). Therefore p € o -|JX so there exists © € X such that

p € o -x. However, the ¢; were chosen to be fresh for s” so that as required
(s")++ (s")++ (s )++

pE Tp () € Upex ™ z. Conversely let p € | z,let x € X

:CEX
be such that p € TE(DS )++(3:), let ¢, ..., ¢, be fresh and let o = (a1¢1) ... (ancy),
thenp € 0-2 Co-|JX so that p € ° )+ (U X) as required. O

3.5 Conclusion

As promised, this chapter has developed a domain theory for nondeterministic
processes with names by following the development of the domain theory behind
the language HOPLA within the theory of nominal sets. An important insight
was to demonstrate that a sensible notion of approximation in nominal domain
theory is that of approximation by directed sets that are also uniformly sup-
ported. This notion of approximation gives rise to the collection of categories
(FMCtss)sc,,,a that are very rich in structure, and this structure motivates a
process calculus, Nominal HOPLA, which is described in the next chapter. Nom-
inal HOPLA is designed so that the universal constructions in (FMCts;)sc,.a
correspond very closely to its denotational semantics, as shown in chapter 5.
Furthermore, although some of the development of the continuous categories
within this chapter may appear to be a little ad-hoc, chapter 6 gives a more
universal view of the situation which justifies abstractly the definitions and dis-
cussion above. If desired, it is acceptable to bypass chapters 4 and 5 as chapter

6 is independent of their contents.



Chapter 4

The Syntax and
Operational Semantics of
Nominal HOPLA

Nominal HOPLA is an expressive calculus for higher-order processes with non-
determinism and name-binding which can now be used to illustrate the domain
theory of the previous chapter. The development of Nominal HOPLA follows
closely that of HOPLA (a Higher-Order Process LAnguage)[20] and is inspired
by the language new-HOPLA[38].

Section 2.2.4 shows that the category NSet is equivalent to the Schanuel topos
Sch of pullback-preserving presheaves over [°P. In fact, Johnstone[13, Examples
A2.1.11(g)] comments that Sch is a category of sheaves over I°P. Others]8, 4]
have made sense of binding operators in a more general functor category [I,C]
for some suitable C. Note that if C = Set then this draws attention to the
category of presheaves over I°P which is different from NSet in that in the
presheaf setting there is no well-defined minimal support in general, so that
supports must be treated more explicitly than when working in NSet. Roughly
speaking, HOPLA, new-HOPLA and Nominal HOPLA are related to each other
in the same way that respectively set theory, presheaves over I°P and sheaves
over [°P are related: HOPLA has no names, new-HOPLA treats names explicitly
in its syntax, whereas the treatment of names in Nominal HOPLA is much more

implicit.

In order to present Nominal HOPLA it is necessary to give the language an

abstract syntax, and this syntax includes some binding operators such as the

86
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usual function abstraction A x.¢ which binds free occurrences of the variable x in
the term ¢. One of the earliest applications of nominal sets[22] was to formalise
common informal arguments about syntax with binding. For example, when
performing a proof by induction over the syntax of a language with binding
operators, bound variables are commonly assumed to be fresh, and this can
be shown to be a valid induction principle by representing the syntax within

nominal sets, where variables are represented by names.

However, the structure of interest here is not the syntax of Nominal HOPLA
but its semantics, and the binding of variables in its syntax is a distraction.
To avoid confusion the binding of variables is treated in the usual informal
fashion: bound variables are always distinct from the other variables in scope,
and substitution silently avoids capturing free variables. In particular, if x is a

variable and o is a permutation of the set of atoms then o - x = x.

The design of Nominal HOPLA is motivated by universal constructions in the
categories (FMCts;)sc,, 4, such as their cartesian closed structure (for higher-
order processes) and the adjunction (—)#¢** 4 §++ (for names and name bind-
ing). This motivation will become clear in chapter 5 which shows the details of
its denotational semantics. Before that, the syntax (section 4.1), type system

(section 4.2) and operational semantics (section 4.4) are presented.

This development follows extremely closely that of HOPLA by Nygaard and
Winskel[20], translated to a nominal setting. The main differences are the
mention of supports in typing judgements (although lemma 4.2.2.9 demon-
strates that these may eventually be dropped) and the two new term formers
newa.t and t[a] which are very similar to the newa.t and ¢t [a] of Winskel and
Zappa Nardelli’s new-HOPLA[38], and which arise directly from the adjunction
(—)#at+ 45+ of 3.4.8.27.

4.1 Syntax

4.1.1 Preliminaries

Fix a set of (term) variables x,y,... and a set of type variables P, ..., each with
a discrete permutation action. Also fix a set £ of nominal label-sets, also with
the discrete permutation action. Labels are written ¢, ¢y, ... € L € L. Note that
each L € L does not necessarily have the discrete permutation action, so that

for some labels ¢ and some permutations ¢ it may be the case that o - £ £ /.
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4.1.2 Syntax of Types

Types are given by the grammar
P,Q:=P|P|Q—P|dP| @, P | u;P. P, (4.1.2.1)

where P is a type variable, P is a list of type variables, and ujﬁ. P binds P.
Note that this grammar allows types to be defined by mutual recursion, where
1 P. P defines the jth component of the mutual definition, and its first unfolding
(substituting iz P. P in for the kth variable for each k) is written P;[uP. P/P].
A closed type is a type with no free variables, and in the following, closed
types are normally simply called ‘types’. The permutation action on types is
the discrete action: for all types P and permutations o, o - P = P. Intuitively,

L

a process of type !P may perform an anonymous action — written and
pronounced ‘bang’ — and resume as a process of type P. A process of type
Q — P awaits input of type Q and acts as a process of type P on its receipt. A
process of type 0[P behaves as a process of type P with one of its names bound,
which can be used to model the dynamic generation of names. A process of
type @, Pr behaves as any of its components Py, with the actions of the
component having been tagged by the label 3. The recursively-defined type
uj]S. P is isomorphic to the jth component of its unfolding P; [,LL]S @/ﬁ] and
so processes of recursively-defined types behave similarly to processes typed by
their unfoldings. For a more detailed intuition about this system of types, see
the operational semantics of Nominal HOPLA as described in section 4.4. Note
that this type system corresponds closely to that of HOPLA: the only difference

is the new type former 4.

4.1.3 Syntax of Environments

Environments are given by the grammar
o= ()|, x:P#* (4.1.3.1)

where x ranges over variables, P ranges over types and s ranges over finite sets of
names, and the variables in I" are distinct from x. In new-HOPLA[38] the typing
environments of HOPLA were augmented by a separate set of freshness distinc-
tions, written d, consisting of pairs of names and variables that were asserted to
be fresh for each other. Although the syntax of nominal HOPLA’s environments
is quite different from those of new-HOPLA, there is a close correspondence be-
tween the two approaches. The syntax of environments in nominal HOPLA
was chosen as it is a much cleaner way to represent common operations such
as adding a freshness constraint or replacing a variable in a substitution oper-

ation. This representation of freshness constraints is very similar to that which
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is used in Nominal Equational Logic[6], Nominal Unification[33] and Nominal
Algebra[l1].

The intended meaning of x : P#* is that the variable x takes values of type P
that are assumed to be fresh for s. The set of environments may be equipped

with a permutation action which simply permutes the freshness assumptions:
o-()=1() and o-(I)x: P#s) =(o-1),x: ]P’#(U's), (4.1.3.2)

so that the support of an environment is the union of its freshness constraints.

This is a finite support, so the collection of environments forms a nominal set.
Define I'; A by the obvious recursion
[,)=T and T,(A,x:P#) = (I, A),x: P*5 (4.1.3.3)

which only makes sense when the variables in I" and A are distinct. It is some-
times useful to be able to simultaneously alter all the freshness assumptions in

an environment: define I'#* by

0F =0 and (xR orEp (114
and define I'|, by
Ol,=0 and  (I,x:P#)| = (T[,),x: P#, (4.1.3.5)

Finally, omit () where it is unambiguous to do so. In particular, write x : P#s

for the single-variable environment (),x : P
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4.1.4 Syntax of Terms

Terms are given by the following grammar, where x ranges over variables, a
ranges over names, s over finite sets of names, p over actions (see 4.1.5), ¢ over
labels and P over types. To build an intuition for this definition, it is worth
studying it in parallel with the typing rules in section 4.2 and the operational
semantics as defined in section 4.4. The term formers newa.t and t[a] are
very close in meaning to the terms new«.t and t[a] of new-HOPLA, and the

remaining terms correspond closely to their counterparts in both HOPLA and
new-HOPLA.

tbu = X ’ recx.t variables; recursion
1t ‘ [u>p:P#s)=>t] prefixing; matching
Ax.t ) t(u:P) abstraction and application
newa.t ‘ tlal binding and concretion
l:t ) et labelling
Y ierti nondeterministic sum
abst ‘ rept recursive types
(4.1.4.1)
The forms
recx.t [u>px:P#s)=>t] Ax.t (4.1.4.2)

all bind x in ¢, and the set of free variables of ¢ is defined in the usual way.

The nondeterministic sum may be over an infinite set I, but there are constraints
to ensure that it behaves properly: the mapping ¢ +— ¢; is a finitely supported
function from a nominal set I to the set of terms, and is such that there exists a
finite set X of variables such that for all 7 the free variables of t; are contained
in X. Write nil for the term ), ;.

Although the binding of variables is treated informally, the binding of the name
a in the form newa.t must be treated more carefully. Strictly speaking, the
form newa.t is the equivalence class of pairs of names and terms that contains

(a,t) under the usual a-equivalence relation
(a,t) ~q (d',t') < freshbin(ab) -t = (a'b)-t'. (4.1.4.3)

Therefore for any fresh name b, newa.t = newb. (ab) - t, where the equality in

this statement is literally equality, not simply equivalence-up-to-c.
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4.1.5 Syntax of Actions

The operational semantics of Nominal HOPLA, as defined in section 4.4, is given
in the style of a labelled transition system. The grammar of actions, labelling
the transitions in the operational semantics, is given as follows. The symbol ¢

ranges over closed terms, a ranges over names and ¢ over labels.

p u= ! prefixing (4.1.5.1)
l:p labelled actions
t—p higher-order actions
abs p recursive type actions
newa.p new name actions

The form new a. p binds the name a in the same way that a is bound in the term

newa.t.

4.1.6 Permutations on Terms and Actions

Naturally enough, actions and terms form nominal sets where the permutation

action is given by a straightforward structural recursion as follows.

o-x = X o-(recx.t) = recx.(o-t)

o- (1) = (o-t) o (Dierti) = Yier(o-to-1y)
o-(lu>p:P#s)=>t])=[(oc-u)>(c-p)(x:P#(c-5)) =>(c-1)]

o-(Ax.t) = Ax.(0-t) o-(tw:P)) = (o-t)((o-u):P)
o-(newa.t) = mnew(ca).(o-t) o-(tlal) = (o-t)[(ca)]
o (tit) = (o-0):(o1) o (met) = T t)
(abs t) = abs(o-t) (rep t) = rep(o-t)
o-! =1 o-(l:p) = (0:-4):(0c-p)
o-(t—p) = (o-t)— (0-p) o-(newa.p) = mnew(o-a).(o-p)
o-(absp) = abs (0-p)

(4.1.6.1)
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4.1.7 Substitution

The substitution ¢[v/y] of a term v for the variable y in a term ¢ is defined by

recursion on t as follows.

ylv/yl =v xp/yl=x  (x#Y)
(recx.t)[v/y] = recx.(t[v/y]) (16)[v/y] = (t[v/y])
([u>px:P#s) =>t])|v/y] = [(u[v/y]) > px:P#s) => (t[v/y])]
(Ax.t)[v/y] = Ax.(t[v/y]) (tCu:P))[v/y] = (tlv/y]) Culv/y]: P

)v/y] =
(newa.t)[v/y] = newa. (t[v/y]) (tLal)[v/y] = (t[v/y])[a]
(L:t)o/y] = ( [v/¥]) (met)[o/y] = me(to/y])
)

(Cierti) /vl = Xies(tilv/y)
(4.1.7.1)

As discussed above, substitution is capture-avoiding in both names and vari-

ables, in the sense that for substitution into a term of the forms
recx.t (u>px:P#s)=>t] Ax.t (4.1.7.2)

the variable x is assumed not to be free in v, and for substitution into a term
of the form
newa.t (4.1.7.3)

the name a is chosen to be fresh for v.

4.1.7.4 Lemma (Equivariance of Substitution). For any permutation o,

terms t and v and variable y,

o - (tlv/y]) = (- t)[(c - v)/y]

Proof. By a straightforward induction over the structure of ¢. O

4.2 Typing Rules

Nominal HOPLA is a strongly typed language, and its terms and actions are
typed as defined in this section. This definition is given by a structural recursion,
and it is mutually recursive since the term ¢ appears in the action ¢t — p and
conversely the action p appears in the term [u > p(x: Q' # s') =>t].

4.2.1 Typing Rules for Terms

Terms of Nominal HOPLA are typed with judgements of the form I' -, ¢ : P,

where I' is an environment, s is a finite set of names, t is a term and P is a type.
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The type IP describes the actions that the term may perform. The environment
I' records types and freshness assumptions for the variables of ¢t. The set s
represents the ‘current’ set of names, and records a bound on the support of the
typing judgement which helps to give a clean presentation of the denotational
semantics. However, lemma 4.2.2.9 below demonstrates that it is not strictly
necessary to include this information, since a suitable s may inferred from the

rest of the typing judgement.

Simultaneously, actions are typed with judgements of the form +; P :p : P
where s is a finite set of names and P and P’ are types. Intuitively this means
that p is an action that terms of type P may perform and the resumption is of

type IP’. The typing rules for actions are defined in section 4.2.2.

4.2.1.1 Variable. A bare variable is typed by the environment in the obvious

fashion.

X:IP’#QI—QX:P

4.2.1.2 Weakening. The environment may be extended with extra variables.

Dhyt:P
Dx: Q" t:P

4.2.1.3 Exchange. Two variables in the environment may be exchanged.

[,x2: Qo2 x1: Q7 A t: P
,xl: Q7 x2: Qo2 Ay t: P

4.2.1.4 Contraction. It is possible to replace a pair of variables (with equal
types) with a single variable.
I',x1: Q#S/,XQ : Q#S/ Fet: P
I, x1: Q" k-, tx1/x2] : P

4.2.1.5 Fresh-Weakening. It is possible to impose extra freshness assump-
tions on a variable.
Ix: Q#S” Fet: P
F,X:@#s/ Fst:P

(SN g S/ g S)
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4.2.1.6 Support-Weakening (Terms). It is possible to extend the ‘current’

set s of names. Fhwg:P
s’ . (8/ C S)

', t:P -

4.2.1.7 Prefix. The term constructor ! takes a term ¢ to a term !¢ that
intuitively may perform a primitive action ! and resume as t. The possible
action ! is recorded in the type.

'Fst: P
DEg 1t 1P

4.2.1.8 Match. A term of the form [u > ¢(x:Q' #s') => t] intuitively
matches the output of u against the action ¢ and feeds the resumption of u
into the variable x in ¢. If x has some freshness assumptions imposed on it then

u and ¢ must satisfy those assumptions.

Tx:Q# F,t:P Abgu:Q FoQ:q:Q
DA# b [u>qx:Q #)=>¢]:P

(8” C S\S/)

4.2.1.9 Recursion. A term of the form recx.t intuitively acts as its unfold-

ing t[recx.t/x|, so that x must be of the same type as ¢.

D,x: P, ¢:P
'y recx.t: P

4.2.1.10 Function Abstraction and Application. A term ¢ of type P may
be abstracted with respect to the free variable x of type Q to leave a term Ax.t
of type Q — P that can in turn be applied to a term of type @ in the usual

fashion.
F,XZQ#gl—StZ]P) 'H,t:Q—P Ab,u:Q
' Ax.t:Q—P AR t(u:Q) : P

The inclusion of the type Q in terms of the form ¢ (u: Q) is simply so that lemma
4.4.1.4(1) holds: without it, the presence of terms that can be ambiguously typed
— such as A x.x — makes the situation too complicated for the purposes of this

discussion.

4.2.1.11 Labelling and Label Projection. The actions of a term t may
be ‘tagged’ with a label £y by forming the term ¢y:t. The effect of the term
former 7y, is that terms of the form 7 ¢ can perform only the actions of ¢ that
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are tagged by the label ¢;. In both of these rules the support of ¢, must be

contained in s.
FI—StZ]P)gO Fl_sti@geL]P)g

L lo:t: @y Pe | R N

4.2.1.12 Nondeterministic Sum. A term ), _;t; makes a nondeterministic
choice amongst its components and behaves as the chosen component. The

mapping i — I' k-, ¢; : P must be supported by s.

| I P P each i€ 1
F|_5 Zielti:P

4.2.1.13 Recursive Type Folding and Unfolding. As the recursively-

defined type ,uj]s. P is isomorphic (and not equal) to its unfolding PP; [uf’ @/ ]3]

1

it is necessary to record any uses of the isomorphism abs = rep™" in the syntax

of the term.
It t:Pj[uP. P/P Dht:pP.P

—

[, abst:p;P. P [+, rept: P;[uP. P/P)

4.2.1.14 Name Abstraction and Application. The only alteration to the
syntax of terms over that of conventional HOPLA is the following pair of term
formers. Intuitively the term newa.t can perform the same actions as ¢ with
the name a bound, whereas the term ¢ [a] takes the outputs of ¢, which contain

a bound name since t is of type dPP, and instantiates that name as a.

F#a l_sU{a} t:P r |—5 t:oP
a¢s) # a
' newa.t: 0P 7% gyay tlal + P

¢ s)

This concludes the definition of the type system for terms. The weakening, ex-
change, contraction, fresh-weakening and support-weakening rules are together
called the structural rules. The syntax-directed nature of the non-structural
typing rules means that it is sometimes possible to derive information about
the type of subterms from the type of a term. The structural rules make this
difficult to do in general, but for the purposes of this discussion it is enough to
be able to derive type information about subterms of a closed term as shown in

the following lemma.
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4.2.1.15 Lemma. If the conclusion of a non-structural typing rule for a closed

term s derivable then so are its premises, in a sense made precise below.

(i) If s 1t : P then Fst:P.
(i) If Fyrecx.t:P thenx:P*2 , t:P.

(i) If Fs [u>qx:Q #s')=>t] : P then s C s and there exists Q and
s" C s\ s such that x: Q" bt P, Foru:Q and Fgr Q:q: Q.

() If Fo Ax.t:Q—P then x: Q#7 b, t:P.
(v) If Fst(u:Q) : P then Fst:Q—P and Fgu: Q.
(vi) If Fsnewa.t: 0P and a ¢ s then g,y t: P
(vii) If Fstlal : P then a € s and Fg\(q) t: OP.
(viti) If s lo:t: @ Pe then Fot: Py, .
(ix) If =g mpot - Py, then Fot: @, Pe.

(x) If g .crti : P then for each i € I there erists s; such that = t; : P,
and such that the mapping i — (s;,t;) is supported by s.

(i) If Fyabst: pu;P. P then F,t:P;[uP. P/P].

(zii) If . rept: P;[uP. B/P| then byt : p;P. P.

Proof. Each statement in this lemma is of the form “If C' then ...” where C
is some typing judgement. Consider the last steps of the derivation of C. By
inspection, each C' can arise from at most one non-structural rule, and each
C' has empty environment so C' can arise from the support-weakening rule but
no other structural rule concludes with an empty environment. Therefore the
derivation of C' must finish with the appropriate non-structural rule followed
by some number of applications of the support-weakening rule. However, the
support-weakening rule is transitive and reflexive, so the C' may be derived by a
sequence of rules finishing with the appropriate non-structural rule followed by
exactly one application of the support-weakening rule, say one which extends

the support from s; to sy O s7.

The result follows immediately for cases (i), (ii), (iv), (v), (viii), (ix), (xi) and
(xii) since the non-structural rule in each of these cases preserves the support,
so if it is valid at support s; then it remains valid at so. For case (iii) the result
follows similarly, since s C sy so that if s” C s1 \ s’ then s” C 55\ s’. Case (x)

is immediate too, since this case does not depend on the support of C.



CHAPTER 4. SYNTAX AND OPERATIONAL SEMANTICS 97

For case (vi) if a is fresh for sy then it is certainly fresh for s;, so this case
follows. Finally, for case (vii) by considering the structure of the derivation it
must be that a € s; so that s; \ {a} C s2\ {a} and bk, \(q} t : 6P, so that
Fes\{a} T @ 0P as required. O

4.2.2 Typing Rules for Actions

Actions are typed with judgements of the form +, P : p : P’ where s is a
finite set of names and P and P’ are types. Intuitively this means that p is an
action that terms of type P may perform and the resumption is of type P’. As
with typing judgements for terms the set s helps with the presentation of the
associated denotational semantics and lemma 4.2.2.9 shows that, if omitted, a

suitable s may be inferred from the rest of the typing judgement.

4.2.2.1 Support-Weakening (Actions) It is possible to extend the ‘cur-

rent’ set s of names.
o Pip: P’

TP O SF)

4.2.2.2 Prefix Action. The resumption of a process of type !P after per-
forming a ! action is of type P.

Fo PP

4.2.2.3 Higher-Order Action. A process t of type Q — P can perform the

action u — p if the application of ¢t to v can perform the action p.

FsPip: P Fou:Q
FsQ—P:ur—p: P

4.2.2.4 Labelled Action. Actions may be labelled as follows. As with the
corresponding typing rules for terms, the support of £5 must be contained in s.
FsPg :p: P’
Fo @pcrPe:lo:p: P

4.2.2.5 Recursive Type Action. As the recursively-defined type ujf’. P
is isomorphic (and not equal) to its unfolding P;[uP. P/P] it is necessary to
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decorate actions in the unfolded type with the tag abs to record the use of the

isomorphism abs = rep—!.

o Pj[uP. B/P]:p: P
Fs ,uj]3. P:abs p: P

4.2.2.6 New Name Action. An action p may have the name a ‘bound’ in
it to form the action newa.p. Notice that the type of the resumption is 6P': if

the name a is bound in a term then it remains bound in its resumption.

l_sL'J{a} P: p: ]P)/
s 0P :newa.p: 0P’

(a & s)

This concludes the definition of the type system for actions. As is the case
for terms, it is possible to use the type system for actions ‘backwards’ in the
following sense.

4.2.2.7 Lemma. If the conclusion of a non-structural typing rule for an action

1s derivable then so are its premises, in a sense made precise below.

(i) If Fs Q—=P:ur—p:P then Fsu:Q and FsP:p: P
(i) If b5 0P :newa.p: 0P and a & s then Fyyq Pip: P
(iii) If s @y Pe:lo:p: P then Fs Py :p: P

() If b ,ujﬁ. P:abs p: P then -, P,[uP. P/P]:p:P.

Proof. Each statement in this lemma is of the form “If C' then ...” where C
is some typing judgement. Consider the last steps of the derivation of C'. By
inspection, each C can arise from at most one non-structural rule, or from the
support-weakening rule, so the derivation of C' must finish with the appropriate
non-structural rule followed by some number of applications of the support-
weakening rule. However, the support-weakening rule is transitive and reflexive,
so the C' may be derived by a sequence of rules finishing with the appropriate
non-structural rule followed by exactly one application of the support-weakening

rule, say one which extends the support from s; to so D s;.

The result follows immediately for cases (i), (iii) and (iv) since the non-structural
rule in each of these cases preserves the support, so if it is valid at support s;
then it remains valid at sy. For case (ii) if a is fresh for sy then it is certainly

fresh for sy, so this case follows. O
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4.2.2.8 Lemma (Equivariance of Typing). For all permutations o,

(a) IfT' gt P then (0-T) by (0-t) - P.

(b) If FsP:p: P then ,.)P:(0-p): P

Proof. By a straightforward induction over the derivations of the judgements
F'tgt:Pand F,P:p: P O

4.2.2.9 Lemma. Ifthe current set s of names is omitted in a typing judgement
then a suitable s can be deduced from the syntax of the typing judgement:
(a) If U5t : P then T

[ t:P.

supp(t) supp(t)

(b) If FsPip: P then bFyppp) P:p: P

Proof. The proof is by mutual induction on the derivations of I' 5 ¢ : P and
Fs P:p: P'. The proof is straightforward with the exception of the case for
terms of the form ) . ;.

Variable Trivially, since supp(x) = &.

Weakening Suppose that I',x : Q%7 b, t : Pis derived from I' F, ¢ : P, then

by induction I () Fsupp() ¢+ P and hence F|Supp(t),x . Q72 Fsupp(t) T P as

supp
required.

Ezchange This case follows by a straightforward application of the induction

hypothesis, similarly to the case of weakening above.

Contraction 'This case follows by a straightforward application of the induction

hypothesis, similarly to the case of weakening above.

Fresh-Weakening Suppose that I',x : Q#Sl Fs t: P is derived from the judge-
ment I, x : Q#S” st : P where s” C s’ C s, then by induction it follows that

I‘|Supp(t),x : Q#s//m”pp(t) Fsupp(¢) t © P and hence by fresh-weakening it follows

that F|Supp(t),x : Q#S/msupp(t) Fsupp(t) T 1 P as required.

Support-Weakening (Terms) If T' 5t : P is derived from I' by ¢ : P then by

induction I'[g, =) F t : P as required.

supp(t)
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Prefix  Suppose that I' k¢ 't : P is derived from I" 4 ¢ : P, then by induction
L - t: 1P

as required.

Feupp(s) t + P, and supp(!t) = supp(t) so that F|Supp (1) Fsupp(1t) !

Recursion Suppose that I' - recx.t : P is derived from I',x : P#2 -, t : P,
then by induction T| ,x : P7? Feupp(t) t P, and supp(recx.t) = supp(t)

supp(t
so that T'| supp(reCX,t) recx.t: P as required.

supp(recx.t) -

Match Suppose that T, A#$' -, [u> q(x: Q' # §') =>t] : P is derived from
Tx: Q% b, t:P, Argru:Q and FgQ:q:Q

where s C s\ ¢/, then by induction

1‘\| @/#5 Nsupp(t) -

Al

supp(t) ¢+ Py
l_supp U : Q and |_supp(q @ q: Q/

supp

supp(u)

Notice that supp([u > ¢(x: Q" # ') =>t]) = supp(u, q,t,s’). By applying fresh-
weakening and support-weakening it follows that

.S .
I‘|supp(u,q,t,s')7X 0 Fsupp(u,q,t,s') t s
A|SUPP(U) I_SUPP(U,Q) u:Q and I_supp(u,q) Q:q:Q.

Also, supp(u, ¢) € s” Nsupp(u,q,t,s’) € supp(u, q,t,s") \ s' so that

F|supp(u,q,t,s’)’A’supp(u)#s FSUPp(u,q,tvs’) [u>q@x:Q #s) =>t]:P

and hence

1—" A’ )#Sl l_supp(u,q,t,s/) [u > Q(XZQ/ # S/) =t]:P

supp(u,q,t,s’)’ “*lsupp(u,q,t,s’

by fresh-weakening as required.

Function Abstraction Suppose that I' F; Ax.t : Q— P is derived from the
judgement I', x : Q"% byt P, then by induction F\Supp(t),x . Q*? Fsupp(t) t 1 P,

and also supp(Ax.t) = supp(t) so that T| Feupp(rx.t) Ax.t: Q=P as

supp(Ax.t)
required.

Function Application Suppose that I', A g t(u:Q) : P is derived from the
judgements I' F, ¢t : Q—P and A F; uw : Q, then by induction followed
by support-weakening and fresh-weakening F\supp(t7u) Fsupp(t,u) t 1 Q— TP and
Alsupp(nu) Foupp(t,u) @ Q, and supp(t(u:Q)) = supp(t,u) so it follows that
I Al ) Fsupp(tcu:@y) t(u:Q) : P as required.

supp(t,u)’ **lsupp(t,u)
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Name Abstraction Suppose that I' F¢ newa.t : P is derived from the judge-
ment ['#¢ Feogay ¢ P where a is fresh, then by induction and support-
weakening F#a|supp(t) Feupp(t)ufay t : P, and supp(newa.t) = supp(t) \ {a}
so that F\Supp(t)\{a} Fsupp(t)\{a} DeWa.t : P as required.

Name Application Suppose that T'#@ Fs0gay tlal : Pis derived from the judge-
ment I' 4 ¢ : 0P and a ¢ s, then by induction F|Supp(t) Feupp(r) t 0P, and
supp(t[al) = supp(t) U {a}, so that I‘#a\supp(t[a]) Fsupp(tta1) tlal : P as re-
quired.

Labelling Suppose that I' F, lo:t : @, P is derived from T' =, ¢ @ Py,
then by induction followed by support-weakening and freshness-weakening it
follows that F‘supp(t,ﬁo) Foupp(t,00) T : Pe, and supp(£o:t) = supp(t,fo) so that

F|supp(t,e0) Foupp(t,0) Lot : @pePe as required.

Label Projection Suppose that I' g mt : Py, is derived from the judge-
ment I' =, ¢ : @, Pe, then by induction followed by support-weakening and
supp(t.fo) supp(tlo) T D Pe. Also it is the case that
supp(me,t) = supp(t, £y) so that I'| Fsupp(t,0) Teot : Py, as required.

freshness-weakening I

supp(t,£o)

Nondeterministic Sum  Suppose that I' =5 > . t; : Pis derived from the judge-
ments I' 5, ¢t; : P for all « € I. Therefore by induction for each ¢ € I it
follows that F|supp(ti) Fsupp(t;) ti @ P. Let ¢« € I. Enumerate the names in
(supp(i) Nsupp(I")) \ supp(Ni.t;) as ai, ..., an, let by, ..., b, be fresh and let 7 =
(a1b1) ... (anby). As the a; and b; are fresh for Ai.t; it follows that 7 -¢; = t,.;.
Since typing is equivariant, m—! - (I‘\Supp(tm)) Fsupp(t:)
the freshness assumption x # a is in the environment 7! - (F\
x# (ma)isin Tl oo
that finally a € supp(¢;) C supp(i) Usupp(Ai.t;). If a € supp(Ai.t;) then m-a = a
and x # a is in T'|

t; : P. Suppose that

Supp(tﬂ-.i))7 then
) and hence in I' and furthermore 7 - a € supp(tr.;) so

supp(Ai.t;)”

On the other hand, suppose that a € supp(i)\supp(Ai.t;). Recall that x # (7-a)
is a freshness assumption of I" and hence that 7 - a € supp(I'). It cannot be
that a = a; for some j, because then 7 -a = b; and the b; were chosen fresh
for I Nor can it be that a = b; for some j, because a € supp(i) and the
b; were chosen fresh for 7. Finally, it cannot be that 7 - a = a, because then
a € supp(I') and hence a = a; for some j, which has already been shown
impossible. Therefore a ¢ supp(i) \ supp(Ai.t;), so that a € supp(Ai.t;) and

hence x # a is in Dl 0.
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Therefore, starting from 7~ (I‘| )) Fsupp(t;) i : P it is possible to apply

Sllpp
fresh-weakening to conclude that F|Supp( Nits) Fsupp(t,) ti : P for each 4, and hence

F‘supp(ki.ti) }_SUPP(Aiii) Zielti : P

Recursive Type Folding Suppose that I' F; abst : ujﬁ. P is derived from
Pk t: Py [uP. B/P] then by induction Ulsuppeey Fsupp(t) t 0 P [uP. B/P] and

supp(abst) = supp(t) so that T| l—supp(abs +) abst: ujf’. P as required.

supp(abs t)

Recursive Type Unfolding Suppose that I' -, rept : P; [uﬁ ]f”/ﬁ] is derived

from I' ¢ ¢ : ujﬁ. P then by induction P’Supp(t) Fsupp(e) t - ,ujP P and

supp(rept) = supp(t) so that F]supp(rep #) Fsupp(rept) TEPT : P; [,u]s Iﬁ/ﬁ]

Prefix Action Trivially, since supp(!) = @.

Higher-Order Action Suppose that F; Q—P : u— p : P’ is derived from
FsP:p:P and Fgu: Q, then by induction and support-weakening it follows
that Fauppup) P:p P and Fguppup) v Q. Also supp(u — p) = supp(u, p)
so that Fguppup) Q—=Piur—p: P’ as required.

Labelled Action Suppose that t, @, Pr : lo:p : P’ is derived from the
judgement Fg Py, :p: P, then by induction and support-weakening it follows
that Feupp(p.o) Peo 2 0 2 P'. Also supp(£o:p) = supp(p, £o) so that as required

Fsupp(p,to) DrerPe: lo:p P

New Name Action Suppose that +, 6P : newa.p : 6P is derived from the
judgement by Poiop o P’, then by induction and support-weakening it
follows that Fguppp)ufay P :p: P, Also supp(newa.p) = supp(p) \ {a} so that
Fsupp(p)\{a} OF : newa.p : P as required.

Recursive Type Action Suppose that ujﬁ. P : abs p : P’ is derived from
Fs Pj [uﬁ Iﬁ/ﬁ] : p: P, then by induction I—Spr(p) ]P’-[uﬁ ]f”/ﬁ] :p: P and
supp(abs p) = supp(p) so that Fguppp) MJP P:absp: P as required.

Support-Weakening (Actions) If Fg P :p: P is derived from kg P:p: P’

then + y P p: P" by induction as required.

supp(p
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4.2.2.10 Definition. In the light of the previous lemma, write I' = t : P for
Ihguppy t: P and =P :p: P for byppp Prp: P

4.3 The Substitution Lemma

The intuition behind the following lemma is that a variable y of type R in a
term t may receive a term v as input, simply by substituting v for y in ¢. If
y has freshness assumptions imposed on it then the given v must satisfy those

assumptions.

4.3.0.1 Lemma (Syntactic Substitution Lemma). Suppose that t and v
satisfy I',y : R#" Fst:P and A bs v: P where sy Nr =@ and the variables in

I' are distinct from those in A. Then

L, A% s, tv/y] i P

Proof. The proof is by a very routine induction over the typing rules. It does
not provide any especially deep insights and can be skipped by all but the
most dedicated of readers. Because of the structural rules of contraction and
exchange it is necessary to use a stronger induction hypothesis than that given

by the statement of the lemma:

Suppose that IV F, ¢t : P, Ag, v: R, and I is a reordering of the environment
[,y1:R# . yn:R#™. Letr =riU...Ur,. Suppose also that the variables
in I' are distinct from those in A and that s; Nr = &. Then

L, A% b, t[v] - P (4.3.0.2)

where t[v] is the term obtained by simultaneously substituting v for the variables

yil,...,ynin t.

The proof now proceeds by induction on the derivation of IV - ¢ : P. Through-
out, variables beginning with y and z such as y1, ym and zn represent those that
are subject to substitution, whereas others such as x and x1 stand for those that

are not.

Variable There are two possibilities for the variable rule, depending on whether
the variable in question is subject to substitution or not. If it is subject to
substitution then t = y1 and s = @ so by assumption A F;, v : R and
tlv/y1] = v, so that A Fgys, tlv/yl] : R as required. On the other hand if
the variable in question is not subject to substitution then t = x so by repeated
use of weakening, support-weakening and fresh-weakening it is possible to derive
x: P*2 A Fs, z : P as required.



CHAPTER 4. SYNTAX AND OPERATIONAL SEMANTICS 104

Weakening There are two possibilities for the weakening rule, depending on
whether the newly-added variable is subject to substitution or not. Suppose
that IV, yn: R*? +, ¢ : P is derived from I" F, t : P, then by induction
[, A#rU-Ura1U@ o tly] : P. Furthermore, yn does not appear free in ¢

so that the judgement above is as required.

On the other hand, suppose that I, x : Q"2 b, ¢ : P is derived from the judge-
ment I -, ¢ : P, then ', A#"1Y--Urn - ¢[y] : P by induction and hence by
weakening I', A#"1Y-Urn x - Q#2 (-  t[v] : P as required.

FEzchange This case is trivial, by reordering the environments appropriately.

Contraction There are two possibilities for this case, depending on whether
the contracted variable is subject to substitution or not. Suppose that the
judgement I”, yn : R¥™ -, ¢[yn/ym] : P is derived from a judgement of the form
IV,yn: R*™ ym: R#*™ b, ¢ : P, then by induction T', A#" Fsus, t[v] @ P and
t[v] = t[yn/ym]|[v] so this judgement is as required.

On the other hand suppose that the judgement I, x1 : Q#S/ Fe t[x1/x2] : P
is derived from the judgement I, x1 : Q#S/,XQ L QF byt P, then by induc-
tion I',x1: Q%% x2: Q# A#r Fsus, t[v] : P and hence by contraction and
exchange I, x1 : Q%% A#" Fsus, t[v][x1/x2] : P. Furthermore as the substitu-
tions [v] and [x1/x2] are disjoint, ¢[v][x1/x2] = t[x1/x2][v] so this judgement is

as required.

Fresh-Weakening There are two possibilities for this case, corresponding to
whether the variable with extra freshness assumptions is subject to substitution
or not. If it is not subject to substitution then this case is a simple application
of the inductive hypothesis. On the other hand, suppose that r,, C r, C s,
that I is a reordering of the environment I',y1 : R*™ ... yn: R*™ and also
that I is a reordering of T',y1 : R¥™ . yn: R#™n . If T/ kst : P is derived
from T" b4 t : P then ', A#rUUrnaUr - ¢[y] : P by induction, hence
[, A#r-Ura—aUr o ty] @ P by repeated applications of fresh-weakening

on the variables in A, as required.

Support-Weakening Suppose that ' C s and that IV F, ¢ : P is derived from
[V kg t: P, then T, A#" -, t[v] : P by induction, and hence by support-
weakening it follows that T', A#" ., t[v] : P as required.



CHAPTER 4. SYNTAX AND OPERATIONAL SEMANTICS 105

Prefix - Suppose that IV =, ¢ : IIP is derived from IV - ¢ : P, then by induction
[, A#" s, t[v] : P and so it follows from the rule for prefixed terms that
[, A% Fous, Ht[]) = (18)[v] : P as required.

Recursion Suppose that IV F; recx.t : P is derived from the judgement
IV, x: P2 b, t : P, then T, A#" x : P#? 1, t[v] : P by induction and hence
[, A% Fyus, recx. (t[v]) = (recx.t)[v] : P as required.

Match Suppose that I”,A’#Sl Fo [u>q(x:Q #s') =>t] : Pis derived from
I x: Q’#S/ Fst:P, A Fgru:Qand Fgr Q:q:Q where s C s\ s'. Suppose
that T is a reordering of T',y1 : R*™ ... yn: R¥" and that A’ is a reordering
ofA,zl:]R#Ti,...,zm:R#r;n. Let r=rU...Urpandr =rjU...Ur .

There are now two possibilities, depending on whether m = 0 or not. If m # 0
then by induction I', A#" x : Q* Feus, t[v] @ P and A, A#F o, ufv] : Q
and hence A, A’#" Ferus, u[v'] : Q where A’ and v" are A and v with all the
variables renamed. Also by fresh-weakening s, Q : ¢ : Q'. By hypothesis,
(rus’Ur’)Ns; = @ so that s N's; = @ and hence 51 C (sUsy) \ s’. Also
s"Cs\s" C(sUsy)\ s sothat finally (s” Usy) C (sUsy) \ 8. Therefore

D, A% A% AT L L)) > (x: Q' # 8 => o]l < P

so that by contraction, exchange and fresh-weakening,

L, A% AFOUS o] > q(x:Q # S => tu]l ;P
which is as required since

[ufv] > ¢(x: Q" # &) =>t{v]] = [u>qx:Q" # ') =>t1[v].
If m = 0 then by induction T', A#" x: Q* Fsus, t[v] @ P and furthermore
s"Cs\s C(sUsy)\ . Therefore

T, A% A# b o Tu> q(x:Q #8) => to]] = [u>q&:Q #5) =>t1[v] : P

as required (up-to exchange).
Function Abstraction Suppose that IV F, Ax.t : Q— P is derived from the

judgement I, x : Q%2 , ¢ : P, then I, A#" x : Q#? Fsus, t[v] : P by induction
and hence I', A#" . Ax.(t[v]) = (Ax.t)[v] : Q — P as required.
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Function Application Suppose that TV, A’ F; t(u:Q) : P is derived from the
judgement IV F, ¢t : Q—P and A’ 4 v : Q. Suppose that IV is a reordering
of the environment T',y1: R#™ . yn:R#™ and that A’ is a reordering of
A, z1 :R#ri,...,zm:R#r;ﬂ. Let r=rU...Ur,and 7 =rjU...Ur,,. By
induction, it follows that ', A#" |-, t[v] : Q — P and A,A#T/ Fsus, ufv] @ Q
so that ') A#" A, A#T Fsus, (t[v]) (ulv']):Q) : P where A" and v" are A and v
with freshly-named variables. Therefore by contraction and exchange and fresh-
weakening, T') A, A#™9" 1 o (t[v]) ((ufv]) : Q) = (t(w:Q))[v] : P as required.

Name Abstraction Suppose that IV b, newa.t : 6P is derived from the judge-
ment I'#* Fogay t @ P where a is a fresh name and I” is a reordering of
[,y1:R# . yn:R#™. Notice that as a is fresh, therefore a ¢ r and a ¢ s,
so that a # v. By induction T'#e, A#roia} Fsusifay t[v] 1 P so that as required

[, A#" s, newa.(t[v]) = (newa.t)[v] : 5P.

Name Application Suppose that a ¢ s and that r#e Fovgay tlal : P is derived
from IV b ¢ : 6P where I is a reordering of T',y1: R*™ ... yn:R#™. By
hypothesis, s; N (r U {a}) = & so that a ¢ s; and hence a # v. By induction
D, A#" s, t[v] : 6P so that finally

r#e, AFHS ey (t0]) [al = (tlad)[v] : P

as required.

Labelling Suppose that I" =, fo:t : @, Pe is derived from IV ¢ : Py,
then by induction T, A#" -, t[v] : Py, and so as required it follows that
T, A7 s, Lot (tV]) = (bo:t) o] : D P

Label Projection Suppose that I ¢ mpt : Py, is derived from the judge-
ment IV F¢ ¢ : @, Pe, then by induction L, A% s, t] @D Pe and so
L, A7 Fous, o, (t[v]) = (me,t)[v] : Py, as required.

Nondeterministic Sum Suppose that I =, >, ;t; : P is derived from the
judgement I -, t; : P for all i € I, then by induction I', A#" I, s, t;[v] : P
for all ¢ € I. Note that the support of the mapping ¢ — s; U s7 is at most sU s;
and so T, A#" o0 S0 (H]) = (,e,t) [0] - Dy Pe as required.
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Recursive Type Folding Suppose that IV F, abst : ,ujﬁ. P is derived from
I’ b t : P;[uP. B/P], then by induction T', A#" b, t[v] : P;[uP. P/P] and
so I, A#" 1, abs (t[v]) = (abst)[v] : u; P. P as required.

Recursive Type Unfolding Suppose that IV k5 rept : P; [,u]g Iﬁ/ﬁ] is derived
from IV 4 ¢t : ,ujﬁ. Iﬁ, then by induction I', A#" .., t[v] : ,ujﬁ. P and so
T, A#" b, rep (t[v]) = (rept)[v] : P;[uP. P/P] as required. O

4.4 Operational Semantics

Nominal HOPLA is given an operational semantics in the style of a labelled
transition system. That a term t such that F ¢ : P may perform an action p

such that = P: p: P and resume as the term ¢’ is written
P:t -2t (4.4.0.1)

The operational semantics of closed, well-typed terms are defined below. These
rules define the semantics only of well-typed terms in the sense that each of
these rules has an additional premise, omitted for clarity, that the term on the

left of the transition in the conclusion has the correct type.

P:t[recx.t/x] ==t/ —

P:recx.t =t IP: 1t ——t (4.4.0.2)

P:tlu'/x] 2ot Q:iu-Su +FQ:q:Q
P:lu>qx:Q #s)=>t] 25+

Pt -2t OP - t "5P newa.t!
0P :newa.t —%Y newa.t’ P:tla] 2
P : t[u/x] 2>t/ QP+t 2y
Q—P:Ax.t 22X ¢ P:t(u:Q) 2 ¢
Py, R @eeLPg:tMt’
@eeLPgifotht/ Py, :ﬂ'gotLt/
P;[uP.B/P|:t >t/ p BBt 22y
ujﬁ.@:abstwt’ P;[uP. B/P] : rept -t/

P:ty, —t

Pyt ==t




CHAPTER 4. SYNTAX AND OPERATIONAL SEMANTICS 108

4.4.1 Properties of the Operational Semantics
The following few lemmas demonstrate that the operational semantics given
above interacts well with the type system described in section 4.2.

4.4.1.1 Lemma. IfP:t -2t then b t:P.

Proof. By definition. O

4.4.1.2 Lemma. IfP : t -2 t' then there exists a unique P’ such that the
judgement =P :p: P holds.

Proof. By induction over the derivation of P : ¢ — ¢'. O

4.4.1.3 Lemma. IfP:t 2t and - P:p: P then +t' :P.

Proof. By induction on the derivation of P : ¢ —= ¢ as follows.

Recursion The induction hypothesis says that = P : p : P’ and furthermore
that P : t[recx.t/x] —— t’ so that F ¢’ : P follows immediately by induction.

Prefir  The induction hypothesis says that + !¢ :!IP so that + ¢ : P by lemma
4.2.1.15(i), as required.

Match The induction hypothesis says that + P :p: P’ and P : t[u'/x] <= ¢/,
so that F ¢’ : P follows immediately by induction.

Name Abstraction The induction hypothesis says that + 0P : newa.p : P’ and
P :t 25 ¢/. Therefore P’ = 6P for some P, and hence + 6P : newa.p : 6.
From lemma 4.2.2.7(ii) therefore F P :p: P’ so that by induction F ¢’ : P’ and

hence F newa.t’ : 6P as required.

Name Application The induction hypothesis says that = P : p : P’ and also
OP : ¢t "Z5” newa.t’ so that + 6P : newa.p : 6P and hence by induction
Fnewa.t' : 0P'. From lemma 4.2.1.15(vi) therefore + ¢’ : P' as required.

Function Abstraction The induction hypothesis says that F Q =P : u+ p: [’/
and P : t[u/x] = t'. From lemma 4.2.2.7(i) therefore P : p: P’ and hence by

induction F ¢’ : P’ as required.
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Function Application The induction hypothesis says that = P : p : P’ and
also Q=P : t % /. By lemma 4.4.1.2 there exists a unique P” such that
FQ—P:uw p:P” and by lemma 4.2.2.7(1) - u:Q and F P:p:P” so that
P = IP’. Therefore by induction F ¢’ : P’ as required.

Labelling The induction hypothesis says that Py, : ¢ 2, ¢ and also that
F @ Pe: lo:p: P'. From lemma 4.2.2.7(iii) therefore = Py, : p : P’ so that
F ¢’ : P’ by induction as required.

Label Projection The induction hypothesis says that + Py, : p : P’ and
Do Pe o t © 4. From the typing rules = @, Pr : lo:p @ ' so that
F ¢ : P’ by induction as required.

Recursive Type Folding The induction hypothesis gives the statements that
P;[uP. B/P):t 2 ¢ and 11;P. P : abs p : P. From lemma 4.2.2.7(iv)
therefore - P;[uP. P/P]:p: P, so that F ¢': P’ by induction as required.

Recursive Type Unfolding The induction hypothesis gives the statements that
- P, [,u]3 Iﬁ/ﬁ] :p: P and ujﬁ. Pt 2. From the typing rules it follows
that + ,ujﬁ. P:abs p:t sothat ¢ : P by induction as required.

Nondeterministic Sum The induction hypothesis says that = P : p : P’ and
P:t;, — t' so that F # : P by induction as required. O

4.4.1.4 Lemma. If the conclusion of certain derivation rules for the opera-
tional semantics is derivable then so are its premises, in a sense that is made
precise below.

'U‘O—)p

(i) IfP:t(u:Q) =t/ then Q—P: ¢t =5 ¢.
(ii) If Py, = mp,t L ¥ then Dy Pe:t gy,
(i) IfP:tlal ¢ then 6P : t "5 newa.t'.

= g abs p

w) If P;[u;P. P/P] : rept 25 t' then u;P. P:t =24 ¢/,
7 1M j

Proof. The derivation rules are completely syntax-directed, so the result is im-
mediate. u



Chapter 5

The Denotational Semantics
of Nominal HOPLA

It was claimed that the nominal domain theory developed in chapter 3 was to
motivate the design of the process calculus Nominal HOPLA as presented in
the previous chapter. The present chapter provides the evidence to back up this
claim. In particular, section 5.2 demonstrates that the denotational semantics
of Nominal HOPLA arises directly from the various universal properties in the
categories (FMCts;)sc,,a. That the denotational semantics is given by uni-
versal properties is important: it provides weight to the claim that the nominal
domain theory captures the mathematical essence of the computational features
that are supported. The design of the name-free process calculus HOPLA[20]
was also guided by the principle of universal constructions, and Nominal HO-
PLA can be seen as a straightforward extension of HOPLA with terms of the
form newa.t and ¢ [a] which arise directly from the adjunction (—)#**t+ o §++.

After the definition of the denotational semantics in sections 5.1 and 5.2, section
5.3 demonstrates that substitution in Nominal HOPLA effectively amounts to
composition, and finally section 5.4 shows that the operational semantics defined

above corresponds closely with the denotational semantics given here.

5.1 Types and Environments

A closed type denotes the collection of paths of the appropriate type, ordered by
extension. Such path orders, even recursively-defined ones, can be constructed

inductively out of syntactic tokens by a method inspired by the use of infor-

110
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mation systems to solve recursive domain equations[37] as demonstrated below.
With no freshness assumptions an environment denotes the product of the path
orders denoted by the types of its variables. The functors ((—)#S++)s Conh

used to modify this product to incorporate freshness assumptions, as demon-

are

strated in section 5.1.2.

5.1.1 Types as Path Orders

A closed type P denotes the collection of paths of type P ordered by extension.
(It is conventional, albeit confusing, to omit the semantic brackets [-] around
the denotations of types in HOPLA and its derivatives.) It is therefore possible
to construct a denotation for P in terms of a language of paths, given by the

grammar

pu=Q|Qw+—pl|l:p|abs p|newa.p, (5.1.1.1)

where £ is a label, a is a name, and @ (and later P) is a set of paths of the
form ({p1,...,pn})s which denotes an element of P as defined in 3.4.4.2. A
path of the form @ — p denotes a pair (@, p) in the continuous function space
Q—P =1Q° x P. A path of the form newa.p denotes an equivalence class
[a].p in the path order 6P, and in particular if b is a fresh name then newa.p =
newb. ((ab) - p). A path of the form ¢y:p denotes a path in the yth component
of the biproduct @, ;P,. Finally a path of the form abs p denotes a path
in the recursively-defined type ujﬁ. I@, where p is a path of the unfolded type
P;[uP. B/P).

It is recognised that confusion might arise from using the letter p here to range
over paths whereas in the previous chapter p was used for actions. There is an
unfortunate clash between the use of a to range over actions in the standard
treatment of HOPLA and the use of a to range over names in the standard
treatment of nominal set theory. Using a for both of these purposes here is
impossible, but there are no other appropriate letters, so because of the closeness

of the relationship between paths and actions, p is used for both.

To capture the intuition described above, paths are typed by judgements of the
form p : P according to the following rules.

pr:P .. o py P Q:'Q p:P
Upi, .. spn))s i P Q—p:Q—P (5.1.1.2)
p: Py, (to € L) P3P3[Nﬁ-]}:)i/]i]
loip: @pePe abs p:u;P. P
p:P

newa.p: 0P
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where the ordering <p of paths of type P is given recursively as follows.

P =<p P’ Q' <@ p=<pp
P <p P Q—p<g_pQ —p (5.1.1.3)
P <p, D' P <p,.B F/P) P
Lo / (EO GL) J[.LL / P] /
lo:p S@éeLPf lo:p abs p Su]ﬁ- 7 abs p
p<pp

newa.p <sp newa.p’

Here, P <p P’ means that for all p € P there exists p’ € P’ such that p <p p'.
Finally, the permutation action on paths is defined by the following.

o-P =4t {0-p|p€P} (5.1.1.4)
c-(Q—p) =aet (0-Q)r (0-p)
o-(l:p) =aer (0-0):(c-p)
(abS p) =det abs (0-p)
(newa p) =det new(ca).(o-p).

This method of constructing recursive types syntactically is inspired by the
similar process used in classical HOPLA[20] which in turn is inspired by the
theory of information systems[37]. Here it is straightforward to show that these
definitions construct path orders that are nominal preorders and hence objects
of FMPreg. As in HOPLA, in a recursively-defined type ujﬁ. P each path is

of the form abs p which means there is an isomorphism
rep : u;P. P~ P;[uP. P/P]: abs, (5.1.1.5)
where abs(p) =4 abs p and rep(abs p) =qef p-

It is straightforward to show that each type P is a FM-preorder with empty
support and therefore an object of FMPreg. Importantly, this implies that for
all names a it is the case that §,P = 0.

5.1.2 Environments as Products
Environments I (with freshness constraints contained in sg) denote objects of
FMCts;, as follows. O is the empty preorder.

[0]=0 and  [I',x:P#] = [I']&P*® (5.1.2.1)

To help provide a suggestive notation for the elements of [I'], environments T’

also denote objects of FMPre,, as follows.

[0 =0 and  [,x:P*] = [I] x P#* (5.1.2.2)
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so that elements of [I']" are tuples of path-sets satisfying the appropriate fresh-
ness constraints. The transformations m and ¢(*) of 3.4.8.7 and 3.4.8.34 can be
used to build a monotone map (-)r : [I']" — [I'] by recursion on I' by setting

—

(0o 10V — [0] = {@} to be the unique such function, and

<'>F,X:]P#5 =def T[r],p#s © (()r X ¢[E»S)>- (5.1.2.3)

Therefore
(V,P)rwprs = (V)T W{z €D | T # s} (5.1.2.4)

5.2 Terms and Actions

Typing judgements I' 4 ¢ : P denote arrows
[T t:P]: I - P (5.2.0.1)

in FMCts;. The denotation of a typing judgement is built by recursion on
the derivation of the typing judgement, making use of the various universal
constructions available in FMCts; as described in section 3.4.8. Intuitively,
the arrow [I' k4 ¢ : P] receives some input in its free variables, as typed by T,

and returns the set of paths that the term ¢ can perform with the given input.

Exponentials in FMCts; give rise to a semantics for A-abstraction (5.2.1.1) and

function application (5.2.1.3) much as in the simply-typed A-calculus[15].

The monad (!,7,e) on FMCts; gives rise to the semantics for the anony-
mous prefix action ! (5.2.2.1) and for prefix-matching (5.2.2.7). Combined with
biproducts €, ; P, this gives a semantics for labelled actions: the injection ing,
into the biproduct corresponds to tagging an action with the label ¢y, whereas

the projection out, corresponds to matching against the label 4.

The isomorphism rep : pP. P = P;[uP. P/P] : abs of 5.1.1.5 gives a semantics
for terms of recursively-defined types by folding (5.2.4.4) and unfolding (5.2.4.6)
the definition. The hom-set FMCts;([I'], P) is w-complete which gives rise to a

semantics for recursive processes (5.2.4.2) as the w-limit of their finite unfoldings.

By 3.4.8.2 the hom-sets may be collected together to form

J  FMGCts,([I],P) = I[[]” x P (5.2.0.2)

supp(I') CsCrinA

which has more general joins than merely those of w-chains, and such joins give

rise to a semantics for nondeterministic sums (5.2.5.1).
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The adjunction (—)#*++ 4 5f+ : FMCts, < FMCtsg(,; of 3.4.8.27 gives a

semantics of names and binding as demonstrated in 5.2.6.1 and 5.2.6.10.

Finally, the structural rules for variables, weakening, exchange and contraction
make use of the cartesian structure of FMCts, in the usual fashion, as shown in
5.2.7.3,5.2.7.4, 5.2.7.6 and 5.2.7.8. The nominal structure gives rise to two extra
structural rules. The first permits adding extra assumptions on the freshness of
input with respect to certain names, which receives its semantics (5.2.7.10) from
the map 7 defined in 3.2.1.21. The second permits extending the the ‘current’
set of names from s to s’ D s, and this rule receives its semantics (5.2.7.12) from
the inclusion FMCts, — FMCts, .

Typing judgements 4 P : p: P’ denote arrows
[FsP:p:P]:P P i (5.2.0.3)

in FMCts, by recursion on the structure of p as shown below. Intuitively the
arrow [ g P : p : P'] matches its input against the action p and returns a
collection of possible resumptions after performing p. If the type information
is clear then [I' b5 ¢ : P] and [ k¢ P : p : P'] are abbreviated to [t] and [p]
respectively.

5.2.1 Higher-Order Processes

The cartesian-closed structure of FMPre,, described in 3.4.8.17, gives rise to a
semantics for higher-order processes as for the simply-typed A-calculus. Firstly,
abstraction of a variable of type P is simply given by transposition in the expo-
nential adjunction (—) &P 4P — (—) as follows.

5.2.1.1 Definition (Semantics of Function Abstraction). If the judge-
ment T' by Ax.t : Q—P is derived from T,x:Q%? bk, t : P then define
[T ks Ax.t : Q—T] to be the exponential transpose of [I',x : Q"2 b, t - P]
in FMCts; as defined in 3.4.8.20.

The semantics of function abstraction can be given a concrete, set theoretic,
characterisation in terms of paths as follows.

5.2.1.2 Lemma (Characterising Function Abstraction). Suppose that
Lh,Ax.t: Q—Pis derived from T,x: Q7 -, t : P. Let v € [I'], Q € !Q and
p eP. Then

Q—pe[Lrs Ax.t: Q—Pl(y)r iff p e [[.x: QF7 byt P](7, Q) ugne-

Proof. By 3.4.8.20. 4
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Application of a function to its argument is given by the counit of the exponen-

tial adjunction as follows.

5.2.1.3 Definition (Semantics of Function Application). If the judge-
ment I') A 5 t(u:Q) : P is derived from I' Fg t : Q—P and A F5 u : Q then
define [I'y A Fg t(u:Q) : P| to be

applyo ([T Fst: Q—P]&[A s u:Q)),

where apply s the counit of the exponential adjunction in FMCts, as defined
in 3.4.8.19.

The semantics of function application can be given a concrete, set theoretic,

characterisation in terms of paths as follows.

5.2.1.4 Lemma (Characterising Function Application). Suppose that the
judgement ') A F4 t (u:Q) : P is derived from I' gt : Q—P and A F5 u : Q.
Let v € [T']', A € [A]" and p € P. Then

pE [[FaA |_s t(uQ) : P]]<77 >‘>F,A
iff there exists Q € !Q such that

QC[AFsu: QM)A and Q —p e [I'Fst: Q—P){y)r.
Proof. By 3.4.8.19. O

The denotational semantics of the higher-order action u — p is closely related

to that of function application to the argument u as follows.

5.2.1.5 Definition (Semantics of Higher-Order Actions). If the judge-
ment s Q—P:uw p: P is derived from FsP:p: P and F5 u: Q then
define

[FsQ—=P:u—p: P =qe [FsP:p:P]oapplyo (1(@_@&[[ Fow: Q]])

The semantics of the higher-order action u +— p can be given a concrete, set

theoretic, characterisation in terms of paths as follows.

5.2.1.6 Lemma (Characterising Higher-Order Actions). Suppose that
Fs Q—P : ur—p : P is derived from 4 P :p: P and Fs u: Q. Let
X e m Then
[FsQ—=P:uw—p:P]X
=[FsP:ip:P{xeP|3Qec!Q QC[Fsu:Q] and Q — z € X}.

Proof. By 3.4.8.19. O
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5.2.2 Prefixing and Matching

The adjunction FMLin,(!P,Q) = FMCts,(P,Q) of 3.4.4.15 gives rise to a
semantics for an anonymous prefix action, written !. The unit n acts as a
constructor for this action, taking a term t to the prefixed term !t as follows.

5.2.2.1 Definition (Semantics of Prefix).

[[F l_s It 'P]] =def NP © [[F l_s t: ]P]]

The semantics of prefixing can be given a concrete, set theoretic, characterisation

in terms of paths as follows.

5.2.2.2 Lemma (Characterising Prefixing). Suppose that ' 4 't : P is
derived from T' b4t :P. Let v € [I']" and P € 'P. Then

Pell'bFgtt:P(y)r iff PC [ Fst:P)(y)r.
Proof. By the definition of 7. O

For example, the process Fg nil : O can perform no action and has empty
denotation, but [ Fg !'nil : Q] = ngo[nil] = {@} is not empty and indeed the
operational semantics shows that 'nil can perform an action. The denotation
of the judgement kg !IP: ! : P is simply the identity map, as follows.

5.2.2.3 Definition (Semantics of Prefix Action).

[[I_g P ]P)]] =gef Lip.

The counit € of the adjunction of 3.4.4.15 acts as a destructor for the ! action,
intuitively ‘matching’ a ! action in the output of a term u and passing the
resumption after performing the ! to a term ¢t. More precisely, if A Fg u :!Q
and x : Q#@ Fst: P then

[AFs [u>!'(x:Q# @) =>1t] : P] (5.2.2.4)
=Jef qpo![[x:(@#z Fst:PloAFs u:!Q].

For example, [ Fg ['nil > ' (x: O # @) =>x] : O] = ¢g o np o [nil] = &, and
the operational semantics shows that after 'nil has performed the action ! it
can perform no further actions. This covers the case where x is the only free
variable of t. More generally, if I',x : Q7% F, ¢ : P then it is necessary to use

the strength map S of 3.4.8.23 to pass the extra parameters to t as follows.

[DAFs [u> ' (x:Q# @) =>1t] : P (5.2.2.5)
=det €p 0 ![I', x : Q72 gt P]oSrgo (1r &[A Fs u:1Q]).
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Even more generally, the type of u may be Q" and not be in the form !Q so that
u may perform actions other than ! and it is useful to be able to match against
any action ¢ that u may perform. More precisely, suppose now that A k4 u : Q’
and also that 4 Q' : ¢ : Q, then matching the output of v against the action ¢
can be achieved using the map [F; Q" :¢: Q] : Q/ . 'Q as follows.

[C,AFs [u>qx:Q # @) =>1t] : P] (5.2.2.6)
=gef €p 0 [, x : Q#g Fst:P]oSro
o(Ir&([Fs Q :q: Qo [AFsu:QY)).
In full generality, the free variable x of ¢ may have some freshness assumptions

imposed on it, which leads to the following definition.

5.2.2.7 Definition (Semantics of Matching). Suppose that typing judge-
ments T',x : Q#Sl Fet : P, Abgr u: Q and For Q' : g : Q hold, where
s" Cs\ s Let ') : (1=)#" = 1((=)#") be as defined in 3.4.8.36, then

[IC,AF [u>qx:Q #5) =>1t] : P
=gef €p 0 [, x : Q#Sl Fst:P]o St o#e’

° (1F & (@ o[ Fer Q :q:Q[# oAby u: Q/]]#s/++>> :

The semantics of prefix matching can be given a concrete, set theoretic, char-

acterisation in terms of paths as follows.

5.2.2.8 Lemma (Characterising Matching). Suppose that v € [I']" and
A€ [A#5']) and p € P. Then

e [T A* F, [u>qx:Q #5) =>1] : P{y, A A#s

iff there exists Q € !Q" such that p € [t]{v, Q) y.q#s s @ € ([q] o [ul)(A)a and
Q#s.

Proof. Let

f= <b/Q§\) o[Fer Q:q: QI# T oAby u: QF+T, (5.2.2.9)
then

P = (0870 (o W)™ o)) 0 (5.2.2.10)

= ¢@',) o i) o (lal o [[U]])#S/) (A)a

- '<j>{Qe (Ialo [u)(Na | Q # 5'}
= {oQ Qe (el o DN | Q # '},
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so that Q" € f(A\)#« if and only if there exists @ € ([¢] o [u]){A\)a such that
Q # s and Q' <\ ¢é§ )Q. By definition this last condition is equivalent to
Q' C (¢(!QE,SI)Q)l and by 3.4.5.2 this is equivalent to Q' C ¢((Q‘;/)(Ql).

Unwinding definitions,
[0, A% g Tu> q(x:Q # 8" => 8] - Py, A)p s (5.2.2.11)
= (epo![t] o Sy gwer © (An & f)) (7, Abp g
= U (Sr g (11 & F W) par)))
— U({G¥ Q|G C ()r,G € ![T] and Q € f(A)puwr})

= WP eP|3Ge!l],Q € f(A)pnw
such that G C (y)r and P C [t[(GW @), }.

If pe[lu>qgx:Q #s) =>1t]] then there exists P, G and @’ such that
pe P C[tJ(GWQ), where G € I[T'], G C (y)r and Q" € f(A\) - so that
by the discussion above there exists @ € ([q] o [u])(A)a such that Q@ # &'
and Q' C QS(S,/)Q |- By the monotonicity of [t] this means that as required

p e [t((Mrw el Q1) = (7. Qu)p v

Conversely if there exists a @ € ([q] o [u])(A\)a such that @ # s’ and also
p € [t]{, Q1) .o+~ then by algebraicity there exists G and @’ such that
G e[l and @ € Q™) and G W Q' C (7,Q))p g and p € [(J(GW Q).
It follows from the discussion above that @ € f(\),x. so that as required
pe[lu>qx:Q #s)=>t]]. O

5.2.3 Labelled Processes

Generalised biproducts €, ; P¢, described in 3.4.8.16, give rise to a denotational
semantics for labelling. Injection into the biproduct corresponds to tagging the
outputs of a process with a particular label as follows.

5.2.3.1 Definition (Semantics of Labelling). If I' -, {y:t : @, P is
derived from I' =5 t : Py, then by the typing rules it must be that s supports £y
so that the injection ing, : Py, p @EGLPE 1s an arrow of FMCtss. Therefore
define

[T s lo:t: By Pe] =det ing, o [Ty t: Py, ].

This definition can be given a concrete, set theoretic, characterisation in terms

of paths which highlight how it captures the semantics of labelling as follows.
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5.2.3.2 Lemma (Characterising Labelling). Suppose that the judgement
'k lo:t 2 @y Pe is derived from I' =g t 2 Py, Let v € [I']', £ € L and
p € Py,. Then

C:pe[Dhglo:t: @y Pe{v)r iff £ =Ly and p € [T Fo t: Py J{7)r.
Proof. By the properties of the biproduct. O

On the other hand projection from the biproduct corresponds to matching the

outputs of a process against a particular label as follows.

5.2.3.3 Definition (Semantics of Label Projection). If the judgement
I' g me,t @ Py, is derived from I 4 t : @£6LP4 then by the typing rules it
must be that s supports Ly so that the projection outy, : @, Pe = Py, is an
arrow of FMCts,. Therefore define

[[F Fs Tt : Pgo]] =def OUty, © [[F Fot: @ZGLPZH'

This definition can be given a concrete, set theoretic, characterisation in terms
of paths which highlight how it captures the semantics of label-matching as

follows.

5.2.3.4 Lemma (Characterising Label Projection). Suppose that the typ-
ing judgement I' = my t 2 Py, is derived from I' ot : @, Py. Let y € [I']" and
p € Py,. Then

p € [T ks met:Po ()0 iff bo:p eI Fst: @eeLPZ]]<7>F'
Proof. By the properties of the biproduct. O

The denotational semantics of the labelled action £y :p is closely related to that

of label projection at the label ¢, as follows.

5.2.3.5 Definition (Semantics of Labelled Actions). If the typing judge-
ment g @, Pr: Lo:p 2 P is derived from g Py, 2 p o P’ then by the typing
rules it must be that s supports ¢y so that the projection outy, : @EGLIP’Z p Py,
18 an arrow of FMCts,. Therefore define

[Fs @BperPe:lo:p: P’ =qet [ Fs Pey : p: P'] o outy,.
€

The semantics of the labelled action ¢y :p can be given a concrete, set theoretic,

characterisation in terms of paths as follows.
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5.2.3.6 Lemma (Characterising Labelled Actions). Suppose that the typ-
ing judgement g @, Pr: Lo:p : P is derived from g Py, 2 p i P'. Let
X c @ Pe. Then

[Fs @perPe:lo:p: PX
=[Fs Py :p:P{z Py | lo:x € X}.

Proof. By the properties of the biproduct. O

5.2.4 Recursion

By 3.4.8.2 hom-sets of FMCts; are posets which have all joins of w-chains. Let
f:Q&P e P be an arrow of FMCts, and consider the operation on hom-sets

f* : FMCts;(Q,P) — FMCts,(Q,P) given by

[ (g) =fo(lg&kyg) o Ag. (5.2.4.1)

Composition preserves joins of w-chains in both its arguments as noted in 3.4.8.1
and the functor 1 &(—) preserves joins of w-chains as noted in 3.4.8.3, so the
operation f* is continuous. Therefore by Kleene’s fixpoint theorem it has a least
fixed point fix(f*) defined as follows. Let g0 = @ € FMCts;([['],P) and for
each n € w define g,11 = fo (1r & gn) 0 Aqry, then fix(f*)(v)r = U,,co, 9n (V)1
This fixed point gives a semantics for terms of the form recx.t as follows.

5.2.4.2 Definition (Semantics of Recursive Processes). If the judgement
I'ts recx.t: P is derwed from I', x : P#2 -, ¢ : P then define

[T s recx.t : P] =qef fix([[, x : P#2 -, ¢ : P]").

As expected, the denotation of a recursive process is equivalent to its unfolding,
as follows.

5.2.4.3 Lemma (Characterising Recursion). Suppose thatT'F, recx.t: P
is derived from T,x : P#? - t : P. Let v € [T]. Then

[Tk, recx.t: Pl(7)r = [[,x : P2 +, t : P](y, [ b, recx.t: PHY)T) 1 xpre-

Proof.

[T ks recx.t: P[(y)r
= fix([[,x : P2, t: P]*)(9)r
= ([0,x:P*? k¢ :Plo (1r &Ax([D,x : P#2 o ¢ PT)) ((1)r ¥ (1)r)
([, : P#? -t :P] o (1p &[T Fs recx.t: PD) ((v)r & (7))
[[,x:P#7 b ¢ P]((y)r W[l ks recx.t: P[(y)r)
[T, x: P#2 -, t: P](y, [ b, recx.t : P] (V)T)r xpre
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Recursively-defined processes need recursively-defined types. The isomorphism
rep : Mjﬁ. = P; [,uf’ Iﬁ/ﬁ] : abs, relating a recursive type to its unfolding,

gives rise to the denotational semantics for terms of recursive types as follows.

5.2.4.4 Definition (Semantics of Folding). IfT" - abst : ,LLj]3. P is derived
from T byt : P;[uP. B/P] then define

[C by abst: p;P. B] =qef abs o [k, t : P;[uP. B/P]].

The semantics of folding can be given a concrete, set theoretic, characterisation
in terms of paths as follows.

5.2.4.5 Lemma (Characterising Folding). Suppose that the typing judge-
ment T -, abst : pu;P. P is derived from T+, t : P;[uP. B/P|. Let~ € [T
and p € P;[uP. B/P]. Then

abs p € [['t5 abst: ujﬁ. Pl(A)r iff pe [T hst: Pj[pﬁ. B/P|]{+)r.

Similarly, unfolding a recursively-defined type uses the inverse rep in its seman-
tics.

5.2.4.6 Definition (Semantics of Unfolding). IfT , rept : P;[uP. P/P]
18 derived from I' 4t : ujﬁ. P then define

[Tk, rept : P;[uP. P/P]] =qes repo [ b, ¢ : 11;P. P].

The semantics of unfolding can be given a concrete, set theoretic, characterisa-
tion in terms of paths as follows.

5.2.4.7 Lemma (Characterising Unfolding). Suppose that the typing jud-
gement T\, rept : P;[uP. B/P| is derived from Tt t : yu;P. P. Let v € [I']’
and p € P;[uP. B/P]. Then

pe[lFsrept:P;[uP. B/P))(Y)r iff abs p € [T Fq t: p; P. B](7)r.
The denotational semantics of the action abs p is closely related to that of type

unfolding as follows.

5.2.4.8 Definition (Semantics of Actions at Recursive Types). If the
judgement ,ujf’. P:abs p: P is derived from b, P; [,uﬁ Iﬁ/f’] :p: P then
define

[Fs ujﬁ. P: abs PP =qer [ Fs IP)]-[/MB. [ﬁ/ﬁ] :p: P'] orep.

The semantics of the action abs p can be given a concrete, set theoretic, char-

acterisation in terms of paths as follows.
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5.2.4.9 Lemma (Characterising Actions at Recursive Types). Suppose
that +s p;P. P : abs p : P’ is derived from +, P;[uP.B/P| : p: P. Let
X e ujﬁ. P. Then

[Fsp;P. P:abs p: P]X
= [Fs Pj[uP. B/P):p:P){x € P;[uP. P/P]|abs z € X}.

5.2.5 Nondeterminism

As demonstrated by 3.4.8.2, each hom-set FMCts([I'],P) can be seen as a
subset of the complete FM-preorder ![I']°? x P. Therefore, given a collection
of arrows f; : [I'] - P where the mapping i — f; is supported by s, the join

> icr fi of the f; (in W[P’]PW) is an arrow of FMCts,. This join can be used

to give a denotational semantics to nondeterministic sums as follows.

5.2.5.1 Definition (Semantics of Nondeterministic Sums). Suppose that
[y > crti : P is derived from the collection of judgements I' =, t; : P for each
1 € I. Then define

[T s Yicrti i Pl =aer Y [T b, £ 2 P,

el

This captures the semantics of nondeterminism as follows.

5.2.5.2 Lemma (Characterising Nondeterministic Sums). Suppose that
[ty > crti : P is derived from the collection of judgements I' =, t; : P for each
iel. Letye[I']. Then

[CEs > ierts : Pl{y)r = U([[F s, i : IP)]]<'Y>F)-

el

Proof. Since the join in m that defines [[" F, >, ;t; : P] is given by
pointwise union, this follows immediately from 5.2.5.1. O
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5.2.6 Names and Binding

The adjunction (—)#*++ 4 5+ : FMCts, = FMCtsg(,) of 3.4.8.27 gives
rise to the denotational semantics for terms of the form newa.t and ¢[a] as

follows.

5.2.6.1 Definition (Semantics of Name Abstraction). If the judgement
I -, newa.t : 0P is derived from T'#® Fagay t 2 P where a ¢ s then define
[T b5 newa.t : 6] to be the transpose of [L#* b4y t: P] in the adjunction
(—)#*++ 465+ : FMCts, = FMCtsg (). In other words,

[T Fsnewa.t: 6P] =qef 0 T [T7° Foogay t: Pl o 5/[[1“\}]

The semantics of name abstraction can be given a concrete, set theoretic, char-

acterisation in terms of paths as follows.

5.2.6.2 Lemma (Characterising Name Abstraction). Suppose that the
judgement T' 4 newa.t : 6P is derived from T'#® Fsugay t P where a ¢ s. Let
v € [T], let b be a fresh name and let p € P. Then

newb.p € [[' s newa.t: 6P)(7)r iff p € [['#° Fauqey (ab) -t PI(y)pss.

Proof. Firstly, note that since b # ~ it follows that v € [T#°]" so that (v)pss
is well-defined. Also it is the case that (vy)p#» = <(€ﬂ71“1]]#“ o f[m])ﬁ/)p) Qb as

follows. Let x € (y)p#s, then z € (v)r and x # b so that [b].x € {[[1"\]<")/>F. Let
¢ be a fresh name, then [b].z = (be) - ([b].z) = [c].((bc) - ). By the definition of
6~1 it follows that

(0[[}%]#& o é—/[r‘\]])<’}/>]_" = freshcin|[c].{z | [c].x € g/[[r\]<’7>r} (5.2.6.3)
so that

(0w oG (0r) @b = (00) - (x| [ € Emyiade))  (5.26.4)

and hence x € ((9[[_1%]#& o é“/[[p\]] ) (7>p> @b as required. Conversely, let

T € ((eﬁ#a o f/ur\u)<’7>r> @b (5.2.6.5)
and let ¢ be a fresh name, then (be) - x € {z | [¢].x € f/[[p\ﬂ(’y)p} so that
[c].((be) - x) = (be) - ([b].x) = [b].x € 5/[[1?]](7>p. (5.2.6.6)

Therefore there exists 2’ € (y)r such that [b].z <5, (rj#.) freshdin[d].z’" and
hence, for any fresh name d, z <pry# (bd) - 2’. Also b # (bd) - 2’ so that
(bd) - 2" € (y)r#v and hence z € (y)p#s as required. Thus as claimed,

((eﬂ}l]]#a 0 gﬁ)@ﬁ) @b = (7)r#. (5.2.6.7)
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Now newb.p € [ Fs newa.t : 6P](y)r if and only if

newb.p € [ Fsnewa.t : 0P {(v)r = (Hpoéa[[f‘#a Foufay T IP’]]OQ[[}lﬂ#a Of/[[r\]])<’)/>r

5.2.6.8
and since b is fresh by the definition of # it follows that this is equivale(nt to )
p € ((5a[[r#a Feogay t: Pl o 9[}1]]#@ o {ﬂp\ﬂ)mp) @b (5.2.6.9)
= ((ab) - [T#* Fyppay t 2 P]) (((eﬁ#a ° {HF\])MF) @b)
= [ oy (ab) -t : P (((eﬁ#a ° 5/[[1“\]])<’Y>F) @b)
[T#° Fyqpy (ab) -t PI(Y)pwe
as required. O

The adjunction (—)#*t+ 453+ : FMCts, = FMCts,,; also gives rise to a

denotational semantics for terms of the form ¢[a] as follows.

5.2.6.10 Definition (Semantics of Name Application). If the judgement
[#e Fougay tlal o P is derived from T = t : 6P where a ¢ s then define
[T#4 b oogay tlal : P] to be the transpose of [T s t : 6P] in the adjunction
(—)#ett 465+ : FMCts, = FMCtsg (). In other words,

[T#9 F gy tLad = P] =aef Gpo [T b ¢ : SP]Fo+H

The semantics of name abstraction can be given a concrete, set theoretic, char-

acterisation in terms of paths as follows.

5.2.6.11 Lemma (Characterising Name Application). Suppose that the
typing judgement T#® Fstqay tlal : P is derived from T' =5t : O where a ¢ s.
Let v € [T#4]" and let p € P. Then

newa.p € [[ F,t: 6P[(y)r iff p € [T7° Fougay tlal : PI(y)r#a.

Proof. Firstly note that

[L#% oo gay tlal : PI(7)r#a (5.2.6.12)
(Cp o @s,p 0 [T byt : SP]#? 0 Gl ) (7)pe
= (é\p ops,polFst: 51[3’]]#“) (1
= (o) (I0Fs t: 0PI3)r)

Notice that a # newa.p so that if newa.p € [I' k5 t : 0P](y)r then it follows
that newa.p € gb(;ap([[l“ Fst: 0P| <'y)p> and hence

p = (newa.p)Qa
(c} o ¢s,p) ([[P o t: O] <v>r) (5.2.6.13)
[D#a Fougay tlad : PI(y)rsa

m
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as required. Conversely suppose that

p € [T# ke tlal : PI(y)rsa (5.2.6.14)
= (G odsp) ([[r ot 0P <7>F)

then there exists p’ € ¢5ap<[[r st : 0P (’y)r> such that p <p (p(p’) = p'Qa.
Therefore newa.p <sp newa.(p'@Qa) = p’ and p’ € [I' k5 t : SP](y)r so that
newa.p € [[' b4 t: 0P)(y)r as required. O

The semantics of the action newa.p is given by the functor §; T together with

the isomorphism 6" as follows.

5.2.6.15 Definition (Semantics of Name-Abstracted Actions). If the
judgement 4 0P : newa.p : 6P is derived from Fyyr0y Pip i P where a ¢ s
then define

[Fs 0P :newa.p: 0P| =get é; 06 [ Feuqay Pip: P

The denotational semantics of the action newa.p can be given a concrete, set

theoretic, characterisation in terms of paths as follows.

5.2.6.16 Lemma (Characterising Name-Abstracted Actions). Suppose
that g 0P : newa.p : P is derived from g0y P :p: P where a ¢ s. Let
X € 0P. Then

[Fs 0P :newa.p: 0P| X
= {0} Y | freshbin Y @b € [(ab) - p]{z | newb.x € X}},

Proof.

[ts 0P :newa.p: 0P']X
= (0 00w 0dulpl 05 1)X

—

= (%1 o O 0 6,[p]) (freshbin [b].{z | newb.z € X})
(/«9\1![1,, o bp: ) (freshbin [b].[(ab) - p]{z | newb.z € X})

= 05 {Y | freshbinY @b € [(ab) - p[{x | newb.z € X }}
= {0,Y |freshbinY @b € [(ab) - p]{z | newb.x € X }},



CHAPTER 5. DENOTATIONAL SEMANTICS 126

5.2.7 Structural Rules

The denotational semantics associated with the usual structural rules make
use of the cartesian structure of each FMCts,: variables denote the identity
map on their underlying types, weakening corresponds to projection, exchange
corresponds to a twist map (o, 71 ), and contraction corresponds to the diagonal
map (1,1). The new structural rule of fresh-weakening,

Dx: Q% +,t:P
) X Q St S//gslgs)

Ix:Q# b t:P (5.2.7.1)

comes from the map 7(8"\¢")*+ defined in 3.4.8.38, which in turn arises from
the map 7 : (—)#% — 1 defined in 3.2.1.21. Notice that the discussion of 6.1.2.8
shows that this is ultimately given by the projection (—) ® A — 1. The other

new structural rule of support-weakening,

MFg t:P

/
-
TF, P & S

(5.2.7.2)
is simply given by the inclusion FMCtsy <— FMCts;.

It is useful to characterise the action of these structural rules in terms of their
action on inputs of the form (v)pr where v € [I']’ is a tuple of paths in the
appropriate environment I'. It turns out that these characterisations are all
as one might expect. However, the proofs are a little long and tedious, so the
results are only stated alongside the corresponding definitions, and the proofs

are collected at the end of this section.

5.2.7.3 Definition (Semantics of Variable). The meaning of a free variable

(with no freshness assumptions) is simply the identity map on the underlying

type.
[x : P#2 by x : P] =qer 1p

5.2.7.4 Definition (Semantics of Weakening). Suppose that the judgement
I,x: Q%7 -, t: P is derived from T b, t : P by weakening, then

[T, x: Q"2 b, t: P] =qet [T Fs t : P] o out;.

5.2.7.5 Lemma (Characterising Weakening). Suppose that the judgement
,x: Q%2 b, t: P is derived from T 4 t : P by weakening. Let v € [T] and
q € @ Then

[[F,X : Q#g Fot: P]] <77 q>F,x:Q#z = [[F Pt P]] <7>F.

5.2.7.6 Definition (Semantics of Exchange). Suppose that a typing judge-
ment I',x2 : Q72 x1: Q71 A b, ¢ : P is derived from the typing judgement
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,x1: Q7 x2: Q™2 A F4 t : P by exchange, let < be the twist map defined
m 3.4.8.11 and let

f=1rx1: Q17 x2: Q72 Ayt : P],
then define
[T, %2 : QQ#SQ,Xl : Ql#sl,A Fst:P] =qet fo (lp & S #o1 Qu#o2 & 1A)

5.2.7.7 Lemma (Characterising Exchange). Suppose the typing judgement
[,x2: Q72 x1: Q175 A, t: P is derived by exchange from the judgement
~#s1

[,x1: Q7 x2: Q72 A b, t:P. Letvy e IT), A e [A], ¢1 € Q and
52
g2 € Qy . Then

[[Fu X2 Q2#827X1 : Q1#81 ) A |_s t: ]P)]] <77 q2, 41, )‘>F,x2:(@2#52,x1;(@1#31 A
= [[F’ x1: Q1#817X2 : Q2#827A |_5 t: ]P)]] <,77 qi1, 92, )‘>F,x1:Q1#31,x2:Q2#52,A'

5.2.7.8 Definition (Semantics of Contraction). Suppose that the judge-
ment ", x1 : Q#s/ Fs t[x2/x1] : P is derived from T',x1 : Q#S/,XQ : Q#s/ Fot: P
by contraction, let A be the diagonal map defined in 3.4.8.13 and let

f=[rx1: Q#SI,XQ : Q#S/ Fst:P]
then define
[T, x1: Q% k-, t[x2/x1] : P] =ger f 0 (1r & Agwe)

5.2.7.9 Lemma (Characterising Contraction). Suppose that the typing
judgement T, x1 : Q#S/ Fs t[x2/x1] : P is derived by contraction from the judge-
ment T, x1 : Q#Sl,xz : Q#S/ Fst:P. Let v € [I']) and q € Q*s'. Then

[[F, x1: @#S l_s t[Xz/Xl] : P]] <77 q>1",x1:Q#5l
= [[,x1: Q% x2: Q" +,t:P](v,q, Q>1“,x1;(@#8’7x2;@#5’

5.2.7.10 Definition (Semantics of Fresh-Weakening). Let s C s’ C s
and suppose that T',x : Q#SH Fs t 2 P is derived from T, x : Q#S/ Fst: P by
fresh-weakening. Let 7\ o () #E\S) 4 1p0i0is. be as defined in
3.4.8.38, then define

[[F,X . Q#s’ ot P]] _ [[F,X . Q#s” Fot: ]P)]] o (]-F &T(éizi//)'f"i—).

5.2.7.11 Lemma (Characterising Fresh-Weakening). Suppose that the
judgement T, x : Q#S, Fs t: P is derived from T',x : Q#S” Fs t 2 P by fresh-
weakening, where s C 5" Cs. Let v € [I'] and q € Q#**'. Then

Il x: Q7 byt ]P’]](’y,q)F’X:Q#S/ =[Ix: Q7 Fyt: P](~, q>1“,x;@#8”.
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5.2.7.12 Definition (Support-Weakening for Terms). If s’ C s then let
J : FMCtsy — FMCts, be the inclusion of categories and define

[T byt :P] =g J[T o £ 2 P

5.2.7.13 Lemma (Characterising Support-Weakening for Terms). Sup-
pose that T' =5 t : P is derived from I' g t @ P by support-weakening, where
s' Cs. Lety e [I']. Then

HF Fst: P]] <'7>F = [[F Fort: ]P)]]<7>F

Proof. Immediate. O

5.2.7.14 Definition (Support-Weakening for Actions). If s’ C s then let
J : FMCtsy — FMCts;, be the inclusion of categories and define

[FsP:p: P =qer J[Fs P:p:P].

5.2.7.15 Lemma (Characterising Support-Weakening for Actions). If
s' C s and the judgement 4 P : p : P is derived from Fo P :p: P by

support-weakening, and furthermore X € @, then

[FsP:p:P)X =[Fs P:p: P]X.

Proof. Immediate. O

5.2.7.16 Proofs of characterisation lemmas

Proof of 5.2.7.5 (Characterising Weakening).

[0,z : Q%7 g t: Pl o () pque (5.2.7.17)

= [[Fst:Plooutyo()r .ore by 5.2.7.4

= [Fst:Ploout; omprypo ({:)r x 1p) by 5.1.2.3

= [Ckst:Plomo({:)r x 1p) by 3.4.8.8

[T Fst:P]o(-)rom.
4
Proof of 5.2.7.7 (Characterising Exchange). 1t clearly suffices to show that

(1F & S, #s1 ot & 1A) O ()1 x1:0, %1 x2:Q0#52 A (5.2.7.18)

= ()1 x2:Qo#2 x1:0, #1,4 © | 1[ryr X (T2, 71) X 1[[AJJ’>'
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The proof proceeds by induction on the structure of A. The interesting case is

when A = () which is as follows. Firstly, note that

1p & S, #s1 @y #e2
— (out;, outg, outy)® : [T & Q" & QY™ — [I]&QF* & QF .

Therefore by 5.1.2.3

(1r & S, #e1 ,QQ#sz) © <'>F,x1:@1#51 ,x2:Qa 752

so that by 3.4.8.8

= (out;,outs, outy)¥ o

Mr x1:Q,#51],07 2
© <<'>F,x1:@1#81 X ¢(SQ2)>

(outy, outs)® o (1 & g, #:1,0,%52) © ()P x1:01 %51 x2:05%52

— (s2)
= outqs om[[F,xl:Ql#Sl]],QfSQ o <'>I‘,x1:@1#31 X ¢Q22

= T120 (<'>F,x1:Q1#31 X (25822)

and hence

- <'>1—‘,x1:(@1#51 O T2

out; o (1r & S, #e1 g#52) © ()1 x1:01#51 x2:Qy o2

and similarly

outy o ()p x1.q,#51 © T2
out; © Myry g © (()F X ¢<(Qil)) 0 T2
1 © <>F X (bgll)) O 19

(Jrom

outz o (1r & S, #o1 ga#52) © ()1 x1:01#o1 x2:qu o2

Furthermore,

¢811) o m2.

Out2 (e] (1[‘ & ng#sl ’QQ#SQ) (e] <‘>F,X11Q1#31 ,X2:Q2#52

(s2)
OUt3 © m[r’xile#sl}]’Q?SZ © <'>F,X11Q1#51 X ¢Q22

T3 © <'>F,X1:Q1#51 X ¢($22)

qbg;) ©m3-

)

(5.2.7.19)

(5.2.7.20)

(5.2.7.21)

(5.2.7.22)

(5.2.7.23)

(5.2.7.24)
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Therefore by 3.4.8.5 and 3.4.8.9

(1F &ng#Sl,Qz#sz) © <'>F,x1:Q1#51,x2;@2#sz (5.2.7.25)
= ((Jrom,¢52 oms, 5 o my)

= [IF x2:Q0#52], Q# e m[[F]LQjESQ X 1(@;11#91)
o(()ro 7T1,¢Q2 07?3,¢((fo) o )

e ar © ((Mrpags o (Or < 667)) < 067)
o (1pry X (w2, m1)

= MYpsogu#eagora © (Irxaga#e X gs )

o (1prp x (w2, m)

= <'>F,x2:(@2#52,x1:(@1#51 © 1[[Fﬂ’ X <7T277T1>>
as required.

Now for the inductive case assume that

<1F & S, #s1 Qo2 & 1A> O ()1 x1:0, %51 x2:Q0#52 A (5.2.7.26)

= ()ra2Q,#e2 x1.0, %41 A © | 1y X (M2, m1) X 1[A]’>-

then

(1F 8 S, #er guien & 1 yzR#r> 0 (Ve ot #41 xpiGutee Agie  (5:2.7.27)
= <1F & S, #51 gu#e2 & 1A & 1R#”>
(r
o m[[F,xl:Ql#sl ,XQ:QQ#SQ,A]],R#T (<’>F,x1:@1#51 ,;x2:Qa#52 A X ¢R )
- m[[F,xQ:Q2#S2 ,x1:Qp #51 A R#r
© <<1I‘ & SQp #51,Qa#52 & ]—A> X 1@)

© (< >F x1:Q1 #51 x2:Qo#52 A X d)(r)>

[
3

[T,x2:Qa#52 x1:Qq #51 ,A],R#"
(r)
o ( (1F&<@1#51 Qe & 1A) ( >F,x1z@1#51,x2:@2#52,A) X fg )
= ML x2:Q#¢2 x1:Q: #51 A] R#7

o <<'>F,x2:@g#52,x1:(@1#51,A o Iy x (m2,m1) x 1[/\]]')) X ¢]§{)>

r)
- ml[F,XQZQQ#SQ,X].:Ql#SlJXH,R#T © <'>F7x2:Q2#52,x1:Q1#517A X ¢R )

o (1[[F]]’ X <7T2,7T1> X 1[[A]]/ X 1@#T>

- <'>1—‘,x2:@2#32,x1:@1#31,A,y:R#” © (1[[Fﬂ/ X <7T277T1> X 1[A,y:R#”]]’)

as required. O

Proof of 5.2.7.9 (Characterising Contraction). Firstly note that by 3.4.8.9 and
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3.4.8.13 it is the case that Agys = mgse gre © (Lgss, Lg#er). Therefore

(1F & AQ#S/) o <'>F,x1:(@#s/ <52728)

(1F&AQ#5’) O Mp,Q#s’ © (<>F X ¢g )>
Mry o#s’ g Q#s’ © (1F X A@#s’) © (<>F X (258 )>
m[[r\]]’@#s' & Q#s’ o (1{‘ X mQ#S/’@#s')

o (1r x <1@,1@>)

o (<'>F X ¢§§/))

M r.gre] g © (Mpry e X 1@?)
o (1r x (1, 157)) © (<.>F x ¢§5'>)
Mr e o © (Mo X 1gz)
o (¢ x 6§ x 05"

o (Lry % (Lguers 1geer))

M cigre o © (rangrs X ‘?58))
o (pry x (gur 1gsr))
<‘>F,x1:<@#3’,x2~@#8

o (Lpry X (Lgwers Lgse))

as required. 0
Proof of 5.2.7.11 (Characterising Fresh-Weakening). Firstly,
CARARPY 1 (5.2.7.29)
DA
L) N T ) s FEN)
g Q#S// ¢Q#S// (b(@#s” ¢@
(s'\s") (S//)#(s’\s”)
= T o~ o] @
(S// (S \S//)
- ¢ Q#s//
so that
(1r & 70T ) 0 () g (5.2.7.30)
= (&gt ) ompry gu o (r x 6)
myry,g# © (1r X 75125 Yo ((r x ¢5)
s\ s’ 4t s’
myry g#e © ((r % ( é#z// "ogl))
_ (s"\s’ )
= m[[r]] g o ((r x (85 ) 0,0 )
= 1_, XQ#SN @) (]_rl X T(és#zs ))
as required. O
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5.3 Substitution as Composition

Substitution effectively amounts to composition of denotations, as the following
lemma shows. However, care must be taken to ensure that the denotations lie in

the same FMCts, and that all the relevant freshness assumptions are satisfied.

5.3.0.1 Lemma (Semantic Substitution Lemma). Suppose that the judge-
ment L',y : R#" Fst:P and Aty v: R where sy N1 = @ and the variables in
I’ are distinct from those in A. Let iy : st Ur — sUsy and ig : s — sU sq.
Then

[T, A% s, tv/y] : Pl =5 [T,y : R¥ gt i Plo (1 &iF[A Fs, v R]F7TT)

Proof. The proof is by induction over the typing rules. As with the proof
of lemma 4.3.0.1, in the presence of exchange and contraction the induction

hypothesis must be strengthened as follows.

Suppose that IV F, ¢t : P, A, v: R, and I is a reordering of the environment
I,y1:R# . yn:R#™ and represent this reordering by the isomorphism
o :T&R# & .. &R#™n - I. Let r = ry U...Ur,. Suppose also that the

variables in I' are distinct from those in A and that s; N7 = &. Define
[WI™ = (55 & - - - & i) 0 Ay, 0 [A by, v R[#FTHT 0 AT - R#7 & ... & R#™™

where j; : r; — r for each i. The clash of As in the notation is unfortunate:
where a A has a subscript this means the diagonal map on that object, otherwise

it means the environment in A F,, v : R. Ultimately, conclude that
[T, A" s, tv] i P] =3[V Fo t : Ploo o (1r & it [v]™)

where t[v] is the term obtained by simultaneously substituting v for the variables

yi,...,ynint.

The proof now proceeds by induction on the derivation of IV I ¢ : P. Through-
out, variables beginning with y and z such as y1, ym and zn represent those that
are subject to substitution, whereas others such as x and x1 stand for those
that are not. Where it is unimportant, omit the map o and the functors 7] and
5 to preserve the clarity of the proof. For a similar reason, the various maps
Tﬂgfl)++ that appear in the proof will be written 7 or 7 where the decorations

are clear from the context.

Variable There are two possibilities for the variable rule, depending on whether

the variable in question is subject to substitution or not. If it is subject to
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substitution then t =y, n =1 and s = r = @ so 4] is the identity functor and

[Abs tlo/y]:R] = [AF, v:R]
= [[x : R#g Fox: R]] o (1() &[[A |_s1 v RH)
[x: R*® Fo x: R o (1) &[v]")

as required. On the other hand if the variable in question is not subject to

substitution then ¢ = x and n = 0 so that

[x:P*2 Ak, tlo/y]:P] = [x:P*? Ak, x:P]
= [x:P*? k4 x:P]oout,
[x: P*7 b5 x : P] o (1p &[v]™)

as required.

Weakening There are two possibilities for the weakening rule, depending on
whether the newly-added variable is subject to substitution or not. Suppose
that T, yn : R#? |-, t : P is derived from I” b ¢ : P, then yn does not appear

free in t and n > 0 and hence

IIF,A#mU...Urn_lLJ@ |_8U31 t[v] IP)]]
= [[VFkst:P]o(1p &v]* 1) by induction
= [[MFst:P]oouto (1r &[v]™)
[T/, yn:R#Z -, t:P]o (1 &[v]™)

as required.

On the other hand, suppose that IV, x : Q% I, ¢ : P is derived from the judge-
ment IV 4 t : P, then

[T, A#" x : Q%2 b s, t[v] : P]
= [[,A%" Fyus, t[v] : P] o out
= [["kst:P]o(1r&[v]") o out by induction
= [["Fst:Ploouto (1rgq&v]™)
[TV, x: Q%% b, t:P]o(1pgq&[v]?)

as required.
Ezchange This case is trivial, by reordering the environments appropriately.

Contraction There are two possibilities for this case, depending on whether
the contracted variable is subject to substitution or not. Suppose that the

judgement I, yn : R*"™ b, t[yn/ym] : P is derived from a judgement of the form
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[/,yn: R*™ ym: R#*™ -, t : P, then

[T, A#" 1= 0s, tlyn/ym][v] : P]
= [0, A% oy, to] - P]
= [[,yn:R#¥™ ym:R¥™ -, ¢:P]o (1r &[v]™™) by induction
= [,yn:R*™" ym:R¥" -, ¢ :P|o (1 & Agsr) o (1r &[v]™)
[T/, yn: R*™ k-, tlyn/ym] : P] o (1p &[v]™)

as required.

On the other hand suppose that the judgement I, x1 : Q#s/ Fs t[x1/x2] : Pis
derived from the judgement I'',x1 : Q#SI,XQ : Q#s/ ¢ t: P, then

[T, x1: Q% A% -, t[x1/x2][v] : P]
= [, x1:Q% A#" b, tl][x1/x2] : P]
[T, x1: Q* x2: QF A#T Fsusy tv] : Pl o (Ipg anr & Agus)
[T, x1: Q#S/,XQ : Q#S/ Fst:Plo(1pg gus g s &[V]™)
o (1pg a#r & Agssr) by induction
[T, x1: Q% x2: Q% k t: Pl o (1r & Agwsr) © (I g gesr &[V]™)
[T, x1: Q% b, t[x1/x2] : Pl o (11 ¢ ge &[0]")

as required.

Fresh-Weakening There are two possibilities, depending on whether the vari-
able with extra freshness assumptions is subject to substitution or not. If it
is not subject to substitution then this case is a simple application of the in-
ductive hypothesis. On the other hand, suppose that r/, C r, C s, that I is
a reordering of the environment I',y1 : R¥" . yn:R#™ and also that I is
a reordering of the environment I',y1: R¥™ .. yn: R#¥n, IfTV b, ¢ @ P is
derived from I'” -, ¢ : P then

[[I‘,A#”U“'U’"”*lu’"” |_8U81 t[v] :IP’]]
= [[, A#rUUrmaar ] i Pl o (1r & 7a)
= [IFst:Plo (1r&[v]™) o (Ir&Ta) by induction
= [Ft:Plo(lr&ns) & &) o (1r &[o]™)
[I' ks t:Plo (L1r &[v]")

as required.

Support-Weakening Suppose that ' C s and that IV F, ¢ : P is derived from
Iy t: P, then
L, A% oy, tv] i P
= [[,A%" Fays, tlv] 1 P]
= [IMFot:P]o(1p&[v]") by induction
[I"Fst:P]o (11" &[[U]]”)
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as required.

Prefiz  Suppose that I = ¢ : P is derived from IV F, ¢ : P, then

[T, A% b ous, (1)[v] = 1(t[v]) : IP]
np © [[P,A#T Fsus, t[v] : ]P]]
= npo[l"Fst:P]o(1ro[v]™) by induction
[T Fg 1t 1P]o (1 o [v]™)

as required.

Recursion Suppose that IV F, recx.t : P is derived from the judgement
IV, x:P" b, t:P. Let

f = [[Mx:P* - t:P]
and o= [[P,A#T,X . PP Fsus, tlv/y] P,

then by the induction hypothesis f' = fo(1r &[v]™ & 1p). Let go = g{, = & and
for each m let g1 = fo (1 & gm) o Ar and g, | = f' o (Ipg axr & g),) ©
Ar g a#-. Now by induction on m it follows that g/, = g, o (1r &[v]™): Cer-
tainly this holds for m = 0, since both sides are @. Furthermore

g;n—f—l = [lo(lrga#r &9p) 0 Apg awr
= fo(lr&[v]" & 1p) o (Ir & 1a#r & Grn) © Apg asr
fo(lr &[v]" & g;,) © Ar g, axr
for&[v]™ &(gm o (Ir &[v]™))) 0 Ar ¢ a%r
fol
(e}

o (1 &gm)

(1r &[v]™ & 1r &[v]™) © Ap g a%r
= fo(lr &gm) o Ar o (1r &[v]")
= gm+10 (v &[v]")

by, respectively, the definition of g;, , ;, the relationship between f and f’ estab-
lished above, the universal property of products, the inductive hypothesis, the
universal property of products, the universal property of diagonals and finally

the definition of g,,11. This completes the induction, so that

[0, A#7 ks, (recx.t)[v] = recx. (t[v]) : P]
Unew 9
- |—|m€w (gm o (1p &Hv]]n>)
= (Upnew 9m) © (1r &[v]™) by continuity
= [I"Fsrecx.t:P]o(1p &[v]™)

as required.
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Match Suppose that F’7A’#Sl Fo [u>q(x:Q #5s') =>t] : Pis derived from
I x: Q% b, t:P, A ke u:Qand by Q:q:Q where s’ C s\ s’. Suppose

that T is a reordering of T, y1 : R¥™ .

,yn : R#™ and that A’ is a reordering

of A,z1: R#ri,...,zm:R#T:’k Let r =riU...Ur, and 7’ = r{U...Ur] . There

are now two possibilities, depending on whether m = 0 or not. Suppose that

m # 0. Let A’ and v' be A and v with all the variables renamed. Then

[0, A% AF#TOIOs" 1 Tu > q(x:Q # 8') => t1[v] : P

IIF, A#TUT,USI,A#$,7 A/#TUT’US’ '_SUSI ['U,['U/] > q(X:QI # 8/) => t['l)]] . IP):I]
o (]-F & ]—A#s’ & AA#’I‘UT/US/)

[C, A#r A#S AFTOS o Tuv)] > q(x: Q) # 8 => t[u]] 1 P
O (1F & Tél) & ].A#s/ & Tg)) O (11" & ]_A#S/ & AA#"‘U?”/US/)

= ol A, x: Q* ko, to] : Plo S(r,anr) g

(1r & 1a#r &(5@\,0 [Forvs, Q:q:Q)#++
o [A, A iy, ufv] : Q)FHH))
(1F &Tél) &1y &TE)) o (1p &lpue & AA#TUT'W)

by contraction and fresh-weakening. Writing

(-1

) =aer (Ir&1a#r &(pg o [Forve Q:q: QP#++
o [[A,A#r/ Ferus, ulv] : Q]]#S"’“L))
o (Ir & 78 & Lpue &7X)) 0 (Ir & Lyser & Apsrimin )
= (1F & Lpawr &(&Q\' o[t Q:q: @/H#S/++
o [A For u: QI+ 0 (1,40 & []™#5H)))

o (]-F & Tgl) & ]-A#s’ & Tg)) o (]-F & 1A#s’ & AA#T‘UT"US’)

by induction, and [t] for [T, x : Q* kot P,

Ir, A#s” AFrUr'us’ Fous, [u>q(x:Q #5") =>t1[v] : ]P]]

ep o [T, A#" x Q/#S, Fsusy t[v] i Pl o Sip asry gratsr © (-0 100+)
epol!t] o!(1r & Loiwe &)™) o S(F7A#r)7@,#s, o(-e1--4)
ep o ![t] 0 Sp grwer © (Ir & Lgrwer &[v]™) 0 (-+-1-+)
ep o ![t] iﬁf’:@’#sl o (1F,
&(pg o [Fer Q:q: QI#+H o [A by u: Q[#5+H))
o (1 & Ly o &[0]™) © (1 & Tawr & Lyswr & [ "#FF)
© (1F & T(Al) &1z & T(Az)) o (1F &lppse & AA#TUT'US/)
[ A by Tu> q(x:Q #8') => 1] : P
o (1r & Lyww &((]" & )" * ) 0 (70 7)) 0 Ao )
[[I",A’#s/ o lu>qx:Q # ) =>1t] :Plo(1p &1 s &[v]™T™)

as required. The proof in the case m = 0 is similar, albeit simpler.

136



CHAPTER 5. DENOTATIONAL SEMANTICS 137

Function Abstraction Suppose that IV F, Ax.t : Q—P is derived from the
judgement I, x : Q%7 b, ¢ : P, then

[0, A% Fous, (Ax.8)[v] = Ax.(t[v]) : Q —P]
= curry ([, A% x: Q72 b4, tv] - P])
= curry([IV,x: Q"7 ¢t :P]o (1r & 1o &[v]")) by induction
= curry([[V,x: Q%7 ¢t : P]) o (1r &[v]")
[T Fs Ax.t:P]o (1r &[v]™)

as required.

Function Application Suppose that IV, A’ F; t(u:Q) : P is derived from the
judgement IV 4, ¢t : Q—P and A’ F¢ u : Q. Suppose that I' is a reordering
of the environment I',y1:R#™ . yn:R#™ and that A’ is a reordering of
A, z1 :R#Ti,...,zm:R#ﬂm. Let r=r;U...Ur, and ¥ =7r; U...Ur/ . Then

[T, A, A#FO 1 o (ECu:Q))[v] = (Eo]) (u[v]): Q) : P]

= [0, A% A A g () (uf]): Q) < P
o (1[‘ &1 &((Tg) &TE)) o Ap)

= applyo ([[I‘,A#’" Fsus, tlv] : Q=P &[[A,A#T’ Fsus; w]v] Q]])
o (1p & 14 &((T) & 7)) 0 An)

= applyo ([[F’ Fst:Q—=P]&[A Fs u: Q]]) o (1[‘ &[v]™ & 1 &[['U]]m)
o (Ir & 1a &((78 & 7)) 0 An)

= applyo ([I"F,t : Q=P &[A Fsu:Q]) o (1p & 1a &[o]"™™)

= [T A R b s Q) s Po (1 & 14 &[0]™)

as required.

Name Abstraction Suppose that IV b5 newa.t : 0P is derived from the judge-
ment [V#¢ Fogay t @ P where a is a fresh name and I is a reordering of
[,yl:R# . yn:R#™ Notice that as a is fresh, therefore a ¢ r and a ¢ s,
so that a # v. Then

[0, A#" =40, (newa.t)[v] = newa. (t[v]) : 6P|
= o [[F#av A#ria} FsUsiU{a} tlv] : PJ o E[[F/,A#\’"]]
= 0" [[F’#a Fougay t Pl o0 T (1rua & [[v]]”#a++) o m by ind.
= O gy £ Plo gy o (Ir &fol™)
= [I"tFsnewa.t:dP]o (1 &[v]™)

as required.

Name Application Suppose that a ¢ s and that r/#e Fougay tlal : Pis derived
from IV b ¢ : 6P where I is a reordering of T',y1: R*™ ... yn:R#™. By
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hypothesis, s1 N (r U {a}) = & so that a ¢ s; and hence a # v. Then

[T, A#rOL) b oay (tlad)[o] = (o)) [a < P
= (poll, AFT Fsus, t[v] 5P]]#“++
= Go([[VFat:P]o(1r&u]m)
= (po[[V byt 6P]#t+ o (Tpsa & []"7TT)
[ F iy tlal : Pl o (Lpsa & [o]"747)

as required.

Labelling Suppose that I t=; fo:t : @, P is derived from I =, ¢ : Py, then

[[F,A#T Fsus, (Lo:t)[v] = Lo:(t[v]) : GBKGL]PK]]
= iny, oL, AFT Fsus, t[v] @ Py
= ing o[V Fst:PyJo(lro[v]™) by induction
[[]_—V "S 60 't GBZGLPE]] o (11‘* o [[’U]]n)

as required.

Label Projection Suppose that IV ¢ gt : Py, is derived from the judgement
Mgt @y Pr, then

[0, A#" o0, (meot)[v] = 7ay (H[V]) 2 Py, ]
= outy, o [[', A"y, tv] : @y Pr]
= outy oIk, t: P, Pe]o(lrov]*) by induction
= [[FI l_s 7Tg0t . Pgo]] o) (11’* 9] [[’U]]n)

as required.

Nondeterministic Sum Suppose that I =, >, ;t; : P is derived from the
judgement I'' . t; : P for all ¢ € I, then

[T, A% s, (Cierti)v] = Xie (t:[v]) « P
= Ziel[[F,A#’" Fsus, ti[“] 3P]]
Ziel([[f" Fsti:PJo(1po [[v]]”)) by induction
= (Ziel[[rl ot IP]]) o (1r o [v]™)
[T ks Zielti :P] o (1p o [u]™)

as required.
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Recursive Type Folding Suppose that IV F, abst : ,ujﬁ. P is derived from
I’ by t: P;[uP. B/P], then

[0, A#" o, (abst)[v] = abs (t[v]) : u; P. P]
= abso[[, A#" b, tlv] : P;[uP. B/P]]
= abso [V, t:P;[uP. P/P]Jo(1ro[v]") by induction
= [IMFgabst:puP. B]o(1po[v]™)

as required.

Recursive Type Unfolding Suppose that IV k5 rept : P; [,uﬁ Iﬁ/ﬁ] is derived
from IV F, ¢ : ujﬁ. P, then

[0, A% Fi, (rept)[e] = zep (i) : By [uP. B/ ]
= repo [[, A% by, tlv] : i P. P]
= repo[lVFst:pu;P.Plo(1po[v]") by induction
[[" . rept : P;[uP. B/P]] o (1r o [v]™)

as required. O

5.4 Soundness and Adequacy

This section demonstrates that the denotational semantics described above cor-

responds closely with the operational semantics given in chapter 4.

The operational semantics gives rise to a notion of observation that can be
made about a process: it is possible to observe an action = P : p : P’ by
deriving a judgement of the form P : ¢ -~ t/. In fact the match operator
reduces these general observations to observations of just ! actions, because to
observe the action p in the term ¢ is the same as to observe a ! action in the
term [t > p(x:P#s) => 'nil]. Although it might seem at first glance that
this setup would give a full abstraction result ‘for free’ as in the development of
HOPLA, it is not the case. Section 7.1 demonstrates a counterexample to full
abstraction which relies on the fact that although it is possible to define every

path using terms of the language, it is not possible to distinguish them all.

Firstly it is shown in section 5.4.1 that the denotational semantics is sound:
the term ¢ may perform a ! action only if a corresponding path exists in the
denotation [t].

Then section 5.4.2 introduces a logical relation between paths and terms and
finally this logical relation is used in section 5.4.3 to demonstrate that the de-
notational semantics is adequate: as a converse to soundness, the term ¢ may

perform a ! action whenever a corresponding path exists in the denotation [t].
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5.4.1 Soundness

This section demonstrates that the denotational semantics of Nominal HOPLA
is sound: the term t may perform a ! action only if a corresponding path exists
in the denotation [t]. In fact, the path to this result is via a slightly more
general lemma, which uses the intuition that the denotation [p] of an action p
acts as a kind of ‘destructor’ for p, matching its input against the action p and
returning a set of resumptions after performing p.

5.4.1.1 Lemma. IfP:¢t 2>t and - P:p:P and s is a finite set of names
such that supp(t,p,t’) C s, then

[Fs 1P )E[FsPip:Po[tst:P].
Proof. By induction on the derivation of P : ¢t == ¢’ as follows.

Recursion Suppose that the judgement P : recx.t —— t' is derived from

P: t[recx.t/x] == t'. Let t* be defined by t*(f) = [t] o f, then

[FsP:p:PJo[ksrecx.t:P]
= [p] o fix(t*) by the denotational semantics
= [p] o t* (fix(t*)) by the properties of fix
= [p] o [t] o fix(t*) by definition of ¢*

[p] o [t] o [recx.t] by the denotational semantics

[p] o [tlrecx.t/x]] by the substitution lemma
[Fs 1t 1P by induction

I

as required.

Prefiz If 'P: It — ¢ then
[FsP:1:Plo[kst:P]=[Fs tt:P]

as required.
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Match Suppose that the judgement P : [u> q(x:Q' #s') =>t] -2 ¢/ is de-

rived from P : t[u//x] <= t' and Q : u —— u/, then
[FsP:p:PJots [u>qx:Q #)=>t]:P]
[Pl oceollt] o ¢y o ([al o [ul) ™" ™"

I

I

-

[p] o ep o ![t] o @i) o [ra/]#s

by induction on u

[p] o epo!ft] o d)(‘éf/) o ngls/-‘—-i- o [[u/]]#s’++

[[p]] o€poO ![[t]] O Ng#s © [[u/]]#s/++

[p] 0 ep 0 mp o [t] o [u/]#*'++
[p] o [t] o [uw/]#*'*++

[p] o [t[u' /x]]

[Fo 1t :1P']

as required.

by lemma 3.4.8.37

by naturality of n

by triangular identity
by substitution lemma

by induction on ¢

Name Abstraction Suppose that 0P : newa.t —=" newa.t' is derived from
P:t -2 ¢, then
[Fs 0P :newa.p: 0P']o[Fsnewa.t: oP]

= (6b 055 [p]) 0 5 F [t o o

0L, o35 (Ipl o [1]) o &0
mTRRY rad L KX

— HI!P' o 5;"‘77[@/ o (52"" [[t']] o é&
= ns,p 00 [t'] oo

= [Fs 'newa.t’' : 16P]

as required.

by the denotational semantics

by induction

by lemma 3.4.7.6

by the denotational semantics

Name Application Suppose that the judgement P : ¢ [a] L, ¢ is derived from
., newa.p ’
0P :t —" newa.t’, then

[[ l_sU{a} P:p: ]P/]] o [[ l_sg{a} tlal : P]]

| | |

by the denotational semantics as required.

[[ﬁ]] o &D o [t]#aet+
G0 (33 [p) o [ED#+

by the denotational semantics

by naturality

G o (B " 0 0h 0 55 [p] o [e])#e++

—

( !

(6%, "o [newa.p] o [t])#e++
G0 (0, o [+

Gor o (0" oms,e o [Y]Fo++
Cipr 0 (8 T o [t'])#ott

npr o Cpr o []FATF

[[}_SU{(I} !t/ : 'P/]]

C;!IP” [e)

by induction

by the denotational semantics
by lemma 3.4.7.6
by naturality



CHAPTER 5. DENOTATIONAL SEMANTICS 142

Function Abstraction Suppose that the judgement Q —P : Ax.t s

derived from P : t[u/x] = t', then

[FsQ—=P:urp:Plo[kFs Ax.t:Q—P]
= [pl capply o (1g—p&[u]) o curry[t] by the denotational semantics
[p] o apply o (curry[t] & 1g) o [u] by naturality

= [ploft]ofu]
= [p] o [t[u/x]] by the substitution lemma
3 [ks 1P by induction

as required.

Function Application Suppose that the judgement P : ¢ (u: Q) 2, ¢ is derived
from Q —P: ¢t ““% ¢ then

[FsP:p:PJo[kst(u:Q): P

= [pl o apply o ([t] &[u]) by the denotational semantics
= [ploapplyo (1g—p&[u]) o [t] by naturality
= Jur—p]o[t] by the denotational semantics
3 [ks ' 1P] by induction

as required.

Labelling Suppose that @, Py : lo:t % ¢ is derived from Py, : t = t,
then

[Fs @perPe:lo:ip:Plol ks lo:t: @yepPre]
= [p] o outy, oing, o [t] by the denotational semantics
= [p] o [t] by properties of the biproduct
J [k 1] by induction

as required

Label Projection Suppose that the judgement Py, : m,t L2, ¢ is derived from

P Pt L'p ', then

[FsPy :p:Po[bsmet: Py
= [p] couty, o [t] by the denotational semantics
[¢o:p] o [t] by the denotational semantics
3 [ks ' 1P] by induction

as required
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Recursive Type Folding Suppose that ,ujﬁ. P abst 227 ¢ is derived from
P;[uP. B/P] : t > t', then

[Fs ;P P:abs p:PJo[t,abst: 11;P. P
= [p]orepoabso[t] by the denotational semantics
= [p] o [t] as rep = abs™!

3 [ks 1P by induction

as required

Recursive Type Unfolding Suppose that IP; [,u]3 Iﬁ/ﬁ] . rept —— ' is derived

from ujﬁ. P27 t', then

[Fs P;j[uP. B/P):p:P]o|t, rept: P;[uP. P/P|]
= [p]orepo[t] by the denotational semantics
= [abs p]o[t] by the denotational semantics

J [Fs ' :P] by induction

as required

Nondeterministic Sum Suppose that the judgement PP : ). t; L, ¢ is derived

from P : t;, — ¢/, then

[FsP:p:PJo[ks D citi:P]
3 [p]ot] by the denotational semantics
J [Fs ' P] by induction

as required Ol

5.4.1.2 Corollary (Soundness). If!P: ¢ St and s is a finite set of names
such that supp(t,t’) C s then

[Fs 1t IP] E [ st IP].

Proof. By lemma 5.4.1.1, letting p = ! and noting that [!] = 1p. O

5.4.2 A Logical Relation

Define a relation X <p t between subsets X C P and terms such that + ¢ : P
by way of an auxiliary relation p €p t between paths p € P and terms such that
F ¢t : P as shown in 5.4.2.1. The intuition behind the statement that p €p t is
that p is a computation path of type P that the process ¢t may perform. With

this intuition in mind, lemma 5.4.2.2 demonstrates that if ¢ can perform the
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path pg then it can certainly perform the shorter path p;, and lemma 5.4.2.3
demonstrates that if £y can perform the path p and t; operationally subsumes
to then t; can also follow the path p. These technical lemmas are important
building blocks in demonstrating that if p € [t] then ¢ can perform the path p

which is the subject of the next section.

X<pt <— VpeX.pept (5.4.2.1)
Pept «= H.P:t—>t and P<pt
Q—pecgopt = VYu. (Q<gu=pecptu:Q))
newa.p Espt <= freshainp €p tlal
by :p E@EGLPZ t < p GPZO Tt
abspeujp*.ﬁt S peIPj[,uﬁ. /B rept

5.4.2.2 Lemma. Ifpg €pt and p1 <p pg then py Ep t.

Proof. The proof is by induction on the derivation of the statement p; <p pg.

Path Set By assumption Py €p t so that from the definition of the logical
relation there exists ¢ such that P : ¢ —— ' and Py <p t'. Since P, <p P, it
follows that for each p € P; there exists p’ € Py such that p <p p’ so that by
induction it follows that p €p t’. Therefore P; <lp ¢’ so that P, €p t as required.

Function Space Path The induction hypothesis permits the assumption that
Qo+ po €g—ptand Q1 — p1 <g_p Qo — po so that p1 <p pp and Qo <ig Q1.
In order to show that Q1 — p; €g_p t let u be such that Q; <Jg u. Since
Qo <19 Q1 it follows that for each ¢ € Qo there exists ¢’ € Q1 such that ¢ <g ¢
so that by induction it follows that ¢ €g u and hence Qo Jg u. Now since
Qo — po €Eg—p t it must be the case that pg €p ¢t (u:Q) and hence by induction
p1 €p t(u:Q) as required.

New Name Path By assumption, newb.py Esp t and newb.pg <sp newb. p;
where b is a fresh name, and hence pg <p p1. In order to show that newb. p; €sp ¢
it is sufficient to show that p; €p t[b] and hence by induction that pg €p ¢ [b];

this is immediate since newb. pg Esp t.

Labelled Path By assumption, £q: t and g:pg < l1:p1 so
y ption, £o:po E@eeﬂ’e 0:P0 =@y _ p, C11P1
that ¢op = ¢; and p9 <p, pi. In order to show that ¢y:p; 6@ t it is
0 eeL]P),g
sufficient to show that p; €y, Tyl and hence by induction that pg EP,y, Moot

this is immediate since £y :pg EEB( B, t.
€L
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Recursive Type Path The inductive hypothesis permits the assumption that

abs po SR t and abs pg Sﬂjﬁ~ 5 abs pp so that pg < WB. BB P1- To show

il
J
that abs p; Eujﬁ. g t it is sufficient to show that p; G]P,j (wB. BB rept and hence

by induction that pg €p.(uB. B/ P rept; this is immediate since by assumption
[P

abs pg € t. 4

Mg .F_; [ﬁ
Define a relation between closed terms of type P by tg Cp ¢y if for all ¢ and p,
Pty 2t = Pty 2t

5.4.2.3 Lemma. Ifp cpty and tog Lpt1 then p €p ty.

Proof. The proof is by induction on the path p.

Path Set By assumption, P €p tg, so there exists ¢’ such that P <p t' and
Pty L ¢, Since to Cp ty, 1Pty BRI too, so that P €p t1 as required.

Function Space Path By assumption, @) — p €g_p to, so that for all u such
that @ <Jgp w it follows that p €p to(u:Q). Also tg Cg—p t: implies that
to(u:Q) Lp t1 (u:Q) as follows. Suppose that P : to(u:Q) p—/> t’, then by
lemma 4.4.1.4(1) Q=P : ¢ “Z2" 4 and hence Q—P:t Y8 4 o0 that finally
P:t(u:Q) -, t’. Thus by induction p €p t; (u:Q), so that Q — p €g_p
as required.

New Name Path By assumpton, newb.p €sp to where b is a fresh name, so
that p €p to[b]. Also tg Lsp t1 implies that to[b] Tp t1 [b] as follows. Suppose

newb. p’

that P : to[b] <= ¢/, then by lemma 4.4.1.4(iii) 6P : to — newb.t and

newb. p’

hence P : t; — mnewb.t’ so that finally P : ¢ [b] L, ¢. Thus by induction
p €p t1[b], so that newb. p Esp t1 as required.

Labelled Path By assumpton, fy:p 6@ P, to so that p €p,, Teoto- Also
leL
to E@éeLP‘f t; implies that 7, %o Eplo me,t1 as follows. Suppose it is the case
! .. Lo:p’
that Py, : mg,to —— t', then by lemma 4.4.1.4(ii) D Pe - to 2B and

Lo:p’ ! . .
hence @, Pr : 11 2% ¢ so that finally Py, : my ts 2, . Thus by induction

p €p,, Teytt, SO that £o:p E@zgﬂp’f t1 as required.
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Recursive Type Path By assumpton, abs p € BB to, so that by definition

| repto. Also tg & t1 implies that reptg Epj (u; P. /P T€P tq

P plu,P. /P
as follows. Suppose that PP, [ujﬁ. P/P] : repty —— ¢/, then by lemma 4.4.1.4(iv)

= g abs p’ = abs p'

i P. Pty "— t' and hence p;jP. P : t; — t' so that finally by the opera-

by P

eI

1

tional semantics it follows that ;[ P. B/P] : rept; —— t'. Thus by induction

P €p, [, B. F/5) TP t1, so that abs p €,,P F t1 as required. O

5.4.3 Adequacy

The logical relation X <p t of the previous section is now used to demonstrate
that if a path p appears — semantically — in the denotation [¢] then the term
t can — operationally — perform the path p. This result is complicated a
little by the potential presence of free variables in ¢, leading to the statement
of lemma 5.4.3.1. Furthermore, lemma 5.4.3.2 captures the intuition that an
action p denotes a map [p] which matches its input against the action p and
returns the resumptions of any matching paths. These two lemmas are proved

simultaneously by a mutual induction on the structure of typing judgements.

5.4.3.1 Lemma. Suppose I' -, t : P where I' = x; :Pl#sl,...7xn (P, 7o
For each i € {1,...,n} let v; € I@#Sl and let v; be a closed term such that
Fa\s; Vit Py and v Sp, v;. Then

[[F |_s t: IP]]<717 s 77n>F S]P t['l]]
where t[v] is the term obtained by simultaneously substituting each x; with v;.
5.4.3.2 Lemma. If FsP:p: P and X <pt and P € [p]X then there exists

t" such that P:t 2>t and P <p t'.

Proof. The proof is by mutual induction on the respective derivations of the

judgements 't : P and F3 P:p:P. Where it is unambiguous, write (-)r as

().

Variable Heren =1,P1 =P, t =%, v=7 and s = 51 = &.

[%1 : P#2 - xq PJ(v) = 1py1 =71 by the denotational semantics
<p, v by hypothesis
=ty by hypothesis,

as required.
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Weakening

[T, %41 IEDnle#S"Jr1 Fot:Pl(y1,- s Y1)
= ([Ckst:Plom)(y1,...,Ynt1) by the denotational semantics

= [Chkst:Pl{v1,-.7n)
p V] by induction,

where [v/] is the simultaneous substitution of v; for z; for ¢ € {1,...,n} only.
However t[v'] = t[v] since x,,+1 does not appear free in ¢ which yields the desired

result.

Ezxchange

[T, x1: Q7 x2: Qu#*2 A, t: P[(7,q1,q2,\)
= [0,x2: Qo2 x1: Q7 Aty t:P[(v,q2,q1,)\) by den. sem.
p  t[V] by induction
= ]

where [v'] is the substitution [v] appropriately reordered, as required.

Fresh-Weakening Since the freshness conditions have been strengthened, the
terms v; satisfy the weaker conditions required for the induction hypothesis to
hold. Therefore

[T, x: Q% k¢ P{v,q)
= [0,x: Q% +,t:P](y,q) from the denotational semantics
<p  t[v] by induction,

as required.

Support-Weakening (Terms) Suppose that s’ C s. Therefore

[Ckst:P){(v) = |[I'kgt:P]{y) by the denotational semantics
< tv] by induction,

as required.

Prefiz Let P € [I' 4 't : 'P](y). By the denotational semantics therefore
P C[I' ks t:P]{y). By induction [I" 4t : P](y) Jp t[v] so that P <p t[v]; by

the operational semantics, P : 1#[v] — t[v] so that P €yp '¢[v] as required.
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Recursion Let p € [I' kg recx.t : P|(y). By the denotational semantics
therefore there exists n € w such that p € ([I',x: P#2 b, t - P]]*)n<7>. By
induction on n, each ([I',x : P#2 -, ¢t P]*)"(v) <p recx.t[v], as follows. Cer-
tainly ([T,x: P#? k¢ IP’]]*)O<7> = @ <Jp recx.t[v]. Suppose that the result is

true at n, then

)" = o <1ﬂrﬂ&<ntﬂ*)”>oAuru<>
= [t]o (1pry &([E) ") (v
— [ty (109)™)

p  tv][recx.t[v]/x] by induction

Cp recx.t[v] by the op. semantics

so that p €p recx.t[v] as required.

Match Let p € [[F,A#S/ Fo [u>qx:Q #s)=>t] : P|(y,)), then by the

denotational semantics there exists ) € !Q" such that

p € [Ix: Q/#S/ Fst:P)(y,Q))
and Q € ([[ () @ZQZQI]]O[[A Forr u@]])(k)

By induction on w, [AFg u: QJ(A) Jg w[v] so that by induction on ¢ there
exists ' such that Q : u[v] = «’ and @ <o «'. By induction on ¢ it follows
that [I', x : Q* yt: P](v, Q) <p t[u'/x][v] and by the operational semantics
tlu'/x][v] Ep [u>qx:Q #s') =>t][v] so that p €p [u>q(x:Q # ') =>t1[v]

as required.

Function Abstraction Let Q — p € [I' k5 Ax.t: Q —P](v), and let u be such
that @ Jg u. Then

p € [Ix: Q72 b, t: P](v,Q) by the denotational semantics
I tv][u/x] by induction
Cp Ax.t[v](u:Q)

so that p €p Ax.t[v](u:Q) and hence @ — p €g_p Ax.t[v] as required.

Function Application Let p € [I';A kg t(u:Q) : P](v, ), then by the deno-
tational semantics there is @ € !Q such that Q@ — p € [ Fs t : Q—P](y)
and @ C [A ks w : Q](A\). By induction on u, [AFgu:QJ(\) Jg ufv] so
that @ <Jg u[v]. By induction on ¢, [I'Fst: Q—P[(y) Jg_p t[v] so that
Q — p €g—p tlv] and hence p €p t[v](u[v]: Q) = t(u:Q)[v] as required.
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Name Abstraction Let newb.p € [I' Fs newa.t : 0P](vy)p, where b is fresh, then
by the denotational semantics p € [I'#? Fsuqey (ab) -t o PJ(y)p#s. Since b was
fresh,

D Gp ((ab) - t)[v] by induction
p (newb.((ab)-t)[v])[b] by the operational semantics
= (newb.((ab) - 1))[v][b] asb#v
= (newa.t)[v][b] by a-equivalence

so that p €p (newa.t)[v][b] and hence newb.p €sp (newa.t)[v] as required.

Name Application Let p € [['#@ Fougay tlal @ P[(y)r#. then by the de-
notational semantics newa.p € [[' k¢ ¢t : dP](y)r and hence by induction
newa.p €sp tlv]. Let b be a fresh name, then newa.p = newb. ((ad) - p), so
that (ab) - p €sp t[v][b] = t[b][v]. By assumption a # ¢t and a # v so that by
equivariance p €sp t[al[v] as required.

Labelling Let £:p € [T kg £y t : @éeLIP’g]] (v)r, then by the denotational se-
mantics ¢ = {y and p € [[' b5 ¢ : Py ]. By induction [I' s ¢ Pe[(v) Jp, t[v]
and by the operational semantics t[v] Gp, ot so that p €p, me,lo:t and
hence £:p G@ZGLPZ ly :t[v] as required.

Label Projection Let p € [I' ks gt 2 Po,J(7)r, then by the denotational se-
mantics lo:p € [[' Fy ¢t @ @y Pe](y)r. Also by induction it follows that
[T s t: @y Pely ﬂ@ZELPf tlv] so that fo:p E@eeﬁp’é t[v] and hence as re-
quired p €p, e t[v].

Nondeterministic Sum Letp € [I'Fs >, t; : P]{y)r, then by the denotational
semantics there exists ig € I such that p € [I' by, i, : P](y)r. By induction
p €p t;,[v] and by the operational semantics t;, Tp > ;i so that p €p D,/

as required.

Recursive Type Folding Let abs p € [’ b4 abst : ujﬁ. ﬁ]]<’)/>[‘7 then by
the denotational semantics p € [[' t, ¢ : P;[uP. B/P|](y)r. By induction
[CFst:PsluP. P/PIIv)r <p (.5 55
tlv] © Cp, (4 B. P/P} repabst so that p €, p,(uP. #/F) TePabst and hence it follows

t[v] and by the operational semantics

that abs p € , 5  abst[v] as required.
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Recursive Type Unfolding Let p € [I' kg rept : Pjlu P. ]f”/ﬁ]]]( )r, then
by the denotational semantics abs p € [I' k4 ¢ : ]3 fﬂ]( T
tion [Tt t: pu;P. P](7)1 <P 7 t[v] so that absp €,

P Sp,(up. B/P) rept[v] as required.

By induc-

s tlv] and hence

Prefiz Action Suppose that X <jp t and P € [ 5 P : ! : P]X = X, then
P €p t and hence there exists ¢’ such that P <p t’ and P : ¢ ot as required.

Higher-Order Action Let X' ={p’ | 3Q C [ Fs u: Q]. Q@ — p’ € X} then
by the denotational semantics [Fs Q =P :u—p:P|X =[F; P:p: P)X".
Also, if p’ € X’ then there is @ C [ b5 u : Q] such that @ — p’ € X. By
induction, @ C [ ks u : Q] implies that @ <Jg u, and X <Jg_,p ¢t by hypothesis
so Q+—p €g_ptand hence p’ €p t(u:Q). Therefore X’ <p t(u:Q). Thus
by induction if P € [Fs Q=P :ur—p:P]X =[Fs P:p: P']X’ then there
exists ¢’ such that P : t(u:Q) -~ ¢/ and P <p t’ and so by lemma 4.4.1.4(i)

Q—P:t 2 as required.

Labelled Action Let X' = {p’ | £y:p" € X} then by the denotational semantics
Clen s PIIX — C o I Y ~
[Fs @ucrPe: bo:ip: P]X = [Fs Py, - p: P']X" and if X S]@ZGLP@ t then

X' <p,, m,t. Therefore by induction there exists ¢’ such that Py, : gt 2

and P <p/ t' and hence by lemma 4.4.1.4(ii) @, Pr: t DB 41 as required.

New Name Action The induction premises are that +, 0P : newa.p : 0P,
X <sptand P € [ 5 0P : newa.p : P']X. By the denotational semantics,
P € [Fs 6P : newa.p : 6P| X implies that P = 05, P’ and for fresh b it is the
case that P'Qb € [y P (ab) - p: P'] X" where X’ = {z | newb.z € X}.

Let 2’ € X', then newb.z’ € X <4p ¢ so that z’ €p t[b]. Therefore X’ <p t[b];
also P'Qb € [ Fypy P i (ab)-p : P'IX" and Fyyp) P o (ab) -p @ P’ so that
by induction there exists ¢ such that P : ¢[6] “2¥ ¢ and P'@b <l . By
lemma 4.4.1.4(iii), B : ¢ " 2407

that newb. (ab) - p = newa. p so that finally P: ¢ "——" newb.t'.

newb.t’, and by a-equivalence it is the case

It remains to show that P <sp newb.t’. Let x € P and recall from above that
P =0y, P' = {z | freshbinx@b € P'@b}. Let b be fresh, then it follows that
x =newb.z’ and 2’ € P'Qb. Furthermore, P'Qb <p, ¢’ so that 2’ €p/ t’. By the
operational semantics, ¢’ Cp newb.t' [b] so that 2/ €p newb.t'[b] and hence

x €sp newb.t’, as required.
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Recursive Type Action Let
X'={p' |absp' € X}

then [, p;P. P:abs p: P|X = [+, P;[uP. B/P]:p:P]X" and X <, Bt

implies that X’ L, (uF. B/

that P;[uP. P/P] : rept = ¢’ and P <p ¢’ and hence by lemma 4.4.1.4(iv),
5 . abs p , .
i P.P:t — 1" as required.

rept. Therefore by induction there exists ¢’ such

Support-Weakening (Actions) This case is clear from the given denotational

semantics. O

It immediately follows that the denotation [t] consists of paths that the term ¢

perform.

5.4.3.3 Corollary. Suppose gt :P. Then [Fst:P] <pt.
Proof. Let I' be the empty environment and apply lemma 5.4.3.1. Ol

It is now possible to demonstrate the main theorem of this thesis, namely the
computational adequacy of the given semantics of Nominal HOPLA with respect

to observations of ! actions.

5.4.3.4 Theorem (Adequacy). [+ ¢ :!P] = @ if and only if there exists no
t' such that 1P+ ¢ —— ¢'.

Proof. Suppose that there exists a ¢’ such that P : ¢ 5 #. Then by soundness
[Fs W :PJC[Fs!P:t:Plo[Fst:P]=[Ft:!P]. But ['¢] =npo[t'] and
np(X) # @ for any X C| P and therefore [ F ¢ : IIP] # @ as required.

Conversely, suppose [ ¢ : IP] # @. Thensince [F ¢:P] C| IP, @ e [+ t:IP].
Hence by lemma 5.4.3.3, @ €p t and so there is a t’ such that !P: ¢ Lt as
required. Ol

As discussed in the introduction to 5.4, the observation of general actions of the
form F P:p: P may be reduced to the observation of primitive actions of the
form P’ : 1 : P’ by the matching operator [t > p(x:IP' # s) => 'nil]. Because
of this, a consequence of theorem 5.4.3.4 is that two terms with equal denotations
must also be operationally indistinguishable. This could be summarised by
a slogan saying that denotational equivalence implies contextual equivalence,
although the details of the definition of contextual equivalence are not included

here. In the original version of HOPLA[20] contextual equivalence coincided
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precisely with denotational equivalence: HOPLA is fully abstract. This full
abstraction property is well-known for its fragility and in particular it is not a
property of Nominal HOPLA as shown in section 7.1.1 below.



Chapter 6

A Universal View

This chapter introduces a more universal approach to the nominal domain the-
ory introduced above. It provides a justification that the definition of the se-

mantics of Nominal HOPLA is the result of sensible and canonical choices.

In 6.1 it is shown that the collection (FMPre;)sc,, 4 of categories arises in a
natural way from a dependent type theory in FMPreg. The category FMPreg
can be seen to be similar to NPre or equivalently the category of sheaves in
Preﬂ, which shows that the set-theoretical foundations of the (FMPre;)sc,, a
are not a key factor in this discussion. The replacement of (FMPreg)sc,,.a
with a dependent type theory in the more canonical NPre is not studied in
detail, but it is shown here that key constructions in (FMPreg)sc,, 4 have a
categorical — as well as a set-theoretic — description. In particular, it is shown
that the adjunction (—)#* 4§, : FMPre, = FMPre,,; of 3.2.1.15 arises
from the adjunction (—)®A 4§ : FMPreyz = FMPrey in a purely categorical
fashion, which justifies the simple set-theoretic definitions of (—)#% and §, in
3.2.1.2 and 3.2.1.6.

Then, since FMPre, (P, @) ~ FMLin (P, Q) by 3.3.2.1 it follows that FMLin,
is isomorphic to the Kleisli category of the monad (/—\) : FMPre, — FMPre;.
Section 6.2 develops some abstract machinery regarding adjunctions on Kleisli
categories, and then section 6.3 uses this machinery to lift the binding ad-
junction (—)#* 4 6, : FMPre, S FMPre,;,, to the Kleisli category, and
demonstrates that the result of this abstract lifting process coincides with the
adjunction (—)#** <44} : FMLin, < FMLin,; of 3.3.5.9.

By dualising this argument, since FMLin,(!P, Q) = FMCts; (P, Q) by 3.4.4.15
it follows that FMCts; is isomorphic to the coKleisli category of the comonad
!': FMLin, — FMLin, so that in section 6.4 it is shown that that the abstract

153
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machinery of section 6.2 lifts the adjunction (—)#2* - §+ on the FM-linear
categories to the adjunction (—)#**+ -5+ : FMCts, = FMCts(,)-

To summarise, the process described above is as follows and each step can be

described very abstractly.

() ®A 45 : FMPrey =S FMPrey
section 6.1.2

(_)#a -0, : FMPre, = FMPreSO{a}
section 6.3

(—)#et 46} : FMLin, S FMLin,;q)

section 6.4

(_)#a++ 4o6FT : FMCts; S FMCts 14y

In short, the key structure on the FM-continuous categories that makes them
a suitable setting for a domain theory that supports name generation (i.e. the
adjunction (—)#e+*+ - §F%) has a canonical description. It is therefore hoped
that this chapter points a way towards a more general theory of semantics with

names.

6.1 FMPre, in Dependent Type Theory

The purist may wonder whether it is necessary that the foundations of this
dissertation need to be as precisely specified as the cumulative hierarchy Vpum
of FM sets. After all, NSet can be constructed as Sh(Set') where Set is some
category of sets, not necessarily one with a cumulative hierarchy out of which one
can construct Vpy. Nor does NSet insist that the permutation action on any
particular set is given by &-recursion as FM set theory does. More practically,
conventional domain theory does not really require all the fiddly details of ZF
set theory, since it can be phrased in a much more universal fashion than by
talking of sets and elements. Such concerns are justified. The use of FM set
theory here is solely to give a semantics to a rich enough type theory for the
purposes of this discussion. A further advantage is that the language of FM set
theory is close enough to that of conventional set theories that the presentation

given in this dissertation should be accessible to conventional domain theorists.

This section gives a flavour of a less prescriptive foundational basis for this thesis
than Vey. The theory is not developed fully here as to do so is beyond the scope

of this dissertation, but it is intended that there is enough information here to
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persuade the purist that this work is applicable more generally it might first

appear.

Secretly, this discussion has been taking place in a dependent type theory. Nom-
inal sets supports a very rich dependent type theory as studied by Schopp and
Stark[26], but for the sake of clarity it is preferable to consider a simpler setup
here. Roughly speaking, the available types are dependent on a ‘current’ set of
names: if the current set of names is s then the available types are objects of
FMPre;. The current set of names can change, by inserting a new name or by
permuting the current names, and in general if 7 : s — s’ is an arrow of I then

the current set of names can be changed from s to s’ using i.

6.1.1 A Fibration

In order to give this account in terms of dependent type theory, the discussion
above indicates that a fibration over I°P should be sought. Recall from lemma
2.2.4.2 that each nominal preorder can be seen as a pullback-preserving functor
from I to Pre. The Yoneda lemma therefore embeds a copy of I°? in NPre,
taking each finite set s to the functor ys =ger I(s,—). Following through the
equivalence of lemma 2.2.4.2, the nominal preorder ys consists of all injections
s = A ordered with the discrete order, but note carefully that the permutation
action is given by post-composition and not conjugation. Therefore each element
i:s— A of ys has support given by {ia | a € s}. Isomorphically, ys consists of
all s-ary tuples of distinct names, i.e.

ys=A®...®A (6.1.1.1)
|s| times

where the isomorphism is specified by the choice of an order of the names in s.
If |s| > 1 then there are many such isomorphisms. There is also an important

distinguished element of ys: the inclusion 74 : s < A, which has support s.

There is a similarly-defined embedding y : I°? — FMPreg, and the codomain
fibration on (FMPreg | y) gives rise to the desired dependent type theory as
follows.

6.1.1.2 Lemma. For all finite sets of names s there is an equivalence of cat-
egories FMPre; ~ FMPrey /ys.

Proof. Let X be an object of FMPre, and define

X =aet [ J{i} x (0 - X), (6.1.1.3)

1€EYS
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with the product order, where o; is any permutation extending . This is well-
defined: if o; and o) both extend ¢ then o, 102’- # s and since X is supported by
s it follows that X = o '-o/- X so that 0;- X = 0}- X as required. Furthermore
if o is any permutation and (i,x) € X then z € 0;- X and o-(i,z) = (00i,0-7).
However, 0 -2 € 0-0;- X = 040; - X s0 that o - (i,z) € X. Therefore X =0 -X
and hence X is an object of FMPreg.

Define
Fo X =gt (X,m1). (6.1.1.4)

Note that m; : X — ys is equivariant and monotone so that F,X is an object
of FMPreg /ys.

Let f: X — Y be an arrow of FMPre, and define f : X — Y by

fli,x) =aet (i, (05 - f)z), (6.1.1.5)
where o; is any permutation extending . This is well-defined: if o; and o}
both extend 7 then o, 102 # s and since f is supported by s it follows that
f =010 fsothat (o;- flx = (0} - f)x as required. Also, if (i,z) € X
then = € o; - X and hence (0; - f)x € 0; - Y so that f{i,z) € Y as required.
Furthermore if o is any permutation and (i, z) € X then

o-fli,x)y = o-{(i,(0; f)z) (6.1.1.6)
= (ooi, (00 f)(o-x))
= (00i,(000i - [)(0- 7))

= Z(aoi,a-x)
= [flo-(i,x)).

This shows that f is equivariant, and it is clear that f is monotone, so that f is

an arrow of FMPre,. Furthermore 7 o 7 = 71 so that it is possible to define
Fof =qot [ : FsX — F,Y (6.1.1.7)

as an arrow of FMPreg /ys. It is now not hard to see that Fy so defined is a
functor FMPre; — FMPrey /ys.

Let (X, f) be an object of FMPreg /ys and define

G(X,f) =qet {z € X | f(x) =is} = f i} (6.1.1.8)

If o # s is a permutation then o - f~1{i,} = f~'{o ois} = f~1{is} so that s
supports G4(X, f) and hence G5(X, f) is an object of FMPre;.

Let h : (X, f) — (Y,g) be an arrow of FMPreg/ys, then h : X — Y is an
arrow of FMPreg such that f = g o h. Define

Goh =det h (6.1.1.9)
Gs<X9f>
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If v € Gs(X, f) then f(x) = is and Gsh(x) = h(z), but it is also the case that
(g o Gsh)(z) = (go h)(x) = f(x) = is so that Gsh(x) € G4(Y,g) and hence
Gsh : Go(X, f) — Gs(Y, f). If 0 # s is a permutation and = € G4(X, f) then
o-(Gsh(z)) =0 - (h(z)) = h(o - ) = Gsh(o - ) so that s supports Gsh. It is
clear that Gsh is monotone too, and hence that G h is an arrow of FMPre;.
It is not hard to see that G so defined is a functor FMPreg/ys — FMPre;.

If X is an object of FMPre, then there is an isomorphism G4F; X = X as fol-
lows. Let (i,z) € GsFsX, then i = m(i,z) = is and hence x € X. Conversely,
if x € X then (is,x) € GsFsX. It is not hard to see that this relationship is
monotone, supported by s, and natural in X.

If (X, f) is an object of FMPreg/ys then define 8 : F,Gs(X, f) — (X, f) by

B(i, ) =qet x. If (i,x) € Gs(X, f) then
r€0; G(X, f)=0; [ H{is} = fHos0is} (6.1.1.10)

and hence (f o 8)(i,z) = f(x) = ;015 = 1 = m{i,x). Also, 3 is clearly
an equivariant monotone map, so it is an arrow of FMPregy /ys as required.
Conversely, define 37! by 87 (x) =qet (f(2),z). Then

T

F U ()) (6.1.1.11)
FHorw ois}
= op@ - fTHis)
= Of@) - Gs(X, f)

m

and hence S~ 1(z) € G4(X,f). Furthermore 3! is clearly equivariant and
monotone and 710371 = f so that 71 is an arrow of FMPrey /ys as required.

Finally, 3 and 3~ ! are readily seen to be mutual inverses, and their definitions
are natural in (X, f), which completes the equivalence of FMPreg/ys and
FMPre, as required. O

Write cod for the forgetful ‘codomain’ functor cod : (FMPregy | y) — I°P.

6.1.1.12 Lemma. An arrow (h,i) : (X, f) — (Y,q9) of (FMPrey | y) is
Cartesian over i : s ~— s (with respect to cod) if the following diagram is a
pullback square.
X _h Y
_
1)

ys' —- U8

Proof. By definition of Cartesianness. O
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6.1.1.13 Lemma. The functor cod : (FMPreg | y) — I°P is a cloven fibra-

tion, with cleavage given by the usual choice of pullbacks.
Proof. Using lemma 6.1.1.12 and the fact that FMPreg has pullbacks. O

If i : s — &’ is an arrow of T then there is a corresponding reindexing functor
i* : FMPregy/ys — FMPreg/ys’ given by pullback. If o; is a permutation
that extends 7 then this reindexing corresponds to the permutation functor
o; : FMPre, — FMPre, via the equivalence of lemma 6.1.1.2 as follows. Let
(X, f) be an object of FMPreg /ys, then

Gsi* (X, f) G (X Xysys',ma) (6.1.1.14)
{{z,i") e X xys' | f(x) =i 0iNi =iy}

{reX | flx)=1iyoi}

o, {re X | flo;-x) =iy oi}

— o lre X [ f@) =0 oivoi)

= oi-{reX|[f(z)=is}

= 0, G(X, f),

I

and the action on arrows is straightforward. In particular, the inclusion s — s’

gives rise to the inclusion FMPre; — FMPre, in this way.

A parallel construction in the ‘codomain’ fibration on (NPre | y) gives rise to
a more universal setting for this discussion. As mentioned above, the details of
this construction are outside the scope of this thesis, but it is worth highlighting
how some aspects of the structure of NPre manifest themselves within the

dependent type theory.

6.1.2 Binding in (FMPrey | y)

This section demonstrates that the functor (—) ® A and its right adjoint § give
rise to the operation (—)#¢ and its right adjoint d, defined in 3.2.1.15. In fact,
this latter pair of functors are themselves dependent (on the name a) but it
would require too much notation and too much complexity for the purposes of
this section to capture this fact in full generality. For the sake of clarity, it is

simpler here to notice that the isomorphism 6.1.1.1 gives rise to an isomorphism
viy(sU{a}) Zys® A. (6.1.2.1)

In detail, » maps i : s U {a} > A to the pair (i|s,i(a)). Importantly, v is

equivariant, and hence an arrow of FMPreg, and v(iyy(q}) = (is, a).
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6.1.2.2 The functors (—) ® A and (—)#¢. Consider the object (X, f) of
FMPrey/ys. The action of (=) ® A on f : X — ys results in the arrow
f®1y: X®A — ys®A. From the equivalence in lemma 6.1.1.2 the object
(X @ A,v=t o (f ®1,)) corresponds to the FM set

Gsu{a}<X®A v=o(f®1,)) (6.1.2.3)
= {{z,d) e XA v ((f®1a)(z,a") = isr(a} }
= {{#,d) e X®A|(f(),d") = (is,a)}
= {(z,0) e X®A| f(z) =is}
~ {zeX|flx)=isNa#z}
= {zeX|f(z)=1i}*
(Go(X, )7

It is straightforward to see that the action of (—) ® A on arrows gives rise to

the action of (—)#? on arrows in the same fashion.

6.1.2.4 The functors 6 and J,. Now consider the object (X, f) of the cat-
egory FMPreg/y(s U {a}). The action of 6 on f : X — y(s U {a}) results
in the arrow 6f : 6X — d(y(s U {a})), and using the isomorphism 6.1.2.1 this
corresponds to an arrow dvodf : 0X — 6(ys ® A). Form the pullback against
the unit £, : ys — 0(ys ® A) as follows:

2

0X X§(ys@h) YS ys (6.1.2.5)

-
ﬂ—lL lgys

0X — d(y(s U{a})) ———>06(ys®A)

Via lemma 6.1.1.2 the object (60X X s0a) ys, m2) of FMPreg /ys corresponds

to

G(6X X5ysoh) YS; T2)
= {{md) € 6X x ys | Su((2)) = Ea(i) N = i}
{{z,is) € 6X x ys | freshbin [b].v(f(zQb)) = freshbin [b].(is, b) }
{z € §X | freshbinv(f(z@Qb)) = (is,b)}
= {r € X |freshbin f(zQb) = (ab) - iy (ay}
= {z €0X [freshbinz@b € (ab) - Gy (X, f)}
= 6.Gua) (X, )

I

(6.1.2.6)
It is straightforward to see that the action of § on arrows gives rise to the action

of §, on arrows in the same fashion.
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6.1.2.7 The transformations 7 : (=) ® A — 1 and 7, : (—)#* — 1. Let

i:s<— sU{a} and consider the following situation.

X®A o (6.1.2.8)

(s U{a}) —> s

As 7*X is formed by pullback, there is a unique map 7 : X ® A — *X
which is an arrow of FMPreg /y(s U {a}). By 6.1.1.14 the object i*X cor-
responds to G(X, f) as an object of FMPre,,;, and by 6.1.2.3 the object
(X®A, v o(f®1,)) corresponds to (Gs(X, f))#*. Therefore by lemma 6.1.1.2
the arrow 7 corresponds to an arrow (G4 (X, f))#* — G(X, f) defined for all
€ (Go(X, f))#* by

(GyuaT)T =def T- (6.1.2.9)

In other words, the 7 from 3.2.1.21 is the dependently-typed analogue of the
projection m : X ® A — X.
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6.2 Adjunctions and Kleisli Categories

It can be seen from section 2.1 that a key feature of the Domain Theory for
Concurrency is the use of Kleisli and co-Kleisli constructions, and from 2.2 that
a key feature of the theory of nominal sets is the adjunction (—) ® A - 4.
Since this dissertation aims to merge these two theories, it is important that
these structures interplay well. Abstractly, and subject to certain coherence
conditions, they do indeed interplay well, and this fact gives rise to the binding
structure in the FM-linear and FM-continuous categories defined in 3.3.5.9 and
3.4.8.26 respectively.

6.2.1 Adjoints to Inclusions

Firstly, notice that in both 3.3.2.1 and 3.4.4.15 one of the adjoints is the iden-
tity on objects. By the abstract argument below it follows that each of these
adjunctions is isomorphic to the appropriate (co-)Kleisli construction.

6.2.1.1 Lemma. Suppose that there is an adjunction

with unit n and counit €. If the left adjoint F' is a bijection on objects then C
is isomorphic to the Kleisli category of the monad (GF,n,Ger). Dually, if the
right adjoint G is a bijection on objects then D is isomorphic to the coKleisli

category of the comonad (FG, e, Fng).

Proof. The final two sentences of the statement of this lemma are dual to each
other, so by duality it is sufficient to show just one. Therefore, suppose that
the right adjoint G is a bijection on objects. Let £ be the coKleisli category of
FG. Define L : £ — D as the (unique) coKleisli comparison functor. In detail,
if A is an object of £ then LA =4 GA and if f : A — B is an arrow of £ then

Lf =4et Gf onga.

Define K : D — & as follows. If A is an object of D then define KA =4 G~ 'A
and if f: A — B is an arrow of D then define K f =q¢t eg-15 0 Ff.

To see that K is a functor, note that K14 = €5-14 which is the identity on
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KAin & andif f: A— B and g : B — C are arrows of D then

K(gof) = eg-1coF(gof)
— cggoFgoFf
= €eg-1c0Fgo FGeg-1go Fngg-1po Ff Dby triangle identity
= €g-1co0FgoFGeg-1go FGF fo Fngg-14 by nat. of n
= €eg1coFgoFG(eg-1poFf)oFngg-1a

= KgoFGKfoFngka
(6.2.1.2)
which is the composition of K¢ and K f in £ as required.
Let f: A— B in D, then
LKf = L(eg-ipoFf) (6.2.1.3)
= Geg1poGF[ongg-1a
= Geg-1pongg-1pof by naturality of n
= f by triangular identity.
Conversely, let f: A — B in &£, then
KLf = K(Gf o 77GA) (6.2.1.4)
= eg-1gp° FGfoFnga
epo FGfoFnga
foergaoFnga by naturality of e
= f by triangular identity.
Therefore L and K are mutual inverses, which completes the proof. O

—

In particular, Ky, : FMLin; — Kl((—) on FMPreS) and its inverse L;n are
both defined as the identity on objects, and if f : [P - P’ is an arrow of FMLin,

and g : Q — @ is an arrow of FMPre, then

Kiinf =act fo{-}p and Lring =daer g'- (6.2.1.5)

Similarly, Kcts : FMCts, — Kl(! on FMLinS) and its inverse Lcis are both
defined as the identity on objects, and if f : P = P’ is an arrow of FMCts,

and g : !1Q - Q' is an arrow of FMLin, then

Kctsf =aet (f o i[p)T and  Lctsg =def 9 © NQ- (6.2.1.6)
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6.2.2 Adjunctions in Kleisli Categories

In a situation

Cc D 3 (6.2.2.1)

where 1" and S are monads and all the functors satisfy certain coherence con-
ditions, it is possible to ‘lift’ the adjunction F' 4 G to the respective Kleisli
categories of 17" and S. This follows from abstract results on the formal theory
of monads[32] but the proof is elementary diagram-chasing so it is reproduced
here. In 6.3 it is shown that this lifting process, combined with the isomorphism
Kiin defined in 6.2.1.5, gives rise to the adjunction (—)#¢* 4§} described in
3.3.5.9. Furthermore it is shown in 6.4 that this lifting process applied to the ad-
junction (—)#* + §}, combined with the isomorphism Kcys defined in 6.2.1.6,
gives rise to the adjunction (—)#2*+ o §F+ described in 3.4.8.26.

6.2.2.2 Lemma. Let C and D be categories. Let (T,n, 1) be a monad on C and
let (S,0,v) be a monad on D. Let F 4 G :C <= D be an adjunction with unit §
and counit €. Let k : FT — SF and h : GS — TG be natural transformations

such that the following diagrams commute.

F F T
@ F-pr ) FTTEFT () T —sTGF

g o I

SF SET k GFT —E~ GSF
lSk
SSF s S

(d) ¢—%qas () GSS-Y~as f) Fas -t~ Fre

R -

TG TGS h § < SFG
lTh
TTG > TG
For all objects A and all arrows f: A— TB of C define
F+A =def FA and F+f —def kB ] Ff (6223)

Similarly, for all objects A and all arrows g : A — B of D define

GtA =4t GA and GTf =4t hpoGf. (6.2.2.4)
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Then F* and G are functors and there is an adjunction
FT4GT:K|T) = KI(S) (6.2.2.5)
with unit €T and counit €™ where

§" =aer nar o€ and € =qep o€ (6.2.2.6)

Proof. The proof proceeds by unwinding definitions and diagram-chasing as

follows.

F* : KI(T) — KI(S) is a functor: Let A be an object of KI(T'), then the
identity on A is given by 74 in C. Then by (a), F*na = k4o Fna = 04 which
is the identity on FA = FTA in KI(S) as required. Now let f : A — B and
g : B — C be arrows in KI(T'), then the following diagram commutes in D by
naturality of k& and (b).

Fuc

F FT
FA— prB L FTTC FTC (6.2.2.7)

lkB Lch ch
SFg S

SEB 2L spre 2 sspe R sEC

In KI(S) the compositions clockwise and anticlockwise around the outside of
this diagram are the arrows F'*(go f) and F*go FT f respectively, which shows
that F'T is a functor.

Gt : KI(S) — KI(T) is a functor: Let A be an object of KI(S), then the
identity on A is given by 64 in D. Then by (d), GT04 = haoGO4 = nga which
is the identity on GA = G* A in KI(T) as required. Now let f : A — B and
g : B — C be arrows in KI(S), then the following diagram commutes in C by
naturality of 4 and (e).

Gf GSyg
GA—>GSB —% GSSC GSC (6.2.2.8)

lhB lhsc lho
TG Th

TGB —%*TGSC —% 11600 L% 1GC

In KI(T') the compositions clockwise and anticlockwise around the outside of
this diagram are the arrows G (go f) and GTgo G™ f respectively, which shows
that GT is a functor.

£t :1— GTFT is a natural transformation: Let f: A — B be an arrow

of KI(T'). The following diagram commutes in C by naturality of n and &, the
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monad laws for 7', and (c).

f T¢p

A TB
lﬁA LﬁTB W{
GFf k TncrB

G h
GFA———> GFTB —> GSFB —> TGFB —= TTGFB

l'ﬂGFA UTGFBl/ \ lHGFB
TGF
rarA S rarr I pasrp L rraEB L TGER

(6.2.2.9)
In KI(T') the compositions clockwise and anticlockwise around the outside of
this diagram are the arrows £ o f and GTFT f o £} respectively, which shows
that £ is natural.

€t : FtGT — 1 is a natural transformation: Let f: A — B be an arrow
of KI(S). The following diagram commutes in D by naturality of ¢ and 6, the
monad laws for S and (f).

G B B
raa —L pasp 25 praB L5 sraB (6.2.2.10)
LCA essl Sep J
s 1
A SB SSB

o T

SA——8SB—,—>SB

VB

In KI(S) the compositions around the outside of this diagram clockwise and
anticlockwise are the arrows e}; o FTGTf and fo ej respectively, which shows
that et is natural.

¢t and €T satisfy the triangular identities: The following diagram com-

mutes in C by naturality of 1, the monad laws for 7', the triangular identity for

G and (c).

TGFGA S raA L% pasa A praa 24 paa

NGFGA T NTGA ] /

NGA

(6.2.2.11)
In KI(T') the compositions clockwise and anticlockwise around the outside of
this diagram are the arrows G e}y 0 {5+ 4 and the identity on GA respectively,
which demonstrates the triangular identity for G™.
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The following diagram commutes in D by the naturality of 6, the monad laws
for S, the triangular identity for F' and (a).

FTGFA S SPGRAT S SFA 2254 §5F A (6.2.2.12)
o T SO
FA FGFA-"*~FA SFA

w

In K1(S) the compositions clockwise and anticlockwise around the outside of this

+
FtA

demonstrates the triangular identity for F'*. This completes the proof. O

diagram are the arrows e o ¢4 and the identity on F'A respectively, which

The commuting diagrams (a) — (f) of lemma 6.2.2.2 may be referred to respec-
tively as the ‘left triangle’, ‘left pentagon’, ‘unit square’, ‘right triangle’, ‘right
pentagon’ and ‘counit square’.

6.3 Binding in FM-Linear Categories

As discussed in 3.3.5.9 there is an adjunction on the FM-linear categories that is
analogous to the adjunction (—)#¢ 4 4, : FMPre, = FMPre,,; described

in lemma 3.2.1.15. Abstractly, this adjunction arises from lemma 6.2.2.2 making

———~Ha — — —

use of the natural transformations ¢ : (—)# — (=)#e and 0 : 64(—) — da(—),
and lemma 6.2.1.1 which shows that FMLin, is the appropriate Kleisli cate-
gory. This section demonstrates that this abstract description coincides with
the concrete definitions given in 3.3.5.9. Firstly it is shown in 6.3.1 that ¢ and
0 satisfy the premises of lemma 6.2.2.2 and then 6.3.2 unwinds definitions to
demonstrate that the result of this abstract process coincides with the concrete

description given in 3.3.5.9.

6.3.1 Binding in FMLin,, Abstractly

6.3.1.1 Lemma. If P is an object of FMPre, then define FTP = P#%, and
if f: P — @ is an arrow of FMPre, then define FYf = ¢g o f#e. If P is
an object of FMPre, .y then define GTP = 6,P, and if f : P — @ s an
arrow of FMPre(,y then define GT f = 0god.f. Define & = {-}5, (—y#a) 0§
and (* = {-}| 0. Then & and (* are respectively the unit and counit of an
adjunction

—

F* 4G*:KI((—) on FMPre,) S KI((—) on FMPre, ;).
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Proof. By lemma 6.2.2.2 it is sufficient to show that the diagrams below com-

mute.
: ]}fﬁa A~ A#a U]”%a A~ A~ g
P#a ——— p#a @ — p#a P——>4, (]P?#a)
{~}k l‘” % l ; TOP’#“
]P’ a
/:#\ o /\#a 5a¢]1” —
prra P#a o 0o (P7E) —— §,P#a
or

6(1{'}]1" ~ o~ (SaUﬂD ~

0P —>5,P 5 P—>0.P  (8.P)F——5 P "

{& LHW " lgﬁ A l%P
~ P
P

—

%P 5B o

Left Triangle. By lemma 3.3.3.6.

i
Left Pentagon. Let X € P . First, let p € (qb]p o Uf a)X, then a # p and

there exists x € X such that p € x. Let b be a fresh name, then it follows
that p = (ab) -p € (ab) -z € (ab) - X = X and a # (ab) - . Therefore
(ab) -z € ¢p5X and p € ¢p(ab) - x so that p € (Up#a o @ o ¢@)X. Conversely, let
pE (UP#Q o @ o (%)X, then a # p and there exists x € X such that a # x and
p € x so that p € (gbp o UIP#G)X as required.

Unit Square. Let x € ﬁ’, then

(Opsa 0 6appo&)r = (Opra 0 0a¢p) freshbin [b].x (6.3.1.2)
= Ops#. freshbin[b].(((ab) - ¢)z)
= Opyafreshbin[bl.{p € x | b # p}
= {p'|freshbinp’@be {pca|b+#p}}
= {p'|freshbinp’@b € = A b # p'Qb}

Epe.

Right Triangle. By lemma 3.3.4.5.



CHAPTER 6. A UNIVERSAL VIEW 168

Right Pentagon. Let X’ € §,P. First, let p/ € (p 0 6,Up) X" and let b
be a fresh name, then p'@b € (J,UpX’')@b = |J(X'@b) and hence there exists
some x € X'@Qb such that p’@b € z. It follows that ([b].2)@b € X'@Qb and
p'@b € ([b].z)@Qb and hence [b].z € 65X’ and p’ € Op[b].x so it follows that
p e (U(;ap o HA]p o 0@) X'. Conversely, let p’ € (U(Sap o HAP o Hﬁ)X’, then there exists
2’ such that for a fresh name b it is the case that p’@b € /@b and 2'@Qb € X'@Qb
so that p'@b € |J(X'@b) = (5aUpX’)@b and hence p/ € (49]1» o 6aUp)X’ as
required.

Counit Square. Let 2/ € (6,P)#2, then

(Gpods,pobf™)a’ = (Cpods,p){p | freshbinp’@b € '@} (6.3.1.3)
= (p{p’ | a# p' A freshbinp’ @b € 2'Qb}
= {p'Qa|a#p Afreshbinp @b € 2'Qb}
= {p'Qa|a#p Np'Qac a'Qa}

r'Qa = (g’

This completes the proof. O
6.3.2 Binding in FMLin,, Concretely
Via the isomorphism Ly, = KI_‘}H of 6.2.1.5 the adjunction F* 4 G of lemma

6.3.1.1 gives rise to the adjunction (—)#** 4§} : FMLin, < FMLing,; of
3.3.5.9 as follows.

6.3.2.1 The Left Adjoint. If P is an object of FMLing then certainly
LiinFt KpinP = P#e = P#ot If f: P - Q is an arrow of FMLin, then

LiinF " Krinf = (¢go f#o {-}Efa)T (6.3.2.2)
= (dgofFi0pp o {}psa)’ by 3.33.6
= (¢go fFodp) by 3.3.1.4
frat by 3.3.5.13.

6.3.2.3 The Right Adjoint. Similarly, if P’ is an object of FMLin,) then
L1inGTK1inP =0,P =06 P. If f: P - Q is an arrow of FMLinSU{a} then

LiinG Kuinf = (fg06ufo8u{}e) (6.3.2.4)
= (fgodafoby of{}sp) bys3345
= (0godafobyt) by 3.3.1.4

= §Ff by 3.3.5.14.
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6.3.2.5 The Unit. First note that the following diagram commutes by nat-
urality of £, 3.3.3.6 and 3.3.4.5.

s oy#e)

1— s 5, ((—)*) 5. ((—)79) (6.3.2.6)

5a{‘} _)#a
{'}ll 5a{~}fal \ TG(_)#a

— —#a /\a
<_) 5(/_\) 5a(—) Sa (5a(_)#
Therefore
LLingI_';Lin = ({'}5(}((_)#@) o é-)T <6327>
= (fcyre 0 Bapo 5 0 {1)" by6.3.2:6
= 9(,)#(1 e} 5a¢ O f(/;\) by 3314
= £ by 6.3.1.2.

6.3.2.8 The Counit. Similarly, note first that the following diagram com-
mutes by naturality of ¢, 3.3.3.6 and 3.3.4.5.

{} _ a
(Ba)Fo =2 (5, (<)) — =1 (6.3.2.9)
» {3
b5 Baf-p*e {h
/\#CL — a —
ba(=) T w2 = ()
Therefore
LunClh, = ({}10Q)] (6.3.2.10)
- (C(/:) 00170 (155_al ° {'}(5a(_))#a)T by 6.3.2.9
(0077 055 ) by 3.3.1.4
= ¢ by 6.3.1.3.

Therefore the adjunction £ < G of lemma 6.3.1.1 gives rise to the adjunction
(—)#** 44F : FMLin, < FMLing;,, of 3.3.5.9 by way of the isomorphism
Liin = Kﬂi; of 6.2.1.5 as required.

6.4 Binding in FM-Continuous Categories

As discussed in 3.4.8.26 there is an adjunction on the FM-continuous categories
that is analogous to the adjunctions (—)#* 4§, : FMPre, = FMPre 4
and (—)#** 465 : FMLin, < FMLing,; of 3.2.1.15 and 3.3.5.9 respec-

tively. Abstractly, this adjunction arises from the dual of lemma 6.2.2.2 since
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the FM-continuous categories are isomorphic to coKleisli categories via the iso-
morphism Kcggs of 6.2.1.6. This section demonstrates that this abstract de-

scription coincides with the concrete definitions given in 3.4.8.26. The natural

—

transformations required to apply lemma 6.2.2.2 are ¢' " and '~ '. Firstly it is
shown in 6.4.1 that these natural transformations satisfy the appropriate coher-
ence conditions to apply lemma 6.2.2.2, and then 6.4.2 unwinds definitions to
demonstrate that the result of this abstract process coincides with the concrete
route given in 3.4.8.26.

6.4.1 Binding in FMCts,, Abstractly

This section uses the abstract machinery of lemma 6.2.2.2 to lift the adjunction
(—)#** 46 : FMLin, S FMLing,; to a corresponding adjunction on the

—_

coKleisli categories of the respective | comonads. Firstly, note that gb!_l and 0!
are natural transformations of the appropriate types, as shown in lemmas 6.4.1.1
and 6.4.1.2. Then lemma 6.4.1.3 shows that they also satisfy the appropriate

coherence conditions to apply lemma 6.2.2.2.

—

6.4.1.1 Lemma. ¢' ' is a natural transformation |((—)#et) — (1—)#a+

Proof. Let f: P - Q be an arrow of FMLing, then

-~

-1
(I)#et o gp " o { hip#ay -

= ¢igo (!f)#a © ¢Epl ° <Z5]!p_l o {'}!([P#a) by 3.3.5.13

= ¢igo(If)#%o qﬁgpl o {-}p)#a © ¢§P_1 by naturality of {-}|

= o (f)Fro{}f ok by 3.3.3.6
= dgontofFioit ogh” by 3.4.4.14
= digont o f#ro ¢y oipua by 3.4.5.7
$ig oG 0 by © FHUT oipsa by 3.3.5.13
= g omgws o fH 0 ipu by 3.4.7.3
- (bg@_l o I(f#H) o {-}ypsay by 3.4.4.14.

But (If)#at o qb]!P_l and gbf@_l o I(f#a+) are both linear, so by 3.3.1.6 they are
equal as required. O

—

6.4.1.2 Lemma. 0'' is a natural transformation 5" — 071!,
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Proof. Let f: P - Q be an arrow of FMLin,(,;, then

5100y o {hsp
Big 0 0a!fobp 06y o{}sp by 3.3.5.14
= bOgodalfolbp' of}smpo 911{1 by naturality of {-}|
= Bigodalfod.{ pobs! by 3.3.4.5
= 0igodyng o daf odgipo 0]!}»_1 by 3.4.4.14
= 6Oigodangodsfo 951 O ls,P by 3.4.6.11
@\o Sang © O " 0 6F f ois,p by 3.3.5.14
—1

= 05 ons,go0)foisp by 3.4.7.6
= %_1 o10Ffo{hs.r by 3.4.4.14.

But 6! f o6, "

required. Ol

and 9(!@_1 o!d f are both linear, so by 3.3.1.6 they are equal as

It is now possible to show the main result of this section, namely that the
abstract machinery of lemma 6.2.2.2 can be used to lift the binding adjunction
(—)#** 46 : FMLin, = FMLing,, to a corresponding adjunction on the
coKleisli categories of the respective ! comonads.

6.4.1.3 Lemma. If P is an object of FMLin, then define FTTP :/Pf“, and
if f:P— Qis an arrow of FMLin, then define FHtf = f#ato qb]!P_l. If P
is an object of FMLing .y then define G**P = §,P, and if f : P — Q is an

arrow of FMLingy;,y then define G f = 0F f o QI!P_l. Define ¥+ =€ oe and
(t+ =Co €6,—)y#a- Then E% and (T are respectively the unit and counit of
an adjunction

F** 4G : coKI(! on FMLiny) < coKI(! on FMLinSO{a}).

Proof. By the dual of lemma 6.2.2.2, the following argument is sufficient.

Left Triangle.

—

EJ#H ogh o { hip#a)
- ‘Eflféwr © {‘}(!u»)#a o gbfp_l by naturality of {-}|
= gpoelogplo{Jupraodh | by 3.3.5.13
— gpoel®o{ It 0qh " by 3.3.3.6
= gpoill®ogl” by 3.4.4.16
= @podp Oipsa by 3.4.5.7
= iphe

€p#a O {‘}!(]}D#a) by 3.4.4.16
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But ep#a and ezfajL o ¢I!P_1 are both linear, so they are equal by 3.3.1.6.

Right Triangle.

—1

dtepo 9 o {-hs,p
SFepo{}s,pobh by naturality of {-}|
~1

= Opodaepolp of{}s,p 005 by 3.3.5.14
1

= Opodaepod {-hpobh by 3.3.4.5
= Opodyipob by 3.4.4.16
= 0po 9[? 05, P by 3.4.6.11
= is,P

es,p o { hs,p by 3.4.4.16

—

But €5, p and ) ep o 6]5?_1 are both linear, so they are equal by 3.3.1.6.

Left Pentagon.

(e)#+ 0 ¢b ™" o {hypway
= ('UP)#GJ“ o{ } IP)#a O ¢ﬁ3_1 by naturality of n
= o (tp)#e 0 gl o { }m#a ¢l ' by33.5.13
= ¢upoll )#a o { Mool ™! by 3.3.3.6
= o¢upo 7]”? o nIP o 2P o ¢IP> by 3.4.4.14
— pupontio{ o™ by 3.4.4.10

= ¢upo 77#?(1 o Qﬁul o {'}(np)#a o (b]!pil by 3.3.3.6

= dwponptogp' o qb[!p_l o {}i(p#a) by naturality of n
= dup ot o gt o/¢1p_\1 O Np#a O ipsa by 3.4.4.10

= E © 1l y#a O ¢! o Mpsa 0lpsa by 3.4.7.3

= Gl olph 0 lpka o {Fipra by 3.4.4.14

But (Inp)7et quI!F,_ and qS,P Yo 'gb]P, Yo Inp#a are both linear, so by 3.3.1.6 they

are equal.
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Right Pentagon.
5*'771909' o{ hs.p
= 0rmpo{}spobp ! by naturality of n
= Bupodalypobpto{}spobh by 3.3.5.14
= Oupodalnpoda{tpobh by 3.3.4.5
= Oyp 0 damp © da1p © dgip © 9[!{1 by 3.4.4.14
= Oupodampoda{ hpobh " by 3.4.4.10
= Oypodanpo 0,??1 o {}5 Ip O (9! -1 by 3.3.4.5
= Oypodynpo H,P o 9 o {-hs.p by naturality of n
= Oypodympo 9!1@ o H]P o1 ons,pois,p by 3.4.4.10
= 9;]},)_1 0 N5, 1p O (9[![1,_1 o Ns,p O is,P by 3.4.7.6
= 6, ' ol0h  olnspo{ e by 3.4.4.14
But 6, np o 0]!},_1 and 9!!]13 o '9 Lo ms,p are both linear, so by 3.3.1.6 they are
equal.
Unit Square.
5ol o 0L, o !E]p o { e
= 5Fob T /#il 0 N5, (p#e) © Ep © ip by 3.4.4.14
— H(IP)#Q 05 (ZSIP’ -
o 9,_(]?#(1) QP#G_I O 75, (P#a) © &» oip by 3.3.5.14
= Oupy#a © Sadh”

© ‘)Qﬂi#w ° 9!<P#a> 0 Oalpta 0 O5p, 0Epoip by 3.4.7.6

O(py#a © badp o Sanpia © 054, © £ o ip
0 (1py#a © Sabip 0 O, (np ") 0 8.5 0 b5 . 0&poip by 3.4.7.3
0 (1py#a © 0aPip © 04 (771@ )o fp o ip by 6.3.1.2
0(p)#a © dqPip © d4 (nF*) 0 6,(iF™) o &p by naturality of &
9(1p)#a 0 qt1p 0 0q({- }']P’ )o&p by 3.4.4.10

= Oupy#a 0 0a{ -} py#a 0 Eip by 3.3.3.6

= i\}ga((!]}h)#a) o&ip by 3.3.4.5
Erpo{tp by naturality of {-}

But 6 ¢}~

—_—

9];#a71 o !pr and é; are both linear, so by 3.3.1.6 they are equal.
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Counit Square.

—#at

- —1 -1
Cp o Op o b5 © 1 hs.py#a)
L — #a —
-~ -1 _ -1
= (pogspobh o qb!éip o gbgaP o {-}i((6.P) %) by 3.3.5.13
———#a i
-~ -1 _ -1 .
= (pods,pobh o qb!éip o qﬁgap O 1)(5,P)#a O l(5,py#a by 3.4.4.10
——#a
- —1 — a — .
= Grods,pobh  odplzoduponltods poip,pse by 34.7.3
——#a
-~ -1 a -1 -
= (pods,pobh o 77?21}» o ¢5jp O U(5,P)#a
= (pods,ipo 0%“ o (8,mp)#% 0 9]1?,1#(1 o qbgallp 0 i(5,p)#a by 3.4.7.6
= (o (Bame)# 0 717" 0 65k 0 (s, myme by 6.3.1.3
= npo C@ @) gﬁl#a e} Qsé_alﬂj, @) i(&aP)#a by nat. of C
= npo(poi(s,p)#a by 6.3.1.3
!CIP’ 9] {‘}!((6[1[@)#0,) by 3.4.4.14
et = N
But (ipo 0} o¢s p  and !Cp are both linear, so by 3.3.1.6 they are equal.
This completes the proof. O

6.4.2 Binding in FMCts,, Concretely

Via the isomorphism Lcis = Kétls of 6.2.1.6 the adjunction F™+ -+ G++ of

lemma 6.4.1.3 gives rise to the adjunction
(=)t 46T : FMCts, = FMCts (6.4.2.1)

of 3.4.8.26 as follows.

6.4.2.2 The Left Adjoint. If P is an object of FMCtss then certainly
Lo FT T KeisP = P#. Suppose that f : P - Q is an arrow of FMCits,,

then the following commutes in FMPre,,; by naturality of {-}|, 3.4.5.7,
3.3.3.6, 3.3.5.13 and the freeness property 3.3.1.4.

—_—
| —1
_— ¢ —

!(]P#a) - (!]P))#a ~ (6.4.2.3)

¢
Oren | tme] N

(P#) —— (P)#e — e

d)ﬁ»il {‘}ﬁ;a (fo’i]p)T#a+
Ip#a it l(foip)f#“
Da D#a Q#a — Q#a
PHe — S P T QR o Qe
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Therefore
Lot Ketsf oipra = (fo Z'IP’>T#Q+ o ¢I!P>_1 O Tp#a O ip#a
= (fo i]P’)T#CH_ o ]!p_l o {-hip#a) by 3.4.4.10
= ¢go f*ro ¢y 0ipsa by 6.4.2.3

(6.4.2.4)
so that Lo FH Kesf = dg o f#9 0 ¢p' = f#9++ by 3.4.4.9 and 3.4.8.28.

6.4.2.5 The Right Adjoint. Similarly, if Pis an object of FMCts,¢,) then
LcisGT T KcisP = 6,P. Suppose that f : P = Q is an arrow of FMCtsSU{a},

then the following diagram commutes in FMPre, by naturality of {-}, 3.4.6.11,
3.3.4.5, 3.3.5.14 and the freeness property 3.3.1.4.

5P — 5,IP ~ (6.4.2.6)
0"
{-hsqr { Yo,
| | -
15, P = 5ol s 0alP 5+ (foip)’
/L"Sa]P7 6(17:1? léa(foi]p)T
5P = 0aP =577 0.0 5> 5.Q
Therefore
LowG Kosf ois,e = 0 (foip)f 00h ™ oms,pois,p
5f(foip) o0 o {5 by 3.4.4.10

= Ogod,foby'oisp by 6.4.2.6

(6.4.2.7)
so that LegsG T Keisf = 0p o daf 03! = 01T by 3.4.4.9 and 3.4.8.29.

6.4.2.8 The Unit.
Lowséi,, =Eoecon=¢ (6.4.2.9)
6.4.2.10 The Counit.

Lol = Coes,_yra 015, y#a =C (6.4.2.11)

Therefore the adjunction F** + GTF of lemma 6.4.1.3 gives rise to the ad-
junction (—)#**+ 465+ : FMCts, = FMCts(, of 3.4.8.26 by way of the
isomorphism Lgis = K 635 of 6.2.1.6 as required.
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Conclusion

7.1 Related and Future Work

7.1.1 Full Abstraction

The path semantics of (classical) HOPLA was shown to be fully abstract[20]
by an argument which demonstrated inductively that all paths could be defined
and distinguished by terms of the language. Initial suggestions towards a similar
full abstraction theorem by Staton and Winskel (in personal correspondence[29,
30, 36]) has so far not yielded a positive result. As it stands it would appear
that every path may be defined by a term of the language but they cannot all be
distinguished. For example, it is suggested that it is impossible for a Nominal
HOPLA term to tell apart the paths P =qct ({a})o and Py =qet ({a}) sy (Where
a # b) unless it has b in its support. Since terms are always finitely-supported it
follows that it is not possible to construct a term ¢ which distinguishes P from
all other paths: for any candidate t there exists a name b # ¢ which means that

t cannot tell the difference between P and P,.

More precisely, the argument is to write A =g D,cx!0 and let

Ug  =def Zb;ﬁaEAb: Inil for each a € A, (7.1.1.1)
U =def D peab:!nil,

t1 =det openx(q:A) and

ta =dqet x(:A) +3, x(ug:A).

It is clear that it is possible to derive the following typing judgements.
o, A x:A—10Ft:0 (7.1.1.2)
oA x:A—10Fty: 0

176
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It is claimed that ¢; and ¢9 are contextually equivalent: there is no context C|—]
such that the terms F C[t1] : 1O and F C[t2] : O behave differently. However
the function space A — 10 is isomorphic to A — {*} and therefore to IAop by
3.4.8.2 and under this isomorphism the element {A}| € IA%P corresponds to an
clement d € A — !0 such that [t;]d = @ and [t2]d = {@} so that [t1] # [t2].
It follows that d is not definable in Nominal HOPLA, and importantly that

contextual equivalence does not coincide with denotational equivalence.

If it is unpalatable to take a sum over the set A of all names, notice that the
argument above also applies to sums over any cofinite B Cg A, since it rests

only on the fact that B is infinite but finitely supported.

In general it is not computationally unreasonable to want to distinguish the
paths Py =qer (F1)s, and P =ger (F)s, of type IP. To see this, notice that
s1 U s supports both P; and P; so that by lemma 3.4.3.10 there exist finite FY
and F} such that Py = (F{)s,us, and Po = (F3)s,us,. Distinguishing Py and P

therefore boils down to comparing the finite sets F| and Fj.
Turning to the possibility of defining a distinguishing term, notice that

(FYsCx & Vr#sn- FCux (7.1.1.3)
&S Vn#s. FCrm-x
& Fgﬂﬁ#sw-x

which suggests that if ¢ is a term then it might be worth defining a term [#]

whose denotational semantics is given by

[LE1sJv)r =aer [ 7 [E1(y (7.1.1.4)

THS
The proof that HOPLA was fully abstract constructed for each path p a ‘pro-

ducer’ term t, and a ‘consumer’ context Cp,[—] and it seems that that the
same proof works for Nominal HOPLA extended by terms of the form [¢]s.
The key alteration to the proof would be to define the ‘consumer’ of the path
({p1,....pn})s to be a context such as

[Cp [[=1s] > 1 (x1:P# @) => ... [Cp, [[-1s] > ' (x,:P# @) => 1nil] ...]
(7.1.1.5)
although such a guess is not immediately obviously well-defined.

The denotational semantics given in 7.1.1.4 suggests an operational rule such as

P:m-t 25t forall m#s
P:[t], 2t (7.1.1.6)

By an argument similar to that of 3.4.3.10 using the footprint lemma (lemma
2.2.1.6) it can be shown that this rule is effectively finitary: only finitely many
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m # s must be checked before it is clear that the premise holds. Unfortunately
this operational rule might break the adequacy result presented above: the term

t =def Ug +a:!(nil +nil) (7.1.1.7)

has [t] = A and hence [[t]z] = A too. If the semantics were adequate, it
would follow that for each ¢ # a it should be that A : [¢]4 < nil; however
A (ac) -t =5 ¢ implies that ¢/ = nil +nil which is a contradiction.

It is not clear at this time how best to proceed to solve these discrepancies
between the denotational and operational semantics. The full abstraction re-
sult for HOPLA gave rise to a characteristic modal logic for the language, and
it is hoped that a similar result for Nominal HOPLA may suggest a similar

characteristic nominal modal logic.

7.1.2 Relationships with New HOPLA

The language new-HOPLA of Zappa Nardelli and Winskel[38] was motivated by
a similar idea to that of Nominal HOPLA: namely to design the language around
universal constructions in a categorical setting that supported a notion of name
generation. The emphasis of the work so far on new-HOPLA has been more
concerned with its operational semantics and particularly its expressivity, which
is in contrast with the present development of Nominal HOPLA. Indeed, Zappa
Nardelli[39] demonstrates a number of results about operational equivalences
for new-HOPLA and shows that this calculus is expressive enough to encode

two variants of the m-calculus.

Because of the similarity between the origins of new-HOPLA and Nominal HO-
PLA, the languages have very similar operational semantics; the major differ-
ence is that new-HOPLA’s judgements are indexed by a ‘current’ set of names
whereas that information is unnecessary in the operational semantics of Nominal
HOPLA. Because of this, much of the work on the expressivity of new-HOPLA
should apply to Nominal HOPLA too. In particular it is believed that Nominal
HOPLA can encode rich process calculi with name-generation such as the -
calculus, although this avenue of research has not yet been explored. Similarly,
it would be interesting to check that the results about operational equivalences
in new-HOPLA — such as that bisimilarity is a congruence[39] — also apply to
Nominal HOPLA.

Attempts have been made to equip new-HOPLA with a denotational seman-
tics by making use of the functor category Lin' in place of the category Lin
that was used for HOPLA. Indeed, it is the structure of Lin' which motivated

the design of the operational semantics for new-HOPLA. However it transpires
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that not all function spaces exist in Lin'. It is possible that sufficiently many
function spaces do exist in the functor-category setting but demonstrating this
has proved remarkably delicate[35]. It is also possible that replacing Lin" with
an internally-constructed version of Lin within the presheaf topos Set! would
have provided a suitable setting for a denotational semantics for new-HOPLA,
but the (notationally and conceptually) simpler setting of nominal set theory
has helped to solve some of the problems associated with the functor-category-
based domain theory. It would be interesting to characterise the type functors
that correspond to the types of Nominal HOPLA via the equivalence of lemma
2.2.4.2, but this remains an open problem.

Nominal set theory also helped to clarify a suitable ! comonad that captured
the notions of approximation and continuity for a domain theory with name-

generation. In Lin' the ! functor was defined by
('P)S —def {F ‘ F gﬁn PS} (7121)

but lemma 2.2.6.2 demonstrates that this picks out the internally Dedekind finite
subsets of P which do not quite coincide with the internally isolated elements of
P as desired. Because of this discrepancy it may be that the functor-category
semantics also has a failure of continuity much like that described in section
3.4.1.

7.1.3 Even-More-Nominal HOPLA

A fundamental driving force in the study of nominal set theory is to avoid
explicitly mentioning the ‘current’ set of names whenever possible, because it is
usually not necessary to do so. Lemma 4.2.2.9 validates dropping the explicit
supports in the typing rules for nominal HOPLA, but moreover it points the way
towards dropping explicit supports throughout the whole denotational semantics
developed here. Sadly, this lemma was formulated too late in the development

of this thesis for it to have been possible to follow up this line of enquiry.

In personal correspondence, Pitts points out that it would be ‘more nominal’ to
consider a categorical setting of the form (FMPre”*),c, 4, that is, categories
indexed by the names that are fresh for — rather than that explicitly support
— their objects and arrows. The key adjunction (—)#® - §, appears in this

setting too, in the form
(—)#e . FMPre#*“{?} < FMPre#* : 6,

and moreover here it is an equivalence of categories. Intuitively, this equivalence

is related to the freedom in the choice of the primitive set A of names that was
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made at the very lowest level of the development of nominal set theory. It
captures the idea that it is possible to add or remove a name from the chosen A
without changing the resulting mathematical theory. Perhaps this equivalence
also helps to explain the slightly mysterious §, functor: it describes the operation

of removing the name a from sight.

7.1.4 Presheaf Semantics

The path semantics of HOPLA was motivated as a simplified version of the
presheaf semantics of Cattani and Winskel[5]. The presheaf setting gives a much
more detailed semantics: the denotation of a process records not only which
paths it can perform, but also how those paths may be realised. For example, the
presheaf semantics distinguishes the processes !!'nil and !'nil+ !!'nil which
are not bisimilar but which are nonetheless confounded by the path semantics.
The cost of this extra detail is that it is more mathematically cumbersome to

work directly with the presheaf semantics.

The development of a nominal path semantics suggests a similar approach to
adjoining name generation to the presheaf semantics by working within a nom-
inal setting. Of course it is currently far from clear what might be meant by
a ‘nominal setting’ for the requisite category theory. Presumably it would be
involve some notion of a permutation action on a category giving rise to a notion
of finitely-supported objects and arrows and equivariant functors. It might then
be necessary to design what is meant by the collection C of ‘nominal presheaves’
on a category C, as well as to build an analogue of the key blndlng adjunction
(—)®A 6. Hopefully the important isomorphisms such as 5P = 5P (cf. lemma

3.3.4.4) would also carry across to the categorical setting.

7.1.5 Nominal Domain Theory

The domain theory presented in this dissertation is rather simple compared
with many modern domain theories, and it skirts around many of the subtleties
that concern conventional practitioners of the subject. Perhaps from the view-
point of domain theory the single most important lesson to be drawn from this
thesis is that a great deal of care is required to capture a sensible notion of ap-
proximation in the presence of name generation, even in this simplified setting.
Working within nominal set theory can help because it is sufficiently similar to
conventional set theory that many standard arguments continue to apply in the
nominal setting, so intuitions that have been developed without name genera-

tion are still valuable in this setting. It would be fascinating to develop a more
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general nominal domain theory, including results on solving recursive domain
equations (including those that use a ‘binding’ domain constructor ¢§). It is
likely that this, too, would be greatly helped by the development of a notion of
nominal category theory. There are many more worthwhile avenues of research

to explore!



CHAPTER 7. CONCLUSION 182

7.2 Summary

A simple domain theory for concurrency has been developed within the theory
of nominal sets. Elements of nominal sets are mathematical objects that have
an intrinsic notion of ‘free name’ and ‘bound name’, so developing a theory
using nominal sets has the effect of adjoining names to the mathematics. Here,
processes denote the (nominal) sets of computation paths that they can follow,
and the paths may be collected together into domains that support a Hoare or
‘may do’ style of nondeterminism. Because the processes denote nominal sets,
the computation paths may mention names, and binding and unbinding the

names gives a semantics for generating a new name as required.

The use of nominal sets mostly requires little alteration to the theory, but an
important point where it makes a difference is that the conventional domain-
theoretic notion of approximation — by directed sets — is not suitable in the
presence of name generation because binding a name turns out not to preserve
directed joins. The remedy is to consider approximation by directed sets that
are also uniformly supported, i.e., whose elements only mention names drawn

from some fixed finite set.

The described domain theory gives rise to an expressive metalanguage, Nominal
HOPLA, based entirely on universal constructions in the model. Furthermore,
the domain theory suggests an operational semantics for Nominal HOPLA which
coincides closely with its denotational semantics. More precisely, it is shown that
the denotational semantics is a sound and computationally adequate description

of the operational semantics.

The relationship between the A-calculus and the universal property of cartesian-
closure is remarkably powerful because of its universality: the same machinery
applies to give a notion of higher-order computation in any cartesian-closed
setting. Similarly by making use of universal properties in the development
of Nominal HOPLA it should be the case that analogous constructions should
work similarly in different settings. It is also possible that the universality will
help to unify various different approaches to giving a semantics to calculi that
support concurrency and name generation by providing a common framework

in which comparisons can be made.
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