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Abstract

Over the last few years, temporal logic has been investigated as a tool for reason-
ing about computer .programs, digital circuits and message-passing systems. In
earlier work we proposed that temporal logic itself directly serve as the basis of a
programming language. Since then we have implemented an interpreter for such
a language called Tempura. We are developing Tempura as a tool for directly ex-
ecuting suitable temporal logic specifications of digital circuits, parallel programs
and other dynamic systems. Since every Tempuré statement is also a temporal
formula, we can use the entire temporal logic formalism for our assertion language
and semantics. Tempura has the two seemingly contradictory properties of being a
logic programming language and having imperative constructs such as assignment

statements.

The presentation given here describes Interval Temporal Logic (ITL), a for-
malism with conventional temporal operators such as O (nezt) and O (always)
as well as lesser known ones such as chop. This serves as the basis for the Tem-
pura programming language. We show the design of an interpreter for Tempura
and include a variety of sample Tempura programs illustrating how to model both
hardware and software. The concept of temporal projection is also discussed and
incorporated into ITL and Tempura.

*An earlier version of this is scheduled to appear in the Proceedings of the
NSF/SERC Workshop on the Semantics of Concurrency, Carnegie-Mellon Uni-
versity, Pittsburgh, Pennsylvania, USA, July 9-11, 1984.
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1 Introduction

Temporal logic [19,30] has been recently put forward as a useful tool for rea-
soning about concurrent programs and hardware. Within temporal logic, one
can express logical operators corresponding to time-dependent concepts such as

“always” and “somelimes.” Consider, for example, the English sentence
“If the propositions P and Q are always true, then P is always true.”

This can be represented in temporal logic by the formula
O(PAQ)D OP.

Here the operator O corresponds to the notion “always.” Thus, the subformula
O(P A Q) can be understood as “P and @ are always true.”

Typically, temporal logic has been thought of as a tool for specifying and prov-
ing properties of programs written in, say, Hoare’s CSP [15] or variants of Pascal
with concurrency [14]. This distinction between temporal logic and programming
languages has troubled us since it has meant that we must simultaneously use two
separate notations. Programming formalisms such as Hoare logic [13], dynamic
logic [9,29], and process logic [3,10] also reflect this dichotomy. One way to bridge
the gap is by finding ways of using temporal logic itself as a ool for programming
and simulation. With this in mind, we have developed Tempura, an imperative
programming language based on subsets of temporal logic. Every Tempura state-
ment is a temporal logic formula. This lets us specify and reason about Tempura
programs without the need for two notations.

The underlying formalism used is called Interval Temporal Logic (ITL) [25,8,27]
and includes such conventional temporal operators as O (nezt) and O (always)
as well as lesser known ones such as chop. This provides a basis for the Tempura
programming language. We present ITL and Tempura and describe several sam-
ple Tempura programs illustrating how to model the structure and behavior of
hardware and software systems in a unified way. The design of an interpreter for

Tempura is also discussed.

1.1 Organization of Paper

We start off in section 2 by reviewing the syntax and semantics of a temporal

logic having the operators O (always) and O (nezt). In section 3 a number
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of temporal constructs are then presented and then used in section 4 to build
legal Tempura programs. We extend ITL and Tempura in section 5 to include
constructs for list structures as well as existential and universal quantifiers. The
operator chop is introduced in section 6 and used to express for-loops and other
iterative constructs. A variety of Temporal programmings examples are then given
in section 7 to show the utility of the language in dealing with hardware and
software. After this is a discussion in section 8 on the details of implementing an
interpreter for Tempura. We then investigate the concept of temporal projection
as well as lambda expressions and pointers in section 9. Section 10 looks at the
current status of work on Tempura interpreters. In section 11 we compare our

approach with related research.

2 Basic Features of the Temporal Logic

Before describing Tempura, it is necessary to have an understanding of the
underlying temporal logic. Some of the constructs described here will be later
used in Tempura programs. Others will facilitate reasoning about program behav-
ior. Rather than presenting the entire logic at once, we will first introduce some
basic operators and derive others from them. In a later section, some additional
operators will be considered.

2.1 Syntax of the Logic

The initial set of constructs includes conventional logical operators such as =

(equality) and A (logical-and). In addition, there are the two temporal operators
O (nezt) and O (always).

2.1.1 Syntax of expressions
Expressions are built inductively as follows:

e Individual variables: A, B, C, ...

e Functions: f(ey,...,er), where k > 0 and e;,...,e; are expressions. In
practice, we use functions such as + and mod. Constants such as 0 and 1

are treated as zero-place functions.
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e Next: Oe, where e is an expression.

Here are two examples of syntactically legal expressions:

I+(0J)+1, (ON+J—-00OI+0J).

2.1.2 Syntax of formulas

Formulas are built inductively as follows:

o Predicates: p(e;,...,ex), where £ > 0 and e, ..., e are expressions. Predi-
cates include < and other basic relations.

e Equality: e;=e,, where e; and e, are expressions.

e Logical connectives: —w and w,Aw,, where w, w; and w, are formulas.

e Next: O w, where w is an formula.

e Always: Jw, where w is an formula.

Here are some syntactically legal ITL formulas:
(J=2)A0(I=3), (0O[I=3])A=([0J]=4), O(O[I=3]A00[J =4)).

Note that the operator O can be used both for expressions (e.g., O J) and for
formulas (e.g., O(I = 3)).

2.2 Models

A model is a triple (D, ¥, M) containing a data domain D, a set of states &
and an interpretation M giving meaning to every function and predicate symbol.
For the time being, we take the data domain D to be the integers. A state is
a function mapping variables to values in D). We let ¥ be the set of all such
functions. For a state s in ¥ and a variable A, we let s[A] denote A’s value in
s. Each k-place function symbol f has an interpretation M[f] which is a function

mapping k elements in D to a single value:
M[f] € (P* = D).

3



Interpretations of predicate symbols are similar but map to truth values:
M[p] € (D* — {true, false}).
We assume that M givés standard interpretations to operators such as + and <.

The semantics given here keep the interpretations of function and predicate .
symbols independent of intervals. They can however be extended to allow for

functions and predicates that take into account the dynamic behavior of parame-

ters.

Using the states in X, we construct intervals of time from the set £*. An
interval is thus any nonempty, finite sequence of states. If s, ¢t and u are states in

Y, then the following are possible intervals:
(s), (sttsus), (ttit).

Note that an interval always contains at least one state.

We now introduce some basic notation for manipulating intervals. Let us use
I to denote the set of all intervals. For the moment, we take I to be the set Lt.
Later on we will restrict J somewhat. Given an interval ¢ in I, we let |o| be the
length of 0. Our convention is that an interval’s length is the number of states
menus one. Thus the intervals above have respective lengths 0, 5 and 3. The
individual states of an interval o are denoted by oy, 04, ..., 0|y. For instance, the

following equality is true iff the variable A has the value 5 in ¢’s final state:

ajo|[A] = 5.

The model described here views time as being discrete and is not intended to
be a realistic representation of the world around us. Nonetheless, it provides a
sound basis for reasoning about many interesting dynamic phenomena involving
timing-dependent and functional behavior. Furthermore, a discrete-time view of
the world often corresponds to our mental model of digital systems and computer

programs. In any case, we can always make the granularity of time arbitrarily

fine.

2.3 Interpretation of Expressions and Formulas

We now extend the interpretation M to give meaning to expressions and for-

mulas on intervals. The construct M,[e] will be defined to equal the value in D of

4



the expression e on the interval o. Similarly, M,[w] will equal the truth value of

the formula w on o.

At first glance, the following definitions may seem somewhat arbitrary. We
therefore suggest that an initial reading be rather cursory since the subsequent
discussion and examples provide motivation. The definitions can then be refer-

enced as needed.

o My[v] =oov], where v is a variable.
Thus, a variable’s value on an interval equals the variable’s value in the

interval’s initial state.

e MU[[f(ely R ek)]] s Mﬂfﬂ(Maﬂelﬂ, ceey Maﬂekﬂ)-
The interpretation of the function symbol f is applied to the interpretations

of er,...,e.

® MUHO e]] = M(Un~~-0|a|)ﬂeﬂ’ if lO'I > 1.

We leave the value of O e unspecified on intervals having length 0.
o M. [p(es,...,ex)] = Mpl(Moles], - -, Mo[ex])-
o M,[er=e;] = true iff M,[ei] = Mo[ez].
o M,[~w] = true if M,[w] = false.
o My[wiAw,] = true iff M,[w,] = true and M,[w,] = true.
e M,[Ow] =true iff |o|>1 and .M(.,l,_,.,'al)llw]] = true.

o My[Ow] =true iff foralli<|o|, My, o, )[w] = true.

Examples

We will now illustrate the use of M by considering the semantics of the sample
temporal formulas given earlier. Let s, ¢ and u be states in which the variables I

and J have the following values:

[VORRJURN Y
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The formula
(J=2)/\O(I:3)

is true on an interval ¢ iff 0 has length > 1, the value of J in the state o, is 2 and
the value of I in the state oy is 3. Thus, the formula is true on the interval (stu).
On the other hand, the formula is false on the interval (t{u) because J’s initial

value on this interval is 4 instead of 2.

The formula
(oolI=3])A-([0J]=4)

is true on any interval o having length > 1 and in which I equals 3 in the states
01y - -+, 0}s| and J does not equal 4 in o;. Thus the formula is true on the interval
(sutut) but is false on (¢} and (stutu).

The formula
O(O[I =3]A00|J = 4])

is true on an interval o having length > 3 and in which the variable I equals 3
in the states oy, ..., 0}, and the variable J equals 4 in the state 3. Thus this

formula is true of the interval (suutu) but is false on (s) and (sutuu).

2.4 Satisfiability and Validity

A formula w is satisfied by an interval o iff the meaning of w on o equals true:
M, [w] = true.

This is denoted as follows:
o= w.

If all intervals satisfy w then w is valid, written = w.

Ezample (Validity):

The following formula is true on an interval o iff |o| > 1, the variable I always
equals 1 and in the state o,, I equals 2:

O =1)AO(I =2).

No interval can have all of these characteristics. Therefore the formula is false on

all intervals and its negation is always true and hence valid:
E ~lod=1)A0=2).
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3 Deriving Other Operators

The kinds of interval behavior one can describe with the constructs so far
introduced may seem rather limited. In fact, this is not at all the case since we
can develop quite a variety of derived operators. We will now present some derived

operators that have proved useful in reasoning about simple computations.

3.1 Boolean Operators

The conventional boolean constructs w, Vw, (logical-or) , w; D w, (implication)
and w; = w, (equivalence) can be expressed in terms of - and A. We can define

logical-or as shown below:
w Vw, =g (0w A wy).
We then express implication and equivalence as follows:
Wy D Wy =gef WV Wy, W =Wy =g (Wi D wp) A(wy D wy).

The boolean constructs true and false can also be derived as can the conditional
formula

if w; then w, else ws.

Ezample (Implication):

If in an interval o, the variable I always equals 1 and in the state o, the variable
J equals 2 then it follows that the expression I + J equals 3 in ¢;. This fact can
be expressed by the following valid formula:

E [0=1)A0(J=2)]> O(+J=3)

Ezample (Equivalence):

The formula
Ol = 1] AlJ = 2))

is true on an interval o iff o has length > 1 and in the state 0y, the variable I has

the value 1 and the variable J has the value 2. It turns out that the conjunction
O(I=1)A0O(J =2)

7



has the same meaning. The equivalence of these two formulas is expressible as

follows:
O(I=1A[J=2]) = [OI=1)A0(J =2)].

This formula is true on all intervals and is therefore valid. In general, if two
formulas w; and w; have the same meaning on all intervals, then the equivalence

wy; = w, is valid.

3.2 The Operators empty and more

The formula empty is true on an interval iff the interval has length 0:
o= empty iff |o| =0.
We can define empty as follows:

emply =g O true.

The formula more is true on an interval iff the interval has nonzero length. We

can express more as follows:
more =g O true.
From these definitions it readily follows that more is the opposite of empty:

E  more = —empty.

Ezample (Testing the length of an interval):

We can use the constructs O and empty to test the length of an interval. For
example, the formula

O OO empty

is true on an interval o iff o has length 3.

3.3 The Operators gets and stable

It is sometimes necessary to say that over time one expression e, equals another
expression e, but with a one-unit delay. We use the construct e, getse, to represent

this and define it as follows:
e; gels ey =g O (more D [(Oe)= ez]).

8



The test more ensures that we do not “run off” the edge of the interval by erro-
neously attempting to examine the value of the expression e; in the nonexistent

state o)y141.

For instance, the formula K gets 2K is true on an interval o iff the variable K

is repeatedly doubled from each state to its successor:

o = Kgets2K iff foralli<|o|, 0:41[K] =2 0;[K].

The construct stable e is true iff the value of the expression e remains un-

changed. We can readily define stable in terms of gets:

stablee =4 e getse.

FEzample (Expressing an tnvartant condition):

The following formula is true on an interval ¢ in which I and J are both

initially 0 and I repeatedly increases by 1 and J repeatedly increases by 2:
I=0)A(J=0)A(Igets I +1)A(J gets J + 2).

In any interval for which this is true, J always equals 2. Below is a valid property

that formalizes this:
E [I=0)A(J=0)A(Igets I+1)A(J gets J +2)] > O(J = 2I).

This shows how the operator (0 can express an invariant condition.

Ezample (Stability):

The formula

(I =1) A stable I

is true iff [ initially equals 1 and its value remains unchanged. This is the same
as saying that I always equals 1. The following valid property expresses this
equivalence:

E [(I=1)Astable I] = O] = 1).



3.4 The Operator halt

We can specify that a formula w becomes true only at the end of an interval o

by using the formula halt w:
halt w =4 O(w = emply).

Thus w must be false until the last state at which time w is true. For example,
the formula
halt(I > 100)

is true on o iff the value of the variable I exceeds 100 in exactly the last state of

ag.

Ezample (Repeatedly doubling a number):

From what we have so far presented, it can be seen that the formula
(I = 1) A halt(I > 100) A (I gets 21)

is true on an interval where the variable I is initially 1 and repeatedly doubles
until it exceeds 100. The following valid implication states that intervals on which

this formula'is true will terminate upon I equalling the value 128:

E  [(I=1)A halt(I > 100) A (I gets 2I)] D halt(I = 128).

3.5 Temporal Equality

The construct e; = e, is called temporal equality and is true iff the expressions

e; and e, are always equal:

€1 & € =def D(Cl '—— 62).

Ezample (Computing factorials):

Consider the following formula for running through factorials:
(I=0)A(Igets I+1)A(J = I).

The value of J can be seen to start at 1 and then repeatedly be multiplied by
I + 1. This is expressed by the follow property:

E [U=0)AATgets I+1)A(J = IN] D [(J =1)A(J gets [i+ 1} - J)|.

10



3.6 The Operator weak next

In order for the construct O w to be true on an interval o, the length of ¢ must
be at least 1. We therefore refer to this as strong next. The related construct
®w is called weak nezt and is true on an interval ¢ if either o has length 0 or the
subformula w is true on (o, ...0),)). We can express weak nezt in terms of strong
next:

OQw =44 emplyVOuw.

The operator weak-nezt provides a concise and natural way to express a con-

struct as a conjunction of its immediate effect and future effect. Here are some

examples:
Ow = wA®QOw,
Ow = moreA Qu,
e; gets e, = [more D([Oe] = el)] A & ey gets e,),

haltw = (empty = w) A @(halt w),
erre = (ep=e)AO(e = e).

These kinds of equivalences turn out to be useful in the design of interpreters.

4 A Temporal Programming Language

Consider the formula
(M =4) A(N = 1) A halt(M = 0) A (M gets M — 1) A (N gets 2N). (1)

This holds true of intervals of length 4 in which M successively runs through
the values 4, 3, 2, 1 and 0 and N simultaneously runs through the values 1, 2,
4, 8, and 16. Let us now explore how to automate the process of taking such
a temporal formula and finding an interval satisfying it. One way to do this is
to develop a procedure that analyzes the formula and determines the behavior of
all free variables in every state. The result can itself be expressed as a temporal
formula. For instance, here is one way to represent the result for formula (1):

(IM=4A[N=1)AO(IM=3]A[N=2)AOO([M=2|A|N = 4))
ANOOO(IM =1]A[N =8]J AOOOO([M = 0] A [N = 16] A empty).
Note that this formula is logically equivalent to the original formula (1). We can

view it as a kind of normal form containing stﬁte-by—state behavior of all free
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State 0: M= 4 N=1
State 1: M= 3 N= 2
State 2: M= 2 N= 4
State 3: M= 1 N= 8
State 4: M= 0 N=16
Done! Computation length = 4.

Figure 1: Execution of formula (2)

variables. The process of determining such a normal form can be computerized. It
is in essence a form of program execution where the original formula represents the

program and the resulting normal form corresponds to the actual computation.

The general problem of finding a normal form for an arbitrary temporal formula
is unsolvable. However, there are subsets of temporal logic for which the task is
managable. We have developed Tempura, a programming language based on one
such subset. For example, formula (2) is a legal Tempura program which when
executed produces the computation shown in figure 1.

(M =4)A(N = 1) A halt(M =0) (2)
A (M gets M — 1) A (N gets 2N) A Odisplay(M, N).
This repeatedly outputs the values of M and N by means of the display construct.
Note the the program’s behavior is unaffected even if we change the order of the
conjunction’s operands. For instance, the following variant reverses them:

QO display(M, N) A (N gets 2N) A (M gets M — 1)
Ahalt(M =0)A(N =1)A (M = 4).

During the execution of the following program, the user is continually asked

for the values of I by means of the request construct:
O request (I) A halt(I = 0) A (J = 0) A (J gets J + I) A O display(J).  (3)

These values are summed into J and J itself is displayed. The interval terminates
upon [ equalling 0. A typical session is given in figure 2. Numbers in boxes (e.g.,
) are input by the user.

Let us now look at the basic syntax of Tempura. In later sections, as new tem-

poral logic constructs are introduced variants of them will be added to Tempura.
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State 0: I = []

State 0: J =0

State 1: I = []

State 1: J =6

State 2: I = [j

State 2: J =8

State 3: I = [0}

State 3: J = 13

Done! Computation length = 3.

Figure 2: Execution of formula (3)
4.1 Syntax of Tempura

The main syntactic categories in Tempura are locations, expressions and state-

ments. Let us look at each of these separately:

4.1.1 Locations

A location is a place into which values can be stored and later retrieved. Vari-
ables such as I, J and K are permissible locations. In addition, if ! is a location,

so is the temporal construct O1.

4.1.2 Expressions

Expressions can be either arithmetic or boolean. All numeric constants and
variables are legal arithmetic expressions. In addition, if e; and e, are arithmetic

expressions, so are operations such as the following:

ey +ey € —ey € -e, € e, e mode,.

Relations such as e; = e, and e; > e, are boolean expressions. If b, b; and b,
are boolean expressions, then so are the following:

""b, bl A bg, bl \Y% bz, bl B bz, bl = bg.
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The constants true and false, the constructs empty and more are boolean expres-
sions as well.

The conditional expression
if b then e; else e,

is permitied. Here e; and e, can be either arithmetic or boolean expressions.
4.1.3 Statements
Certain temporal formulas are legal statements in Tempura. A statement is

either simple or compound. Simple statements are built from the constructs given

below. Here [ is a location, e an arithmetic expression and b a boolean expression:

true (no-operation)

false (abort)

l=e (simple assignment)
emply (terminate)

more (do not terminate).

The statement | = e stores the value of the arithmetic expression e into the loca-
tion [. In addition to these statements, the following can be used for requesting

and displaying values:

request(ly,...,1,) (request values of locations)

display(ey, ..., e,) (display values of expressions)v.

Compound statements are built from the constructs given below. Here w, w,

and w, are themselves statements and b is a boolean expression:

wy A wy (parallel composition)
bDOw (implication)

@w (weak next)

Ow (always)

Note that certain temporal formulas can be used as both boolean expressions
and statements. Here are three examples:

I=3, (J=2)A(K=J+3), (I=0)D empty.

14



On the other hand, the following legal boolean expressions are not Tempura state-
ments even though they are semantically equivalent to the respective formulas

given above:

3=1I1, 2=J)A(J+3=K), —(I=0)Vempty.

4.2 Some Other Statements

Other constructs such as gets, stable and halt can be readily added to Tempura.
One way to do this is to expand these to statements already described. Here are

some possible equivalences:

tf bthen wyelsew, = (bD w)A(-bD w,y),
Ow = moreA @uw,

lgetse = DO(—empty D [(O1) = €]},
stablel = getsl,

haltb = O(sf bthen empty else more),
Ive = 0O(l=e).

An alternative approach is to include these features directly in the base language.

4.3 Determinism

As we mentioned earlier, Tempura statements are limited to a subset of tem-
poral formulas. However, even syntactically legal programs may possibly not be
executable. This is because the interpreter expects the user to completely specify
the behavior of program variables and to indicate when termination should occur.
For example, the formula

I gets (I +1)

lacks information on I’s initial value and does not specify when to stop. Thus it
cannot by itself be transformed to any particular computation sequence on I and
is therefore not considered a complete program. Other details must be included
for the interpreter to operate properly. Of course, we could be more lenient by
using backtracking and related techniques to resolve such omissions. However, for
the sake of the simplicity and efficiency of the interpreter, it seems reasonable at
the moment to require explicit, unambiguous information on all aspects of variable
behavior.
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b Some Additional Constructs

Let us now consider how to add three important features to the temporal
logic. These are static variables, lists and quantifiers. We subsequently use them
as a basis for deriving one operator that specifies interval length and another that

describes in-place assignment.

5.1 Static Variables

For a given variable A and an interval g, it is possible for 4 to have a different
value in each of o’s states 09,0y,...,0p,|. For this reason, A is called a state
variable. It turns out to be useful to introduce a category of variables called static
variables. Our convention is to have them start with a lower-case letter (e.g., a,
tree and aBc). We now constrain the set J of permitted intervals so that for any

interval ¢ in I and any static variable a, the values of a on o’s states are all
identical:

Mo,la] = Mo,a] = - = M, [al.

Thus a static variable is stable:

= stablea.

Identifiers starting with upper-case letters (e.g., A and Tree) remain state
variables and can change from state to state. Furthermore, even a static variable

can have different values on two distinct intervals o and o’'.

Ezample (Computing powers using static variables):

The following formula has the variable J successively equal the powers m®, m?,

m?, ..., m™:

(I=0)A(J =1)A (I gets I+ 1) A(J gets m - J) A halt(I = n).

The variables m and n are static and therefore do not need to be kept explicitly
stable.
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5.2 Quantified Formulas

We permit formulas of the form
V:w,

where V is any variable and w is itself a formula. This is called ezistential quantifi-

cation. Note that V can be either a static or state variable. Below is an instance

of this construct:
I: o(J = 2I).

Existential quantification readily generalizes to manj; variables:
IV, Vo, Verw - = 3V 3V (L. (V,: w))).

Universal quantification has the form VV:w and is defined as the dual of exis-

tential quantification:
W:iw =44 —3IV:—w.

Here are the semantics of 3:

Mo[FV:w] = true iff

for some interval o' € I, 0 ~y ¢’ and My Jw] = true.

The relation o ~y ¢’ is defined to be true iff the intervals o and o' have the same

length and agree on the behavior of all variables except possibly the variable V.

Ezample

Consider the following states and their assignments to the variables I and J:

I J
s 2 4
t 0 4
u 2 3

We assume that s, { and u agree on assignments to all other variables.

The formula

3I. O(J = 2I)

is intuitively true on any interval on which we can construct an I such that J

always equals 27. This is the same as saying that J is always even. For example,
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the interval (ttt) satisfies the formula. From the semantics of 3 given previously it
follows that to show this we need to construct an interval o' for which the relation
(ttt) ~r o' is true and which satisfies the subformula 0O(J = 2I). The interval {sss)
achieves both of these constraints. Therefore (ttt) satisfies the original formula.
Other intervals satisfying the formula include (sss) itself and (sst) but not (u)
or (stut). Existential quantification is a tricky concept and the reader should not
necessarily expect to grasp it immediately.

Ezample (Hiding a variable):
The formula below has J always equalling twice the value of a hidden variable
I. The value of I is initially 0 and repeatedly increases by 1:
AL [(I = 0) A (I gets I+ 1) A (J = 21))].
This is logically equivalent to initializing J to 0 and repeatedly increasing it by 2:
(J =0)A(J gets J + 2).
We can express this equivalence as the following property:

E QLI =0)A(Igets I+1)A(J m2D)]) = [(J = 0) A (J gets J +2)].

The following formula has two distinct variables both called I:
(I =0)A(I gets I+ 1) A halt(I =5)A3I: [(I = 1) A (I gets 31)].

The first I runs from 0 to 5 and in parallel the second I is repeatedly tripled from
1 to 243. The use of existential quantification (3) keeps the two I’s separate and
in effect hides the second one. In fact the formula is logically equivalent to its
subformula

(I = 0) A (I gets I+ 1) A halt(I = 5).

As these examples illustrate, the operator 3 provides of means of creating locally

scoped variables.

5.3 Enlarging the Data Domain

Until now we have assumed that the underlying data domain D consists of the

integers. Let us now enlarge it to include the boolean values true and false as well
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as nested finite lists of values. Here are some sample lists:

(3)) ()) ((true,Z),(),(1,(2,false))).

The following constructs are now included among the temporal logic’s expres-

sions and are later added to Tempura:

e Simple list construction: (eg,...,€n—1),

where n > 0 and e, ..., €,_; are expressions.

Iterative list construction: (e;:v < ep),

where e; and e, are expressions and v is a static variable.

Subscripting: e;[e;], where ¢; and e; are expressions.

List length: |e|, where e is an expression.
In addition, there is the following new predicate:
o List predicate: list(e;,e;), where e; and e, are expressions.

The semantics of the various expressions for manipulating lists are as one might
expect. Our convention regarding indexing lists is t3 start at 0 and not at 1. For

example, the following expressions are all equal:
3, |(false,1,4)|, (2,3,true)[l], (7 —1:i< 8)[4].

The predicate list(e;, e,) is true on an interval if the initial value of the expression

e; is a list of length e,.

When no ambiguity arises, we express a subscripted expression such as L[]
using the notation L;.

Ezample (Computing lists of powers):

Here is one way to compute lists of successive powers of 0, 1, 2 and 3:
(I =0)A (I gets I +1) Ahalt(I =10) A O(L = (07, 17,27,3%)).
Alternatively, the following formula can be used:

(I =0) A (I gets I+ 1) A halt(I = 10)
A|[Olist(L,4)] A (Lo = 0") A (Ly = 1F) A (Lp m 2") A (L3 = 37).

We now present a number of useful operators derived from the constructs so
far introduced.
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5.4 The Operator len

The formula len(e) is true on an interval having length exactly e:
M;[len(e)] = true if M,[e] = |o].

It turns out that we can express len by means of existential quantification and

other previously introduced constructs. Here is one way:
len(e) =q 3I:[(I=e) A(I gets I — 1) A halt(I = 0)],
where I does not occur freely in e. We use I as a hidden counter that is initialized

to ¢’s value and then keeps track of how much time remains in the interval.

Ezample (Doubling a variable):
The following formula has the variable N run through the first few powers of

len(5) A(N = 1) A (N gets 2N).

The len construct is used to specify the length of the computation.

5.5 Bounded Quantification

We now introduce formulas of the form
Yv < e:w,

where v is a static variable, e is an expression and w is a formula. The construct

is referred to as bounded universal quantification and can be defined as follows:
Vw<ew =g Y:(0<v<eDdw).

This is especially useful for processing elements of a list variable in parallel.
Bounded existential quantification can be defined in an analogous way. In ad-
dition, it is easy to generalize this notation to handle ranges such as v < e and

61§U<€2.
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State 0: L=<1,1,1,1,1>

State 1: 1L=<0,1,2,3,4>

State 2: 1=<0,1,4,9,16>
State 3: 1L=<0,1,8,27,64>
State 4: 1L=<0,1,16,81,256>
State b5: L=<0,1,32,243,1024>
State 6: L=<0,1,64,729,4096>

Done! Computation length = 6.

Figure 3: Execution of formula (4)

Ezample (Generalized computation of powers):

The following formula successively assigns the list L the first n + 1 powers of
the numbers 0,1, ..., m — 1:

AI:|(I = 0) A (I gets I — 1) A halt(I = n) A (L = (k": k < m))]. (4)

Figure 3 shows the behavior of L for m = 5 and n = 6. The actual program
consists of the conjunction of the above formula with the statement

O display(L),

Here is another technique which is logically equivalent and uses bounded universal
quantification to simultaneously manipulate each of the elements of L:

len(n) A (O list(L, m)] AVk < m:[(Li = 1) A (L gets k- Ly)].

5.6 The Operator fin

The formula fin w is true on an interval o iff the formula w is itself true on the

final subinterval (0),)). We express fin w as follows:
finw =4 Ofemply D w).

The formula fin w is weaker than halt w since fin w only looks at the last state

whereas halt w tests behavior throughout.
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Ezample (Doubling a variable):

The following formula is true on an interval o iff |o| = 3 and I is initially 1
and repeatedly doubles: ’

len(3) A (I = 1) A (I gets 21).

One effect is that I ends up equal to 8. This is expressed by the valid implication
given below:

= [len(8) A (I =1) A(I gets 2I)] D fin(I = 8).

5.7 Temporal Assignment

The formula e; — e, is true for an interval if the initial value of the expression

e; equals the final value of the expression e,. We define this as follows:
€1 — € =g Ja: [(a =e;) A fin(e; = a)],

where the static variable a does not occur freely in either e; or e;. The stability
of the value of a is used to compare the values of e; and e, at different times. We
call this construct temporal assignment. For example, the formula 7+ 1 — [ is
true on an interval o iff the value of I + 1 in the initial state oy equals the value

of I in the final state o,|. If desired, we can reverse the direction of the arrow:
I—T+1.

The formula
(—T+1)AN({J T+

is then true in an interval iff I increases by 1 and in parallel J increases by I.
Similarly, the following specifies that the values of the state variables A and B are
exchanged:

(A — B)A (B — A).

Unlike assignment in conventional programming languages, temporal assign-
ment only affects variables explicitly mentioned; the values of other variables do

not necessarily remain fixed. For example, the formulas
I—1T+41
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and
(I—T+1)A(J < J)

are not equivalent since the first formula does not require J’s initial and final values

to be equal. Thus, temporal assignment lacks the so-called frame assumption.

Ezample (In-place computation of the mazimum of two numbers):

The temporal formula
tf 1 > Jthen (I «— I)else(I — J)

is true in any interval where I’s value in the final state equals the maximum of

the values of I and J in the initial state. This can be seen by case analysis on the
test 1> J.

Let the function maz(1, j) equal the maximum of the two values 7 and j. The

following temporal formula therefore places the maximum of I and J into I:
I — maz(1,J)
The equivalence of the two approaches is expressed by the following property:

I« maz(1,J)] = [if I > J then (I « I) else (I — J)].

5.8 Incorporating these Constructs into Tempura

We now extend Tempura’s locations, expressions and statements in the ways

described below.

5.8.1 Locations
Static variables such as @ and = are now permitted as locations. In addition if !

is a location and e is an expression, then the subscript construct l[e] is a permitted

location.
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5.8.2 Expressions

The following are now legal expressions:

v (static variables)
(€0y--.y€n-1) (simple list constructor)
(er:v <, e5) (iterative list constructor)
e1lez] (subscripting)
fe] (list length).
Here v is a static variable and ¢, €y, ey, ..., €,_; are all expressions.

In addition, we permit function invocations of the form

flew, ... en)

where f is a function defined in the manner described later and n > O and ey, .. .,

e, are expressions.

5.8.3 Statements

We now allow variables to be assigned not only integers, but boolean and list

values are well. Here are some examples:
Done = true, L =(1,2,4), Flag gets (—Flag).

In addition, the following are permitted statements:

list(l,e) (list declaration)

len(e) (interval length)

V..., Vew (existential quantification)

Vv < e:w (bounded universal quantification)
finw (terminal statement)

l—e (temporal assignment).

Here [ is a location, e is an expression, V is any variable, v is a static variable, and

w iIs a statement.

We also permit predicate invocations of the form
ples,y ... e)
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where p is a predicate defined in the manner described below and n > 0 and
€1, ---, € are expressions. The interpreter uses call-by-reference when passing

parameters.

Statements of the following forms can be used to define functions and predicates

respectively:
define f(Vi,...,V,) =e,
define p(Vy,...,V,) = w.
The formal parameters Vi, ..., V,, are state variables or static variables and e is

an expression and w is a statement. The identifier used in place of f or p should

be static. Here are two sample definitions:

define min(i,5) = (¢f © < j then i else j),
define double(M) = (M gets 2M).

Note that recursive definitions are permitted. Furthermore, the body of a defi-
nition can include temporal constructs. Thus our actual usage of predicates and
functions is more general than indicated in the temporal logic semantics presented
earlier in section 2.2, It is not difficult to adjust the semantics to take this into
account although we omit the details.

6 The Operator chop and Related Constructs

Temporal logic contains various constructs such as chop and while that are
rather similar to certain kinds of statements found in Algol and related program-
ming languages. We first extend the syntax and semantics of the temporal logic to
include chop. The resulting formalism is called Interval Temporal Logic. Within
it we define a number of interval-dependent operators and subsequently expand
Tempura to include them.

6.1 Syntax and Semantics of chop

 We now permit formulas of the following form:

wy; W,, where w; and w, are formulas.
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This operator is known as chop. Such a formula w;; w, is true on an interval ¢ iff
there is at least one way to split o into two subintervals such that the formula w,
is true on the left subinterval and the formula w, is true on the right subinterval:

MoJwy; we] = true  iff
for some ¢ < |o|, Mg,...0)[w1] = true and M(,,.."_,,I”I) [w2] = true.

Note that the two subintervals {gy...0;) and (g;... 0|y} share the state o;.

Ezample (Sequential composition of assignments):

The formula
(K+1—- K);(K+2— K)

is true on an interval o iff there is some 7 < |o| such that the subformula K+1 — K
is true on the subinterval {0y ...0;) and the subformula K + 2 — K is true on
remaining subinterval {o;...0,|). The net effect is that K increases by 3. This is

expressed by the following property:

E [(K+2— K);(K+1- K)] D (K+3- K).

6.2 Discussion of the Operator chop

The construct chop is rather different from the conventional temporal operators
O and O. The latter examine an interval’s suffix subintervals whereas chop splits
the interval and tests both parts. This facilitates looking at arbitrary subintervals

of time.

Harel, Kozen and Parikh [10] appear to be are the first to mention chop as a
témporal construct. It is considered in more detail by Chandra, Halpern, Meyer
and Parikh [3]. In references [8] and [25] we use chop to facilitate reasoning about
time-dependent digital hardware. Our subsequent work in [28] and [26] uses chop
to give specifications and properties of simple algorithms and message-passing
systems. In the rest of this section we examine chop and other ITL constructs and

then extend Tempura to include them.
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6.3 Simple For-Loops

The following simple for-loop repeats w for e times in succession, where w is a

formula and e is an expression:
for e times dow.

This can also be written w®. Here is one way to state that the variable I increases

by 1 for 4 times in succession:
for4times do (I + 1 — I).
This is equivalent to the formula
(I+1-=1I);(I+1-0);I+1-1);(I+1-1).

Since chop is associative, we can omit parentheses without being ambiguous. In

the case of zero iterations, the for-loop is equivalent to empty:
= (for 0times dow) = empty.
The formula w* (read “w star”) is true if the subformula w occurs some number

of times in succession. This operator is sometimes known as chop-star. We can

express it as in terms of a simple for-loop:
w' =g In:(n > 0A [for ntimes do w)),
where n does not occur freely in w. For example, the formula
(I+1-1)

is true on an interval if I repeatedly increases over some unspecified number of
iterations.

6.4 Indexed For-Loops

In addition to the simple for-loop, we permit an indexed variant having the
following syntax:

forv<edow.

Here v is a static variable, e is an expression and w is a formula. For instance, the

formula
fork <4do(I+k— I).

is equivalent to

(I+0—-I);(I+1->1);(I+2—I);(I+3—1I).
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6.5 While-Loops and Related Constructs

The temporal while-loop is another important iterative construct in ITL. The

basic form is similar to that of a while-loop in Algol:
while wy do w,.

Both w, and w, are themselves formulas. The while-loop obeys the following
general expansion property:

while w; dow, =  if w, then (wz;.[while wy do wg]) else empty.

Thus, if w, is true, the body of the loop, w,, is examined after which the loop is
repeated. If w, is false, the interval must have length 0. The chop-star operator
can in fact be derived from a while-loop:

*

w =  while moredo w.

A repeat-loop has the form
repeat w; until w,
and can be expressed using a while-loop:
repeat wy unttl w, =g  wy; (while ~w, do wy).
Another loop construct has the form
loop wy exit when w, otherwise ws,

where wy, w, and w; are themselves formulas. The formula w, is used to exit from

the loop. Here is how to express the loop in terms of the while construct:
loop wy exit when w, otherwise ws =qor  wy; (while ~w, do [ws; wy)).

In section 8.2 we use this style of loop to describe the basic algorithm used by a

Tempura interpreter.

Ezample (Computing the greatest common divisor):

Consider the following assignment which specifies that N’s final value equals

the initial value of the greatest common divisor of M and N:
N «— gcd(M, N).
The formula below implies this:

while (M # 0) do ([M «— N mod M] A [N « M]).
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6.6 Deriving For-Loops and While-Loops

Let us look at one way to express for-loops and while-loops entirely in terms
of chop and other ITL constructs already introduced. This discussion can be
omitted by the reader. We first define the predicate end_points(l,n) to be true
on intervals where I is a list of n + 1 offsets indicating the end points of some
successive subintervals corresponding to iterations:

end_points(l,n) =qer
list(ln + 1) A(ly = 0) Alen(l,) AVI < n:(l; < liyy).
Thus the element [, equals 0 since this is the start of any initial iteration. The

final element [, analogously equals the length of the interval. Furthermore, the

sequence formed by !’s elements is weakly increasing.

We also make use of the construct steration(l, n, 1, w). This is true on an interval
if the formula w is true on the subinterval corresponding to the i-th iteration with
respect to the values of I and n (i.e., the subinterval bound by I; and l;,,). Here

is one way to express steration:

steration(l,n,t,w) =g len(l;); w; len(l, — liyy).

The simple for-loop construct can now be expressed as follows:
for e times dow =g
A, n: ([n = e] A end_poinis(l,n) AVi < n:iteration(l, n, 1, w)),
where 4, | and n do not occur freely in e or w. The technique for the indexed
for-loop is analogous:
forv<edow =g |
3, n: ([n = e] A end_points(l,n) A Vi < n: dteration(l, n,i,Jv: [v =1 A w])),

where %, I and n do not occur freely in v, e or w.

Below is the derivation of the while-loop:
while wy do wy  =yef
3, n: (end_poz'nts(l, n)
AVi<n+1: [(] <n)= (len(lj);wl)]
A Vi < n:steration(l, n, 1, w,;)

).

Here the formula w, must be true at the beginning of every iteration but false at

the end. Furthermore, the formula w, must be true on each iteration.
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6.7 The Construct skip

The construct skip is true on an interval o iff o has length 1. We can express
skip as follows:

skip =4 O empty.

Ezample (Measuring the length of an tnterval):

An interval’s length can be tested using skip and chop. For example, the

formula
skip; skip; skip

is true on intervals having length 3. It follows that this formula is equivalent to
len(3):
E  len(3) = (skip; skip; skip).

Ezample (Unit-length iterations):

The following while-loop repeatedly decrements I and sums [ into J over each

unit of time until I equals 0:
while (I # 0) do (skip A [T — I — 1] A[J « J + 1]).

The body of the loop contains the skip operator in order that the length of each
iterative step be 1. The behavior can also be expressed using halt and gets. Here

is a semantically equivalent way of doing this:

halt(I = 0) A (I gets I — 1) A(J gets J + I).

Ezample (Ezpressing the operator gets using skip and chop-star):

A formula such as A gets B can be alternatively expressed as an unspecified
number of iterations, each of unit length:

= (A gets B) = (skip A [A «— BJ)*.
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State 0: I=4 J=0
State 1: I=3 J=4
State 2: I=2 J=7
State 3: I=1 J=9
State 4: I= 0 J=10
Done! Computation length = 4.

Figure 4: Execution of formula (5)
6.8 Incorporating these Constructs into Tempura

We now extend Tempura to include statements based on the ITL constructs

just introduce. The set of statements is expanded to include the following:

skip (unit interval)

Wy} W (sequential composition}
for etimes dow (simple for-loop)
forv<edow (indexed for-loop)

while b do w (while-loop)

repeat b until w (repeat-loop)

loop w; exit when b otherwise w, (exit-loop)

Here w, w; and w, are themselves statements, e is an expression, v is a static

variable and b is a boolean test.

Ezample (Computing sums):

The following Tempura program uses a while:loop to compute a sum:

(I =4)A(J =0)A Ddisplay(I,J)

A [while T # 0 do (skip A [T — I — 1) A[J « J + I])]. (5)

Figure 4 shows the program’s behavior when run.
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Ezample (Compulting powers):

Consider the problem of finding the value of the expression I’ and placing this

in another variable K. We can specify this using the temporal assignment
K« 1TI.
The following Tempura statement achieves this by looking at J’s binary structure:
(K = 1) A [while (J > 0) do (skip A w)],

where the statement w has the form
if (J mod 2 = 0)
then [(I — I-I)A(J «J +2) A (K « K)|
else [(I — I)A(J —J—1)A(K « K - T)].

7 Some Applications

We now present some sample Tempura programs for summing the leaves of
a tree, partitioning a list and sorting a list. Afterwards programs are given for
simulating a simple multiplication circuit, generating digital pulses and testing a
latch. The final two examples deal with synchronized communication between par-
allel processes. Most of the programming constructs used here have already been

introduced. Those that have not been are briefly described where first mentioned.

7.1 Tree Summation

Suppose we have a binary tree of values such as either of the ones shown in

figure 5. They can be linearly represented by the following list structures:

({1, 1), (1, 1)), ({1, 1), {1, 1))}, {(1,(2,3)), (4,5)).
Let the function leaf_sum(tree) determine the sum of a tree’s leaves:

leaf_sum(lree) =gef
if is_tinteger(tree) then tree

else leaf_sum(treeo) + leaf_sum(tree,).

Here the predicate ts_integer(tree) is true when the parameter free is an integer
(i.e., a leaf) and false when tree is a pair.
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Figure 5: Two binary trees
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define serial_sum_tree( Tree) =

tf ts_tnteger( Tree) then emply

else (
sum_subtree( Tree, 0);
sum_subtree( Tree, 1);
(

skip A (Tree «— Treey + Tree,)

)

).

define sum_subtree(Tree,1) =
serial_sum_tree( Tree;)
A stable_struct( Tree)
A stable Tree,_;.

Figure 6: Predicates to sum the nodes of a binary tree in serial

Now consider the task of designing an algorithm to reduce a tree in-place to
a single value indicated by leaf sum. If the variable Tree initially equals such a

binary tree, we can specify the problem as follows:
Tree «— leaf_sum(Tree).

Let us look at a serial and a parallel implementation of this.

7.1.1 Serial solution

One approach to achieving our goal is given by the predicate serial_sum_tree
defined in figure 6. This terminates if the tree is already an integer-valued leaf.
Otherwise, the predicate sum_subtree is used to first reduce the left subtree and

then the right subtree. Finally, the statement
skip A (Tree «— Treey + Tree,)

is used to reduce the tree to a single value. Note that when either of the two
subtrees is being reduced by sum_subtree, the other one is kept stable. In addition,
the built-in predicate stable_struct is used in the predicate sum_subtree to maintain

the tree’s main node intact so that the two subtrees can continue to be properly
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State 0: Tree=<<<1i,1>,<1,1>>,<<1,1>,<1,1>>>
State 1: Tree=<<2,<1,1>>,<<1,1>,<1,1>>>
State 2: Tree=<<2,2>,<<1,1>,<1,1>>>

State 3: Tree=<4,<<i,i>,<1,1i>>>

State 4: Tree=<4,<2,<1,1>>>

State b: Tree=<4,<2,2>>

State 6: Tree=<4,4>

State 7: Tree=8

Done! Computation length = 7.

State 0: Tree=<<1,<2,3>>,<4,5>>
State 1: Tree=<<i,5>,<4,5>>
State 2: Tree=<6,<4,5>>

State 3: Tree=<6,9>

State 4: Tree=i5b

Done! Computation length = 4.

Figure 7: Two executions of serial tree summation

accessed. We can express stable_struct as follows:
stable_struct(e) =q O|more D list([Oel, |e|)]

Thus, if the expression e is initially a list of some particular length, it remains a
list of that length throughout the interval. If this operation were omitted, there

would be no mention of whether the root of the tree remains a pair.

We initialize the tree and invoke serial_sum_tree by means of the following sort

of formula:
Tree = (((17 1); (15 1))3 ((Iv 1>’ (17 1)))

A serial_sum_tree( Tree) A O display( Tree).

Figure 7 shows the resulting behavior for the two different trees mentioned.

7.1.2 Parallel solution

The predicate par_sum_tree in figure 8 is similar to serial_sum_iree except that

it recursively reduces each half of a pair in parallel rather than sequentially.
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define par_sum_tree( Tree) =
if is_integer( Tree) then empty
else (
dDone: (
(Done = [is_integer( Treeo) A is_integer( Tree,)|)
A halt{Done)
A stable_type( Tree)
A sum_tree_process(Done, Treey)
A sum_tree_process(Done, Tree;)
);
(
skip A (Tree «— Treeg + Tree,)
)
)-

define sum_tree_process(Done, Tree) =
process (
par_sum_tree( Tree);
(
halt Done
A stable Tree

Figure 8: Predicates to sum the nodes of a binary tree in parallel
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State 0: Tree=<<<1,1>,<1,1>>,<<1,1>,<1,1>>>
State 1: Tree=<<2,2>,<2,2>>

State 2: Tree=<4,4>

State 3: Tree=8

Done! Computation length = 3.

State 0: Tree=<<1,<2,3>>,<4,5>>
State 1: Tree=<<i,5>,8>

State 2: Tree=<6,9>

State 3: Tree=15

Done! Computation length = 3.

Figure 9: Two executions of parallel tree summation

A variable named Done is used to monitor the progress of the two subtrees.
It equals true when they are both finally integers. At this time the sum of
the two values can be assigned to the tree variable. The subordinate predicate
sum_tree_process(Done, Tree) reduces its tree parameter and then keeps the tree
stable until the flag Done becomes true. This ensures that the two parallel invo-
cations of sum_tree_process finish at the same t{ime. Figure 9 shows the behavior
of par_sum_tree on the two trees discussed above. As might be expected, the

computation length is less that required by the serial algorithm.

Note that the body of the predicate sum_tree_process in figure 8 is a statement

of the form process w. The process construct has no special logical semantics:
process w - =g W.

It is used when several Tempura statements are run in parallel and each indepen-

dently determines the interval length. See section 9.3 for a discussion.
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7.1.3 Correctness and performance

ITL can be used to specify the correctness and relative speeds of the two

algorithms just introduced. Here are the basic correctness properties:

| serial_sum_tree( Tree) D (Tree — leaf sum( Tree)),
= par_sum._tree(Tree) D (Tree — leaf_sum( Tree)).

The invariant and rate of progress for the serial version are shown below:

E  serial_sum_tree( Tree) D
(stable leaf sum( Tree)
A |leaf_count ( Tree) gets leaf_count(Tree) — 1])

Here the function leaf_count equals the number of leaves in a tree. The property
states that even though the tree is changing, the sum of its leaves remains stable.
Furthermore, the number of leaves decreases by 1 every unit of time. The invariant
for the parallel algorithm is identical to that of the serial algorithm although the
rate of progress is more complicated. The tree’s leaf count decreases by the number

of internal nodes whose two sons are both integers.

The computation length for the serial and parallel algorithms is expressed as

follows:
= serial_sum_tree( Tree) D len(leaf-count(Tree — 1)),

k= par_sum_tree(Tree) D len(tree_height(Tree)).

Here the expression leaf count(Tree) — 1 equals the number of internal nodes in
the tree. The function tree_height is defined to equal the length of the longest path

from the tree’s root to a leaf:

tree_height(tree) =g
if is_tnteger(tree) then O
else maz (tree_height (treeo), tree_height (tree, ))

7.2 Partitioning a List

We now describe a technique for partitioning a list. This will be subsequently

used in some quicksort algorithms. The predicate

partition_list(L, key, left_len)
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define partition_list(L, key, left_len) =
A1, J : (
(I=0)A(J = |L|
A
part_loop(L, key, I, J);
[empty A (left_len = I)]
)
)-

define part_loop(L, key,I,J) =
while I < J do (
skip A part_step(L, key, I, J)

)

define part_step(L, key,I,J) =

if Ly < key
then (

stable L

ANI —T+1)A({J < J)
)
else (

swap_list(L,I1,J — 1)

AT —I)A(J —J-1)
)-

Figure 10: Predicates for partitioning a list
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State 0: 1L=<1,3,2,3,0,1,3>
State 1: L=<1,3,2.3,0,1,3>
State 2: [=<1,3,2,3,0,1,3>
State 3: L=<1,1,2,3,0,3,3>
State 4: 1L=<1,1,2,3,0,3,3>
State b: L=<1,1,0,3,2,3,3>
State 6: 1L=<1,1,0,3,2,3,3>
State 7: L=<1,1,0.3,2,3,3>
State 7: left_len=

Done! Computation length = 7.

Figure 11: Execution of predicate for partitioning

defined in figure 10 uses the predicate part_loop to iteratively permute the elements
of the list parameter L so that those less than the value of key end up to the left of
elements greater than or equal to key. Each step of the loop invokes the predicate
part_step. The length of the left side is finally stored in the static parameter
left_len. For example, suppose that L initially equals the list (1,3,2,3,0,1,3) and
key has the value 2. The final value of L is then the list (1,1,0,3,2,3,3) and the
value of left_len is 3. In figure 11 we depict the behavior of L in each state and
display the value of leff_len in the final state. Note that the predicate part_step

references a predicate called swap_list. This has the general form
swap_list(L,1, )

and exchanges the values of L; and Lj, leaving the remaining elements of the list

L unchanged. Here is one way to express this in ITL:
Vi < |L|:
[if k = i then (Ly, «— L;) else if k = j then (L; «— L;) else (L;, — INE

7.2.1 Correctness of partition_list

The correctness of this algorithm can be expressed using two properties. The

first one states that the list variable L’s final value is a permutation of its initial
one:

= partition_list(L, key, left_len) D [list_to_bag(L) « list_to_bag(L)].
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Here the function list_to_bag(L) equals the bag (multi-set) corresponding to L.

Thus we express the fact that the initial and final multi-sets of L are identical.
The second property states that L’s final value is partitioned according to key:

k= partition_list(L, key, left_len)
O fin(Vi < |L]: [(i < left_len) = (L; < key)]).

The definition of partition_list uses the predicate part_loop(L, key, I, J) which
iterates over L while the variables I and J index to the start and end of the sublist
of elements not yet processed. The following property states that part_loop leaves

the multi-set representation of L stable:

k= part_loop(L, key,I,J) D stable list_to_bag(L).

In addition, throughout the computation the elements Ly, ..., L;_; are all less
than the key and the elements L;, Lyyy, ..., Ljy)-; are greater than or equal to
the key:

E  part_loop(L, key,I,J) D
[OVk < It (Lx < key)
A OVJ <k < |L|: (L > key).

Eventual termination of part_loop is indicated by the fact that in every step
the value of J is greater than or equal to that of I and either I increases or J

decreases by 1. Therefore, the difference J — I continues to decrease by 1:
= partloop(L, key, I,J) D [(J — I) gets (J — I — 1)].

Since 1 is initially 0 and J is initially |L|, it follows that |L| units of time are

required for the entire computation:

E  part_loop(L, key, I,J) D len(|L]).

7.3 Quicksort

Let sort(e) be a function equalling the list expression ¢’s sorted value. We can

then specify the in-place sort of a list variable L by means of the formula

L « sort(L).
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Another way to express this is as follows:
[list_to_bag(L) « list_to_bag(L)] A |fin sorted(L)].

Here the predicate sorted(e) is true if the list expression e is sorted. Thus, the
overall formula states that L’s final value is a permutation of its original one since
the bag corresponding to L remains unchanged. Furthermore, L’s final value is
in sorted order. One way to sort a list is by using the predicate serial_quicksort
shown in figure 12. We use a special subscripting construct of the form e,[e, . .e;).

This is a sublist of the expression e; of length e; — e, and has the form

{erlez], exlez +1),.. ., e1[es — 1]).

It can be expressed as follows
eiles..es] =g (es]i]:er < i < es),

where the static variable ¢ does not occur freely in e;. Note that e;[e;] is not
included among the sublist’s elements. We generally write a sublist expression
such as L[0.. k] in the form Lg_ .

The quicksort algorithm given here leaves the list unchanged if it has 0 or 1
elements and otherwise partitions it into two main parts with a pivot element
in between. The left half has elements less than the pivot and the right half has
elements greater than or equal to the pivot. The left part is then recursively sorted,
after which the right part is itself sorted. Throughout this time, the pivot is kept
stable. The partitioning operation is performed by the predicate quick partition
and the subsequent sorting of the two parts is achieved by serial_sort_parts. Both
of these predicates are described below.

Here is a program for testing the quicksort predicate:

fized_list(L,7) A fized_list(T,7) A Odisplay(L,T)
A (L = (4,5,2,0,6,1,3)) A serial_quicksort (L)
AVi < |L|:|T; m (if i = L; then 1 else 0)].

The statement fized list(L,7) specifies that L is always a list of length 7. It is

logically equivalent to the formula
D lst(L,7)

but turns out to be more natural and much more efficient to use in Tempura. We

include a list variable T' that has the same length as L and shows which elements

42



define serial_quicksort(L) =
1Ll <1
then empty
else Ipivot: (
quick_partition (L, pivot);
sort_parts(L, pivot)

)-

define sort_parts(L,k) =

(
serial_guicksort(Lqg, )
A stable Ly i

);

(
sertal_quicksort(Lgyy). 1))
A stable LO. (k+1)

)-

define quick_partition(L, pivot) =
(
partition_list(Lq. jLj-1, Liz}-1, Pivot)
A stable L|L|_1

.
’

(

skip A swap_list(L, ptvot, |L| — 1)
)-

Figure 12: Predicates for serial quicksort
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State
State
State
State
State
State
State
State
State
State
State
State
State
State
State
State
State
State

Done!

[ T
N OO W O

© O~ MU WA O

=<0 .

5,2,0,6,1,3>
5,2,0,6,4,3>
5,2,0,6,4,3>
6,2,0,5,4,3>
0,2,6,5,4,3>
0,2,6,5,4,3>
0.2,6,5,4,3>
0,2,3,5,4,6>
0,2,3,6,4,6>
0,2,3,5,4,6>
0.2,3,5,4,6>
0,2,3,6,4,6>
i,2,3,6.4,6>
1.2,3,5.4,6>
1,2,3,5,4,6>
1,2,3,5.4,6>
1.,2,3,5,4,6>
1,2,3,4,5,6>

T=<0,0,1,0,0,0,0>
T=<0,0,1,0,0,0,0>
T=<0,0,1,0,0,0,0>
T=<0,0,1,0,0,0,0>
T=<0,0,1,0,0,0,0>
T=<0,0,1,0,0,0,0>
T=<0,0,1,0,0,0,0>
T=<0,0,1,1,0,0,1>
T=<0,0,1,1,0,0,1>
T=<0,0,1,1,0,0,1>
=<0,0,1,1,0,0,1>
=<0,0,1,1,0,0,1>
=<1,1,1,1,0,0,1>
=<1,1,1,1,0,0,1>
=<1,1,1,1,0,0,1>
'=<1,1,1,1,0,0,1>
=<1,1,1,1,0,0,1>
=<1,1,1,1,1,1,1>

Computation length = 17.

of L are in their proper positions. For any ¢ < |L|, the i-th element of T has the
value 1 in a state iff the value of L; in that state equals . Of course, this technique
only works if L’s initial value is a permutation of the integers 0, 1, ..., |L| — 1.
Figure 13 shows the program’s execution.
state 0 to state 7 with the value 3 used as the key. In particular, from state 6 to
state 7, the value 3 is moved to its proper element L;. From state 7 to state 12,
the left sublist Lo 5 (i.e., Lo, Ly and L,) is sorted. From state 12 to state 17, the

Figure 13: Execution of serial quicksort

The list L itself is partitioned from

right sublist L, 7 (i.e., L4, Ls and L) is sorted.

7.3.1 Explanation of gquick_partition

The predicate quick_partition(L, pivot) permutes L and assigns the static pa-
rameter pivot an index into L so that the elements Ly, .
Lyivor and the elements Lpiporya, - - -y Lyjrj—y are all greater than or equal to Lo

This is achieved by first invoking the predicate partition_list described previously
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in section 7.2 on the sublist Ly, ..., Lj|-2 with the rightmost element L|;|_, acting
as key. The value of Ly, is itself keep stable. Afterwards, the value of pivot is
an index to the start of the second half of the partition. The element Ly is

then exchanged with Ly;ye¢.

7.3.2 Explanation of serial_sort_parts

The predicate serial_sort_parts(L, pivot) first sorts the left partition Ly, ...,
Lyivot—1 and after this the right partition Loy, - .-y Ligj-1- Duriﬁg the sorting
of either side, the other remains stable. Throughout the entire period the vaiue of

the pivot element Ly, is left unchanged since it is already in its proper position.

7.3.3 Parallel quicksort

The predicate par_quicksort shown in figure 14 is a parallel variant of the
serial algorithm just described. As the execution in figure 15 demonstrates, this
version of quicksort can take fewer computional steps than the serial one. The
basic change to the sorting technique is seen in the predicate par_sori_parts. This

sorts the two sublists of L in parallel rather than in succession.

Each sublist has a flag (i.e., Ready! or Ready?) associated with an invocation
of the predicate sort_process. This predicate recursively sorts the sublist and then
sets the flag to true indicating completion. It then waits for the flag Done, which
becomes true when both sublists are finished. In the mean time, the sublist is kept
stable.

7.4 A Multiplication Circuit

Figure 16 depicts a simple multiplication circuit containing a number of com-
ponent types such as flipflop, zero_test and adder. This was originally designed
and verified by Mike Gordon using the LSM behavioral notation [6]. In figure 17
we define the components as predicates in ITL. Gordon used the boolean values
true and false to represent bit signals. We follow the same convention as can be
seen in such devices as zero_test and or_gate. The components reg and flipflop in
the original specification both provide a form of unit delay and can be modelled

by the ITL construct gets. The overall multiplier is then given in figure 18.
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define par_quicksort(L) =
if |L| <1 then empty
else Iprvot: (
quick_partition(L, pivot);
par_sort_parts(L, ptvot)
)

define par_sort_parts(L, pivot) =
JDone, Readyl , Ready?2: (
(Done = (Ready! A Ready2))
A halt Done
A quicksort_process(Done, Readyl, Lo, pivot)
A quicksort_process(Done, Ready2, Lyiyor41. 1))

)

A stable Ly;yor.

define quicksort_process(Done, Ready, L) =
process (
[par_quicksort (L) A (Ready =~ empty)];
[halt Done A (stable L) A (stable Ready)]
).

Figure 14: Predicates for parallel quicksort
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State 0: L=<4,5,2,0,6,1,3> T=<0,0,1,0,0,0,0>
State 1: L=<1,5,2,0,6,4,3> T=<0,0,1,0,0,0,0>
State 2: L=<1,5,2,0,6,4,3> T=<0,0,1,0,0,0,0>
State 3: L=<1,6,2,0,5,4,3> T=<0,0,1,0,0,0,0>
State 4: L=<1,0,2,6,5,4,3> T=<0,0,1,0,0,0,0>
State &: L=<1,0,2,6,5,4,3> T=<0,0,1,0,0,0,0>
State 6: L=<1,0,2,6,6,4,3> T=<0,0,1,0,0,0,0>
State 7: 1=<1,0,2,3,5,4,6> T=<0,0,1,1,0,0,1>
State 8: L=<1,0,2,3,5,4,6> T=<0,0,1,1,0,0,1>
State 9: L=<1,0,2,3,5,4,6> T=<0,0,1,1,0,0,1>
State 10: L=<1,0,2,3,5,4,6> T=<0,0,1,1,0,0,1>
State 11: L=<1,0,2,3,5,4,6> T=<0,0,1,1,0,0,1>
State 12: L=<0,1,2,3,4,5,6> T=<i,1,1,1,1,1,1>
Done! Computation length = 12.

Figure 15: Execution of parallel quicksort

Various internal signals such as BI and L8 are hidden by means of existential
quantification (3). The signals in1, tn2, Done and Out are left accessible. The
device’s structure is represented as a conjunction of instances of the individual

components. In addition, equalities are included to properly initialize the signals
Done, Out and L2.

In order to test the multiplier, we feed the circuit some data and then terminate
when the circuit has the answer. The following program performs these tasks and

has the multiplier determine the product of 4 and 9:
mult_imp(4,9, Done, Out) A (O halt Done) A O display(Done, Out).

The execution of this is shown in figure 19.

7.5 Pulse Generation

We now demonstrate how Tempura can be used to generate, manipulate and
display simple digital waveforms. Let us first extend the boolean operators —, A
and V to permit the bit values 0 and 1. For example the value of the expression
=0 is 1 and the value of 1 A0 is 0. We use these constructs in the program in
figure 20. This controls the behavior of the four bit variables W, X, ¥ and Z.
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ini in2
|
dec zero_test zero
L‘ =
_I l__
muL muzs muz
1
reg zero_test zero_test muz
| J
|
dec or_gate reg
dec adder
I
|
[
fup_flop
Done Out

Figure 16: Block diagram of multiplication circuit
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define muz(Switch,Inl, In2, Out) =
O (if Switch then Out = Inl else Out = In2)

define reg(In, Out) = (Out gets In).
define flipflop(In, Out) = (Out gets In).

define dec(In, Out) =
Out = (if In = 0 thenOelse In — 1).

define adder(Inl1,In2, Out) = (Out =~ [In1 + In2]).
define zero_test(In, Out) = (Out = [In = 0]).

define or_gate(Inl,In2, Out) = (Out = [In1 V In2]).

define zero(Out) = (Out =~ 0).

Figure 17: Definitions of individual components

The signal W is initialized to 0 and then successively oscillates 5 times over 4-unit

intervals by means of the following form of sequential iteration:

for 5 times do (
[len(3) A stable W [skip A (W «— —W)]

).

The total length of the period is therefore 20 units. In parallel with this, the signal
X is initialized to 0 and then receives the values of W but with unit delay. The
same happens from X to Y. The value of Z is always the bit-and of W, X and
Y. In figure 21, we display the behavior of the combined system in the form of a
timing diagram. This is best viewed when turned sideways. The style of output

used here is not hard to generate in Tempura although we omit the details.

7.6 Testing a Latch

The device shown in figure 22 is a simple latch built out of two cross-coupled
nor-gates. When the bit inputs S and R are held stable long enough, the outputs
Q and Q respond to them according to the table in figure 23. If S and R are both
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define mult_tmp(ini, in2, Done, Out) =
iBi,B2,B3,Bj,L1,L2 L8, ,L4,L5,L6,L7,L8,L9,L10 : (
muz(Done, L9, L8, L7)
A reg(L7, Out)
A adder(L9, Out, L8)
A dec(inl, L6)
A muz(Done, L6, L4, L5)
A muz(Done, inl LS, L1)
A reg(Li, L2)
A dec(L2, L8)
A dec(LS8, L4{)
A zero(L10)
A muz(B4,L10,in2, L9)
A zero_test(inl, B{)
A zero_test(L5, B1)
A zero_test(in2, B2)
A or_gate(B1, B2, BS)
A flipflop(BS, Done)
A (Done = true) A (Out = 0) A (L2 = 0)

Figure 18: Definition of multiplier

State O: Done=true Out= 0
State 1: Done=false OQOut= 9O
State 2: Done=false Out=18
State 3: Done=false Qut=27
State 4: Done=true Out=36
Done! Computation length = 4.

Figure 19: Simulation of multiplier
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(W=0A(X=0A(Y =0)A
for 5 times do (

[len(3) A (stable W)];
| [skip A (W — ~W)]
A (X gets W) A (Y gets X)
AN(Z = W AXAY]).

Figure 20: Program to generate some digital waveforms

State
State
State
State
State
State
State
State
State
State
State
State
State
State
State
State
State
State
State
State
State
State

O 0 N3 O & W N = OO

T T S O e O O I ™ ey
QO O 00 N O O > W N -» O

Done! Computation length = 20.

Figure 21: Execution of waveform generator
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Figure 22: Block diagram of SR-latch

operation |S |R| @ Q
set fo 1 110 1 0
clearto0 |0 | 1 0 |
no change [0 | 0 |old Q | old @
undefined |1 | 1 - -

Figure 23: SR-latch operation
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(S=0)A(R=0)A(Q =0)A(Qbar =0) A
fofé € ((1,0),(0,0),(0,1),(1,0), {0,0))
do
len(5) A (S gets lp) A (R gets 1)
)
A (Q gets —|R V Qbar])

A (Qbar gets =[S Vv Q]).

Figure 24: Program to simulate SR-latch

0, the device retains it current state. The values of the inputs should not be held

simultaneously at 1 since this results in the latch’s outputs starting to oscillate.

The program in figure 24 simulates the latch with various values for the inputs
S and R. We model each nor-gate as having unit delay. Note that the variable Q
is referred to as Qbar in the program. The resulting system behavior is displayed

in figure 25. The iterative construct
forvEedow

is used to sequentially assign a locally scoped variable v the elements of the given

list expression e and execute the statement w with each such binding.

7.7 Synchronized Communication

Tempura can be used to model parallel processes that periodically send or
receive data from one another. Figure 26 shows a block diagram containing two
modules with a line between them. The left module transmits information to the
right one by means of a stream package that we have implemented in Tempura.
We omit the implementation details but give a sample execution of the system in
figure 27. In states 3, 6, 9, 12 and 15 a value is passed on. The end of stream
marker is passed in state 18. In the final state, the receiver shows that it has

successfully accepted the five data messages.

In figure 28 is a block diagram of a system that does parallel lexical analysis,
parsing and evaluation of a string of characters representing an arithmetic expres-
sion. The heart of the corresponding Tempura program is shown in figure 29.

Here four processes are connected together by means of streams. The first one
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State
State
State
State
State
State
State
State
State
State
State
State
State
State
State
State
State
State
State
State
State
State
State
State
State
State
State

Done!

© 0 N B3 O = W N = OO

b b b
N = O

[
w

[y
o

[y
s
o sa so ee

N N = b b
N O © 00 N O»

N
S

N
w

N
-

[\~
[$3]

Computation length = 25.

Figure 25: Simulation of SR-latch
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input list —|  Sender = Receiver |— outlput list
Stream

Figure 26: Block diagram of sender-receiver system

takes the string and feeds it character-by-character into the lexical analyzer. This
simultaneously outputs tokens to the parser. This in turn outputs reverse Polish
to the evaluator. Eventually the evaluator determines the expression’s numeric
value. An execution of the system processing the string 10,,+2, is shown in fig-
ure 30. We use the character “,” to visibly represent a space. Note that in states

13 and 24 two communications occur at once.

8 Design of an Interpreter for Tempura

Let us now consider how to built an interpreter for Tempura. This material
can be skipped by readers not interested in the intricacies of the system. The aim
of the presentation is to give a general idea of how to execute Tempura programs.
Therefore a number of low-level aspects of the implementation are not described.
Before discussing the design of the system, we look how the approach is applied

to the following program:
(OOCOempty) A(I=0)A(LgetsI+1)Aa(J=2-1). (6)

This is true on intervals of length 4 in which I assumes the successive values 0,

1, 2, 3 and 4 while J simultaneously assumes the values 0, 2, 4, 6 and 8.

One way to execute such a formula is to transform it to a logically equivalent

conjunction of two formulas present_state and ® what_remains:
present_state A @ what_remains.

Here, the formula present_state consists of assignments to the program variables

and also indicates whether or not the interval is finished. The formula what_remains

55



State O0: Stream_status
State 0: <
State 1: <
State 2: <>
State 3: <<0>>
State 4: <>
State b&: <
State 6: <<10>>
State 7: <
State 8: <
State 9: <<20>>
State 10: <
State 11: <
State 12: <<30>>
State 13: <
State 14: <
State 15: <<40>>
State 16: <>
State 17: <>
State 18: <<>>
State 19: <>
State 20: <>
State 21: <>
State 22: <
State 23: <
State 24: <>
State 26: <
State 26: <
State 26: output list = <0,10,20,30,40>

Done! Computation length = 26.

Figure 27: Execution of sender-receiver system
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) String
string—  to == Lex = | Parse | = Eval |— answer
Chars | Chars Tokens Polish

Figure 28: Block diagram of parallel lexer-parser-evaluator

A list_to_port_process(Sig_list,,

char_input sender_port( Char_stream))
A lezer_process(Sig_list,,

recetver_port( Char_stream), sender_port( Token_stream))
A parser_process(Sig_list,,

receiver_port( Token_stream), sender_port( Polish_stream))
A eval_process(Sig_list,,

recesver_port( Polish_stream), answer)

Figure 29: Heart of parallel lexer-parser-evaluator

57



State O0: Input string = "10,+2,"
State 0: Char Token Polish
State 0: <& <> <
State 1: <> <> <>
State 2: < <O <>
State 3: <<Mi">> <> <>
State 4: < <> <>
State b5: <> <> <>
State 6: <<"0'">> <> <>
State 7: <> <> <
State 8: < <> <>
State 9: <<",">> <> <
State 10: <> <> <>
State 11: <> <<10>> <>
State 12: < <> <>
State 13: <<"+">> <> <<10>>
State 14: <> <> <>
State 15: < <KDy - O
State 16: <> <> <>
State 17: <<"2">> <O <
State 18: < <> <>
State 19: < <> <>
State 20: <" '">> <> <>
State 21: < <> <
State 22: <> <L2>> <>
State 23: <> <> <>
State 24: <> <> <L2>>
State 25: <> <> <>
State 26: <> <> <>
State 27: < <> <
State 28: < <> <IN
State 29: <> <> <>
State 30: <> <> <>
State 31: <> <> <<>>
State 32: < <> <
State 33: <> <> <O
State 34: <> <> <>
State 34: Final answer = 12

Done! Computation length = 34.

Figure 30: Execution of lexer-parser-evaluator system
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Before state O:
(OOO empty) A(I=0)A(Tgets I+ 1)AO(J =2-1)
After state O:
[(I=0)A(J =0)A more]
A@OOempty) A(I=1)A(Igets I+ 1) AO(J =2- )]

Before state 1:
(OO empty) A(I=1)A(Igets I+1)AD(J=2-1)
After state 1:
[(I=1) A(J = 2) A more]
A @O empty) A(IT=2)A (I gets I+ 1)AO(J =2 T)]

Before state 2:

(Oempty) A(I=2)ATgets I+ 1))ADO(J=2-1)
After state 2:

[(I =2) A(J = 4) A more]

- A@empty A(I=3)A(Igets I+1)ADO(J =2 I)]

Before state 3:
empty AN(I =3)AN(T gets I +1)AT0(J =2-1)
After state 3:
[(I = 3) A(J = 6) A empty]
A @[false AT gets I+1)AD(J=2- I)]

Figure 31: Transformation of formula (6)

is what is executed in subsequent states if the interval does indeed continue on.

Thus, it can be viewed as a kind of continuation.

For the formula under consideration, the value of present_state is as follows:
(I =0)A(J = 0) A more.
The value of what_remains is the formula
(OO empty) A(I=1)A(Tgets I+ 1)AO(J =2-1I).

In figure 31 we show the effects of such transformations before and after each of

the four states of the execution.
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8.1 Variables Used by the Interpreter

The operation of the Tempura interpreter is based on the technique just de-
scribed. When executing a Tempura program, the interpreter makes use of the
four variables Program, Memory, Current_Env and Current_Done_Cell. They are
accessed by the interpreter’s various routines. Below is a summary of each of these

variables:

e Program: This is a variable that initially contains the Tempura program
itself. After the execution of each state, it is transformed to a formula of the

form ®w, where w describes what should be done in the next state.

o Memory: This is an indexed list of cells. Each cell can be empty or contain a
value such as an integer or a list descriptor. At the beginning of each state,
every cell is assigned the empty list (), thus indicating that no value is being
stored. When a value ¢ is to be placed in the cell, the cell’s actual contents

are assigned the singleton (c).

e Current_Env: This contains an environment, which is a list having a separate
entry for each variable in the Tempura program. Each entry is a pair with
the name of the associated variable as well as an index to a memory cell that
holds the variable’s value. For the Tempura program under consideration,

the value of Curreni_Env might be the following:

((“I”,0),(“J”, 1)).

o Current_Done_Cell: This equals the index of a memory cell called the done-
flag. The Tempura program places either frue or false in the done-flag
during every state, thus indicating whether or not that state is the final
one. For example, in a state where the statement empty is encountered, the
interpreter puts the value frue in the done-flag cell. If the statement more
is encountered, the value false is used instead. If the user fails fo assign a
value to the done-flag in a particular state, the interpreter detects this and
flags an error.

60



8.2 Basic Execution Algorithm

The basic algorithm used by the interpreter can be represented in the following

procedural form:

begin
local Program, Memory, Current_Env, Current_Done_Cell,
prepare_ezecution_of_program;
loop
ezecute_single_state
exit when Memory|Current_Done_Cell] = (true)
otherwise
advance_to_next_state

end.

Here is a more detailed look at each part of the process:

e prepare_ezecution_of_program: The interpreter’s variable Program is assigned
the program’s syntax tree and the variable Current_Env is initialized to
indicate suitable references into the memory. The memory itself is allocated
to have one cell for each program variable as well as a cell whose index is
placed in Current_Done_Cell. All the memory cells are initially emptied (i.e.,
set to ()).

o execute_single_state: The value of the variable Program is transformed until
it is of the form ®@w. A check is made to ensure that the done-flag indexed by
Current_Done_Cell has been set to true or false. The actual transformations
used for each Tempura construct are described later on. All assignments
occurring in the current state are reflected in the values of the memory’s

cells.

o advance_to_next_state: If the current state is not the last, preparations are
made for processing the next one. This is done by emptying the contents of
all the memory cells and deleting the leading operator ® from the formula

held in Program.

Figure 32 shows the details of executing the simple program (6).

61



Current_Env: ((“I”,0),(“J”,1)),
Current_Done_Cell: 2.

Before state 0:
Program: (OO O empty) A(I=0)A (I gets I+ 1) ATI(J =2- n),
Memory: ({), (), ()-

After state O:
Program: ®@[(OO empty) A(I=1)A{I gets [+ 1) A DO(J =2- n),
Memory: ((0), (0), (false)).

Before state 1:
Program: [(OO empty) N(I=1)AI gets I+ )ADO(J =2- I)],
Memory: ({), (), ())-

After state 1:
Program: @[(O empty) A(I =2)A(Tgets I+ 1 )ADOO(J =2 I)],
Memory: {(1), (2), (false)).

Before state 2:
Program: [(O empty) A (I =2) A (I gets I +1) A TO(J =2 1),
Memory: (), (), ().

After state 2:
Program: @[empty ANI=3)ATgetsI+1)AD(J=2- I)],
Memory: ({(2), (4), (false)).

Before state 3: :
Program: [empty ANI=3)A(IgetsI+1)ADO(J=2- I)],
Memory: ({), (), (), ).

After state 3:
Program: ®[false ANIgetsI+1)AO(J=2- I)],
Memory: ((3),(6), (true)).

Figure 32: Details of execution of formula (6)
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8.3 Description of the Procedure ezecute_single_state

Here is now the definition of the procedure ezecute_single_state:

procedure ezecute_single_state:
begin
while —is_reduced_stmt(Program) do
transform_stmt(Program);
if Memory|Current_Done_Cell] = () then
error( “Termination status not specified.”)

end.

The while-loop repeatedly transforms the program until the test
ts_reduced_stmt( Program)

is true, signifying that the program is reduced to the form ®@w. Each iteration
of the loop corresponds to one pass over the program. Sometimes many passes
can be required to completely process one state. Once this is achieved, no further
transformations take place in the current state. As long as the program is not in
reduced form, the procedure transform_stmt is invoked to scan it. The operation
of transform_stmt is explained in detail below. Once the program is fully reduced,
a check is made to ensure that the done-flag has been properly set.

8.4 Description of the Procedure transform_stmi

The procedure transform_stmi has the form
transform_stmt(Statement).

It makes a single left-to-right pass over a Tempura statement held in the parameter
Statement and transforms it, while simultaneously extracting information about
Tempura variables and termination. The contents of the memory cells are updated
in the process. Furthermore, when a Tempura request or display statement is

reduced, communication with the user takes place.

As noted in the presentation of Tempura’s syntax, a formula such as
(I=2)A(J =1+3)
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can be viewed as both a statement and as a boolean test. In addition, a variable
such as I can be considered either a location or an expression. Therefore, there
exist two other reduction routines. The procedure transform_loc is for locations
and the procedure transform_ezpr is for expressions. These are both used by

transform_stmt and are described in sections 8.5 and 8.6, respectively.

Let us now consider the behavior of transform_stmt on individual types of

Tempura statements.

8.4.1 Implementing the statements true and false

When the statement true is encountered, it is immediately reduced to the form
®true. The values of the memory cells are not affected. Thus, true can be thought
of as a no-operation statement. On the other hand, when false is encountered as a
statement, the interpreter terminates execution with an error. This provides the

user a way to abnormally stop the program if inconsistencies are detected.

8.4.2 Implementing equalities

An equality has the general form ! = e, where [ is a location and e is an
expression. This is executed by first transforming ! and e to new forms !’ and ¢'.
See sections 8.5 and 8.6 for details. If either I' or €' is not yet fully reduced, the
statement

I'=¢

is returned as the result. If both are successfully reduced, then €' is a constant ¢
and !' has one of the following two forms:

@loc(k), OI".

The construct @loc(k) is an internal location descriptor that references the
memory cell indexed by the integer k. If I' is such a descriptor, the equality is
processed by placing the constant ¢ in the k-th cell. A check is made to ensure that
the cell is empty prior to the assignment. The overall statement is then reduced

to the form ®true. This is returned as the result.

If the location !’ is of the form O " then the assignment is transformed to the

conditional statement

if more then ®(I" = c) else false.
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This postpones the actual assignment to the next state. The more construct is used
to ensure that the interval does indeed continue. If the test fails, the statement

false is executed, thus resulting in an error.

8.4.3 Implementing the statements empty and more

The tranformation of the statement empty places the value true in the done-
flag currently referenced by Currenti_Done_Cell. The statement is then reduced
to ®@false. The transformation of more places the value false in the done-flag
referenced by Current_Done_Cell and then reduces to ®@true. In the case of both
statements, a check is made that the done-flag is empty (i.e., equals ()) prior to

the assignment.

8.4.4 Implementing the request and display statements

A statement of the form
request (Iy,..., 1)

is processed by first prompting the user for n values ¢y, ..., ¢, and then trans-

forming the statement to a conjunction of equalities
Li=c)n-- A, =cp)-
This is then re-reduced.
During the execution of a statement
display(ey, ..., e,),

the expressions e;, ..., e, are all transformed. If any fail to completely reduce,
the statement is returned unchanged. Otherwise, the resulting values are displayed

and the statement is reduced to ® true.

8.4.5 Implementing conjunctions

A conjunction w; A w, is processed by first reducing both operands to forms
wy and wj. If this is successful, the statement w] will be of the form ®w{ and the

statement w, will be of the form @w]. The overall statement can then be reduced

65



to the form @(w{ A wj). If either w{ or w} is true, it can be omitted from the
result. If w} or w) is not yet fully reduced, the conjunction w; A w) is returned

instead.

8.4.6 Transforming the statements ®w, Ow and Ow

A statement of the form ® w is already in reduced form and requires no further
processing. Statements of the forms O w and OJw are rewritten using the following

equivalences and then reprocessed:

Quw
Ow

more A ®w
wA®QOw.

-

8.4.7 Implementing implications

A conditional statement of the form b D w is treated by first reducing the
boolean expression b to either frue or false. If b reduces to true, the overall
statement is changed to w and again transformed. If b reduces to false, the result

is ®true.

8.4.8 Implementing some other statements

As was mentioned earlier, statements using the operators O, tf, gels, stable
and halt can be converted to equivalent forms using the operators described above.

For example, a statement ! geis e is first expanded to the form
0[more D ([0 1] = ¢)]

and then re-reduced. Execution efficiency can be greatly increased if each new

operator has its own specialized transformation sequence.

8.5 Implementing Locations

A location that is a variable such as I or J is transformed by converting it to
an internal descriptor @loc(k), where k is the variable’s cell number as indexed by
the environment contained in Current_Env. Locations can also be of the form O/,

where [ is itself a location. These are considered to already be in reduced form.
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8.6 Implementing Expressions

An expression is in reduced form if it is either an arithmetic or boolean con-
stant. Since constants such as 3 and true are already in reduced form, they require
no further processing. A variable such as I is handled by first reducing it as a
location. The result is an internal location descriptor of the form @loc(k). The
actual value of k is determined by looking at I’s entry in the current environment.

The descriptor is immediately re-reduced as an expression.

A location descriptor @loc(k) is itself transformed by examining the memory
cell indexed by the integer k. If that cell is empty (i.e., equal to ()), the descriptor
is refurned unchanged. Otherwise, the value stored in the cell is returned instead
of the descriptor. For example, if the cell equals the singlet‘on (4), the constant 4

1s the result.

An expression such as the sum e, + e, is handled by first reducing both e, and
ez and then adding them. A conditional expression of the form if b then ¢, else e,
is reduced in the same way as a conditional statement. Boolean expressions
such as —b and b; A b, can be expanded to conditional expressions and then
re-reduced. The boolean expressions empty and more are transformed to the
constructs @loc(done-cell) and —@loc(done-cell), respectively, where done-cell is
the value of Current_Done_Cell. The new expressions are then immediately re-

reduced.

8.7 Implementing Static Variables, Lists and Quantifiers

We now consider how to extend the interpreter to handle static variables, lists
and quantifiers. The operators fin and « as well as predicates and functions are

also discussed.

8.7.1 Implementing static variables

-

Static variables are implemented by altering the memory slightly to include an
extra boolean flag in every cell. This is set to true if the cell has been designated
as static. When a memory cell is allocated for a state variable, the cell’s flag is
set to false. While clearing memory, the interpreter only empties those cells that
have the flag equalling false. Thus once a value is put in a static cell, it is never

lost.
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8.7.2 Implementing lists

The value of a list is represented as a special descriptor of the form
@list(length, offset).

Here length equals the number of list elements and offset is the index of the first

of a series of consecutive memory cells for storing the elements.

8.7.3 Implementing the operators list, fized_list and stable_struct

A statement of the form list(l, ) is processed by first reducing the location !
and expression e. A series of consecutive memory cells are then allocated, one for
each list element. If the cell referenced by location [ is designated static, then so

are these cells. Afterwards, I’s cell is assigned a suitable list descriptor.

The implementation of the construct fized_list(l, e) mentioned in section 7.3 is
similar to that of list(l,e). However, the memory cells initially allocated for the
list elements continue to be used during the entire interval. This is done by simply
reassigning the list description stored in the location I from state to state. Thus a

statement such as

fized_list( Table, 20)

is much more efficient that the logically equivalent form
O list( Table, 20).

In addition, by using fized_list, we ensure that the locations of the elements of
Table do not change over time. This turns out to be very important when passing

them as parameters to temporal predicates.

The construct stable_struct(l) mentioned in section 7.1.1 has an implementation
similar to that for fized_list in that the list descriptor stored in [ is repeatedly
reassigned throughout execution. However, the list elements of [ are assumed to

be already allocated. The conjunction
list(l, e) A stable_struct(l)
can in fact be used to implement the statement
fized_list(l, e).
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8.7.4 Implementing list constructors

A list constructor of the form

(Co, ey en-—l)

is evaluated by first reducing the expressions ey, ..., €,-; and then allocating n
consecutive static memory cells in which the values of ey, ..., e,_; are stored. A
suitable list descriptor is then returned as the overall value of the expression. The

iterative list constructor is implemented in a similar way.

8.7.5 Implementing subscripts

A subscripted location l[e] is processed by first evaluating the location ! and
the expression e. The value of I’s cell is fetched and checked to ensure that it is
a list. Furthermore, a check is made to ensure that e’s value is within the list’s
range. A location of the form @loc(k) is then returned, where k is the sum of the

list’s offset into memory and e’s value.

An expression e, [e,] is treated in a similar manner. However once the relevant
element’s location has been determined, the value in the corresponding memory
cell is fetched.

The sublist construct l[e; .. e;] mentioned in section 7.3 is implemented by
first reducing the location ! and the expressions e¢; and e;. We then form a list
descriptor with offset to the element in ! referenced by e, and with length e, —e;.
This descriptor is stored in a new cell and the location of that cell is the result of

the reduction.

8.7.6 Implementing the list-length operator

An expression |e| is reduced by first determining the list descriptor of the

expression e and then returning the length field stored in it.

8.7.7 Implementing existential quantifiers

A statement of the form
Vi, .. Vew
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is processed by creating a new environment env containing entries for the quanti-
fied variables Vy, ..., V,,. Each of these variables has a fresh memory cell allocated
for it. The entries in env for other variables are the same as in the surrounding

environment. The statement is then transformed to an interval construct of the

form

@ezists(env, w).

This is immediately re-reduced. Such a statement is evaluated by saving the
contents of Current_Env, setting Current_Env to env and then transforming the
statement w. Afterwards, the old contents of Current_Env are restored. If the
transformation result v’ is successful, it has the form ®w". Therefore, the overall

statement is converted to the form
®| @ezists(env, w")|
and returned. If w' is not fully reduced, the overall statement is given the form
@ezists(env, w')

and returned.

8.7.8 Implementing bounded universal quantification

A statement of the form
Vv<ew

can be readily handled by first reducing the expression e to a constant ¢ and then

building a conjunction of the form
(Fu:[(wv=0)Aw)A(Bu:[(v=1)Aw]) A A(Fu:[(v = c— 1) Aw]).

The conjunction is immediately re-reduced.

8.7.9 Implementing the operators len, fin and «

The implementation of a statement len(e) first reduces the expression e to
another expression e'. If this is not a constant, the overall statement is changed
to len(e') and returned. On the other hand, if €' is a constant c, the statement is

reduced using the equivalence
len(c) = if (c =0)then empty else Olen(c— 1).
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A statement of the form fin w is rewritten as the logically equivalent formula
if empty then w else (@ fin w)

and then immediately re-reduced. A temporal assignment [ « e is processed by
first reducing the expression e to a constant ¢. The overall statement is then

changed to the form
fin(l = ¢).

This is immediately re-reduced.

8.7.10 Implementing predicate and function definitions

A predicate definition has the form
define p(Vy,...,V,) = w.
We execute this by creating a special descriptor of the form
@predicate(env, (V,...,V,), w),

where env is the current contents of the environment variable Current_Env. The
descriptor is stored in the predicate variable p’s memory cell and provides enough
information to properly access the predicate when it is invoked. The overall pred-
icate definition is then reduced to the form ®#rue. Function definitions are simi-

larly handled.

8.7.11 Implementing predicate and function invocations

A predicate invocation has the form

p(el, . .,e,,).

We first access the value in p’s memory cell and determine that it is indeed a

special descriptor of the form
@predicate(env, (Vy,...,V,), w).

The locations of actual parameters e, ..., e, are then reduced. If any are in
fact constants or expressions, their values are stored in freshly allocated static

memory cells. A new environment env’ is created in which each formal parameter
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Vi, ..., V, has an entry pointing to the corresponding actual parameter’s location.
The entries for other variables are made identical to those found in the predicate-

descriptor’s environment env.

We now transform the predicate invocation to the statement
@call(env', w),

where env' is the environment just constructed and w is the statement contained
in the predicate-descriptor. The internal operator @call is then processed by sav-
ing the current contents of the variable Current_Env, setting Current_Env to env’,
reducing w and then restoring Current_Env’s old value. If the transformed state-
ment w' is completely reduced, then it has the form ® w". The overall invocation

is then rewritten as follows:
@|@call(env', w")].
On the other hand, if the transformation is not complete, the statement
@call(env', w')
is returned so that this can be executed during the current state’s next pass.

Function invocations are similarly handled. They are eventually reduced to
something of the form
@call(env, c),

where env is an environment and ¢ is a constant. At this time, we discard the
operator @call and the environment and transform the overall expression to be

simply the constant c.

8.8 Implementing chop and Iterative Operators

We now turn to the implementation of chop and related operators such as for

and while.

8.8.1 Implementing the operator chop

The chop construct has the form
Wy 5 Wy,
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where w, and w, are formulas. The first step in processing this is to allocate a
memory cell to serve as the local done-flag associated with the subinterval in which

w; is executed. The chop statement is then transformed to the internal form

@chop(done-cell, wy, ws,).

-

Here done-cell is the index of the memory cell serving as the local done-flag.

The construct @chop is executed by first saving the current value of the variable
Current_Done_Cell and setting Current_Done_Cell to the index done-cell. The
statement w; is transformed in this context. Afterwards, we restore the old value
of Current_Done_Cell. If the transformation’s result w' is not yet fully reduced,

the @chop statement is altered to have the form
@chop(done-cell ,w', w,)

and then returned as the overall result. However, if w' is fully reduced, it has
the form ®w". The @chop statement is therefore transformed to the following

conditional form:
if @loc(done-cell) then w, else O @chop(done-cell, w", w,).

This is immediately re-reduced. Thus, if the value of the local done-flag is true, the
subinterval in which w; was executed is empty and therefore w, can be started right
away. If the local done-flag is false, then the execution of the @chop statement
is continued to the next state of the overall interval. Note that the operator

strong-next is used to indicate that the overall interval is not yet finished.

8.8.2 Implementing for-loops and other iterative statements

A statement of the form

for etimes dow

is transformed by first reducing the expression e to a constant ¢. The overall
statement is then rewritten as the conditional form

if ¢ = 0 then empty else (w; [for ¢ — 1 times do w])
and again reduced.
The implementation of an indexed for-loop of the form
forv<edow
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first reduces the expression e to a constant c¢. The statement is then transformed
to the related construct
for0 <v <cdow.

This is expanded using the following rule:

forcy; <Kv<ecydow =g
tf ¢, > ¢, then empty
else ([Fv: (v = ¢y Aw)]; [for s + 1 < v < ¢, dow)).

A while-loop is reduced using the equivalence
while b do w = (if b then [w; while b do w] else empty).

The iterative constructs repeat and loop are treated similarly.

8.8.3 Implementing the operator skip

The operator skip is first transformed to the form
O empty

and then re-reduced.

8.9 Alternative Interpreters

The interpreter that we have described represents one technique for execut-
ing Tempura programs. It is rather easy to understand but suffers from being
relatively slow. Let us now consider some alternative approaches and features.
Most of them increase execution efficiency at the expense of generality. With a
proper mix of these techniques, we feel that we can achieve speeds comparable

with conventional imperative programming languages.

8.9.1 Immediate assignments

When the interpreter encounters the equality

O =1
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it postpones the actual assignment to the next state by using the form
®&(I = 1).

An alternate approach involves performing the assignment immediately. This can
lead to increased execution efficiency. However, one drawback is that statements

with parallel assignments such as the following as not properly handled:
(O=I4+1)A(OJ]=Jd+1I).

In this example, we would alter I’s value before being able to compute the expres-
sion J + I. Thus, the next value of J would be unknown. One way to get around
this is to reorder the statement as follows:

([OJ]=J +I)A(|O1] = I +1).

8.9.2 Two-level memory

So far, the interpreter we have presented maintains a single data value for
each location. It is often attractive to maintain two such values: one for the
current state and one for the next state. This permits the technique of immediate

assignment described above to properly work on parallel assignments such as
([OIl=I+1)A([OJ]=Jd+ ).

Note that static locations still only require a single value.

8.9.3 Single-pass processing

The current interpreter can make a number of left-to-right passes over a state-

ment within each executed state. For example, the compound statement
(J=I+2)A(I=1)

requires two passes. During the first pass the value for I is determined and during
the second pass the value for J is determined. On the other hand, the following

statement can be completely reduced in a single pass:

(I=1)A(J=T+2).
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If we use an interpreter having immediate assignment, then many useful pro-
grams can be written which require only one pass per executed state. Once they
are debugged, such programs have the potential of being executed much faster
since the interpreter need not do the extra processing required to detect and han-
dle multiple passes. For example, when a memory cell is read, no test need be

made regarding whether a value is already stored.

8.9.4 Time stamps

A time stamp can be included as part of each memory cell. Whenever the cell
is stored into, the current state number is included with the data. When the cell
is accessed, its stafe number can be checked to ensure that the data is current and
not left over from a previous state. This approach eliminates the need to empty
all cells at the beginning of every state. Many debugged programs require only
one pass per executed state and can therefore be executed without the interpreter

having to regularly empty memory cells or use time stamps.

8.0.5 Ignoring the operator stable

As we have noted, many debugged Tempura programs can be run using one
pass per state and without emptying memory cells or maintaining time stamps.
Any statement of the form stable [ in such programs can be ignored since the value
of the location I’s memory cell will automatically remain unchanged. If { is a list,
then the effect will safely propagate to its elements. Thus, the savings gained by
not processing stable can be considerable. This technique should be used with

great care since time-dependent errors can go undetected.

8.9.6 Redundant assignments

The interpreter does not permit two or more redundant assignments to the

same location to occur in a single state. For example, the statement
I=1)A(I=1)
causes an error in processing even though it is logically equivalent to the statement

I=1.
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The principle of nonredundancy also applies to interval termination constructs
such as empty. Only one such construct should be used in each state of an interval.
Thus a formula such as

empty N empty,
although logically consistent, results in an error when executed. Tempura con-
structs such as the operators empty, more, halt and O affect interval length.
Constructs such as A, ® and O do not in themselves specify anything about

termination.

If desired, the interpreter can be modified to permit the kind of redundant
assignments mentioned here. We currently have reservations but more experience

is needed to resolve this issue.

8.9.7 Special-purpose constructs

Various constructs can be added to Tempura in order to speed execution. For
instance, the operator := is called unit assignment and is similar to temporal
assignment («). However, unit assignment only works in intervals of length 1
and furns out to be more efficiently implementable. A statement ! := e is first

transformed to the form

(Ch)=e

and then re-reduced. In addition, a test is made to ensure that the interval is

indeed of unit length.

8.9.8 Suppressing checks

Most programming systems have facilities for checking subscript ranges, de-
tected undefined variables and performing other such tests. The Tempura inter-
preter includes additional consistency checks regarding temporal behavior. For

example, a statement such as
(I=1)A(=2)

Is erroneous since the same variable cannot receive two values in one state. Sim-
ilarly, the interpreter detects an error in the following program because no value

is specified for the variable I in the second state:
(I = 1) A [skip; (skip A [T — I + 1))] A O display(J).
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These types of temporal checks can be suppressed. This increases the speed of

execution but of course can result in various time-dependent bugs going unnoticed.

8.9.9 Call-by-name

When a function or predicate is invoked, the interpreter determines the loca-
tions of all actual parameters and uses them to build an environment. The effect is
to implement parameter passing using call-by-reference. As in other programming
languages, this is more efficient than call-by-name but has certain drawbacks. For
example, when a subscripted element such as L{I] occurs as a parameter, its loca-
tion is determined only once. Therefore any change in the value of the index I is
not reflected in the corresponding formal parameter. Our experience is that most
subscripts tend to be static expressions (e.g., L[1] or L[¢]) so this is not a great
limitation. A more subtle problem occurs if one specifies that L is a list using a
statement such as

0 list(L, 3).

In every state, new memory cells are allocated for L’s three elements. Therefore, a
reference to, say, L[2] will change over time. Thus, if L|2] is passed as a parameter
to a temporal predicate, the reference used will become obsolete after the first
state. This is one reason we use the constructs fized_list and stable_struct for
creating and maintaining such lists. Both of them ensure that the locations of list

elements do not move around.

If one desires, it is not hard to alter the interpreter to implement parameter
passing using call-by-name. This seems to be a trade off between speed and gen-
erality. It should be noted that the current interpreter permits one to simulate
call-by-name by means of parameterless functions. For example, suppose we define

the function f and the predicate p as follows:

define f() = L[],
define p(g) = (g() gets [g() + 1]).

The predicate invocation p(f) is therefore equivalent to the statement

L[1] gets (L[I] + 1).
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9 Experimental Features

In this section we examine some experimental constructs that are not so well
understood, yet have interesting applications and properties. The first involves the
concept of temporal projection. Following this is a brief look at lambda expressions
and their application to representing pointers. Finally, we discuss the process

construct and its use in specifying parallel programs.

9.1 Temporal Projection

When modelling hardware, it is natural to look at a circuit’s behavior at dif-
ferent granularities of time. For example, the units of time might correspond to
nanoseconds or to clock ticks. We use the term femporal projection to denote the
process of mapping from one level of time to another. In earlier work [8,25] we
looked at one way to add operators for temporal projection to ITL. Since then
we have developed an approach which is a bit easier to use and can be readily

incorporated into Tempura: The main new construct is a formula of the form
Wy proj wa,

where w; and w, are themselves formulas. This has the following semantics:

M,[w, proj wy] = true iff
for some relative times 79, 71,...,7m € {0, 1,...,|0|}, the following are true:
0=70$71"'S‘fm=|0|,
and M(vrio,‘“...o,’,“)ﬂwlﬂ = true, for all : < m,

and Mg, o, ..0.,) [Ww2] = true.

This definition makes the formula w; proj w, true on any interval meeting two
‘conditions. First, the interval can be broken up into a series of consecutive subin-
tervals each satisfying w;. Second, the interval formed from the string of end-states

of these subintervals satisfies w,.
Consider, for example, the formula
len(2) proj [len(4) A (I = 0) A (I gets I+ 1)].

This is true on any interval o whose length is 8 and in which I’s value starts at

0 and increases by 1 from oy to 03, from o0, to o4 and so forth. To show this,
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len(4) A(I =0)A (1 gets I +1)

0?0 0?2 0?4 0'.6 0?3
0'.0 0'.1 (;2 0?3 0.4 (7.5 (7.3 0'.7 0?3
len(2) len(2) len(2) len(2)

Figure 33: Example of projection

we use the definition of proj with m equalling 4 and with 7’s elements having the
assignments

T0=0, T1=2, 1'2:4, 1'3‘—"6, 74 = 8.
Thus the left operand len(2) is true on each of the following subintervals of o:
(000102), (020304), (04050¢), (06070%).

The right operand
len(4) AN(I =0) A (I gets I + 1)

is true on the projected interval
00g02040¢08.

Figure 33 illustrates the projection pictorially. The value of I in odd-numbers

states is not specified. This example is in fact logically equivalent to the formula
(I = 0) A for 4times do (len(2) A [I — I+ 1]).

Note that different projections can be combined in parallel as well as with other

kinds of formulas.

80



State 0: M= 1
State 1: M= 1
State 2: M= 1
State 3: M= 2
State 4: M= 2
State b6: M= 2
State 6: M= 4
State 7: M= 4
State 8: M= 4
State 9: M= 8
State 10: M= 8
State 11: M= 8
State 12: M=i6
Done! Computation length = 12.

Figure 34: Execution of formula (7)
9.1.1 Incorporating temporal projection in Tempura
We add projection to Tempura by permitting statements of the form
wy proj w2.

Here w;, and w, are themselves statements. Let us now look at two Tempura

programs containing temporal projection.

Example (Specifying behavior in intermediate states):

The following formula initializes the variable M to 1 and then doubles it in

every third state for 4 times:
([len(2) A stable M]; skip) proj [len(4) A (M = 1) A (M gets 2M)). (7)

Furthermore M remains stable during intermediate states of the projection. Fig-

ure 34 gives an execution depicting the behavior of M.
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State 0: I=0 J=0
State 1: I=1 J=0
State 2: I=1 J=0
State 3: I= 2 J=1
State 4: I=2 J=1
State b: I=2 J=1
State 6: I=3 J= 3
State 7: I=3 J= 3
State 8: I=3 J= 3
State 9: I=3 J= 3
State 10: I= 4 J=6
Done! Computation length = 10.

Figure 35: Execution of formula (8)
Ezample (Variable-length projection):
Below is a formula that initializes the variables I and J to 0 and then increases

I by 1 and J by I with ever widening gaps dependent on I’s values:

([len(I) A stable I A stable J); skip) "
proj [len(4) ANI=0)A(J=0)A(Igets I +1)A(J gets J + I)] (8)

The values of I and J in intermediate states remain stable. This formula is
executed in figure 35. Note that if we are not interested in the behavior of I and

J in intermediate states, the projection can be specified as follows:

len(I + 1) proj [len(4) A (I = 0) A (J = 0) A (I gets I + 1) A(J gets J + I)].

9.1.2 Universal projection

The kind of projection so far presented can be called ezistential projection since
it is true on an interval if there is at least one way to break up the interval. The

operator

Wy Uproj W,

is called universal projection and is true on an interval o if for every way we break

up o using w;, the projected result is satisfied by w,. We can express uproj as the
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dual of proj:

wy uproj wy =g —(wy proj —w,).

At present, we do not see how to include universal projection in Tempura.

Ezample (Projection of a clocked system):

Universal projection provides a way of abstracting from digital behavior in-
volving an explicit clock signal to behavior at the register-transfer level. As an
example of this, let us consider a simple system driven by clock pulses. We first
define the pulse operator ] Clock to be true on intervals where the bit signal Clock

rises and then falls:
11 Clock =46 (Clock =2 0); skip; (Clock = 1); skip; (Clock = 0).

The system we have in mind has the three bit signals Clock, X and Y. Universal
projection provides a way of examining those properties of X and Y that are true
across clock pulses independent of where we mark the beginning and end of each

individual pulse. We can use projection of the form
(11 Clock) uproj w

to specify and reasoning about a formula w describing the behavior of X and ¥V
at the register-transfer level. For example, the following formula is true if X is

repeatedly inverted and Y remains stable over a series of clock pulses:

(11 Clock) uproj [(X gets ~X) A stable Y.

9.2 Lambda Expressions and Pointers

Lambda expressions provide a natural means of representing functions as val-
ues. We now briefly sketch how to incorporate them into ITL and Tempura. We

also show how lambda expressions can be used to represent pointers.

9.2.1 Lambda expressions

A lambda expression has the form
AV, Vate,
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where Vi, ..., V,, are variables and e is an expression. The body of e can itself
contain lambda expressions. In addition, we permit lambda predicates having the
syntax

AVy, ..., Vi,

where Vi, ..., V, are variables and w is a formula.

First order lambda constructs can be viewed as temporal functions and pred-
icates. To date, we do not have an adequate semantics for higher order lambda

expressions.

An invocation of a lambda construct has the form

60(61, ey e,,),

where n > 0 and ey, ..., e, are expressions. The value of ¢; should be a lambda

construct of arity n.

9.2.2 Pointers

We can represent a pointer to a variable A by means of the parameterless
lambda expression
A A

For example, suppose the static variable b has this as its value. The variable A
can then be indirectly accessed through the function invocation b(). Thus, the

following formula is true on intervals where A increases by 1:

[b=(A: A)] A [b()  b() + 1.

Let us now introduce some operators to make the pointer notation look more

conventional. The expression
ref ()

equals a pointer to the location I. It can be defined as follows:

ref(l) =def A:l.
A pointer expression e can be dereferenced using the construct

deref (e).
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It is defined as follows:
deref(e) =4t €().

Thus the sample formula given above can be also expressed as follows:

[b = ref(A)] A [deref (b) « deref (b) + 1].

9.3 The process Construct

In section 8.9.6, we mentioned that two separate statements can not in parallel
determine the length of an interval. If one has a number of statements w,, w,, ...,
w, to be run in parallel and each individually determines interval length, then all

but one should be used with the unary operator process:
wy A (process wy) A - - - A (process wy).

For instance, the following statement is permitted:

[(I =0) A (I gets I+ 1) A halt(I = 5)]
A process [(J = 0) A (J gets J + 2) A halt(J = 10)].

The predicate sum_tree_process in section 7.1.2 and the predicate quicksort_process
in section 7.3.3 both make use of process. This is so that multiple instances of them
can be run in parallel. Note that the process construct has no logical semantics

and can be defined as follows:
Process w g W.
Its purpose is merely to explicitly indicate to the interpreter that redundant spec-

ifications of interval termination are present.

9.4 Implementing these Constructs

We now discuss how projection, lambda expressions, pointers and the process
construct can be implemented in the Tempura interpreter. This presentation can

be skipped if desired.
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9.4.1 Implementing temporal projection

The interpreter handles a statement of the form w; proj w, by first allocating

a new memory cell and then transforming the statement to the internal construct
@proj (done-cell, wy, w,).

This is immediately re-reduced. Here done-cell is the index of the memory cell.
The cell serves as a local done-flag for the projected interval in which the statement
wy is executed.

We execute the @proj construct by first saving the value of .the variable Cur-
rent_Done_Cell and setting it to the index done-cell. The statement w, is then
transformed in this context to a new statement w'. Afterwards the old value of
Current_Done_Cell is restored. If w' is not yet fully reduced, the overall @proj

statement is rewritten as
@proj (done-cell, w,, w').

This is returned as the result of the transformation. On the other hand, if w' is
fully reduced and thus of the form ®w", then the overall projection is transformed

to the following conditional statement and then immediately re-reduced:
if @loc(done-cell) then empty else [w,; @proj (done_cell, wy, w")].

This tests the localized done-flag indexed by done-cell. If it is true, the interval
in which w, was transformed is finished and therefore the overall projection ter-
minates. Otherwise, the statement w, is executed followed by the resumption of

the projection statement.

9.4.2 Implementing lambda expressions and pointers

The lambda constructs implemented in the Tempura interpreter can uniformly
handle both first-order and higher-order variants. The approach taken is basically
the same as for processing predicate and function definitions. See section 8.7.10

for a presentation of this.

The technique of using lambda expressions for representing pointers actually
works in the current Tempura interpreter. However, the constructs ref and deref
have been implemented in a more efficient but less general manner by means of a

new type of descriptor specifically for pointers. We omit the details.
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9.4.3 Implementing the process construct

When reducing a statement of the form
brocess w

we first allocate a memory cell to serve as a local done-flag. The statement is then

transformed to the internal construct
@process(done-cell, w)

and immediately re-reduced. Here done-cell is the index of the memory cell.

The @process construct is itself implemented by saving the value of the variable
Current_Done_Cell and setting it to the index done-cell. The statement w is
transformed within this context to a new statement w'. Afterwards the variable

Current_Done_Cell is restored to its old value.

If the statement w' is not yet fully reduced, the statement
@process(done-cell, w')

is returned as the result. Otherwise, if w' is fully reduced then it has the form
®@w" for some w". We therefore transform the @process construct to the following

conditional statement:

if [empty = @loc(done-cell)] then [@ @process(done-cell w")]

else false.

This tests to make sure that the current done-flag and the local done-flag used
by the @process operator agree in value. If they do, the statement w" is placed
within the @process construct in preparation for any subsequent states. If the
done-flags are not equal, the statement false is executed, thus generating an error.
Note that once a Tempura program is debugged, the consistency check between
the done-flags can be suppressed.

10 Experience and Further Work

Using the ideas discussed here, we have implemented a prototype Tempura

interpreter in Lisp. Its design is based on the interpreter presented in section 8
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and it incorporates some of the modifications mentioned in section 8.9. A great
variety of Tempura programs have been written and successfully run. Roger Hale,
a PhD student at Cambridge University, has more recently implemented a faster
version of the interpreter in the programming language C. In [7], he describes
the application of ITL and Tempura to the modelling of a digital ring network.
Another interpreter has been developed in Prolog by Masahiro Fujita, Shinji Kono
and others at Tokyo University. |

In the future we plan to built a compiler and bootstrap Tempura in itself. We
also hope to describe the operational semantics of Tempura in ITL. This will enable
us to formalize the relation between various execution strategies, both sequential

and parallel.

So far we have made little mention of ITL’s proof theory. This is much less
developed than the model theory. Work by Halpern and Moszkowski has shown
that one propositional subset of ITL is undecidable and that another is decidable
(see Moszkowski [25] for details). Although it is not hard to come up with sound
axioms and inference rules for ITL, no systematic work has been done to date.
We therefore feel that ITL’s proof theory represents a promising area for future

research.

11 Some Related Work

We now look at some logical formalisms and programming languages that seem
related to ITL and Tempura.

11.1 Other Temporal Logics Based On Intervals

A number of researchers have proposed variants of temporal logic that facili-
tate reasoning about intervals. Schwartz, Melliar-Smith and Vogt [31] develop a

formalism called interval logic which includes temporal formulas having the syntax
[Nw.

Here I can be built from a variety of special constructs for indicating the scope of
the interval in which the temporal formula w is to be evaluated. Thus I can be

thought of as an “interval designator.” For example, the formula
(X=Y)= (Y =16)|0(X > 2)
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is true on an interval if X is greater than Z throughout the subinterval starting
the first time X equals ¥ and ending when Y equals 16. Note that the designator
is not itself a temporal formula. This is unlike the approach of ITL in which

constructs used to specify subintervals are themselves always formulas.

Shasha, Pnueli and Ewald [33] propose some generalized forms of the nezt
operator in which explicit time offsets are mentioned. For example, the formula

O'w

is true if the subformula w is true in e units of time from now. This is basically
the same as the ITL formula

len(e); w.
The following two types of formulas are also permitted:
ler, e2]w, (e, €2)w.

They are defined as follows:

[er,e2Jw =g Vi ((el <i<e)D Qt’ w),
(erye2)w =g Ji: ((el <i<e)AO w).

These constructs let one express behavior over various suffix subintervals of time
but do not provide access to prefix subintervals in the way ITL’s chop does. For
example, the following ITL formula does not seems to be as elegantly expressed
in their notation:

(K+1— K);(K+2— K)

11.2 The Programming Language Lucid

The functional programming language Lucid [2,35] developed by Ashcroft and

Wadge is similar to parts of Tempura. For example, the Lucid program
I=0fby(I+1); J=0fby(J+1)
roughly corresponds to the temporal formula
(I=0AJ =0)A(I gets I + 1) A(J gets J + I).
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This illustrates how the operator gets can be handled in Lucid. On the other
hand, Algol-like temporal constructs such as <, chop and while do not have direct

analogs in Lucid. Thus, a Tempura construct such as
while (M # 0) do (skip A [M « M — 1] A[N « 2N])

cannot be readily translated. In [1], Ashcroft and Wadge develop a calculus for
reasoning about Lucid programs.

11.3 CCS and CSP

Milner’s Calculus of Communicating Systems [23] and Hoare’s Communicating
Sequential Processes [15] are both popular notations for describing and reasoning
about parallel systems. Related work includes Milne’s CIRCAL [22] for modelling
hardware and the CSP-inspired programming language occam™ [17]. In CCS
and CSP, multiple processes interact with one another by mutually synchronizing
on events. There are operators for composing processes, waiting for events and

concealing events. CSP includes constructs for representing channels.

The treatment of time is not a central issue in these formalisms. However, it is
possible to describe a clock process that serves as a source of events representing
ticks. A variant of CCS called Synchronous CCS models concurrent systems that

operate in lock step.

11.4 Predicative Programming

Hehner [11] views programs as logical predicates over input-output behavior of
variables. Various Algol-based constructs such as assignment (“:="), sequencing
(“”) and while-loops are treated in this manner. Time is introduced by means of
an explicit clock variable. Hehner then goes on to introduce concurrency through
CSP-like channels. It seems too early to compare this approach with temporal

logic.

11.5 Synthesis and Verification of Specifications

Manna and Wolper [21] investigate techniques for synthesizing CSP synchro-

nization code from temporal logic specifications. Examples include a reader-writer
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system and the dining philosphers’ problem. Mishra and Clarke [24] use temporal
logic to describe asynchronous digital circuits and then generate corresponding
finite-state automata. Tang [34] and Manna and Pneuli [20] discuss ways of trans-
lating conventional programming constructs into transition systems described in
temporal logic. The resulting temporal descriptions can then be used to reasoning
about the original programs. In contrast to these approaches, we have worked
on developing a set of temporal operators that facilitate programming directly in
temporal logic. This bypasses the need for two notations and omits any synthesis

from specifications.

11.6 The Programming Language Prolog

The programming language Prolog {5,16] uses Horn clauses in first order logic
as a means of expressing computations. The original applications for this approach
where in areas of artificial intelligence such a natural language understanding and
theorem proving. This led to the use of resolution as the basis for executing Prolog
programs. Subsequent work by Shapiro [32], Clark and Gregory [4] and others has

generalized logic programming to deal with concurrent systems.

Prolog and its offspring do not have any notion of time and therefore are un-
able to directly express imperative constructs such as assignments. In practice,
extra-logical constructs such as assert and retract can be used to get around this
restriction. They provide a means for adding and removing facts from a system-
maintained database. However, their usage is generally not considered good pro-
gramming style. Alternatively, one can stay completely within the framework of
the underlying logic by explicitly representing dynamically changing objects as

lists of values or by including times as parameters to predicates.

In comparison with Prolog, our approach does not limit itself to a subset of
convention logic based on Horn clauses and does not use resolution as the means
of executing formulas. Nonetheless, it is a form of logic programming, albeit with
temporal logic as the underlying formalism. We feel this provides a more natural

setting for both programming and reasoning abouf dynamic systems.

11.7 TFunctional Programming

Functional programming [12] is based on the idea that certain types of func-

tions can be interpreted as executable descriptions of computations. McCarthy’s
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programming language Lisp [18] is perhaps the best known example of this ap-
proach. The functions themselves have no built-in notion of time. Therefore, as
is the case with logic programs, dynamic behavior is in effect modelled indirectly.
Recursion seems to be the most common technique used for this. Another ap-
proach is to represent time-dependent variables as lists or as functions containing

an explicit time parameter.

Constructs such as Lisp’s sefq and rplaca are sometimes included in an ad hoc
manner in order to permit in-place assignments and other imperative operations.
Language purists tend to discourage their use. Even so, such features often seem

indispensible for reasons of clarity and efficiency.

12 Conclusions

The present work has investigated Tempura, a program language based on
Interval Temporal Logic. The ITL formalism provides a way to treat such pro-
gramming concepts as assignment and loops as formulas about intervals of time.
Therefore, Tempura programs, their specifications and their properties can all be
expressed in the same formalism. Furthermore, this approach provides a unified
way for modelling both hardware and software. In the future, we hope to gain
more experience with using ITL and Tempura to simulate and reason about de-
scriptions of hardware devices and other types of parallel systems. In addition, we
plan to explore the feasibility of using Tempura as a general-purpose programming
language.
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