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Subdivision as a sequence of sampled C? surfaces and
conditions for tuning schemes

Cédric Gérot* Loic Barthe! Neil A. Dodgson?
Malcolm A. Sabin?

Abstract

We deal with practical conditions for tuning a subdivision scheme in order to
control its artifacts in the vicinity of a mark point. To do so, we look for good
behaviour of the limit vertices rather than good mathematical properties of the
limit surface. The good behaviour of the limit vertices is characterised with the
definition of C?-convergence of a scheme. We propose necessary explicit conditions
for C?-convergence of a scheme in the vicinity of any mark point being a vertex of
valency n or the centre of an n-sided face with n greater or equal to three.

These necessary conditions concern the eigenvalues and eigenvectors of subdivi-
sion matrices in the frequency domain. The components of these matrices may be
complex. If we could guarantee that they were real, this would simplify numerical
analysis of the eigenstructure of the matrices, especially in the context of scheme
tuning where we manipulate symbolic terms. In this paper we show that an appro-
priate choice of the parameter space combined with a substitution of vertices lets us
transform these matrices into pure real ones. The substitution consists in replacing
some vertices by linear combinations of themselves.

Finally, we explain how to derive conditions on the eigenelements of the real
matrices which are necessary for the C?-convergence of the scheme.
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1 Introduction

A bivariate subdivision scheme defines a sequence of polygonal meshes each of whose
vertices is a linear combination of vertices belonging to the previous mesh in the sequence.
At the 2002 Curves and Surfaces Conference in Saint Malo, Malcolm Sabin gave to the
community a few challenges about subdivision schemes. One of them was to control the
artifacts that schemes could create. In [15], Sabin and Barthe catalogue some possible
artefacts. Some schemes (Loop [8], Catmull-Clark [4], Doo-Sabin [5],...) are defined so
that each polygonal mesh is the control polyhedron of a Box-Spline surface which is the
limit surface of the sequence. In this case the behaviour of the limit surface is known,
except around extraordinary vertices or faces. An extraordinary vertex is a vertex of the
mesh whose valency is not equal to six if the mesh faces are triangles, or not equal to four
if the mesh faces are quadrilaterals. An extraordinary face is a non-triangular face in a
triangular lattice or a non-quadrilateral face in a quadrilateral lattice.

This article deals with practical conditions for tuning a scheme in order to control its
artifacts in the vicinity of a mark point. A mark point is a point of a mesh whose vicinity
keeps the same topology throughout subdivision. For some schemes, sometimes called
primal, the mark point is a vertex, for others, called dual, the mark point is a face centre.
In the latter case, we will refer to this face as a mark face. In most cases, the coefficients
of the linear combinations depend only on the local topology of the mesh, and not on its
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geometry. Moreover, we assume the scheme to be stationary: the coefficients remain the
same through the sequence of polygonal meshes.

Sabin has reviewed the state-of-the-art in tuning subdivision schemes [14]. Most work
alters local coefficient in order to fulfil sufficient conditions for getting a continuous limit
surface around the mark point [10, 17]. But looking for a mathematical C*-continuity
of the limit surface is possibly not the best way for controlling artifacts. For instance,
Prautzsch and Umlauf tuned the Loop and Butterfly schemes in order to make them
C'- and C?-continuous around an extraordinary vertex by creating a flat spot [11]; and
a flat spot may be considered as an artifact. Furthermore, the necessary and sufficient
conditions for C2-continuity of the limit surface are not explicit if the scheme is not based
on a Box-Spline.

In contrast, we may look for good behaviour of the limit vertices rather than good
mathematical properties of the limit surface. In this paper, we characterise good behaviour
of the limit vertices with the definition of C?-convergence of a scheme. This definition is
based on the interpretation proposed implicitly by Doo and Sabin [5]. Each control mesh
is viewed not as the control polyhedron of a Box-Spline surface but as the sampling of a
continuous surface. Thus the sequence of meshes are samplings of a sequence of continuous
surfaces which converges uniformly towards the limit surface. Naturally, C?-convergence
of a scheme is related to the C-continuity of the limit surface: it is a sufficient condition
for it. And because the definition of C?-convergence of a scheme is theoretical and formal,
we propose in this paper explicit but only necessary conditions. In [6], we applied these
conditions at a mark point being a vertex. In this paper, these conditions are applied at
any mark point being a vertex of valency n or the centre of an n-sided face with n greater
or equal to three. They have already been proposed by Sabin as a condition related to the
C?-continuity of the limit surface [13]. By relating them to C?-convergence of a scheme,

we give some insights on why these conditions can be used for tuning a scheme, as has
been done by Barthe and Kobbelt [3].

The necessary conditions for C?-convergence of a scheme, proposed in this paper,
concern the eigenvalues and eigenvectors of subdivision matrices in the frequency domain.
Subdivision matrices in the frequency domain give the relationship between rotational
frequencies coming from the discrete Fourier transform of the vertices around the mark
point. That means that the components of these matrices may be complex. If we could
guarantee that they were real, this would simplify numerical analysis of the eigenstructure
of the matrices, especially in the context of scheme tuning where we manipulate symbolic
terms. In this paper we show that an appropriate choice of the parameter space combined
with a substitution of vertices let us transform these matrices into pure real ones. The
substitution consists in replacing subsets of vertices by linear combinations of themselves.
Of course a combination of surface samples does not, in general, belong to the same
surface. Thus, the conditions given above cannot be applied directly on the new pure real
matrices. In this paper, we explain how to derive conditions on the eigenelements of the
real matrices which are necessary for the C%-convergence of the scheme.

In the following section, we present the theoretical tools which we then use in Sect. 3
to establish the necessary conditions for a scheme to C*-converge. In Sect. 4 we show
how to derive real subdivision matrices in the frequency domain and conditions on their
eigencomponents which are necessary to achieve the C%-convergence of the scheme.
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Figure 1: Labelling of the vicinity of a mark point

2 Theoretical Tools

We first present our notation and then we introduce two tools: eigenanalysis of the Fourier
transformed subdivision matrices and CP-convergence of a scheme. The eigenanalysis of
the Fourier transformed subdivision matrices gives us a description of the frequencies in
the limit surface around a mark point; we introduce invariances of a scheme which allow
us to write these frequencies more simply. The definition of CP-convergence allows us to
derive a description of the limit points. Finally, we stress the fact that these interpretations
are valid if the vertices make up a good sampling of the surfaces.

2.1 Notation

If the mark point is a vertex, let it be A and n its valency (number of outgoing edges from
A). Otherwise, n is the number of edges of the mark face. We assume that the vicinity of
A is made up of ordinary vertices. This hypothesis is relevant because after a subdivision
step, the vertices of the mesh map to vertices with the same valency, and new vertices are
created which are all ordinary. Thus, after several subdivision steps, every extraordinary
vertex is surrounded by a sea of ordinary vertices. As a consequence, the vicinity of A,
or of a mark face, may be divided into n topologically equivalent sectors. In the jth
sector, let B;, Cj, Dj...be an infinite number of vertices sorted from the topologically
nearest vertex from the mark point to the farthest. If there exist two vertices in one sector
on the same ring which are in complementary positions then they are labelled with the
same letter, but with a prime put on the vertex which is further anticlockwise from the
positive z-axis. An example is £ and £’ in Fig. 1(a). However, if the points are not in
complementary positions, then they are given distinct letters.
Let A®) be the mark point if it is a vertex and

B¥ c® p® }
{ J J J j€l..n
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its vicinity after k& subdivision steps. All these vertices are put into an infinite vector

n

T
k k k
Pk .= [A(k)BE )---B,(f)d )--~CT(L’“‘)D§ )...pW .. }
if the mark point is a vertex and
T
k k k
Po .= [B§ Vo W . oW pl )---Dﬁf)---}

otherwise.

Finally, a surface is CP-smooth if there exists a CP-diffeomorphic parametrisation
of it from a subset of R?2. We define a parametrisation domain by projecting onto R?
the polygonal mesh around the mark point. Depending on the injective 2D map which
interpolates the vertices, the projected polygonal faces may overlap. But we are looking
for surfaces which are as smooth as possible. So, we ask the polygonal mesh projection
to be injective. A% is projected onto (0,0) if the mark point is a vertex, and VX €
{B,C,D,...},Vje{l,....,n}, X;k) is projected onto (xg-k),yj(k)). For simplicity, we ask
(xg-k), y(-k)) to lie on the same circle for given k£ and X, and to be equally distributed on
the circle for given k and X, with a possible shift da := ap — a1 between k£ — 1 and k
which is the same for all X and all k:

k) (k k k) o
(257, 5) = (0% cos(Bixim), 0% sin(Bx,s)

where
(j‘i‘Oéx—l-Oék) , o = kdo . (1)

)

2w
Oixgm = —>

Furthermore, because the vertices X J(k converge to the limit mark point if the scheme

converges [12], we ask that limk_,oo(gg’;)) = 0. The choice of the phases ax, «a; and the

radii leg) seem to remain free provided that the map is injective and the radii converge
to zero. But the characterisation of C'-convergence in Sect. 3.2 will fix the value of the
phases oy and «y, and will reduce the possible values of the radii Qg];).

Finally, note that for a complex number, ¢, we use the standard notation, |c|, for its

modulus and use the notation ¢, for its phase.

2.2 Eigenanalysis of the Transformed Subdivision Matrices

Consideration of the relationship between the spatial and frequency domains allows us to
produce necessary conditions for C?-convergence. As mentioned in the introduction, the
vertices after one step of subdivision are defined as linear combinations of the vertices in
the previous mesh. As a consequence, there exists a matrix M such that

P = Mph-b

We will refer to M = (M;,) as the subdivision matrix. In this section we introduce the
necessary notation for the definition of transformed subdivision matrices.

We may write the discrete rotational frequencies X *) (w) of each set of vertices { X J(-k) bietom
by applying a shifted Discrete Fourier Transform:

DFT ({X{"}) (w) = X9(w) = zn: X exp (— AT o+ cbk))

n



8 2 THEORETICAL TOOLS

with

n—1

1 5 2im
:—EX]“) exp(

n

w=

“(+ o + ¢k>)

and i = /—1. Usually, the discrete Fourier transform is defined without the phase
ox + ¢r. We emphasise that a shift does not change the frequency content of the set of
points, but this shift will enable us to get pure real components of subdivision matrices in
the frequency domain in Sect. 4. Note that we use phases ¢x and ¢, independently of the
phases ax and a4, of the parametric space introduced in Sect. 2.1. Indeed, ¢x and ¢, will
be chosen with regard to the algebraic structure of the subdivision matrix in Sect. 4.1,
whereas ax and oy, will be fixed by the characterisation of C'-convergence in Sect. 3.2.

We now introduce two results directly related to this definition of the discrete Fourier
transform and which will be used in Sect. 3 to derive necessary conditions for C?-
convergence.

Lemma 2.1 Consider a set of vertices defined as

272 270
}/j:(ICOS<7TT<j+Oé))+bSID( u (j +a)),

where a and b are constant and 2 € {0,1,2}. Then, letting 0, o be the Kronecker function:

6%9:{ 1 ifw=1.

0 else.

with a given ¢x + ¢k,

Y(w) = ZY] exp < 2T (j+ox + qbk))
j=1

= (nT 6407!2 +n 9 5w,—Q> €Xp <_ ;r/ (Oé - ng - ¢k))

Proof

Y(w) = Xn:Yjexp (_QLwU‘f‘ﬁbX"’ﬁbk))

_ (Z e a>)> o (270 o~ on))

J=1
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n

a—1ib 2iTa 2imy
5 eXP ( . (Q —w)) ;exp (T(Q — w))

+2 ; o (—2120‘(9 . UJ)) 3 exp (_2_7”(9 + w))

j=1

a—ib o Ara N 1 —exp (2i7(2 —w))
2 p( (6 ) 1 —exp (22(Q —w))

atib o <_212a(9 - w>> 1 - ZEE ((22;((&?::)))) b (212” (0 — px — cbk))

a—1b a4+ ib 2imw
= (n— dwa+n 5w,_9) exp ( Z (a—ox — </51c))

exp (2220 o — o))

+

2 2
|

Lemma 2.2 If for all j € {1,...,n}, limy_ X;k) = 0 then for every w{l,...,n},
limy,_.oo X®) (w) = 0.

Proof limy_.. X®(w) = 0 if and only if limy_o ‘X(’f) (w)‘ = 0. Furthermore,

: Y (k) — i =
i [0 = g[S e (2 <J*¢X+¢’“>)‘
_ iX(k) _ 2imw _217rw<¢ + )
= kg{.lo . j  exXp 0 J exXp o X k
j=
- 1 iX(k) o _217’(’(4} .
- 0% — i P .
j=

which leads to the result. |

If the discrete Fourier transform is defined without the phase, it is well-known [1] that there

exist transformed subdivision matrices M(w) such that for all w in {152, 12},

PED () = M(w)P®(w)

where, if w # 0,

and otherwise .
PO(0) .= [ AM(0)B®(0)C® (0)DP(0) - - ] ,

With our definition of the discrete Fourier transform with a phase ay, it is clear that
there exist such matrices but that they could depend on k. But because we have asked
do = o — ag_1 to be independent of k, the matrices M(w) do not depend on k.
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For every discrete rotational frequency w, the matrix M(w) is assumed to be non-
defective (otherwise we should use the canonical Jordan form).

M(w) = V(w) ' Aw)V(w)

where the columns ¥1(w) of V(w)~" are the right eigenvectors of M(w), the rows @f (w) of
V(w) are the left eigenvectors of M(w), and A(w) is diagonal whose diagonal components
Ai(w) are the eigenvalues of M(w), with [ > 1. Let Ly (w), Lj(w), and L (w) be sets of
indices such that:

if g€ L;(w) then |A\(w)] < |N(w)

if g€ Li(w) then |A\(w)]=|N(w)

if ge Lf(w) then |\ (w)| > [N(w)].
Finally we define P(g, w) := fig(w) PO (w).

Lemma 2.3 For every [ > 1,

POW) — Y Xw) Pla.w)Te(w)

€L ()
=N | X Plaw)velw) + Y (if’?) Pla,)¥a(w)
4eLi(w) sl @) N

Proof Let X® be the Ixth component of P®),

PY(w) = M(w)P&Y(w)
M

I
<2
>
>
£
=
<1
3
£
=]
"
£
'ﬁl N————
awl
S
E

X€A,B,C,D,...
~ k~ -
=Y @) (@) (i @)POw))
X€A,B,C,D,...
k ~
= > A W) Pllx,w) ¥y (w)
XeAB,C,D,..

which implies the result. |

Remark This lemma tells us that the combination

M@ Y Plg,w)g(w)

qeLli(w)
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is a good estimate of the frequency
P® (W) — A(w) P(g,w)¥q(w)
€L ()
as k grows to infinity, in the same way that

a,b [
%y’ O'F
1! Oze0Oyb (0,0)

a+b=l

is a good estimate of the function

a,b (a+b)
x%y’ OVt
F@9) = X s o oway 0

a+b<l

as (x,y) converges to (0,0).

2.3 Invariances
In this section, we present the invariances that a scheme may have and which simplify
the writing of the matrix’s, M(w), components as a combination of the components of the
subdivision matrix M.
Let X,(lk) be the [ x th component of pk),

Definition The scheme is rotationally invariant if

M1<X7j),1 = Ml(xm,l =IMmx1,

Mg,y =My, = mix,
if the mark point is a vertex, and

Mix vy = Mix g divineg = MUXY).j—h

with m(x,y),n = M(x,v),h+n, Whatever the mark point is.
Let X be the Ixth component of P*), and M;, ;, (w) the components of M(w).

Lemma 2.4 Consider a rotationally invariant scheme. If the mark point is a vertez, for
alY € {B,C,D,...},
Mm(o) = M,

My, (0) = nmay)
Mly,l(O) = My .

Furthermore, whatever the mark point and the rotational frequency w are,YX € {B,C, D, ...},
VY e {B,C,D,...},

2mw

MZXJY (w> - Zm(X,Y),q exp <_ (q +oax —ay + dOé)) .
q=1

n
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Proof We prove the most general case, where the mark point is a vertex. Proving the
dual case follows trivially.

AED M AR S My, VP
Y€EB,C,D,... h=1

= MLlA(k) + Z Zm(Ly)Yh(k)
YEB,C,D,... h=1

= Ml,lA(k)+ Z m(l,Y)Y/(k)(O)
YEB,C,D,...

So,

A1) — (MLIA(k) + Z M(1,Y)}~/(k)(0)>

YEB,C,D,...

= MLlA(k) -+ Z nm(Ly)Y/(k) (0)
YeB,C,D,...

Furthermore, for all X € {B,C, D, ...}, for all j € {1...n},

k1) A (k)
X; = Ml(X,j)le( )+ Z ZMI(X,j)’l(Y’h)Yh
YeB,C,D,... h=1

= mX,lA(k)+ Z Zm(X,Y),j—th(k)

Y€eB,C,D,... h=1

j—n
= madY+ >0 ) meanaYih

YEB,C,D,... q=j—1

But, writing Y( ) = Yh(_]&, we get
AXY]H_1 —leA + Z Zm(xy k?}

YeB,C,D,..

3 n 2itw ,
X+ () = (leA(k)+ Z Zm(xy é) exp (— . (j+ax+ak+1))

=1 YEB,C,D,..
LTw , |
= Mmx Z A(lf) exp <_—n (j + ax + Oék+1)>

J=1

2w
+ Z exp (— . (ax — oy + a1 — Oék))

YEB,C,D,...

n

- 2imw |
D SR G )
g=1 j=1
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= mx A(0)d 0
2iTw
b3 (- ay o
n
YEB,C,D,...
- 2imw - (k) 2iTw ,
D myigexp | == =q) Y Yiexp (—==(—q+ay)
q=1 j=1
= mX,uZl(k)(O)éMo
2imw n 2imw R
- - — (k)
+ Z exp ( o (ax Qy + da)) Zm(xym exp ( " q) Y
YEB,C,D,... o

which leads to the result. |

Remark Whatever the mark point is, the components of the matrix 1\7[(0) are real. Fur-
thermore, if the mark point is a vertex, for all Y € {B,C, D, ...}, the components M ;(0)
and My, (0) are real.

A consequence of this lemma is the following relationship between certain eigenelements
of a rotational invariant scheme.

Lemma 2.5 Consider a scheme with M(w), w € {0,...,n — 1}, as transformed subdivi-
sion matrices. Let \y(w), q € {0,...,n — 1}, be the eigenvalues of M (w), and t,(w) the re-
lated eigenvectors. If the scheme is rotationally invariant then, for all g € {0,...,n — 1},
X, (0) and 9,(0) are real. Furthermore, for every w € {1,...,n — 1}, the eigenvalues and
eigenvectors of M(w) may be sorted such that

{ AW = N(n—w), and

17(]((’0) - ﬁ;(n - w) )
with ¢* being the conjugate of c.

Proof From lemma 2.4, if the scheme is rotationally invariant, then M (w) = M*(n —w).
Furthermore,

as a consequence, 5 -
M(w)t;(n —w) = Xi(n — w)Ti(n — w)

q
which leads to the result. |

To introduce mirror invariance, we need some notation. Consider the half of the first sector
between the positive z-axis and the sector’s centre line. The vertices in this region may
be split into three families. The vertices which lie on the z-axis belong to the basement
family. In Fig. 1(a), B and D are in the basement. In Fig. 1(b), no vertex belongs to
the basement. The vertices which lie on the centre line of the sector belong to the ceiling
family. In Fig. 1(a), C' and F belong to the ceiling. In Fig. 1(b), B, D and G belong to
the ceiling. The other vertices belong to the floor family. In Fig. 1(a), E belongs to the
floor. In Fig. 1(b), C', E and F belong to the floor. If the mark point is a vertex, A could
belong to the basement or to the ceiling, but we prefer to consider its case separately.
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Definition The scheme is p-mirror invariant, p € 7Z, if
mix =myx  and  my1=mx

and

Ml(X,l)7 Ml

lyny — mir(X,1) lmir(Y,h—p)
with
Xy_nio if X belongs to the basement,
mir(X,h) =< X,_pt1 if X belongs to the ceiling,

X'y_ny1 if X belongs to the floor.
Remark For instance, Loop [8] or Catmull-Clark [4] scheme are rotationally and 0-mirror
invariant whereas /3 scheme [7] is rotationally and I-mirror invariant.

Lemma 2.6 If the scheme is both rotationally and p-mirror invariant, then, depending
on the nature of X andY, m(x,y),q s equal to

X\Y basement ceiling floor

basement | m(xy),—q-p | MXY)1-g—p | TUXY")1—gp
ceiling | m(x,y)—1-q-p | M(X,Y),—q—p | TUXY")—q—p
floor | m(xryy),—1-q—p | TUX"Y),—q—p | TUX"Y")—q-p

Proof Let X and Y belong to the basement. If the scheme is p-mirror invariant, then

Mix ey = Mige i

Y,h) Y, n—h+2+p)

Furthermore, if the scheme has rotational invariances, then
Mxy)i-h = TY(XY)1-(n—h+2+p)
= TUXY)h-1-p

Thus,
m(X,Y),q = m(X’Y) y—q—P

Similar arguments are run for the other configurations. |

2.4 (P-Convergence

We propose the following definition for the CP-convergence of a scheme. The scheme
CP-converges in the vicinity of a mark point if

e for every X in the infinite vicinity {B,C, D, ...} of A, there exist phases ax and,
for all j in {1,...,n}, for every k, radii gg];) and a CP-continuous function F®(z, )
such that, if the mark point is a vertex then

AP = F®(0,0) ,
and, whatever the mark point is,

X](k) = ]—"(k’)(g()?) COS(H(X,J-,J.;)), Qg];) Siﬂ(e(x,j,k))) )
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e Furthermore, the sequence of pth differentials (dpf ("‘))k converges uniformly onto
dPF which is the pth differential of a CP-continuous parameterisation F(z,y) of the
limit surface in the vicinity of the limit mark point.

e Finally, for all ¢ € 0...p— 1, the sequence (d?F*)(0, O))k converges onto d4F(0,0).

In this definition, an infinite vicinity {B, C, D, ...} is taken into account. In any practical
application, we will consider only a finite number of vertices. An intuitive choice is the
minimal set of vertices whose linear combination defines the mark point at each subdi-
vision step [17]. This practical restriction is not inconsistent with finding only necessary
conditions for CP-convergence.

From the definition, we see that if the scheme CP-converges in the vicinity of a mark
point, then the sequence of meshes converges towards a CP-continuous surface around
the limit mark point. But the converse is not true: a scheme, which converges towards
a CP-continuous surface is not necessarily CP-convergent. Note also that the definition

domain of F*) shrinks as k grows since limkﬁoo(gg?)) = 0 from Sect. 2.1.

2.5 Behaviour of the Limit Points

In Sect. 3 we will be considering the necessary conditions for C?-convergence. Therefore,
consider a scheme which C%-converges in the vicinity of a mark point. The parameterisa-
tion F(x,y) is C*-continuous. From its Taylor expansion around (0,0), we may describe
the behaviour of the limit points in the vicinity of the limit mark point. In the following
lines, we detail this behaviour with derivatives of the limit function and according to the
regularity of the scheme convergence.

Lemma 2.7 If the scheme C°-converges then VX € {B,C,D,...}, Vj € {l,...,n},
lim (A®) = F(0,0), if the mark point is a vertex, and

k—oo

lim (X( )) = F(0,0),  whatever the mark point is.

k—o0

Proof From the definition of C°-convergence, we know that

A® = F8(0,0) and lim (F®(0,0)) = F(0,0).

So,
lim (AR = F(0,0).
Furthermore,
k k) .
IX® = F0,0)] = [|FPE cos@xsm), 0% sin@xsm)) — F(0,0)]]
< [IFO () cos(Oxjm)s P sin(Box )

k) .
F(p cos(Ox i), o sm(Ocx )|
k k
+ IF (K cos(Brx ), pY sin(0x ) — F(0,0)]



16 2 THEORETICAL TOOLS

From the definition of C%-convergence, we know that F*)(z,) converges uniformly to-
wards F(z,y) in the vicinity V of (0,0):

Ve IK. 1 k> K. = Y(x,y) € V, ||.7:(k)(x,y) —Flx,y)|| <e
Furthermore,

im (pf) =0 ie Va3dN,:n>N,=|p¥ |<a

k—oo

and there exists ay such that for all 0
| |< av = (peos(d), psin(6)) € V

SO,
k > max(K., N, ) =
k k . k k .
1F® (pE cos(Bixsm)s P sin(@xim)) — Flp% cos(@xm), P sin(@oxim))l < &

Finally, from the definition of C%-convergence, we know that F(z,y) is C°-continuous in
(0,0):
Ve Jae :| p |< a. = VO||F(pcos(d), psin(f) — F(0,0)|| < e

So,
k> max(K., Nay, No.) = | X — F(0,0)]| < 2¢

|
Lemma 2.8 If the scheme C'-converges then VX € {B,C,D,...}, Vj € {l,...,n},

X% — F®(0,0 dF OF
lim (( J O (0.0) — (cos(ﬁ(x,j,k))%(O,O)—l—sin(H(X,j,k))a—y(O,O)) =0.

k—o0 QX

Proof We define the following notation:
Fo=52(0,0) F,=55(0,0)

X — F®(0,0) OF . OF
J ® — (COS(Q(XJJC))%(O, 0) + Sln(e(X,j,k))a—(O; 0))
Px Y
f(k)(p(k) cos(0(x ik ),p(k) sin(fx.ix)) — F*®(0,0) ,
— X (X.3.k) );g?) (Xo5%) — (cos(Oxjk)) Fu + sin(0x i) Fy)
= [ FE0R cos @), o sin(0xin) = Fp cos(Ouxm). £ sin(Opxin))
- e
B (k)
Px
F(p§ cos(0x i), p% sin(Bxix)) — F(0,0) .
+ S0 — (cos(Oxjk)) Fu + sin(bxj.x)) Fy)
X
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From the definition of C'-convergence, we know that dF®)(x,1) converges uniformly
towards dF(z,y) in the vicinity V of (0,0):
(k)

s

Applying the Taylor-Lagrange inequality on (z,y) — F®)(z,y) — F(x,y), we get for all
(pcos(d), psin(f)) in V,

Ve dK. 1 k> K. = Y(x,y) € V, V0,

() +500 22 .0)) = (cost0) 5 )+ o)) | < ¢

H( J(pcos(f), psin(8)) — F(pcos(8), psin(f))) — (]:(k)(0,0) — F(0,0) || <<ep]

In particular,
k > max(K., N, ) =

k k) . k k) .
H F® (¥ cos(Oxx) 0% sin(Bx 15))) — F (0% cos(0ix i), p%) sin(Brx i)

k
7

~F¥(0,0) = F(0,0)

k
7

<e€

Finally, from the definition of C''-convergence, we know that F(z,y) is C'-continuous in
(0,0):
Ve Jag :| p |< ae = V0

Hﬂp COS(Q)”; SIO) =T (cos(0)F, + sin(0) )| < <
So,
k > max(K., No,,, No.) =
x® — F7®(0,0 oF OF
|| j - (0,0) _ (COS<9(X,j,k))%(Oa 0) —i—sin(ﬁ(x,j,k))a—((),())) < 2
Px Y
|
Lemma 2.9 If the scheme C?-converges then VX € {B,C,D,...}, Vj € {l,...,n},
(AN *F 0*F 1 O2F , sin(20(x ;)
kh—{go(Q(k)Q N {(a 7(0,0) + By -5 0)) +0x8 (0,0) 5
PF _PF cos(20x jx))
with

F® HF®)
Ag';;. = Xx® — F7®0,0) — o <cos(9(X,j,k)) ) ,

W(O, O) — Sin(e(XJ’k))a—y(O, 0)
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Proof We define the following notation:

l

Fow = 5%(0,0) Fpy = 55(0,0) Fry = 27(0,0)

8x8y

(k) (k)
XM — F®(0,0) — o cos(Bx 1) 25 (0,0) — pf sin(Bx 1)) 25 (0, 0)

(kz>2
-[(5Z2 0.0+ 5500) 1+

Px
RF PF cos(20ixjp)  OAF sin(20x,j.k))
((%2 0,00~ 220, 0)) 7 T }H

a 2
_ H Y cos(Oix ), P sin(Ox jry)) — F®(0,0)

k
A

—px COS<0(XJk )f(k) - ch) Sin(e(X,j,k))f@Sk)

k)2

(Faz = Fyy)

cos(20(x jx))

T Fay

1 SiH(QQ(XJ’k))

k k) . k k) .
[]'—(k) (Pg() COS<0(X,j,k))7pg() Sln(e(X,j,k:))) - }_(Pg() COS(G(X,j,k))apg() Sln(e(X,j,k)))}

k)2

— [F9(0,0) = F(0,0)] = p cos(Bx ) [ = £.] = ol sin(bix,m) [FY - 7]

IN

+

k)2
A

+

k k) . k k) .
f(p&) COS(H(X,j,k))> Pg() Sln(e(X,j,k))) - 7:(0> 0) - pg() COS(Q(X,j,k))fx - p&) Sln(e(X,j,k))JTy

k)2
A

COS(QH(XJ',]C)) 4 F Sin(29(x7j7k)):| H

(Faz = Fyy)

4 Y

1
—[(]—"erFyy)ZJr

From the definition of C2-convergence, we know that d’F®*)(x,y) converges uniformly
towards d*F(z,y) in the vicinity V of (0,0):

Ve K, k> K. = V(z,y) € V, V0,

a?ﬂk )+82]-“ (z.4) 1+

82.7-"(’“ ) 9*F k) (@ cos(26) N 0*F k) ) sin(26)
ozz Y Oy? Y 4 0xdy

_ 82_'F( )+82_'7_-( ) 14_

<82]-" 0*F )> cos(20) O F sin(QG)] H .

w(%@/)—a—yg(% 1 +8x8y(x’y> 5
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Applying the Taylor-Lagrange inequality on (z,y) — F®)(z,y) — F(x,y), we get for all
(pcos(@), psin(f)) in V,

H [}"(k)(p cos(f), psin(0)) — F(pcos(h), psin(G))]
|2

— [F9(0,0) = F(0,0)] — peos(9) [FF — F,] — psin(0) [FF - F,]|| < g“)T

In particular,
k > max(K., N, ) =

[7: ®) () cos(0(xjk)) P sin(0x ) — F (o' cos(0(xjk)) o SiH(H(X,j,k)))}

2
o
— [F9(0,0) = F(0,0)] = p cos(Ox ) [ = F] = ol sin(bix,m) [FP - 7]
- (k)2
Px

Finally, from the definition of C?-convergence, we know that F(z,y) is C*-continuous in
(0,0):
Ve Ja. | p |< ae =

H F(pcos(8), psin(d)) — F(0,0) — pcos(0)F, — psin(0)F,
P

1 cos(20 sin (260
— |:(f:vx + Fuy) 1 + (Fow — Fyy) 4(1 ) 2y (2 ) <e
So,
k > max(K., N, No.) = V0
ww“—fwmﬁ%w&%wwmww%?mﬂ»w&%mwmwﬂ%%wm>
(k)2
Px
PF PF 1

- {(@(0,0) + 8—y2<0’0)> Z—'—

(92F an COS(29(X7J"]€)> 82F Sin<20(X7j7k)> 3e
(%(O’O) - 6—342(0’0)) 1 + axay(o’o)#} H <5

|

Remark Note that the three lemmas tell us that the difference between two terms shrinks
onto zero as k grows to infinity. But this does not mean in general that both terms
converge towards the same limit. For example, in the case of the Kobbelt’s v/3 scheme [7],
Ocx.jk) = 2Z(j + ax + k/2) does not converge as k grows to infinity.

DO ™
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(a) Bad sampling for approxi- (b) Good sampling for ap-
mating the first derivative proximating the first deriva-
tive

Figure 2: Sampling for derivative approximation

2.6 Good Sampling is Necessary

Lemmas (2.7), (2.8) and (2.9) tell us that the derivatives of the limit surface F may be
written as the limit of linear combinations of samplings of the interpolating functions F*)
with their derivatives on (0,0). That means that we have to know the values of F*) and
its derivatives on (0, 0). In practice, we can replace them by the value of the limit function
F and its derivatives on (0,0). But, to do so, the samplings have to fulfil the following
conditions:

8a+b]:(k) (0 O) 8a+b]: (0 0)

. OxeOy® T dwedyd
khjgo RO =0 (2)

which means that the radial parameters o*) of the samples must not to shrink more
quickly than the functions F*) converge to the limit surface.
For instance, we must have

lim

k—o0

(]ﬂk)(o,()) - f(0,0)|> 0

o®

if we want to take
F®) (0% cos(h), o* sin(h)) — F(0,0)
(k)
0

as an approximation of

0,0) + sin(Q)aj

cos(#) oF 2y (

— 0,0
7\ )
as illustrated in Fig. 2.
Another consequence of a bad sampling is a bad sorting of the eigenvalues among
the subdivision matrices in the frequency domain. Because the components of P® are

samples of the function F*) the successive components > seLi(w) P(¢,w)Vq(w) may be
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interpreted as the frequency of the successive sets

{F(0,0)} ,
Fk) (k) 0+ - ") Gin (0, - — F(0,0
(0x” cos(O(x jx)), 0% sin(Ox jx))) (0,0)
®) ’
Ox

{ FO () cos(Ox, i) 0% sin(0(x i)

(k)2
Ox
F(0,0) + 0% cos(0x ) ZE(0,0) + o sin(Bx 1)) 22 (0, 0)
a (k)2
Ox

and so on. So, the non-null frequency components of these successive sets are the same
as those of the successive dominant eigenvalues among all the subdivision matrices in the
frequency domain. The non-null frequency components of the successive derivatives of
the limit surface F at (0,0) are successively the frequency of a position (0), a tangent
plane (1), a quadric—a cup (0) or a saddle (+2)—and so on. If the sampling is good,
the frequencies of these successive sets follow the frequencies of the successive derivatives
of the limit surface. If the sampling is bad, these sets are bad approximations to the
derivatives of the limit surface F at (0,0) and the successive main eigenvalues do not
come from the expected frequencies.
For instance, if the sampling is such that

. (\ﬂk)(o,()) - f(0,0)|> 40

as illustrated in Fig. 2(a), the samples are too close to each other in comparison with
the distance between them and the limit point F(0,0). Then the frequency of the set
of vectors F*¥)(x,y) — F(0,0), which is the frequency associated with the sub-dominant
eigenvalue among all the subdivision matrices in the frequency domain, is the frequency
of a point rather than the frequency of a plane. As a consequence, the sub-dominant
eigenvalues do not come from the frequencies £1 as expected but from the frequency 0
(see lemma 3.3).

In summary, if the sampling is bad, on the one hand, we cannot say anything about
the convergence of the scheme, and on the other hand, the successive main eigenvalues do
not come from the expected frequency matrices. A simple way to overcome this problem
is to ask the successive interpolation F*) to interpolate F with its derivatives at (0,0),
which adds an extra constraint.

3 Necessary Conditions for C?-Convergence
and Derivatives of the Limit Surface

Lemmas (2.7), (2.8) and (2.9) describe the behaviour of the limit points. Applying the
Discrete Fourier Transform on these equations gives a description of the limit frequencies.
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Consistency between this description and the one given by lemma (2.3) implies necessary
conditions for the C?-convergence of the scheme. It gives also the partial derivatives
of the limit surface at the mark point. As notation, we say that if X*)(w) is the mth
component of P®(w), then (7;(w)) + 1s the mth component of vi(w). We assume without
any restriction that for every fixed w, Ay(w) is the eigenvalue of M(w) with the greatest
modulus after le(w) and possibly other eigenvalues with same modulus as le(w): for all
w, Li(w) = L3 (w). Finally, we choose the phases ¢y, introduced in the shifted discrete
Fourier transform in Sect. 2.2, to be written as ¢ = kd¢ with d¢ independent from k.

3.1 (C'-Convergence
Lemma 3.1 If the scheme C°-converges, then

{~<0>=1,

Xl(w)‘ <1 forw#0.

and if L1(0) = {1}, then
(01(0)) x = w0

with vy being a constant, and

Proof From lemma 2.7, we know that if the scheme C%-converges in the vicinity {B,C, D, ...}
of a mark point, then there exists a function F(x,y) such that

lim (A®) = F(0,0), if the mark point is a vertex

k—oo

and VX € {B,C,D,...},Vje{l,...,n},

lim (X(k)) F(0,0) = F whatever the mark point is.

k—o0 J

From lemma 2.2, we get VX € {A,B,C,D,...},Yw e {0...n— 1},

lim (X® (w)) = DFT(F(0,0))(w) .

k—o0

From lemma 2.1, taking €2 = 0 and a = F, we get

DFT(F(0,0))(w) = nF(0,0)ds 0

Xq<w>) <|A

From lemma 2.3, having supposed that for all ¢ and w, w)} we get

lim (X® (w)) = lim (A (w Z P(g,w) (34(w)) ) -

k—oo k—>oo
geL(w)
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As a consequence,

Jim M) Y Pla.w) (5,(w)) ) = nF(0,0)5..
g€l (w)
Then, 3
MOy =1
Mw)| <1 forw#0
And

In particular, if L;(0) = {1}, VX € {A,B,C, D, ...},
(01(0)) x = w0

with 1y be a constant, and then

Remark Not only do we get necessary conditions on eigenvalues and eigenvectors of

M(w), but we also get the value of F(0,0), that is the limit mark point.

3.2 (C'-Convergence

Lemma 3.2 If the scheme C'-converges, then when k is large, if L1(1) = Ly (—1) = {1},
the moduli of the eigencomponents |(01(1)) | and [(01(—1)) | are sorted like the radii of
the r’;ngs ox. Furthermore, if 2(0,0) +i%—§(0, 0) # 0, the phases oy, = kda and ax must
satisfy

n
da = dgzﬁj:%go(xl(ﬂ))x and (3)

oF oF
ax = ¢x * (@(m(ﬂ))x + pa+1) £ a_y(o’ 0)/%((), O)) : (4)

Proof From lemma 2.8, we know that if the scheme C''-converges in the vicinity {B,C, D, ...}
of a mark point, then there exist functions F®(x,y) and F(x,y) such that ¥VX €
{B,C,D,...},¥je{l,...,n},

X% — F®(0,0) OF OF
. J ? . ) oY o . - I
kll_%lO < pgl;) cos(0(x jx)) e (0,0) —sin(f(x ) 2y (0,0) ] =0.

From lemma 2.2, we get VX € {B,C,D,...}, Vw € {0,...,n — 1},

XM — F®(0,0
lim (DFT( ! D) 0.9 (w)

k—o0 pX

OF . oOF
— DFT <COS(9(X7]'7;€))%(O, 0) + 81n(9(X7j,k))a—y(O, 0)) (W)) = O .
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From equation (1) (x5 = 2=
and on the one hand ) = O and
b=F,, we get

(4 + ax + ag) so from lemma 2.1, taking a = ax + ag
a = F®_ and on the other hand Q = 1 and a = F,,

lim
k—o0

J
(k)

(X(k) (w) —nF®§,
Px

Fr FiFy 2im
—n% exp (:ET (aX +ap — ox — ¢k>>> =0.

From lemma 2.3, having supposed that L;(w) = Lj (w) we get with w = +1,

1

~(k)w ~1Wk w ’ -
X0 M) S iy ) ey + 30 <? ) Pla,w) @)y | ©)

Px Px q€ L (w) gL} (w) A w
So,
A :I:l

lim L S Plg.£1) (1,(£1)s
ko0 PX q€Ly (£1)
F, FiF, 2i

B E i o (iﬂmxm—(px—m))—o- (6)

n

As a consequence

. n .
lim Z Pla.£1) (3(1)) x| = 5 | F i

k—o0
pX q€Ly(+1)

which leads to,

A = Aa® o] | S P @)y 2/ 1F - iF) (7)
geL(1)
= AW Y Pa) @] 2 IEIARL©
qeL1(—1)

where

klim AXJ(]{?) == khm AX7_1(/{3) =1
In particular, if L;(1) = Ly(—1) = {1},

A = ] s )
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where | |
n|F, —iF,

1 =y = “Yl

) =0 =50 )

n |F, +iF,|

li -y = Y

) =V = 5 )

This implies that when k is large, the moduli of the eigencomponents [(91(1))| and
|(01(—1)) | are sorted as the parameters px.

From equation (6) we get also, if 2£(0, O)—l—i%—’Z(O, 0) #0,and if Ly(1) = Ly (—1) = {1},

. Fy, | 2w
Jim (kml(ﬂ) T PP + P@E) <¢f + —(ax +op —dx - @))) =0
) 2T Fy | 27
Jim (kwxl(ﬂ) F— (o — ¢k)) = —PPaE1) ~ PEE))x T ? + —(ax = ¢x)
) Fy | 27
Jim (k (% (1) 2 (da - d¢)>) = —ppaxl) — PE), F ? + — (ax = ¢x)
which leads to
PRi(E1) = i’iﬁr (da — do)
Py, = TFE —wpasn 2 (ax — dx)

which is equivalent to

da = do =+ 5- (Al(il)) and
ax = o¢x =+ g( P )y T eratn £ 5 (0,0)/52(0, 0))

Remark Equations (3) and (4) imply the following relationship between da, ax and do,
ox:
da=dp < M\(%1) are real
{ ax = ¢x & Y@ (x1), do not depend on X.

This means that if we get real eigenvalues, and components of eigenvectors with the same
phase, then we have chosen phases ¢x and ¢, for the shifted discrete Fourier transform,
equal to the intrinsic phases ax and «ay of the scheme.

If the scheme is rotationally invariant, we get from this lemma a possible practical
definition for the radii ox and also the values of the partial differences %—f(0,0) and

%—JZ(O, 0). Indeed,we know from lemma 2.5 that 5\1(1)‘ = 5\1(—1)‘. So for every k,

(1

(@ (W) x| _ vxalk)
(@ (=D)x vxa(k)
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As a consequence,

(0 (M)x| _ [PA,-1)|

(0 (=1)x|  [P(L,1)]
And because this equation is true for every X and we can scale the eigenvectors (with
consequential effects on the left eigenvectors), we can get

(@) _ [PA, -] _,
(@ (=1))x| [P ’

and so
VW =V_1.

For simplicity, we can define the radii pox as follows (implying vy = v_y = 1),
koo ko
D| I 1| 1=

However the radii ox are defined, if the scheme is rotationally invariant, then

oF oF 2
& — P, 41
0.0Fi5 0.0 = 2Pz
%(0, 0)F la—y((l 0) = - [P(1,£1)|exp (1 (@(al(ﬂ))x + opa,+1) F . (ax — ¢X)>)
2 . 2
— EP(L +1)exp <1 (gp(@l(ﬂ))x F % (ax — gbx)))

Furthermore, if we define ax as ax = ¢x + 3=V, (21)) 4 » (or if (g, (1)) . does not depend
on X, as ay = ¢x after having scaled the eigenvectors (0;(£1)) to be real) then

oOF OF 2

which is equivalent to
{ 82(0,0) =
a_y(oa 0) =

Lemma 3.3 If the scheme C'-converges and the mark point is a vertex, then

S 3

‘iz(())‘ < ‘5\1(:&1)‘ .
If the scheme C'-converges and the mark point is a face centre, then

F®(0,0) — F(0,0)
‘Xl(ﬂ)‘k

=0.

k—o0

‘XQ(O)‘ <

Xl(ﬂ)‘ if  lim
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Proof From equation (6) and lemma 2.3, having supposed that L;(w) = Lj (w) we get
with w = 0,

KO0) = nF(0,0)  XB(0) = X (0)" Yyers10) P(@.0) (3,(0))

k - k
2 £g

A,0)) i
P(q, = P(q,0) (v4(0))
o (GLZQ(O (9,0) (3,(0)) +q6§(0) (A2(0)> (4,0) ( ()))

If the mark point is a vertex, then

A®(0) = nA® = nF® (0, 0)

So,
0 — lim X(k)(O)—nf(k)((),()))
0 = fim [ EY0) =nF(0,0) - (z‘i(‘“)(O)—nf(o,o)))
0 = lm AQES (> Pa,0) [((0) — (3,(0)).,]
PX" geLs(0)
~ k
Aq(0) i )
= P ,0 qu x = qu A
+qe§(0) (A2(0)> (4,0) [(94(0)) x — (74(0)) ]))

k—o0

- k
0 = lim (M(S} > P.0) [(%(o»X—(ﬁq(m)A})

Then, with lemma 3.2,
‘XQ(O)‘ < ‘Xl(ﬂ)‘ .

If the mark point is a face centre, then

0 = lim (0) p ( ))
0 = (KW - nF(©,0) - (nf(k>(0,0)—nf(o,o))>

k—o0 p()};)

i A,0)) i
o P Z P Z() (Mo)) P(2,0) (%(0))

k
B

(k) —
. k;m( S Pl S (o,o>(k)7(o,0)))

q€L2(0) Px

_ FW0,0) - f(O,O)))
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Then, with lemma 3.2,

F®(0,0) — F(0,0)
Xl(ﬂ))k

’XQ(O)‘<‘X1(i1)( i lim

k—o00

Remark If the mark point is a face centre, we do not control F*)(0,0). So, as explained
in Sect. 2.6, the sampling may be inadequate for our analysis.

Lemma 3.4 If the scheme C'-converges, and if w & {—1,0,1}, then

‘le(w)‘ < ‘Xl(ﬂ)‘ |

Proof From equation (5) and lemma 2.3, having supposed that L;(w) = Lj (w) we get
with w & {—1,0, 1},

) (1 o)’
X (k() )_ e (Z P(l,w) (01(w)) + Z <ij§w§> P(q,w)(@q(w))x>

Px

g€L1(w) geL] (w)
So,
0 = ;}E&( (Z PLw) (i1(w)y + (;q(“’)> P(q,w)(vq(w))x)>
'OX qeL1(w) qeL] (w) 1(u))

Then, with equations (7) and (8),

Al(w)‘ < ’5\1(:&1)‘.

3.3 (C?-Convergence

Lemma 3.5 If the scheme C?-converges and the mark point is a vertez, then

Mo (0) = Ay (£1)°
and, if Lo(0) = {2}, then

(02(0))x = (02(0)) 4
(01(1)x (01(=1))%
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depend neither on X nor on k.
If the scheme C?-converges and the mark point is a face centre, then

~ ~ 2
2o (0) = Al(ﬂ))
iff
(k) _ 7
lim (‘F (070) 2‘7(0 O > _ V:i:l Z P (’UQ(O))X _— sz+fyy
= 0 2 PG e,

Proof From lemma 2.9, we know that if the scheme C%-converges in the vicinity {B,C, D, ...}
of a mark point, then there exist function F* and F(x,%) such that VX € {B,C, D, ...},

Vie{l,...,n},

F (k) (k)
([Xf” — F1(0,0) = pi cos(Bx 1) 5 (0,0) = p sin(Ox i 2)) 5 <o,o>]

lim

k—o0

k 2
5

(52 0.0+ 5700) 1+

0°F _O*F cos(20(xjx)  O°F sin(20x50) 1\

From lemma 2.2, we get VX € {A, B,C,D,...},Vw e {0...n— 1},

(k) . (k)
(DFT (Xf“) — FI(0,0) = p§ cos(6x,14) 25 (0,0) — i sin(B(x 1) 25 (0, o>)

lim (w)—

k—oo

k)2
i

DFT ((?;f(o 0) + ?;f(o 0)) 4) ()—

*F 0*F cos(20(x j k) O*F sin(20(x jx)) _
DFT ((a ~(0,0) — e - (0, 0)) 1 + axay(O’O)—z (W) ] =0.
(9)

From lemma 2.1, taking @ = ax + ay, and Q = 0, and a = (F,, + Fyy)/4, we get with

w=0
lim (X “(0) - nf<k><o,o>> _ 0l Fan+ F)

k)2
A 4

From lemma 2.3, having supposed that L;(w) = Ly (w) we get

k—o0

XO(0) — nF(0,0)  XP(0) = M(0) Xyers o) Pa.0) (65(0))
*) - ()2

Px Py
a(0)" O\
ot | 2, P GO 2 (Xg(o)) POy



30 3 NECESSARY CONDITIONS

If the mark point is a vertex, then

AW (0) = nA® = nF®(0,0)

So,
( Foz + Fyy) ; X®)(0) — A®)(0)
= pﬁ?ﬂ

_ <X<’“’(0>—nf)—(A(k)(o>-mr)>

RS (k)2

Px
3 k
= AQ((/S; (> Pg,0) [(7(0)x — ((0)),,]

k—o0

and

[(ﬁq((]))x B (ﬂq(()))A}
P(q, ;
2 PO G )]

does not depend on X.
In particular, if Ly(0) = {2},

L 2(0200))x — (02(0)) 4
+1 = 5 = V2o
[(01(£1)) x|
and P(2,0
Fw + Fyy = 4011109 (n’ )
If the mark point is a face centre,
4 I p(k)2
X
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= (MO0 P HZ(

PX q€L2 0) qeL; (0)

_ FW(0,0) - F(0, 0))

2
pg?
- /35{30 k2 > P3,0) (@(0)x —n ()2
pX g€ L2(0) Px
k
. A2(0) (04(0))
= Jlim | f vx,z1(k)? ZE: ¢%Q,0)T(57%£155275
‘Al(il)’ q€L2(0) 1 X
- ()2
Px

and because limy_o vx +1(k) = V41,

iff

(k) _ 2 5
lim (F (0,02k)2f(0,0)> — _*l Z P(q,0) (04(0)) 5 B fxx—i-fyy‘

k—o0

Remark If the mark point is a vertex, and if we define Qg?) as proposed in the remark

given after lemma 3.2, then, if L,(0) = {2}, we obtain

(02(0)) x — (2(0)) 4

=V
(@1 (£1)) ] “
e 9*F 0*F P(2,0)
O 2 (O 0) + W(O O) 4V20 n’

If the mark point is a face centre, we would find great advantage in asking for all k,
F®)(0,0) to be equal to F(0,0) which is known to be

P(1,0)

F(0,0) = -

(01(0)) x -

from lemma 3.1. Indeed, in this case, we would get the same results as for a mark point
being equal to a vertex (see lemma 3.3 and lemma 3.5).

Furthermore, if the mark point is a face centre, we do not control F*)(0,0). So, as
explained in Sect. 2.6, the sampling may be inadequate for our analysis.
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3 NECESSARY CONDITIONS
Lemma 3.6 If the scheme C?-converges, then

’Xl(ﬁ)) _ ‘Xl(ﬂ)r

{1}, then each of the ratios

Y

|(01(2)) x| [(01(2)) x| |(01(=2)) x| [(01(=2)) x|
~ P ~ 2 ~ 2 and ~ 2
[(01(1)) x| |(01(=1)) x| [(01(1)) x| (01 (=1)) x|
does not depend on X. Furthermore, if 5 o 92(0,0) — 8y]z:(O, 0) F 12(%5;(0 0) #0,
M (£2) = Ay (£1)7
and
0,0) 970, 0)
Bxay( oy \7
Pl (£2)) x = F2 . —Ppa,x2)+2 <<P(al(i1))x + +epaan | -
(a—f(o 0) — ZZ (0, 0)) 22(0,0)

= (Fu)/2,

. (f((k)(i2) Fow — Fyy T i2F s,

Proof From equation (9) and lemma 2.1, taking o = ax + ag, Q@ = 2 and a = (F,,
Fyy)/4, b

k—o0

47
2 n exp(j:—(ozx—l—ozk—d)x—qbk)) =0.
pg() 8 n

From lemma 2.3, having supposed that L;(w) = L] (w) we get

X®) (w)
o
M S Paw @@ Y (i(“’i) Pl0,) (3()x
Px q€L1(w) geLy(w) \71 v
So,
lim Z Plg, £2) (T4(£2))

PX q€L1(+2)

n}-m — Fyy F 12F,, exp ( A7

3 i?(aX"_Oék_ng_st))) =0. (10)
This implies that

N k
+2
lim 7:\1( )%

2 n .
N sVx +1(k)| = < [Faw — Fyy Fi2F|
q€L1 (£2) |(Uq(j:1)) |
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And because
l}g{)lo vx+1(k) = v
we get
- - 2
Al(iz)) S WESN
and
v (2
qEL1(£2) |(,U1(j:1))X|
does not depend on X.
In particular, if L;(£2) = {1},
NS N
(@ (1) * 7 (@ (1) x[* v
[(01(=2))x| _ v-m [(01(=2))x| _ vem
~ 2 I ~ 2
[(01(1)) x| V1 (O (=1)x" v
with
L | Fow — Fyy — 12F 4y
Y8 P2
and
N | Fow — Fyy +12F,,|
Vo1 =3
P(1,—2)|
which leads to the result.
From equation (10), we get also if F,, — F,, Fi2F,, # 0, and if L;(£2) = {1},
]}1_{{)10 (k/’@;\l(ig) T OP(1,£2) T P(o1(£2) «
2F 4y 47
_ y 2N — by — =0
(:F}.m — 7, n (ax + ap — ¢x ¢k>>)
and because oy = kda and ¢ = kdo,
P (£2) = i%;gtda —dg)
Plo1(£2)x = q:]_.m_zj’,_yy —ppa+2) L 47” (ax — éx)
So, from lemma 3.2 we get
O3 (@2) = 295, (x1)
which leads to . )
A (£2) = A (£1)?,
and also
7 (0,0) 9Z.(0,0
Oxdy \ 77 oy \7?
Po1(£2)) = F2 —Ppa,x2) 2 <<P(171(i1)) + + ©p(1,41)
T (520,0)- 5%50,0) * 500

33
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Remark If the scheme is rotationally invariant, we know from lemma 2.5 that

|(01(2)) x| = [(01(=2)) x|
S0, ) )
[(01(2)x| _ [@(=2))x] _
17,2 2 — 141 ~ 9 —
[(01(1)) x| [(01(1)) x|
And we know from the remark after lemma 3.2, that v; = v_;. Furthermore, if, as in the

same remark, we define ax as ax = ¢x * -, (+1)),, then the difference of phases

2F 4y
P (£2)x — 2P0 (£1) 5 = TrE 5 T ¥ras)
xT vy

—921 -

does not depend on X. As a consequence, we can scale the eigenvectors such that

(0:1(£2))x = (B1(£D)Y -

2F zy

This leads to v9; = v; and Fr.—F, = PPa2)- Furthermore, if we define the radii ox as

TT

in the remark below lemma 3.2 (implying that 14 = 1), then

. 8
| Faw — Fyy Fi2Fy| = E’P(lajﬁ)‘
. 8 .
Fow — Fyy F12Fgy = o [P (1, £2)[ exp (190P(1,i2))
8
= —P(1,+2).
Sp(.+2)

which leads to
Fao = Fyy = SR (P(1,2)exp (i6)) = SR (P(L,~2) exp (~i0))

and
S(P(1,—2) exp (—ig))

S|

4 :
fa}y = _ES (P(lv 2) exp (1¢)) =
Lemma 3.7 If the scheme C?-converges, then

)5\2(11)‘ < ’:\l(il)r

(k) . (k)
971 (0,0) F 1222 (0, 0)’ -

&(0,0) ¥ i%2(0,0)

’k =0.

lim
k—oo

A (£1)

Proof From equation (9) and lemma 2.1, taking @ = ax +ag, @ =1, and a = (]-}gk))%),

<
Px
b= (F)/p¥, we get with w = +1,

i XE(+1) — pP)n (}“ggk) == z‘}"gfk)> exp (2 (ax + ar — ¢x — ¢x))
11m

oo k)2
k pg()

=0.
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From lemma 2.3 having supposed that L;(w) = Lj (w) we get

XOED =MD" S0 Ple.£1) (3,(£1),
q€L+(j:1)
- k
+x2<ﬂ>’“< > Pl (D) + (jﬁj) Pla, 1) (3,(1) )
q€La(+1) qeLy (£1) \72
So,
khjgo (D1(k) — Do(k) + Ds(k)) =0
where
Di(k) = (1)2 (;\1<i1)k Z P(Qail)(ﬁq(il))x> )
Ox qeL} (£1)
Dy(k) = 2n 7: :FZJT ) exp (izl%(aX‘i‘Oék_QsX_Qbk))a
Ds(k) = ( ( D> Pla,£1) (5,(£1))
Q q€La(£1)
_ ( ). >P<q £1) (7 (£1)
i )\2( ) ’ q X .
So,

klim (D3(k)) =0 iff klim (Dyi(k) — Da(k)) =0
We will prove that limy_, (D1(k) — Da(k)) = 0 iff

lim

From equations (7) and (8), we get
5\1(i1)k ZqEL;(il) P<q7 :i:l) (ﬁq(il))x

n . 2
Dy (k) = B - 5 3 D) <§ |~7:w:|:1~7:y|>
(‘)\1(2&1)‘ AX,:I:l(k)) ‘ZqELg(:I:l) P<q’i1) (Uq(j:l))x‘
and
FP FiFP F. FiF,
Dg(k‘): - :kFl y nz | +1 y‘~ exp<:|:—(0zx+05k;—¢X—¢k))
S| A ) * e Pla.£1) (3y(£D) "

which leads to

(k) ‘

AT s P@ £ (3(£D)

(k)‘ — |F FiF,|
[ D1(K)| — | Da(K)| =

Xl(il)‘k Ax 1 (k)
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and so

lim ([Dy(k)| — [Da(k)]) = 0
iff

PO £ 0| - 177 i

k—o00 N
‘Al(il)‘
Furthermore,
©Di(k) = %i;(ﬂ)zqeq(ﬂ)P(q,il)(@q(ﬂ))x

and

fy(k) 27
DDy (k) = :FW + - (ax +ar — dx — dr) -

If Li(1) = Ly(—1) = {1},
Pouk) = K5, () PPOEY T P 1)
and from equations (3) and (4) we get

F F,
=725+ 06 +22+ + ks
PDo(k) = Ty T PmED)x T 7 T PPAED T RPR (1)
fx €T
which leads to
lm (ep, ) = p,) =0

As a consequence,
lim (Ds3(k)) =0

k—o00
iff
7O 3iEm0| - 17 7 iF
lim k =0.
k—o0 Y
)\l(il)’
And because
: : 1 x k .
lim (Dy(k) = im |~ {RoE) 3T Pla, 1) (1),
> Ox gELa(£1)
we get
- - 2
)\g(il)‘ < A1)
iff
7O 3iEm0| - 17w iF
lim k =0.
k—o0 N
X (1)
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Remark If the mark point is a face centre, we do not control FF or }"@Sk). So, as
explained in Sect. 2.6, the sampling may be inadequate for our analysis.

Lemma 3.8 If the scheme C?-converges, then for w & {—2,—1,0,1,2},

2

A1<w)‘ < M)

Proof From equation (9) and lemma 2.1, taking o = ay, we get for w ¢ {—2,—1,0,1,2},

)
klim ( (k)(;u>> —
—00 pX

From lemma 2.3, having supposed that L;(w) = Ly (w) we get

X®) (w)

5 _
Pg?) g€l (w) qeLy (w) Aw)
So,
Ai(w)”
0 = Jim (22 [ 37 Plgw) ()
Px q€L1(w)
M)\
w ~
+ ) (& Plg,w) (94(w)) x
- A1(w)
qELl(w)
Ai(w)”
= khjgo l(k)g Z Plq,w) (04(w)) x

which implies that,

Remark The necessary conditions for C?-convergence are quadratic domination between

eigenvalues and quadratic configuration of eigenvectors. As expected, they give the values
. . . 2 2 2
of the partial derivatives £ (0,0), %75(0,0) and gxafy(0,0).
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3.4 Discussion

Many authors interpret a subdivision scheme as a linear map between patches which
progressively fill in an n-sided hole around an extraordinary point. Prautzsch [10] and
Zorin [17] proposed necessary and sufficient conditions for CP-regularity of the limit sur-
face, on the eigenvalues and eigenbasis functions of this linear map. In contrast, we
interpret a subdivision scheme as a linear map between samplings of two successive sur-
faces from a sequence of C? surfaces. If this sequence converges with sufficient regularity
(CP-converges) these samplings may be used to approximate the derivatives of the limit
surface. We propose necessary conditions for the C?-convergence of a scheme, which is
itself a sufficient condition for the C2-continuity of the limit surface, on the eigenvalues
and eigenvectors of the transformed subdivision matrix. As already stated, a scheme
which converges toward a C?-continuous limit surface does not necessarily C?-converge.
But it is interesting to understand the difference between our necessary conditions for
CP-convergence, and the condition for the CP-regularity of the limit surface proposed by
Reif, Prautzsch and Zorin.

C°-regularity We find the same conditions.

C'-regularity Because we ask the sub-dominant eigenvalues to come from M(1) and
M(—1), we assure the orthoradial injectivity of Reif’s characteristic map as described
in [9]; and because we ask the components of the associated eigenvectors to be sorted like
the parameters le;), we assure the radial injectivity of this map.

C?-regularity Reif’s characteristic map [12] is given by the sub-dominant eigenbasis
functions. If the scheme is Box-Spline based, the eigenbasis functions are Box-Splines
with our eigenvectors as control points (more precisely, our eigenvectors provide their
radial coordinates). One of the conditions proposed by Prautzsch [10] and Zorin [17] for
C?-regularity, is that the eigenbasis functions z associated with the sub-sub-dominant
eigenvalue should belong to span {z'y’;i + j = 2} where x and y are the eigenbasis func-
tions associated with the sub-dominant eigenvalue. Our condition is the same, but with
the eigenvectors instead of the eigenbasis functions. And the eigenvectors provide the alti-
tude over the characteristic map of the control points of z. Around an ordinary vertex, we
have checked that the quadratic configuration of the eigenvectors is fulfilled for the Loop
and Catmull-Clark schemes. Stam does this for the quadratic configuration of eigenbasis
functions [16]. The possibility of getting quadratic configuration of both eigenvectors and
eigenbasis functions around an extraordinary vertex remains to be investigated.

4 Converting the Analysis to the Real Domain

The necessary conditions for C?-convergence of a scheme, proposed in the previous section,
concern the eigenvalues and eigenvectors of subdivision matrices in the frequency domain.
The components of these matrices may be complex. Having them real would simplify
numerical analysis of the eigenstructure of the matrices, especially in the context of scheme
tuning where we manipulate symbolic terms.

In this section, we present some mechanisms to make the subdivision matrices in
the frequency domain M(w) real. We will prove that choosing convenient phases in the
parameter space makes some of these components real, but an additional mechanism is
necessary to make all of them real: vertex substitution. We derive necessary conditions
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on these new real matrices for C%-convergence of the scheme.

4.1 Choosing Convenient Phases

Lemma 4.1 If the scheme has rotational and p-mairror invariances, then for all X €
{B,C,D,...}, forallY € {B,C,D,...}, the components Mlx,ly(w) are real if X orY
do not belong to the floor, d¢ = p/2, and the difference between the phases ¢px — ¢y is
chosen as follows:

X\Y | basement | ceiling
basement 0 —1/2
ceiling 1/2 0

Furthermore, if X or'Y belongs to the floor, no phase makes the component Mlx’ly (w)
real.

Proof From lemma 2.4,

~ - 2w
MZXJY (w> = Zl M(x,y),q €XPp (_T(q +ox — ¢y + d¢)> :
q:
If X and Y belong to the basement then, from lemma 2.6,

mMxy),qe = MY(XY)~q—p -

So, if n —p—1is even,

~ a 2iTw
Mgy (@) = > mxy)qexp (— (q+ ¢x — dy + d¢))
n
q=n—p
n—1—p
2 Qimw
+ Z M(x,y),q €XP (—T(q + ox — Py + dgb))
q=1
e i
D Moy exp (— (g + ¢x — év + d¢>)
g=""1P 41
B Qimw
= Z M(x,Y),q XP —T(q +ox — ¢y +do)
q=n—p
n—1—p
2 2imw
+ Z M(X,Y),q €XP (— - (g + ox — oy + d¢))
q=1
n—1—p
2 21w
+ Zl M(X,Y)n—q—p €XP (— - (n—q—p+ox — oy + d¢)>
q:

— Z M(X.y),q €XP (_2i7w (q+éx — oy + d¢)>

n
q=n—p
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n—1-—p
2

+ Z M(X,y),q

q=1
2iTw 2iTw
<€XP (—T(q +ox — oy + d¢)> + exp (—T(” —q—p+ox — ¢y + d¢)>)
The last sum is real if (all the equalities are modulo n),
(+ox —dy+do = —(—¢—p+ox — ¢y +do)
2(¢x — ¢y +do) = p

In particular, this has to be true if X =Y. So,

_P
do = 5

and
Ox = Qy.

The first sum remains. If p is even, with the relation derived above,

Z m(x,y),q €Xp (— A (q+ ox — ¢y + d(b))

n
q=n—p
21w

= M(X,Y),n—(p/2) EXP <— (n—(p/2) + dx — by + d¢)>

n—p+(p/2)—1 Y
+ Z M(x,y),q €XP <— - (¢+ dx — oy + dqb))
q=n—p

- 21w
+ Z M(X,Y),q €XP (— - (g + ox — Py + d¢))
g=n—p+(p/2)+1
= M(X,Y)n—(p/2)
n—p+(p/2)—1

+ Z M(x,Y)q

q=n—p

<eXp (— 2iZW(q + g)) + exp <—212w(n —q—p+ g)>)

n—(p/2)—1 O »
= M(X,Y)n—(p/2) T Z M(X,y),q2 COS (T(q + 5))

gq=n-—p

Finally, if n — p — 1 is even and p even,

n—(p/2)~1
~ 2mw P
Mgy (@) = mxyymt+ D M(xy)e2 008 (T(q + —))

2
g=n—p

n—1—
2

27w P
+ ) mixy)g2cos (T(q + 5))

q=1

P

n—(p/2)—1 oy »
= MXY)n—(p/2) T Zl M(X,Y),q2 COS (T(q + 5))
q:
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If p is odd, with the relation derived above,

Z mXY)lep( 2M(q+¢x—¢y+d¢)>

q=n—p
n—p+(p+1)/2—1 i
= Z M(X,Y),q €XP ( (q+ox — ¢y + dcb))
q=n—p
- 21w
+ Z M(X,Y),q €XP ( (g4 ox — oy + dgb))
g=n—p+(p+1)/2
n—(p+1)/2)

= Z MX,y)q

q=n—p

(o0 (2220 2)) e (<2200 q-p+ D))

n—(p+1)/2

2w P
— Z m(Xy)qQCOS( . (q+§)>

g=n-—p

Finally, if n — p — 1 is even and p odd,

~ n—(p+1)/2 Orw P
MlX’lY(w) = Z me) 2008( " (q+§))
q=n—p
n— 1 —p

+
3
><
>~<
o
(@]
o
]
A/
; S’
&
)
w\l/@
N~

If n—p—1isodd,

21w
MlX Iy (w Z M(x,y),q €XP (——(Q+¢X—¢Y+d¢))
q=n—p
21imw

M(X,Y),(n—p)/2 €XP <— (n—=p)/2+dx — ¢y + d¢))

(n B)/2-1 2imw
Z m(x,y),q €XP ( (Q+¢X—¢Y+d¢))

nlp

+ Z mM(X,Y),q €XP (-2&((] +ox — oy + d¢))

q=(n—p)/2+1

- 21w
= D My XD ( (q+ox — by + d¢)>
q=n—p
21w

T(X,Y),(n—p)/2 XD <— (n—=p)/2+dx — by + d¢)>
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(n—p)/2—1 Y
+ Z m(X,y)ylep(

q=1
(n-p)/2-1 ( Yirew

@+¢X—¢y+d@)

D MY OXP

q=1

(”—Q—P+¢X—¢Y+d¢))

- 21w
= Z M(X,Y),q €XP ( (¢+ ox — oy + dgb))
q=n—p
21w

TM(X.Y),(n—p)/2 €XD <— (n—=p)/2+dx — by + d¢)>

(n—p)/2—-1

+ Z M(X,Y),q

<exp ( Sl (q+éx — ¢y + d¢)) + exp (—

20mw

(n—q—p+¢x—¢y+d¢)))

As before, the last sum is real if

D
dé =L
¢ 2

and
Ox = ¢y ,

and the first sum is then real. There remains the following term

2w

M(X,Y),(n—p)/2 €XP (— ((n=p)/2+dx — by + d¢)>

2iTw
:mMMMwwpr~;%m mm+mm>
= M(X,Y),(n—p)/2 €XP (—iTW)

which is real as well.
The same proof is valid if X and Y belong to the ceiling.
If X belongs to the basement and Y to the ceiling then, from lemma 2.6,

m(X7Y)7q = m(X,Y)J_—q—p :

So, if n — p is even,

MleY Z me)lep(

(Q+¢X — ¢y +d¢))

q=n—p+1
- 2w
+ Z M(X,Y),q €XP <——(q +ox — oy + d¢)>
q=1
— 2w
+ Z m(x,y),q €XP ( (¢ + ox — oy + dgb))

q="5"+1
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" 21w
= Z M(X,Y),q €XP (— - (¢+ ox — ¢y + d¢)>
q=n—p+1

+ Z M(Xy),q €XP (_Qiﬂw (¢ +ox — oy + dﬁb))

n

g=1

n—p

2 2w
+ Z M(X,Y),n+1-q—p €XP (_ " n+l—-—qg—p+ox —dy + d¢)>

g=1

= ) mxy)gexp (— A (¢+ox — oy + dCb))

n
g=n—p+1
%
+ Zmom,q
q=1
21w 21w
(exp <—T(q +ox — oy + d¢)) + exp <—T(n +1—qg—p+oéx — oy + d¢)>)

The last sum is real if (all the equalities are modulo n),

¢+ ox —dy+dp = —(—q¢+1—p+ox — oy +do)
2¢px —dy +d¢) = —1+p
In particular, we know from above that
p
dé = £
¢ 2
So,
Ox — oy = —1/2.

The first sum remains. If p — 1 is even, with the relation derived above,

Z M(x,Y),q €XP (— Sl (q+ox — oy + d¢))

n
g=n—p+1
2imw

= M(X,Y);n—(p—1)/2 €XP <— (n—{p-1)/2+é¢x — oy + d¢))

n—p+(p—1)/2-1 9w

+ Z M(x,y),qg €XP <_T(q +ox — ¢y + d¢)>

g=n—p+1
- 21w
+ Z M(x,y),q €XP (—T(q +ox — oy + d¢))
g=n—p+(p—1)/2+1
= m(X,Y),n—(p—l)/Z
n—p+(p—1)/2—1

+ Z M(x,y),q

g=n—p+1

<eXP (—Qi;m(Q— 1/2+g)> + exp (—m%(nﬂ —q—p-— 1/2+8))>

2
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n—p+(p—1)/2—1

2mw P
= MXY)n—(p-1)/2 T q:nZ_pH M(X,Y),q2 COS <T(q —1/2+ 5))

Finally, if n — p is even and p — 1 even,

n—p+(p—1)/2—1

Y 2mw
MlX,lY <CU) = m(X,Y)7n—(p—1)/2 + Z m(X,Y)7q2 COS (T

a-1/2+5)

2
q=n—p+1
u
2 2rw
+ Zm(xy),qQ cos (T(q —1/2 +p/2))
q=1

n—p+(p—1)/2—1 O
= MXY)n—(p-1)/2 T > mxy)e2cos <T(q —1/2+p/ 2))

g=1

If p—11is odd, then in a similar fashion to that used above, we can prove that the sum
is real. Finally, if n — p is even and p — 1 odd, M, ;, (w) is real.
If n —pis odd,

sy @) = Y mcyyeesp (—2”“<q+¢x—¢y+d¢>)

n
g=n—p+1
2imw

FMX,Y),(n—p+1)/2 €XP (— (n=—p+1)/2+¢x — oy + d¢))

n—1—p
2 21w
+ M(XY),q €XP (— - (¢ +dx — oy + d¢)>
q=1
— i
+ M(x,y),q €EXP (—T(q +ox — oy + d¢>))
q="3"242
- AL
— Z mM(x,y),q €XP <— - (g + odx — oy + dqb))
q=n—p+1
+M(X,Y),(n—p+1)/2 EXP (—imu)
= 21mw
+ 2 M(X,Y),q €XP (‘ - (¢g+ ox — oy + d¢))
q:
n—1—p
2 21w
+ M(X.Y)n+1-g—p €XP <_ (n+1—qg—p+ox—dy + dgb))
q=1
- 21w
= Z Mxy)q &P = (¢ + ¢x — ¢y + do)
q=n—p+1

+M(X ), (n—pt1)/2 €XP (—iTw)
n—1—p

n—l-p
+ Z M(x,y),q
q=1
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(e (-2t =1/2 4 072)) oo (<2224 1/2 - g - p2) )

which is real.
If X belongs to the ceiling and Y to the basement then, from lemma 2.6,

mMXxyY),e = M(XY)~1-q—p

So, if n —p — 2 is even,

Mlxly Z mXY)lep( ZIWW(Q+¢X—¢Y+d¢))

g=n—p—1
n—p—2

2 21w
+ Z m(x,y),q €XP ( (g + ox — Py + d¢))
q=1

n—p—2

20mw
+ Z mM(x,y),q €XP ( (¢ + ox — oy + d¢)>
q:n—g—2+1
= 2w
— Z mM(x,y),q €Xp ( (g+ odx — oy + dgb))
qg=n—p—1
2imw
+ Z m(XY)lep( (q—l-(bx—gf)y—i-d(b))
n—p—2

2

2imw
+Z XY)nlqpeXP( Z (n—l—q—p+¢x—¢y+d¢))

=1

g=n—p—1
n—p—2
2

+ Z M(x,Y).q

20w

21w
(o0 (- 270+ 0 oy +.40)) +oxp (270~ 1=+ x — o +do) )
The last sum is real if (all the equalities are modulo n),

¢+ ox —dy +dp = —(—q—1—p+dx — oy +do)
200x — ¢y +do) = 1+p

In particular, we know from above that

dg =

N3

So,
bx — by = 1/2.
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The first sum remains. If p+ 1 is even, with the relation derived above,

D mxy)eexp (— i (q+¢x — oy + d¢))

n
qg=n—p—1

21w
= M(XY)n—(p+1)/2 EXP (_T(n —(p+1)/24+ ¢x — oy + d¢))

n—p+(p+1)/2—1

Y meereew (—2”“" (q+ dx — by + dcb))

n

qg=n—p—1
g 2imw
- Z M(x,Y),q €XP (_T(q +¢x — ¢y + d¢)>
g=n—p+(p+1)/2+1
= m(va)vn_(p+1)/2
n—p+(p+1)/2-1

+ Z M(X,Y)q

qg=n—p—1
21w 21w
(eXp<—T(q+1/Q+g))+eXp(— . (n—l—q—p+1/2+§)>)

n—p+(p+1)/2—1

2w p
= M(X,Y)n—(p+1)/2 T Z M(x,y),q2 COS (T(q +1/2+ 5))

g=n—p—1
Finally, if n — p — 2 is even and p + 1 even,

3 n—p+(p+1)/2—1 9w p

Migiy (W) = mxyyn-inz+ D, M(xy)e2c0s (T(q +1/2+ —))

2
g=n—p—1

n—2—p
2

2mw
+ ) mxy) g2 cos (T(q +1/2 +p/2))

q=1

n—p+(p+1)/2—1 9w
= MXY)n—(p+1)/2 T Z M(x,),q2 COS (T(q +1/2+ p/2))
q=1
If p+1is odd, in a similar fashion to that used above, we can prove that the sum is real.
Finally, if n —p — 2 is even and p + 1 odd, M, ;, (w) is real.
If n—p—2isodd,

Mgy (@)= Y mxy)qexp (—%m (¢ + ¢x — oy + d¢)>

n
g=n—p—1
2imw

TM(X,Y),(n—p—1)/2 €XD (— (n—p—=1)/24 ¢x — ¢y + d¢))

"71*p,1
< 21mw
+ m(x,y),q €XP (— - (g+ odx — oy + dqb))
q=1
gy i
— — d
+ nZ M(x,y),q €XP ( - (g4 ox — oy + gb))

q:Tp+1



4.2 Substituting Vertices A7

- 2mw
Z M(X,Y),q €XP ( (g +odx — oy + d¢))
qg=n—p—1
FMX,Y),(n-p-1)/2 €XP (—iTW)

nlpl

2w
+ Z M(X,Y),q eXp(——(q+¢X—¢Y+d¢))
q=1
nlp 1 2
1TWw
+ Z mXY)nlqpeXp< n (n_l_q_p+¢X_¢Y+d¢)>

q=1

Z M(X,Y),q €XP <—2ﬂ(q+¢x — ¢y +d¢))

qg=n—p—1
+M(x,y),(n—p—1)/2 €XP (—iTW)

nlpl

+ Z me
2imw

(eXp (—Qizw(q+ 1/2 +p/2)) + exp (—T(n —1/2—q- p/2))>

which is real.

If X or Y belongs to floor then, from lemma 2.6, we get relationship between mx y) .
and m(x/y). OF M(xyn« Or m(x’ yn, which does not lead to any simplification in the
writing of M, (w). |}

Remark This lemma tells us which formula of the discrete Fourier transform we have to
choose for each vertex when we write the subdivision matrices in the frequency domain.
In practice, this is equivalent to giving at each spatial vertex an index which is equal to
its angular coordinate (divided by 27/n) in the parameter space and then applying the
classical formula of the discrete Fourier transform (without phases). Note that if p is not
null, the grid of the new vertices must be rotated by 2pm/n and their angular coordinates,
which will provide the indices, have to be taken in the parameter space corresponding to
the old vertices. For an application of this technique see [2].

4.2 Substituting Vertices

Lemma 4.1 tells us that if X or Y belongs to the floor, no phase makes the component
M, ;, (w) real. To overcome this problem, the solution is to exchange the vertices which
belong to the floor with new vertices defined as linear combinations of themselves with
their mirror images. The linear combination is chosen such that these new vertices belong
to the basement or the ceiling, as shown in Fig. 3. In this section we will refer to the
initial vertices as old vertices and to the vertices defined as a linear combination of an old
vertex which belongs to the floor with its mirror image as new vertices.

Lemma 4.2 If the scheme is rotationally and marror invariant, and if, for all X belonging
to the floor, we substitute in the vector P%®) the vertices Xj and X by
(k) 1(k) (k) 1(k)
o X e XA
J 2 J 2 ’



48 4 CONVERTING THE ANALYSIS TO THE REAL DOMAIN

D E F
j+1 ] i
(k)
N
N
/'\
PR
K) e N - ®
7 (R) |
iy P (!
. < !
- |
// I
i I
k) L~ . (k)
A (k) RS
B D |
i i |
|
| .
(K = (k)
-1 (3] -1
-1
(k) (k) (k)
E F

-1 -1 -1

Figure 3: Definition on new points lying on symmetry axes

then the new components of the subdivision matriz M may be written, if the mark point
1S a vertex, as

mpr = (mxi1+mx1)/2,

mry = (mxi+xx1)/2.

and, whatever the mark point is, for all old' Y belonging to the basement or to the ceiling,
forallqge {1...n}, as
My = (Mxy)e+meey)e-1)/2

My, = (Mxy)e+mxy)e/2.

Proof The new vertices H (k)

;7 are defined as

(k) _ J—
Hj =

So, as in the proof of lemma 2.4,

(k+1) 1L k - (k)
Hi = 5(””91/‘()* > 2 Mg

YeB,C,D,... g=1

bsd® S S i)

YeB,C,D,... g=1
which leads to
mu1 = (mx1+rx1)/2 .
Furthermore,

n n+1
k k
> maaYinsg = Y meeye1Yy,
q=1 q=2
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= Z m(X’,Y),q—IY;'(f; + m(X’,Y),n—l—l—lY;'(fZL_l — m(X',Y),1—1Yj(f)1

q=1
k
= D meena1ll
q=1

So,
mmy)q = (Mxy).q + M y)e-1)/2 .

Similarly, we prove
mri = (mx1+zx1)/2  and  may)e = (Mxy)e + mxey)e)/2

Lemma 4.3 If the scheme is rotationally and mirror invariant, for all X belonging to
the floor, we substitute the vertices X; and X in the vector P®) by
xX® 4+ X x® 4 x/®
(k) _ 2j j—1 (k) _ 2j J
H}" = —— and I} = —
If the mark point is a vertex, then

my; = 2myx,

)

mig = 0.

For simplicity, for every old vertex' Y which belongs to the floor, and for every new vertices
H and I coming from old E and E', we formally define the following coefficients which
are not new components of the subdivision matriz M:

mmy)e = (Mxy)e+mxy)e1)/2,
mayye = (Mxy)e +meey)g)/2

Then, whatever the mark point is, the new components of the subdivision matriz M may

be written for all' Y being an old vertex belonging to the basement or a new vertex being
H-like, and for all ¢ € {1...n}, as

My, i),y = —2(2 my,x). + Z m(Y,X),l)

l=q+1 l=n—q+1
My, = (E my,x), + E m(y,x) ) .
l=n—q+1

Furthermore, the new components of the subdivision matriz M may be written for all Y
being an old vertex belonging to the ceiling, or a new vertex which is I-like, and for all
ge{l...n}, as

My, ),y = —2 < Z mey,x), + Z m(Y,X),l)

l=q+1 l=n—q

meyr,, = <Zm v,X),l T+ Z m(y,x), ) -

l=n—q
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Proof If the mark point is a vertex, then, as in the proof of lemma 2.4,
AFD = M AR 4 S i miz 25+ im XM+ Z maxo X',
ZZ{X, X'} ¢=1 g=1 q=1
The scheme being mirror invariant,
mix = My x/
So,

AR = A S S s S (4 X0
Zg{X, X'} q=1 q=1

= MAY 4 Y0 mgZl 4 Y 2l
qg=1

Z¢{X,X"} ¢=1

Let Y be an old vertex which belongs to the basement. As in the proof of lemma 2.4,

Yj(k+1) _ mmA(k) + Z zn:m(yz +Zm X(k: +ZmYX’)qX/(k

Z¢{X,X'} q=1

And, from lemma 2.6,

My, x),q = M(Y,X"),1—q

So,
Z m(y,X)q + Z m(y,x"), X,(k = Z m(Y:X):qX]('ﬁ)q + Z m(YvX%l*qX/g‘k—)q
q=1 q=1 q=1
k k
= D me X+ D menmn-o X,
_ q=1

(k) (k)
= Z m(YaX)quj—q + Z m(Y,X),qX/j—n—Hq
q=1 q=1
=Y X 4 X
- ﬂ@OQX%q —q Jj—14q
q=1

= me,X),q (X, +x0, - x¥, - x®

Jj—q Jj—q Jj—q+1

(k) (k) (k)
+X —q+1 +oF X] 1+q + X/J'—Hq)

- R e
= 2{:7nocxjg <2 ]ﬁ—l_>2 ﬁ%—l)

q=1
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We can write the components for the I and the H separately now.

n q n q
k k k
me(z f;_a) _ zm( f;_>l+zf;_z)
l =1 q =1
SIS D RS 97}

l=n+1—q =1

l

M-
3 |

= Zm(KX)J (Ijkn I](k1> +2m(yx)2 (I](Ii)n_i_l—FI(k +I A —i—]k >

- 22<Zm(YXl+ Z m(y,x) ) k)
l=n—q+1
Similarly,
n g—1 " 1
k ik .
DRI 5 RTE) IS oEI (B IR VERD SR
-t =1 l=n+1—q =1
- Z —2 ( Z m(y,x),1 + Z m(Y,X),l) Hj(li)q :
q=1 l=q+1 l=n—q+1

If Y is a new vertex, coming from old vertices F and E’' and which is H-like, then with the
components given in lemma 4.2 and the formal notation given in the text of this lemma,

(k1) _ K - B, N ® L\ *)
Y:j - mY’lA( ) + Z Z m(Y,Z),qu—q + Z m(Y7X)7qu_q + Z m(YVX/)qu/ij :

Z¢{X,X'} ¢=1 — e
Remind the formal notation are

myx),e = (MEx)e+meExe1)/2,

My, xn,q = (MEx.q+ME x)q-1)/2 -
From lemma 2.6, both £ and X belonging to the floor,

Mmy,x)g = (MEx),—q+ MEX)1-q)/2

= My, x'),1-q -

We find the same relationship with Y being an old vertex belonging to the basement. As
a consequence, the same proof may be run with the formal notation my, x), and my,x1 4.

Now, let Y be an old vertex which belongs to the ceiling. As we have written in the
proof of lemma 2.4,

Y}(lﬁ'l) — mY}lA(k) + Z Z m(Y,Z + Z m X(k + Z m (V,X"), qX/(k
Z¢{X, X'} ¢=1

And, from lemma 2.6,
m(Yv‘X)vq = m(YvX/):fq
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So,
Z my,x), X(k + Z m(y,x), X,(k = Z m(Y,X),qX]('ﬁ)q + Z m(Y,X),—leg-k_)q
q=1 q=1 q=1

- (k) )
= Zm(y,x),q (X] “g T X/J+Q>

= Zm(Y,X),q (X(k) X’(k) x'® _ x®

Jj—q J—q Jj—q+1
(k) (k) (k)
X —q+1 +...t XJ—H] + Xl]-Hl)
- S, (221 o5 i)

We can write the components for the I and the H separately now.

ZQm”)q<Z[ > = iQmmm(ZI(kﬁZI’“))

l=—q l=—q

— ZQmYX (Z I’“>+ZI )l)

l=n—q =1
= 2my.x)1 ([;ﬁ)ml + I(Ii)n + [;@1)
M) (Ij(k nt2 T I n+1 + I(ﬁ)n + I@l + fg(li)2>

_ ZQ(Z myx)l—l-zm(yx)l)

q=1 l=n—q
Similarly,
1 n n —1
9 < H® _ 9 H® g®
Z M(y,X),q Z j—1 = Z_ M(Y,X).q Z i1 T J=l
l=—q q=1 l=n—q =1
= 3 (3w 3 ) .
q=1 l=q+1 l=n—q

If Y is a new vertex, coming from old vertices F and E’ and which is I-like then, with the
components given in lemma 4.2 and the formal notation given in the text of this lemma,

Yj(k+1) _ mY,1A(k) + Z Z m(Y,Z),qZJ(Ii)q + Z Myx)q + Z mex), qX (k
Z¢{X,X'} ¢=1 =
Remind the formal notation are

myx)yg = (MEx)q+meEx)e/2,

Mmy,xng = (MExnqe+ME x)q)/2 -
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From lemma 2.6, both £ and X belonging to the floor,
m(YvX)zq = (m(E/7X,)7_q + m(EvX/)v_q)/z
= m(Y7X/)>7q

We find the same relationship with Y being an old vertex belonging to the ceiling. As a
consequence, the same proof may be run with the formal notation my, x), and my, x4

Remark The components my ), and my,,, given in this lemma are not the only
possible choice. Indeed, the sets of new vertices I and J are linked by the following

equality:
ZIJ o= Hig=0.

Here, for example, to go from X ) to X' P 1 +q We turn in the same way regardless of
the relative position of these two vert1ces even if we have to cross almost all the indices.
Thus, another possible choice is for all Y being an old vertex belonging to the basement
or a new vertex being H-like, and for all ¢ € {1...n},

M(y,H),q = —2<Z m(y,x), + Z m(Y,X),l)

+2 Z M(y,x),1
= (Zm Y, X), Z m(y,x), l>

l=n—q+1

My.n.g = (Z’m Y, X))+ Z m(YX)z)
l=n—q+1
_2Zm(Y,X),l
1=1

n n—q
2 (Z m(y,x),l — Z m(Y,X),l) )
l=q

=1

and for all Y being an old vertex belonging to the ceiling, or a new vertex which is I-like,
and for all g € {1...n},

My, = 2 ( > myxu+ Y m(Y,X)J)

l=q+1 l=n—q
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my.r (Zmyszeryx >

l=n—q

_2Zm(Y,X),l
. n—q—1
(Zmyx I — Z m(y,x),l ) .

In practice, this choice cannot be taken blindly. For instance in the Catmull-Clark

scheme, we have for all ¢ € {1,...,n — 1} mppg), = 0. So, if ¢ < n,
M(D.H),q = —2 ( Z m(p,x),1 + Z m(D,X),l)
l=q+1 l=n—q+1

—2 (m(p.g)n + M(D.B)n)
= —4dmpEmn,

and if g =n

M(D.H),q = —2<Z m(p,x), + Z m(D,X),l)

l=q+1 l=n—q+1
= -2 (O + m(D,E)’n)
= —2MD,E)n

But we have also

Da =
mM(p,1,g = <Zmyxz+ Z mYX)l>

l=n—q+1
2 (m(D,E),n + m(D,E),n)

= 4m(D,E),n )
whatever ¢ is. That means that
n—1 n
D](~k+1) = ...+ Z —4m(D7E)7nH](li)q + (—2m(D7E)7n)H](li)n + Z4m(D,E)7an(li)q

g=1 q=1

— - (k) (k) (k)

= ot dmpa > (1, = 1Y)  (<2mpp. 1)

q=1

= ...+ Qm(D,E)ynH;k) .
So, in practice, it would be of great advantage to choose for all ¢ € {1,...,n — 1}
m(p,H),g =0
and
M(D,H);n = 2m(D,E),n

and for all ¢ € {1,...,n}
M(D,1),q =0
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Lemma 4.4 If the scheme is rotationally and mirror invariant, if for all X belonging to
the floor, we substitute in the vector P%) the vertices X and X3 by

(k) 1(k)
Xj + Xj*l
2

(k) (k)

k) _
HY = 5 :

and 1 ](-k) =
and, in addition, if we choose the difference of phases given in lemma 4.1 for the old ver-
tices which belong to the basement or the ceiling, as well as for the new vertices which are
H-like or I-like, then all the components of the new subdivision matrices in the frequency
domain M(w) are real.

Proof First of all, the components of the new subdivision matrix in the spatial domain
M are defined as real linear combinations of the components of the old subdivision matrix.
Thus, from lemma 2.4 we can deduce that the the new subdivision matrix in the frequency
domain M(0) is real.

As a consequence, for proving this lemma, we just have to check that the new subdi-
vision matrix in the spatial domain M is rotationally and mirror invariant. Consequently,
lemma 4.1 may be applied leading to the result.

By construction, the new subdivision matrix M is rotationally invariant: we have
defined the new components Ml(x,j),l(y,h) as M(x,y),j—n- S0 we just have to check that its
components follow the relationship given in lemma 2.6.

If X and Y belong to the basement or to the ceiling, then mx y), have not changed
and follow the relationship given in lemma 2.6.

Let X be H-like coming from E and E’. From lemma 4.2 we get

m(X,Y)7q - (m(E7Y)7q + m(E’7Y)7q_1)/2 :
If Y an old vertex belonging to the basement, from lemma 2.4,

mxyyg = (M@Ey),-1-q +MEy)—q)/2
m(X7Y)7_q :

If Y an old vertex belonging to the ceiling, from lemma 2.4,

Mxy)e = (MEy)-¢+mmEy)i-q)/2

- m(va):]-_q .
If Y a new H-like vertex coming from F' F’, from lemma 4.3,

M(XY)q = —2<Z mx,r), + Z m(X,F),l)

l=q+1 l=n—q+1
= m(X,Y),n—q :

If Y a new [-like vertex coming from F' F”’, from lemma 4.3,

Mxy)g — 2<Zm(X,F),l+ Z m(X,F),l)
l=q

l=n—q+1
= MXY)n+i—q -
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Now, let X be [-like coming from E and E’. From lemma 4.2 we get

m(va):q = (m(E,Y),q + m(E/7Y)7Q)/2 .

If Y is an old vertex belonging to the basement, from lemma 2.4,

Mxyyy = (MEY)-1-q+ MEY)-1-¢)/2

- m(X7Y)7_1_q :

If Y is an old vertex belonging to the ceiling, from lemma 2.4,

m(Xuy)vq = (m(Elvy)v_q + m(E)Y)’_‘I)/2

mxy),—q -

If Y is a new H-like vertex coming from F' F’, from lemma 4.3,

mxy)yg = —2 (Z mx,r), + Z m(X,F)J)

l=q+1 l=n—q
= TUXY)n-1-q -

If Y is a new [-like vertex coming from F' F’ from lemma 4.3,

mxy),y = 2 (Z mx,ryl + Z m(X,F),l)
l=q

l=n—q
= MX\Y)n—q -

As a consequence, the new subdivision matrix in the spatial domain M is rotationally
and mirror invariant if the new H-like vertices are considered as belonging to the basement
and the new [-like vertices to the ceiling. So, if the differences of phases ¢x — ¢y are
chosen like in lemma 4.1, the matrices in the frequency domain M(w) are real. |

Remark Zorin and Schroder proposed another way to get real subdivision matrices in
the frequency domain [18]. Basically, they put all the vertices on the ceiling, even the
vertices which belong to the basement (actually they stay in the frequency domain and
propose new frequency components as linear combination of existing ones). In a way this
is more systematic but it is much more expensive if we need to know the eigenvectors.
Indeed, their work concerned only the eigenvalues, so this was not a problem for them.

4.3 Necessary Conditions on the Real Matrices

Of course, if we process the eigenanalysis on the new real matrices, we cannot directly
apply the conditions given in Sect. 3 on their eigenelements.

More precisely, the eigenanalysis of the new real matrices in the frequency domain
provide the same eigenvalues, but eigenvector components

(@q(w))H and (%(w))l

instead of



4.3 Necessary Conditions on the Real Matrices D7

In the following lemma, we define formal components (7,(w))y and (74(w))y, from
(04(w));; and (04(w)); given by the eigenanalysis of the new real matrices. These formal
components are defined such that if we exchange the components (7,(w)),, and (74(w));
of the eigenvectors with them, the conditions given in Sect. 3 applied on these new eigen-
vectors are necessary conditions for the C?-convergence of the scheme.

Lemma 4.5 Let v1(0) be the eigenvector associated with the main eigenvalue of the new
real matriz in the frequency domain M(0) built in Sect.4.2. If for every H-like and I-like
new vertex coming from E and E', we exchange the components (01(0)), and (01(0)), by

(01(0)) g := (01(0)); = (92(0))
and
(01(0)) g == (02(0)) g
then the conditions given in Sect. 3.1 applied on this new eigenvector are necessary con-

ditions for the C°-convergence of the scheme.

Proof Let H and I be new vertices from E and £’. From lemma 2.7 noting that ,0(;) =

(k)

pE’7
1
: (k)y _ : (k) : (k)Y
Jim (1) = 5 (Jim (5) + Jim (551)) = 7.
and so
klim (I (w)) = nFd,p.
Similarly,
, Ry _ Ly OINRT i)y
Jim (%) = 5 (Jim (£ + Jim (5%)) =7
and so

From lemma 2.3, we deduce that

f:% > Plg.0)(7,(0)),.

q€L1(0)
Assuming that L;(0) = {1},
F=P(1,0) (11(0)),
And the classical condition on (21(0)), should be

Fo %pa,o) (51(0)) 5 -

So, we just have to define (7,1(0)) as

Similarly, we could define it as
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Lemma 4.6 Because we do not in practice define ¢pg and ¢, we can assume that ¢ppr =
ag and ¢y = ag.

Let vi(£1) be the eigenvector associated with the main eigenvalue of the new real
matrices in the frequency domain M(il) built in Sect.4.2. If for every H-like and I-like
new vertexr coming from E and E', we exchange the components (01(%£1)), and (01(%1)),

by

) (01(£1))y
(m&UM¢:2m%%@%J>i;%%&§@ﬁ)
, (01(£1));

exp (21'”((1’5*@51)) + exp <2i”(¢i/—¢1))
and
(01(0) g == (02(0)) g
then the conditions given in Sect. 3.2 applied on this new eigenvector are necessary con-

ditions for the C'-convergence of the scheme.

Proof Let H and I be new vertices form E and E’. From lemma 2.8 noting that pg) =

k) -
p%,), Vie{l,...,n},

k
lim ((1]( ) ‘f(k)(0’0)> _
O

(COS(Q(EJJ@) + cos(0(z 5 k) OF
2 ox

1 (E® — gk g®) _ gk
=lm | S|t~ -

k—oo \ 2 pbif PL?/
(COS(G(EM)) + cos(b (g k) 8_}" sin(0g jk)) + sin(0e jx)) 8;7-"«) 0)))
2 oy -

2 ox

——-(0,0) +

sin(0 (g jx)) + sin(Oce ) (9;7-"(0 0)
2 oy

(0,0) +

=0.

So, from lemmas 2.1 and 2.2, and because 0(g ;) = 2;“ (J + ag + o)

. (ﬂk)(w) —nFW® 4

(k)

k—o0
PE
 Fe i e (B (ap + ax = b1 — ) +exp (Bap + ax — 61— )
5 5 w,1
B ]—" +iF, exp (A (ap + ar — ¢ — dx)) +exp (57 (ap + o — 61 — o)) S ) =0
5 9 w,—1 - Y-

From lemma 2.3, we deduce that

(n}" —iF,exp (2= (ap + ap — ¢r — ¢r)) + exp (EE(op + o, — b1 — Br))
2 2

lim
k—o0

Alﬂ S Plg, 1) (5,(£1), | =0

IOE q€L1(£1)
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Assuming that L;(£1) = {1},

I ( F. FiF, exp (B2 (ap + oy — ¢ — &) +exp (22 (aE/+Oék—¢1—¢k))
o \ 2 2
< k
A (=1
%P(Lil) (@1(i1))1> =0
PE

And the classical condition on (;(£1)), should be

~ k

‘ F, FiF, 2 Ap(£1 -
Fn<m_%Lﬁmp(Z%mﬁ%%—%—¢ﬂ>— KW)P@iD@Minh>:O
— 00 pE

So, we just have to define formally (0;(£1)), such that

]::Fl]: GXP( “(ap + o — ¢ — ¢lc))+eXp( (aE’+ak_¢1_¢k))

2 2
AT (), (2 -
=n—y (o (£D), exp { — (g +ar — ¢r — o)
that is
N 2exp (217r (ap — ¢1)) -
vy (£l = v1(£1
=) exp (3% (ap — ¢r)) + exp (37 (am — ¢1)) B
. (11 (1))
- : v
exp (22 (¢p — 1)) +oxp (Z(ap — ¢ + o5 —ap))
Because we do not in practice define ¢ and ¢g, we can assume that ¢p = ap and

¢r = ap and so we define formally (1(£1)) as

2
(01(£1)) = = o (01(£1))
T e (B (g — on) +exp (Eop —on))
Besides, from lemma 2.7 noting that piﬂ) = pE, LV ed{l,...,n},

H"Y — F®(0,0)
lim J —
OF

cos(O(pjk)) + cos(Ocer j—1.1)) (9]—“(0 0) + sin(0¢g,jk)) + cos(0(mrj-1,k)) 3.7:(0 0)
2 ox 2 dy
(1 (EP —F®  EE - F®
= hm | ® T ®
PE PE
cos(0(m.jk)) + c08(O(erj-1k)) OF sin(0(e,k)) + cos(Omrj-1.)) OF
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So, from lemma 2.1,

) H®) (w) — nF*) dw.0
lim ©)

k—o0
PE
n]:m —iF, exp (217”(0@ +ar — g — Qﬁk)) + exp (217”(0@/ +ap—1— ¢y — ¢k)) 5
2 2 it
_n]:erifyeXp (3 (ap +ap — ¢y — ¢r) +exp (2 (ap + ax — 1 — du — o) 5 ) 0
2 2 i A

So, we can similarly define (0;(£1)) as

) - 2 .
(Ul(il))E = exp (QITW(QSE — QZ)H)) T exp (QlTﬂ(ngl ~ by — 1» ( 1(:|:1))H

Remark For making the new frequency matrices real, we have chosen
ép=0 and o¢;=1/2.

Furthermore if we choose

o =1—0¢p=20¢
then, the formal definition of (0;,(%1)); becomes
S @)y
B0y =
@),
cos( 27T(¢>;1/2) )
Furthermore,
cos(27r(¢; 1/2)) = cos(# - %)
= cos(%) cos(—) + sin(%) sin(g)
So,
(1), _ @)y 7 _(@W)g\ 7
e~ G 1 (Goe) =@

1 ((771(1))1 —(0(1)y COS(%))Z L <E28;Z>2

(01(1)) p = (51(1)) 5 = \/@1(1));{2 N ((@1(1))1 _sfﬁiff/)if Cos(7r/4))
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Lemma 4.7 Because we do not in practice define ¢pg and ¢, we can assume that ¢ppr =
ag and ¢y = ag.

Let v5(0) be the eigenvector associated with the sub-dominant eigenvalue of the new
real matriz in the frequency domain 1\7[(0) built in Sect.4.2, and v1(£2) the eigenvectors
associated with the main eigenvalue of the new real matrices in the frequency domain
1\7[(:&2) built in Sect.4.2. If for every H-like and I-like new vertex coming from E and FE',
we exchange on the one hand the components (02(0)) and (02(0)); by

(02(0))p = (02(0)); = (22(0))
and
(92(0)) g := (02(0)) g
and, on the other hand, (01(£2)), and (01(%£2)); by

N (01(%2))
(Ul(i2))E = 2 2in(pp—du) ¥ 2in(¢pr —pu—1)
exp (2%) + exp (2%>
— (01(£2));

exp <2 2i7f(¢E—¢I)> + exp (2 22’”(¢El*¢>1))

n n

and

(01(£2)) pr = (01(£2)) g
then the conditions given in Sect. 3.3 applied on this new eigenvector are necessary con-
ditions for the C*-convergence of the scheme.

Proof Let H and I be new vertices form £ and E’. From lemma 2.9 noting that ,0(;) =
P Ve {1, n},

(k) £ (k)
11 = F0(0,0) = off” (cos(bm50) 2520, 0) = sin(0,109) 25,°(0,0))

i o
PF 82 1 R2F sin(20(gjx)) + sin(20 (g jx))
82}“ 62]-“ cos( (E.j, k)) + cos(20( ;i)
+<82(00) 82(00)) 5 ])
L (1 AR+ A
oo \ 2 ()2
O
RF 2F 1 O2F sin(20(g,jk)) + sin(20 5 5 x))
(5 0.0+ 550.0) 1+ 72 0.0) :
2F OPF cos (20 EJ@) + COS<29(E’,j,k))
+ (g0~ F700) 2 )
=0.

OF ™) OF*)
(O 0) SIH(Q(XVij))a—y(O, 0)) .
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So, from lemma 2.1,

: Lo/-
lim ( o2 ([(k) (W) = nF® 6,4

PE
) FE 7R exp (2= (ap + o — ¢ — d) + exp (B (ap + ay, — ¢1 — ) 5
—pE n 5 9 w,l
) FP 4 i 7P exp (=22 (ap + o — ¢ — &) + exp (— 2% (apr + o — dr — ) 5
—pPg' N 9 9 w,—1
Fow + F,
_n% 5o
Faa—Fyy _ {Fay 9 2im — b — 9 2im — b —
i 1= exp( T(ag +ap — ¢1 ¢k)+exp( T (ap + o — ¢r ¢k)6
2 2 w,2
T i exp (25 (ap + i — 61— 0) +exp (25 (ap +ax — 61— i) ) Ly
9 9 w,—2 - .

From lemma 2.3, we deduce that assuming that Lo(0) = {2},

[(@2(0)); = (92(0)) 4]
[(01(1)

4
-,'txm + fyy = Eyil27)(270)

And the classical condition on (02(0)), should be

[(92(0)) p — (92(0)) 4]
[(51(1)) |

4
Fxx + Fyy = Ey:tlzp(an)

So, we just have to define (05(0)), as
Similarly, we could define it as

From lemma 2.3, we also get that, assuming L(2) = {1},

eXp2%(aE+ak_¢1_¢k) _|_ exp2% (OCE/-‘rOék—(bI—(bk)
2

k—o0

lim <(.7—"m — Fyy Fi2F,,)

8, ), \
n P“ﬂWm&mﬁ> ’

And the classical condition on (?1(2)), should be

k—oo

@&mE>:O

4im 8
li Fow — Fyy Fi2F, — (ap + o — ¢ — — —v*P(1, 42
1m (( vy :F 1 y) eXp < n (O{E 073 qu ¢k>> nyil ( ) |(61(:‘:1))E|2
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So, because we assume that ¢p = ap and ¢ = apr, we just have to define (7,(2)) as

2

01(2 = . . 01(2
(01(2)) g eprmT'ﬂ(‘bE"ﬁ’)—|—exp2%7ﬁ(¢E/*¢f) (01(2));

Similarly, we could define it as

0] P — : (51(2)

exp n (¢E_¢H) +exp2%(¢E/_¢H_1)

Remark As for the previous remark, if we choose
¢H:0 and ¢[:1/2

and
¢p =1— 0o

then, the formal definition of (71(2)), becomes

(01(2)) 1

cos(2—27r7‘f’E )

(771(2))15 =

2 cos( )22 —1
thus, with lemma 4.6
i (01(2))
(01(2) g = N g
2 <(’111(1)) —1
(01()) g

4.4 Sanity Check

In this section we will check these new necessary conditions. We consider the Catmull-
Clark scheme [4] around an ordinary mark point A. Firstly, we write the transformed
subdivision matrices with the original vicinity of A. We verify that this matrix cannot
be real. Then we write the transformed subdivision matrices with the new vicinity of A
where every vertex lies on a symmetry axis. We verify that, with appropriate phases, these
matrices are real. Finally, we check that the Catmull-Clark scheme around an ordinary

mark point satisfies the new necessary conditions.

The Original Transformed Subdivision Matrices For the phases associated with

each set of vertices, we choose:

¢p = ¢p=0
pc = ¢F:%

¢pr = 1—¢p=1-2¢
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Then, with
[ B®(w) ]
C®) (W)
Pk i
ifw#0, P®w)= E(k)ézi and otherwise ~ P®(0) =
| FO(w) |
we get
36 24 4 0 0 0 0]
24 32 8 0 0 0 0
. 1 16 32 16 0 0 0 O
M) = |6 38126 110
4 28 24 4 4 0 0
4 28 24 4 0 4 0
1 1236 26 6 1
and
[ 24 + 8 cos(mw/2) 8 cos(mw/4)
32 cos(mw/4) 16
() = 1 36 + 2cos(mw/2) 12 cos(mw/4)
W= | 2texp 59 +4exp' P09 2UexpTE9)
24exp 2 ?+dexp 2 179 24 exp_lgw(%_@
| 12 cos(mw/4) 36
0 0 0]
0 0 0
expiﬂw¢/2 epriTrwqﬁ/Z 0
4 0 0
0o 4 0
66Xp_%(%_¢) 6exp%(%_¢) 1 ]

4 CONVERTING THE ANALYSIS TO THE REAL DOMAIN

No ¢ lets the matrices M(w) be real.

The New Transformed Subdivision Matrices We first give the new real matrices

and then their eigenelements. With

if w=#£0,

P (w) =

and otherwise

P®(0) =

Ak (0)
B®)(0)
C®)(0)
[)(k)(())
E(k)(o)
E’(k)(O)
| F®(0)

0

0

6

4 eXp*mde’

dexp's®

2 cos(mw/4)
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and

we get

and

which are real.

The eigenvalues are

1

—_ = = = =

¢on = 0
1
o1 = 3
(36 24 4 000 0]
24 32 8 000 O
) 1 16 32 16 0 0 0O O
N(O) = [ 6 38 12620 0
4 28 24 4 4 0 0
4 28 24 4 0 4 O
1 1236 2 0 12 1 |
[ 24 + 8cos(rw/2) 8cos(mw/4) 0 0
32 cos(mw/4) 16 0 0
36 + 2 cos(mw/2) 12cos(mw/4) 6 2
24 + 4 cos(mw/2) 24cos(mw/4) 4 4
28 cos(mw/4) 24 4cos(mw/4) 0
| 12 cos(mw/4) 36 2cos(mw/4) 0
- 1 - 1 - 1
h ]
A V2
- - 2 -
’Ug(O) 10 ’Ul(l) = 9 1)1(2)
12 2.1213
| | | 2.8284 |

-~ O O O O

_— o O O o o

OO = W = N
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The New Conditions applied on the New Eigenvectors The eigenvalues satisfy
to the necessary conditions given in Sect. 3.

From lemma 4.6, with ¢y =0, ¢y = 1/2 and ¢p = 1 — ¢, we get

P e

[(@1(1)) !

|(01(1) gl = (0

S0,

(@2 (1

._\

)l

i (1000~

[(01(1)) | cos(/4)

sin(r/4)

ol

W~

S

+

2.1213 — 2 cos(m/4)

sin(7/4)

)

;
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From lemma 4.7, we get

S0,
(02(0))p = 13
From lemma 4.7, with ¢y = 0 and ¢ = 1 — ¢, we get

(01(2)) 1

(01(2) 5 = >
(91(1))
2 () 1
S0,
- 3
(01(2)p = 2\ 2
2 <%) 1
= 5
Then, the following vectors
[ 1] [ —2 ] -1 F 1]
; ! V2 2
1 4 9 4
0,(0)= | 1 02(0) = | 10 01(1) = N 01(2) = 5
1 13 B 5
1 13
1 |22 | 2.8284 | | 8 ]

should satisfy to the new necessary conditions. They do. Indeed,
e VX € {A B,C,D,E,E' F},
(01(0)x =v =1
e VX € {B,C,D,E,E' F},
|(71(1)) x| = |(?1(—1)) x| and they have to be sorted as the parameters px
And more precisely, having A\ (1) = A\(—=1) = 1/2, and fixing v, = v_4 = 1,
o® [(01(1)) x| [(01(=1)) x| .

X = ok ok

The map between the mesh and this parameter space is injective, as expected.
e VX €{B,C,D,E,E F},
(02(0)) x — (92(0)) 4 _ (02(0)) x — (82(0)) 4 _ v20

) S Y1) T A
« VX € {B,C,D,E, E', F},
(01(2)) x s (11(2)x  Vim =1
(271(1))§( 2 121 ; (61(—1))§( %) 121 ;
(0(=2))x _ Voo _ =1 (01(=2)x _ voar o
(B:(1)% v . ’ @(-1)% V4
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5 Conclusion

In this paper we have presented practical conditions for tuning a scheme in order to control
its artifacts in the vicinity of a mark point. To do so, we have looked for good behaviour
of the limit vertices rather than good mathematical properties of the limit surface. The
good behaviour of the limit vertices is characterised by the definition of C?-convergence
of a scheme. Because this definition is theoretic and formal, we have proposed necessary
explicit conditions. These conditions are applied at any mark point being a vertex of
valency n or the centre of a n-sided face with n greater or equal to three.

The necessary conditions for C?-convergence of a scheme that we have proposed in this
paper concern the eigenvalues and eigenvectors of subdivision matrices in the frequency
domain. The components of these matrices may be complex. Having them real would
simplify numerical analysis of the eigenstructure of the matrices, especially in the context
of scheme tuning where we manipulate symbolic terms. In this paper we have shown that
an appropriate choice of the parameter space combined with a substitution of vertices lets
us transform these matrices into pure real ones. The substitution consists in replacing
some vertices by linear combinations of themselves. But the conditions given above cannot
be applied directly on the new pure real matrices. So we have explained how to derive
conditions on the eigenelements of the real matrices which are necessary for the C?-
convergence of the scheme.
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