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Abstract

Current methods for building models using implicit volume techniques present problems de�ning
accurate and controllable blend shapesbetweenimplicit primitiv es. We present new methods to extend
the freedom and controllabilit y of implicit volume modeling. The main idea is to use a free-form curve
to de�ne the pro�le of the blend region between implicit primitiv es.

The use of a free-form implicit curve, controlled point-by-point in the Euclidean user space,allows
us to group boolean composition operators with sharp transitions or smooth free-form transitions in
a single modeling metaphor. This idea is generalized for the creation, sculpting and manipulation
of volume objects, while providing the user with simplicit y, controllabilit y and freedom in volume
modeling.

Bounded volume objects, known as \Soft objects" or \Metaballs", have speci�c properties. We also
present binary Boolean composition operators that gives more control on the form of the transition
when these objects are blended.

To �nish, we show how our free-form implicit curves can be used to build implicit sweep objects.

1 In tro duction

Providing interactive, preciseand intuitiv e control of shapes is a fundamental issuein the development of
three dimensional modeling techniques. Direct manipulation of meshes,parametric shape representations
and, more recently , sub-division surfacesare common and useful solutions adopted by most commercial
software. Volume modelsare rapidly becominga practical alternativ e to thesemethods due to the increase
in computing power and storagecapacity of modern workstations combined with the latest developments in
graphics hardware. Better hardware along with improved volume visualization algorithms [1, 2] and data
structures [3], allow us to interactively and accurately render iso-potential surfacesor potential variations
in a volume.

A volume object is de�ned by a potential �eld f (p) that associates a potential value with each point p
of the Euclidean spaceE3. Commonly usedsurfacerepresentations such as sub-division surfacetechniques
do not provide a true three-dimensionalrepresentation of the object. A surfacein a volume representation
is a set of points de�ned with an iso-potential value (an implicit surface). Volume objects have several
important advantages: inside and outside can be distinguished easily, they allow e�cien t collision tests,
high quality triangle meshesof iso-potential surfaces[4], classicalBooleanoperations [5], blending [6, 7, 8],
and more advanced sweeping by moving solid [9], Boolean composition with soft transitions [10, 11] and
Constructive Volume Geometry algebra [12].

Most of thesetechniquesare basedon the blending properties of implicit surfaces.Early work usedthe
addition operator between �eld values to provide smooth transitions (blends) between implicit primitiv es
[6, 13, 14]. These transitions were approximately controlled by parameters embedded in the implicit
function that de�ned these methods. Later work exploited the locality property of the primitiv es as a
powerful method to build complicated objects from a small number of primitiv es combined with a large
range of operators [11, 15]. Composition operators like the ones proposed by Ho�mann et al [16] and
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Pasko et al [10] demonstrated that smooth transitions could be obtained using Boolean operators on
volumesde�ned by the inequality f (p) � 0 (seealso [17]), and Barthe et al [18] showed that in a restricted
application, accurate control of the transition could be obtained. One of the big advatages over other
modelling techniques, is that a variety of composition operations can be easily performed betweenimplicit
primitiv es,thusaccurateand intuitiv econtrol over theseoperations is a critical step to providing interactive
and e�cien t volume modeling software.

The goal of this work is to provide methods that will simply and accurately control the transitions
in composition operators and more generally increasethe freedom in the manipulation of volume objects.
We use the theoretical interpretation of composition operators described in [18]. This leads us from
the de�nition of free-form implicit curves controlled point-by-point and with regular �eld variations, to
the generalization of Boolean composition operators, sculpture and modeling tools in a unique operator
basedon the manipulation of this implicit free-form curve in the Euclidean modeling space. This greatly
increasesthe simplicit y, the controllabilit y and the freedom in volume modeling. We also adapt one of
our composition operators to provide union, intersection and di�erence Boolean operators with smooth
transitions controlled point-by-point betweenimplicit primitiv es(or blobs). In this paper, the term "blobs"
refers to implicit primitiv es with local in
uence radius, also known as skeletal implicit primitiv es, "soft
objects" or "metaballs". And �nally , becausewe have de�ned free-form pro�les with regular variations,
we show how they can be swept to replace the single valued function used, until now, in implicit sweep
objects. This allow us to extend the variety of shapesproducedand to remove the limits brought by single
valued pro�les.

The organization of this paper is as follows: We �rst present a summary of the di�eren t modeling
techniques commonly used to build volume objects. Bounded primitiv es (lik e \Soft Objects" [14]), real-
functions and sampled potential �eld manipulations are described. It appears clear that, whatever the
model used, improvements in control are desirablewhen volume primitiv esare composed.

This is followedby the presentation of free-formimplicit curvesand, moregenerally, their two-dimensional
potential �elds. Sincethesepro�les are usedto combine or de�ne volumes,particular attention is focused
on the variations of the �eld around the iso-potential curve. In this section, we present open and closed
curvesand we show the progresswe have made in controlling the variations of the �elds.

In Section 4 the application of free-form curves on volumes de�ned by the inequality f (p) � 0 is
presented. This category regroups and generalizesmost of the volume primitiv es, as shown in [17]. The
possibility of creating open or closedfree-form curvesallows us to mergethe Booleancomposition operators
(with or without smooth transitions) and operators to sculpt or create primitiv es in a single modeling
metaphor: the extrusion of the implicit curve G(X ; Y ) = 0 in the \implicit space" I 2. Whatever the
operator, the user simply acts on the two combined potential functions f 1 and f 2 through the deformation
of the implicit curve G(f 1; f 2) = 0. We brie
y illustrate the interactive manipulation of the implicit curves
in a two-dimensionalsectionof the Euclidean modeling spaceusing the modeling tool presented in [19] and
we discussthe limits of the intuitiv enessand accuracyof this process.

In Section 5, we explain why our free-form curves are not directly applicable to bounded implicit
primitiv es and new Boolean composition operators with smooth transitions for blobs are de�ned. They
have several desirableproperties including C1 continuous potential �elds with a bounded transition and a
faithful reproduction of the �eld variations of the composedprimitiv es. Operators for union, intersection
and di�erence are de�ned. We obtain point-by-point control for deforming the transition with a function
of R ! R, which does not give true free-form control of the transition. However, as we discuss,it is not
obvious that, for blobs, this level of freedom is necessaryat the transition level.

Free-form pro�les can also be used in implicit sweep objects [20, 37]. Indeed only pro�les de�ned by
functions of R ! R are usedin implicit modeling while there is no apparent reasonto limit the user in the
form of the pro�le he wants to sweep. In Section 6 we show how to replaceusual sweeppro�les de�ned by
functions of R ! R by our free-form pro�les to remove limitations on the pro�le form without adding any
complexity for the user. The objects generatedwith our pro�les have their �eld variations regular enough
to be nicely blended with other volume objects.
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2 Related Works

Two di�eren t categoriesof potential functions can be distinguished to model volume objects: The �rst
form has functions which equal zero outside a boundary, and the secondhas functions which vary over the
whole of space. This last form is more expensive in evaluation. Even though our paper only deals with
non-bounded primitiv es,we brie
y present both representation to allow the reader to clearly di�eren tiate
them.

\Metaballs" [13] or \Soft Objects" [14] are boundedobjects de�ned by a potential function f equalling
zeroeverywhereoutside the object's boundary. Inside this boundary, the potential varies from zero to one
and the volume object is de�ned by the set of points of E3 for which f (p) � C (where C is a pre-chosen
value in ]0; 1[). A wide variety of primitiv esare available [7, 20], and the blend is automatically computed
by summing the potential of the primitiv es. Many di�eren t blending functions [21, 22] and blending models
[23, 24] have been proposedto control the smoothnessof the transition region, but the operators remain
limited to the blending and the control of which primitiv esmust and must not blend. The locality of the
de�nition and the capacity to be automatically blended allow modeling techniquesbasedon theseobjects
to be interactive [25, 26].

CSG composition operators are already supported by bounded primitiv es (using the Ricci's min=max
operators [5]) but C1 discontinuities are intro duced in the potential �eld of the resulting object, altering
the smoothnessof the transition when it has to be blended, which is undesirable.

A solution using Ricci's super-elliptic operator [5] to apply binary union and binary intersection opera-
tors with smooth transitions to implicit primitiv eshas beenproposedby Wyvill et al [11] (seeEquation 1)

G(f 1; f 2) = (f 1
n + f 2

n )
1
n (1)

The quality of the created objects [15] shows that complicated objects can already be built, but it also
shows that further research is neededto increasethe composition's accuracyand variety to achieve better
interactive control in the blend region.

On the other hand, R-functions (real functions) and sampled potential �elds can be grouped into a
secondcategory [17] where potentials are given over all the Euclidean spaceE3 and the volume object is
de�ned by the inequality f (p) � 0. The opposite convention, where the volume is de�ned by f (p) � 0, can
also be used. Bounded objects, described above, can be adapted to R-functions by considering only the
distance �eld minus the radius of the primitiv e. Other primitiv es can be obtained from di�eren t sources
when the potential �eld is reconstructed as a distance �eld [27, 28, 29]. Theseobjects are fundamental for
volume modeling, as much for the variety of primitiv es as for the generalization of volumes to a uni�ed
model. For R-function operators, volume objects are de�ned with the convention: f (p) � 0. It has been
shown in [10] how to apply binary CSG operators (with or without smooth transitions), spacemapping
operators and others. Equation 2 givesthe exampleof the union operator with smooth transitions.

G (f 1; f 2) =
�

f 1 + f 2 +
q

f 1
2 + f 2

2
�

+
a0

1 +
�

f 1
a1

� 2
+

�
f 2
a2

� 2

(2)

Parameters a0; a1; a2 control the form of the transitions that do not have boundaries. Many other
operators have beenproposedin the literature [16, 30, 8], but the level of control on the transition remains
globally equivalent. To correctly blend primitiv es, operator G must satisfy speci�c properties that are
well de�ned [8]. A binary operator G applied on potential functions f 1 and f 2 can be written as a two-
dimensionalpotential function G(X ; Y ) composedwith the combined three-dimensionalpotential functions
f 1 and f 2 (Equation 3).

G : R3 ! R

(x; y; z) ! pot = G(f 1(x; y; z); f 2(x; y; z)) (3)
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Figure 1: Represen tation of the same pro�le G(X ; Y ) = 0 in I 2 on the left and in E3 on the righ t,
when f 1 and f 2 are t wo spherical poten tial �elds. The resulting iso-p oten tial surface (in yello w on
the righ t) has been cut away to show the details underneath.

Barthe et al [18] intro duced the notion of implicit extrusion �elds. The function G is consideredas a
zero iso-potential curve G(X ; Y ) = 0 de�ned in a two-dimensional\implicit space" I 2. A two-dimensional
\implicit space" can be seen as a curvilinear space in which each coordinate is a potential �eld (see
Equation 4).

G : I2 ! I

(X ; Y ) ! Z = G(X ; Y )

or (f 1; f 2) ! f 3 = G(f 1; f 2)

with f i : R3 ! R i = 1::3

(x; y; z) ! pot = f i (x; y; z) (4)

A point P(X = 3; Y = 2) (or P(f 1 = 3; f 2 = 2)) in a spaceI 2 is then represented in the Euclidean
spaceE3 by the intersection between the 3 iso-potential surface of the �eld de�ned by f 1 (which is the
set of points p of E3 for which f 1(p) = 3) and the 2 iso-potential surfaceof the �eld de�ned by f 2 (which
is the set of points p of E3 for which f 2(p) = 2). This is the intersection between two surfaceswhich is
generally a curve. A point P of I 2 is represented by a curve in E3. A curve (or pro�le) can be seenas a
continuous successionof points. The pro�le of I 2 is then represented by a continuous successionof curves
in E3 (representing each point of the pro�le), which givesus the a surface. The pro�le G(X ; Y ) = 0 de�ned
in I2 is said to be extruded in E3 along the intersectionsof f 1 and f 2 iso-potential surfaces(Figure 1). The
surfacede�ned by the extrusion of pro�le G = 0 is the result of combining f 1 and f 2.

Full details are given in [18]. The authors explain how points and vectors de�ning the pro�le in I 2 can
be directly selectedby the user in Euclidean spaceE3, allowing accurateand intuitiv e control of the pro�le,
and, therefore, of the resulting object. The pro�le G = 0 is de�ned by a function H : R ! R such as
Y = H (X ) and G = Y � H (X ). This greatly limits the freedom given to the user, and moreover removes
a part of the intuitiv e process. It also obliges the authors to propose speci�c operators for the union,
intersection and di�erence with a \functionally-de�ned" transition, which is a smooth transition de�ned
point-by-point from the Euclidean spaceE3 with a single valued function H : R ! R. Functions H are
de�ned with one-dimensionalcubic polynomial splines [32] to interpolate the control points. Equation 5
shows the operator usedfor the union operator.

G (f 1; f 2) = min (f 1; f 2) � H (jf 1 � f 2j) (5)

This union operator (�rst proposedby Dekkers et al [31]) is built with a min function which requires
the C1 continuit y to be explicitly controlled where f 1 = f 2. Our conclusion is that this model represents
a very interesting theoretical baseand more research has to be done on pro�le de�nition to exploit the
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Figure 2: Example of binary comp osition trees to represen t a polygon or an op en curv e by a real
function.

properties of pro�le extrusion and point-by-point control from the Euclidean modeling spacein a more
powerful and intuitiv e volume modeling tool. To build a curve G(X ; Y ) = 0 like the oneshown in Figure 1,
free-form implicit curvesare needed(the vertical X = 0 can not be de�ned with a single valued function).
This leadsus to the study of implicit free-form pro�les controlled point-by-point.

3 Implicit Free-Form Curv es

In this sectionwe present our free-form implicit curves. We proposethe useof homogenouscontrol parame-
ters to provide an intuitiv esolution to the userand for this reasonweusefree-form implicit curvescontrolled
point-by-point as a meansof providing accurate and intuitiv e operators on volumes. The composition of
two primitiv es gives a new object which can be used as a primitiv e in a new composition. Becausethe
smoothnessand the control of the form of the transition is highly dependant on the variational properties
of the primitiv es' �elds, potential �elds usedto combine them must preserve theseproperties as faithfully
as possible. This is why particular attention has to be focused on the regularity of the �eld variations
produced by our two-dimensionalpotential �elds G.

It appearsnatural to try to usemethods like the implicitization of parametric free-form curves[33, 34]
or the projection of the z value of a surface de�ned by an equation z = f (x; y) to de�ne the implicit
free-form curve. But thesemethods provide boundedfunctions while we needto be able to producein�nite
open curves with the control of their limits. The �rst solution provides complicated equations and does
not ensureregular and homogenouspotential �eld variations, and the secondrequires the user to design
the entire surfaceto create the pro�le and its variations, while they should be uniquely concentrating on
the form of the curve. For thesereasonswe usea di�eren t approach.

As shown by Pasko et al [36], it is possible to represent polygons with straight and curved edgesby
real functions. The polygon is decomposedin a binary composition tree where the leavesare lines and the
nodesare union or intersection R-function operators (seeFigure 2). This method also avoids internal and
unwanted zeroes. We chooseit as a starting point to create our pro�les. Indeed, it can easily be adapted
to open pro�les, and becauselines are combined, the extremities are perfectly controlled: They are simply
half lines. To provide a regular basefor the �eld variations, we use lines de�ned by the zero iso-potential
of a linear potential function l(X ; Y ). The linear potential function l splits the spaceinto two half spaces:
One where l(X ; Y ) < 0 (inside) and one where l(X ; Y ) > 0 (outside). Function l has the one iso-potential
line at a distance of one from the zero iso-potential (the one iso-potential line is in the outside half space
de�ned by l, and the minus one iso-potential line in the inside half space). Becausecontrol points are used,
line equationsare de�ned with pairs of points. Even if R-function Boolean composition operators without
smooth transition [10] already provide a potential �eld that is C1 continuous when both arguments are
not equal to zero (they are both equal to zero at the junction betweentwo zero iso-potential lines), they
have a global impact on the line potential �elds. This is a fundamental property becausethe variation of
the combined primitiv esdirectly dependson the variation of the �eld of the composition operator and we
want to provide volume objects with regular and smooth C1 continuous potential �elds.
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Figure 3: In red, on the left, represen tation of the t wo-dimensional �eld iso-p oten tial curv es de�ning
our C1 con tin uous union op erator cg[ (X ; Y ). On the righ t, graph of the CP iso-p oten tial curv e and
imp ortan t values for computing the equation of the arc of an ellipse.

To ensuremore faithful conservation of the �eld variations, we proposea new operator that modi�es
line potentials only around their junction. Indeed, the line metric reproducesthe metric of X and Y (as
shown in Figure 3), i.e. the metric the potential functions f 1 and f 2 onceusedas a composition operator.
For convenience,we proposethe following terminology: cg[ ; cg\ ; bgn represent respectively our C1 continuous
Boolean union, intersection and di�erence operators. Operator cg[ (X ; Y ) (seeFigure 3 and Equation 6) is
de�ned by the �elds of which it is composedoutside a region bounded by two angles� 1 and � 2, and by an
arc of an ellipse inside it. If the anglesare closeto oneanother, the �eld is sharp at the transition level and
if � 1 is closeto zero and � 2 closeto � =2, the �eld is highly smoothed. We suggestthe useof � 1 = � =8 and
� 2 = 3� =8, which givesa good averagebetweena smooth �eld and the conservation of X and Y metrics.

� 1 2]0; � =4[; � 2 2]� =4; � =2[:

At a point P(X P ; YP ) : � P = angle([OX ); [OP))

if X P = YP = 0 cg[ (X P ; YP ) = 0

if � P 2 [� 2 � � ; � 1] cg[ (X P ; YP ) = YP

if � P 2 [� 2; � 1 + � ] cg[ (X P ; YP ) = X P

if � P 2 ]� 1; � 2[ cg[ (X P ; YP ) = CP

where CP is the solution of :

(CP :cot(� 1) � X P )2

(CP :cot(� 1) � CP )2 +
(CP :tan(� 2) � YP )2

(CP :tan(� 2) � CP )2 = 1

if � P 2 ]� 1 + � ; � 2 + � [ cg[ (X P ; YP ) = CP

where CP is the solution of :

(X P � CP :cot(� 2))2

(CP � CP :cot(� 2))2 +
(YP � CP :tan(� 1))2

(CP � CP :tan(� 1))2 = 1 (6)

Equation 6 appears,at �rst glance,to be di�cult to solve, but it can be greatly optimized, and most of
the terms can be pre-computed. The closedform solution for the evaluation of CP is given in Appendix C.
Operators cg\ and bgn are built following the sameconstruction and the samekind of equationsare produced
(their equations are given in Appendix A). With these operators, or with R-functions, free-form pro�les
G can be created. They are not smooth curves, but a successionof line segments, beginning and ending
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min max R-functions bg Barthe et al
open 106 148 457 135
closed 178 254 802 227

Table1: Time in milliseconds to compute poten tial function values for the pictures shown in Figure 4.
Picture size is 5122 pixels, whic h corresp onds to 262144 evaluations. The op en curv es are built with
six line segmen ts and the closed curv es are built with ten segmen ts.

with a half line if they are open. To obtain smooth curves,we usethe Boolean operators proposedin [18].
Theseoperators provide a point-by-point control of a \functionally-de�ned" transition and, becausethey
are de�ned from functions of R ! R, they provide regular and smooth �eld variations. The �rst point, the
middle point and the last point of the transition are then accurately controlled, which allows us to replace
the sharp transition by a simple smooth transition automatically joining the middle of each segment. An
exception is made for open curves where the beginning half-line is composedfrom the �rst control point
and the last one is composedto the last point. The middle point is used to select the smoothnessof the
transition if necessary, but we recommend �xing it at a constant value to generatea smooth transition
automatically and avoid the manipulation of an additional parameter.

Figure 4 shows the di�erence of �eld variations obtained using di�eren t composition operators in both
an open and a closedpro�le G. Ricci's min and max Boolean composition operators [5] leave the metric
of the combined primitiv es unchanged (Figure 4(a)). This is why the potential �eld computed with the
evaluation of the composition tree de�ning the pro�le G with these operators gives a valid referenceto
evaluate the variations of the metric oncethe operators applied to compute the pro�le. Figure 4(b) shows
how potential �elds obtained using Pasko's R-function operators [10] are degradedin someareas(bottom
left corner for the open pro�le �gure and bottom for the closedpro�le �gure). As we see,our operators
cg[ and cg\ consequently increasethe �delit y of the �eld variation for \segment pro�les" (Figure 4(c)),
and Barthe et al operators allow us to produce a smooth free-form implicit curve with regular and quite
homogenousvariations in its potential �eld (Figure 4(d)). For thesereasons,our pro�les satisfy the essential
properties to de�ne combination operators on volume objects in e�cien t and controllable modeling tools.
Computing times are given in Table 1 to comparethe cost of the di�eren t operators usedto createfree-form
pro�les. We can note that the useof our new operators bg will increasethe evaluation time of the curve by
an averagefactor ' 3:1, while smooth curves are more time e�cien t than the sharp onesproduced with
the R-function composition operators.

4 Extrusion of Free-Form curv es

We now present the application of our operators, basedon a generalrepresentation of volumes. A volume
object is de�ned by the inequality f (p) � 0. In this representation, function f doesnot uniformly return a
�xed scalar (zero for blobs) outside a �xed boundary. This givesmore freedom to produce new operators
and to manipulate volumes. As we explained in Section 2, this representation allows the integration of
a wide variety of di�eren t volume primitiv es [17]. However composition operators remain controlled by
parametersembeddedin an equation without an explicit link with a geometric parameter manipulable by
the user in a graphic interface. Barthe et al [18] give a solution to intro duce point-by-point control of the
transition, and limitations of their method are discussedin Section 2. In this section we show how our
free-form pro�les G allow us to exploit the interpretation of \implicit space" to greatly increasefreedom,
accuracyand intuitiv e modeling in the manipulation of volumes. In fact, our method allows us to combine
composition, sculpting and modeling tools in a single operator.

Following Barthe et al [18], a two-dimensional function G(X ; Y ) can be de�ned in an \implicit space"
I2 to generatea volume object. The \implicit space" is de�ned by two potential functions of R3 ! R,
f 1 and f 2. As shown in Figure 1 and explained in Section 2, the pro�le is said to be extruded along
the intersections of f 1 and f 2 iso-potential surfaces. In fact, the choice of potential functions f 1 and f 2

de�ne the tra jectories of extrusion while the pro�le de�nes the free-from implicit curve which is going to
be extruded along thesetra jectories (Figure 5).
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Figure 4: Op en and closed implicit free-form t wo-dimensional poten tial �elds G built with di�eren t
op erators: (a) Ricci's min and max op erators, (b) R-functions, (c) cg[ and cg\ , and (d) Barthe et al
op erators with smo oth transitions. The white con tours corresp ond to G � 0 and the blue ones to
G > 0. The con trol poin ts and the corresp onding lines are dra wn in yello w.



Di�eren t applications of two-dimensionalpotential �elds for volume modeling 11

Figure 5: Figures (a) to (d) show di�eren t pro�les extruded in an implicit �eld I 2 de�ned by a
cylindrical poten tial �eld (for the abscissa X � f 1 , in the central column) and a plane �eld (for the
ordinate Y � f 2 , in the left column). Pro�les are shown in the top left corner. They are extruded
around the cylinder, follo wing the horizon tal direction giv en by the plane. The �nal ob ject pro duced
by the extrusion of the pro�le is shown in the righ t column. In Figures (e) and (f ), the pro�le is the
one used in Figure (d). Figure (e) illustrates the mo di�cation in the extrusion when the cylinder is
replaced by a closed parallelepip ed ob ject, and Figure (f ) illustrates the mo di�cation obtained when
the plane is replaced by a screw-lik e ob ject. The result in (f ) is that the pro�le is extruded around
the parallelepip ed, follo wing the iso-surfaces of the screw.
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Figure 6: Di�eren t free-form pro�le extrusions in a \implicit space" de�ned by t wo orthogonal
cylinders. The top ro w shows classical union, in tersection and the t wo di�erence op erators with
smo oth transitions. The follo wing ro w illustrates more adv anced possibilities o�ered by our free-
form pro�le extrusion. In the pro�le pictures, the red line represen ts X = 0 and the green line
Y = 0.

The properties that a pro�le G must respect in order to provide the union Booleancomposition operator
with smooth transitions are well known [8], and \extrusion" properties of the pro�le are discussedin [18].
We simply recall basesto allow the reader to understand the \extrusion" mechanism. When the pro�le
follows the X axis (which corresponds to the line Y = 0), its representation in E3 follows the zero iso-
potential surface of the �eld de�ned by f 2 and when it follows the Y axis (which corresponds to the
line X = 0), its representation in E3 follows the zero iso-potential surfaceof the �eld de�ned by f 1 (see
Figure 1). Theseproperties allow us to integrate the zero iso-potential surfacesof primitiv esde�ned by f 1

and f 2, and to realize the Boolean composition operators with smooth transitions. Furthermore, as shown
in Figure 6, more than classicalsmooth transitions, the pro�le can be usedto sculpt the primitiv esand to
combine them with free-form transitions.

The link betweenthe pro�le and the shape of the resulting object becomeslessintuitiv e when pro�les
are complicated. However, pro�le control points can be directly selectedfrom the Euclidean spaceE3.
Our volume objects are built and visualized using the modeling method proposed in [19]. We brie
y
summarizedthis approach to illustrate the controllabilit y of our operators. Volumesare stored in a regular
grid and visualized with a raycasting rendering using a triquadratic reconstruction [38]. A plane section
of the potential values is extracted from the grid and visualized as a picture in a new window (Figure 7
(a) and (b)). In this window, the user can interactively select the pro�le without the abstraction of the
form of the iso-potential surfacesof potential �elds f 1 and f 2 (Figure 7 (c) and (d)). This shows that
being able to selectthe control points, and thus the pro�le directly in the Euclidean spaceE3, restoresthe
accuracy lost by the de�nition of the pro�le in an \implicit space". Moreover, to exactly follow the zero
iso-potential surfaceof potential function f 1 or f 2, the abscissaor the ordinate of a pro�le control points
can be explicitly �xed to zero. This is important when pro�les are usedto combine primitiv es.

With our approach, a wide variety of shapesand transitions can be produced, including all the onesthat
Barthe et al's models[18] could generate(becausefree-form pro�les generalize\functionally de�ned" ones).
Furthermore, insteadof disparatenotions of composition operators, sculpture operator or primitiv ecreation
tool, we present a uni�ed modeling metaphor which is simply: Choosethe adequatepotential functions
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time 2D section time 2D section

263 1025

326 1448

1057 5238

369 not used

322 1363

Table 2: Time in milliseconds to compute poten tial function values for a 1283 grid (2097152 evalua-
tions). In the �rst column: (1st ro w) the Ricci's min max op erators, (2nd ro w) the sharp R-functions
op erators, (3r d ro w) our op erators bg, (4th ro w) the blending R-functions op erators and (5th ro w) our
free-form curv e op erator. Time and poten tial �eld variations (in a t wo-dimensional plane section)
are shown : On the left for the classical sharp/blending op erators and on the righ t, for a free-form
op erator created with seven segmen ts.
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Figure 7: (a) Three dimensional visualization of volume ob jects and selection of the plane section
in transparen t blue. (b) Visualization of the plane section. Functions f 1 and f 2 are rep ectiv ely: a
vertical cylinder and an horizon tal plane. Colors are used to easily iden tify di�eren t regions: red if
f 1 � 0 and f 2 � 0, green if f 1 � 0 and f 2 � 0, purple if f 1 < 0 and f 2 < 0, brigh t gra y if f 1 > 0 and f 2 > 0.
(c) The section of the resulting ob ject is visualized in blue with a transparency e�ect. W e show an
example of an op en pro�le and its result. (d) Another example with a closed pro�le and its result.

Figure 8: Examples of volume ob jects illustrating comp osition, sculpting and primitiv e creation using
op erators based on t wo-dimensional free-form poten tial �elds.

f 1 and f 2 and create the pro�le G to generate the new object. Once this processis well understood,
our method is intuitiv e, and it provides a lot of freedom for the user to build di�eren t \implicit spaces"
and extrude pro�les in them (Figure 8). In addition, pro�les can be directly de�ned and manipulated
from the user modeling spaceE3. This makes our model relevant for interactive volume modeling. The
limitations are essentially the complexity of the shape and the irregularit y of the variations in the potential
�elds function f 1 and f 2. Table 2 illustrates the simple example of the composition of two spheres,the
di�erences of computing time and the variations in the object potential �eld.

5 Bo olean Comp osition Op erators with Smooth Transition for
Blobs

We now focuson a boundedrepresentation of volumes. We explain why we do not useour free-form pro�les
but rather the operators cg[ and cg\ . We show how they can be adapted to greatly increasethe control and
the regularity of the variation of union and di�erence operators with smooth transitions on blobs. We also
present a solution to produce a di�erence operator with the sameessential properties.
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Figure 9: Representation of the �eld of an adequateunion operator to composetwo spherical blobs with a
smooth transition.

A Blob is de�ned by the C0 iso-potential surface of its potential �eld f . The potential function f is
bounded and varies as an approximation of a Gaussianfrom one at its \center" to zero on its boundary.
Outside its boundary, the function f uniformly equalszero. At least four essential properties have to be
taken into account to proposeadequateBoolean composition operators on blobs:

� The potential �eld producedby the composition operator must be at least C1 continuouseverywhere
inside the object boundary.

� The \automatic blending" property by potential summation must be conserved through the compo-
sition.

� Blobs have boundedrepresentation and the result of a composition must be a boundedobject having
its bounding box easily computed from those of the combined primitiv es.

� The extremities of the composition's transition should be able to be intuitiv ely selectedonce the
blobs' boundariesare �xed.

If our free-form pro�les are used to combine bounded primitiv es, the value outside the boundaries of
the resulting object will not be zero but G(0; 0) = k (k 2 R) and C0 discontinuities will be intro duced
on the boundary where the transition is de�ned. This is unsuitable, and for these reasons,we proposea
di�eren t and more relevant method.

As shown with the application of super-elliptic operators [11], a solution to perform boundedoperators
for union and intersection is to composethe boundariesof the combined primitiv eswithout smooth transi-
tion and to usean operator that provides a C1 continuous �eld everywhereoutside the intersection of the
primitiv eszero iso-potential surfaces(seeFigure 9). The di�erence operator can not be directly obtained
with this method. This is the reasonwhy few di�erence operators with smooth transition exist on blobs,
and this is why we treat this operator separately. Our operators cg[ and cg\ are then excellent candidates
to be adapted and improved for our requirements. They already conserve the combined primitiv es' metrics
outside the region boundedby the angles� 1 and � 2, and they producethe desiredtransition and continuit y
properties. The adaptation of operators cg[ and cg\ to blob composition operators with smooth transitions
are denoted respectively fg[ and fg\ . To allow preciseand intuitiv e control, and to respect our constraints,
the transition must be de�ned by control points on the C0 iso-potential surface. The �rst transforma-
tion is to adapt the operator's equation to the blob formulation and to de�ne angles� 1 and � 2 from the
user Euclidean spaceE3 by selecting control points p1(x1; y1; z1) and p2(x2; y2; z2) on the combined blob
surfacesrespectively f 1 = C0 and f 2 = C0. Points p1 and p2 must be selectedinside the intersection of
the blobs' boundaries becauseno transition can be de�ned outside these limits. Indeed, at least one of
the combined primitiv es returns zero. The equation is �rst adapted by taking into account the following
properties: Potential function f (p) � 0 inside the object and uniformly equalszero outside. Thesegive us
the representation shown in Figure 10 and Equation 7 for the operator fg[ applied on two blobs de�ned by
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Figure 10: Union with smooth transition controlled point-by-point in the user Euclidean spaceE3 and its
function representation.

their potential functions f 1 and f 2 (equations of operators fg\ and egn are given in Appendix B).

Points p1 2 E3 and p2 2 E3 selectedby the user

corr espondto points P1 and P2 such as :

P1(C0; f 2(p1)) and P2(f 1(p2); C0):

� 1 = angle([OX ); [OP1)) ; � 2 = angle([OX ); [OP2))

At a point P(f 1(p); f 2(p)) : � P = angle([OX ); [OP))

if YP = 0 fg[ (X P ; YP ) = X P

if X P = 0 fg[ (X P ; YP ) = YP

if � P � � 1 fg[ (X P ; YP ) = X P

if � P � � 2 fg[ (X P ; YP ) = YP

if � P 2 ]� 1; � 2[ fg[ (X P ; YP ) = CP

where CP is the solution of :

(X P � CP :cot(� 2))2

(CP � CP :cot(� 2))2 +
(YP � CP :tan(� 1))2

(CP � CP :tan(� 1))2 = 1

(7)

With operator fg[ in this form, only the boundariesof the transition can be controlled. For �xed angles
� 1 and � 2 it is necessaryto be able to choosethe smoothnessof the transition. This leadsus to add at least
one control point. In fact, adding one or more control points brings us to the samesolution. To conserve
the C1 continuit y in the �eld, we multiply fg[ (P) by a function m(� P ) wherem is an interpolation function
of R ! R when � P 2 [� 1; � 2] and m(� P ) = 1 otherwise. A valid graph for function m is shown in Figure 11.
The link with the control points is done as follows: m(� 1) = 1; m0(� 1) = 0 and m(� 2) = 1; m0(� 2) = 0
to ensureC1 continuit y at the beginning and the end of the transition. Then k i (i > 2) are computed
from the control points pi (x i ; yi ; zi ) (i > 2) selectedin the Euclidean modeling spaceE3. Point pi allows
us to compute the point Pi (f 1(pi ); f 2(pi )), followed by � P i and Ci = fg[ (Pi ). The corresponding point ki

(i > 2), to interpolate, has then the coordinates: ki (� i ; C0=Ci ). We have chosenone-dimensionalcubic
polynomial splines[32] to de�ne function m when � P 2 [� 1; � 2] for their adequatesmoothnessand oscillation
properties, and for their inexpensive computation cost. We �nally obtain the union Booleanoperator with



Di�eren t applications of two-dimensionalpotential �elds for volume modeling 17

Figure 11: Graph of an interpolation function m(� P ) usedto deform the operator fg[ and allow the control
point-by-point of the transition.

Figure 12: The ring is built using two implicit cylinders and applying subtraction, the center image uses
the Ricci CSG subtraction operator,the right hand image, our smooth CSG subtraction egn.

\functionally de�ned" transitions for blobs in Equation 8.

fg[
f inal (P) = m(� P ):fg[ (P) (8)

The samepath has been followed to build the intersection Boolean operator with \functionally de�ned"
transition for blobs fg\

f inal (P) = m(� P ):fg\ (P) from cg\ (P).
The di�erence operator egn cannot be obtained from operator bgn in the same way becausethe C0

iso-potential surfaceof the blob de�ned by function f 2 is not included in the di�erence of combined blob
boundaries. Ricci [5] proposedthe realization of the di�erence operator without smooth transition on blobs
using the intersection operator applied on f 1 and (2C0 � f 2) instead of f 2. The samemethod usedon our
intersection operator fg\

f inal gives the di�erence Boolean operator with \functionally de�ned" transition
on blobs egn

f inal . Figure 14 shows a ring object built from the ring of Figure 12 and a gem similar to that
in Figure 13. The gem has been further modi�ed by two pro�le curves. The �rst pro�le curve modi�es
the smooth intersection operation usedto construct the gem. The secondmodi�es the di�erence operation
between the gem and a sphere(implicit point primitiv e) at its centre. Finally, another spherehas been
addedwith a smooth union operation. The gemis then joined to the ring using another smooth union with
a pro�le curve. Table 3 illustrates di�eren t union composition operators with soft transition and allows us
to compareof the computation times, the potential �eld variations and the shapeproducedat the transition
level. The increaseof the evaluation cost of the our operators is compensatedby the controllabilit y of the
form of the transition.

The bounding box of the resulting object is easy to compute. For the union operator, the box is the
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Figure 13: The gemstonesare built from implicit box primitiv es and an implicit cone, center image uses
the Ricci intersection operator, right hand image our smooth intersection fg\ .

Figure 14: Applying the smooth CSG operators fg[ , fg\ , egn and pro�le curve operators fg\
f inal , egn

f inal on
blobs.
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time 2D section 3D object

(a) 246

(b) 884

(c) 940

(d) 1005

(e) 1933

(f ) 2315

Table 3: Time in milliseconds to compute potential function values for a 1283 grid (2097152evaluations).
(a) Using Ricci's operator with n = 1, (b) Ricci's operator with n = 3, (c) Ricci's operator with n = 7, (d)
operator fg[ , (e) operator fg[

f inal with 3 control points and (f ) operator fg[
f inal with 5 control points. The

middle column shows two-dimensionalsectionsof the full grid.
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Figure 15: On the left, the tra jectory and the lo cal Cartesian coordinate system for a trans-
lational primitiv e. On the righ t, the one for a rotational primitiv e.

union of those of the two combined primitiv es. For the intersection operator, it is their intersection and
for the di�erence it is the box of the object de�ned by function f 1.

A function m of R ! R is usedto provide point-by-point control. Becausesuch a function must besingle
valued, we do not obtain a true free-form control of the transition. However, blobs are boundedprimitiv es.
The transition in operators like ours is then essentially usedto smooth the junction of two primitiv eswhen
they are combined. We assumethat in a generalcase,to create the desiredsmooth transition, three, four
or �v e control points give enough
exibilit y. Free-form curvesare neededin very speci�c cases,and often
it remains easierto build a new primitiv e and to combine it with a smooth transition.

6 Sweep Ob jects

Sweep objects or generalizedcylinders [39, 40] are well known and fully used in modeling tools basedon
parametric functions. Becausethey allow to greatly increasethe variety of shapeswith an intuitiv e formu-
lation, implicit de�nitions of sweepobjects have beenproposed[20, 37]. Under there implicit form, these
objects are basedon the translational or rotational extrusion of two-dimensional implicit pro�les, respec-
tiv ely along or around a tra jectory de�ned by a parametric free-form curve. The parametric formulation of
the tra jectory allows to twist the pro�le or/and to interpolate several di�eren t pro�les. Until now, implicit
pro�le de�nition has beenbasedon single valued function of R ! R. This consequently limits the variety
of shapesthat sweepobjects normally provide. In this section,we explain how to useour free-form pro�les
to o�set this restriction, and provide implicit sweep primitiv es f de�ned by the inequality f (p) � 0. We
do not describe an entire model to de�ne implicit sweepobjects and we refer to Crespin en al [1996]and
Grimm [1999] to �nd complete and useful models to sweepimplicit pro�les.

For translational primitiv es,pro�les are de�ned in a local Cartesian coordinate system. To evaluate a
point p of E 3, its projection p0 on the tra jectory is computed, and t is the value of the parameter of the
curve in p0. From the parametric de�nition of the curve, a local Cartesian coordinate system is obtained
(p0; x(t); y(t); z(t)). Axis x(t) is tangent to the tra jectory, and pro�les are de�ned in the plane (y(t); z(t))
(see Figure 15). Our pro�le is then de�ned as G(y(t); z(t)). For bounded tra jectories, the extremities
can be closedby computing the pro�le coordinates as G(� (t):cos(' (t)) ; � (t):sin (' (t))) where � (t) is the
distancebetweenthe evaluated point p of E 3 and its projection p0, and ' (t) is the anglebetweenp and y(t).
Pro�les are not directly de�ned as G(� (t); ' (t)) because' (t) varies in [� ; � + � =2[, and a C0 discontinuit y
is generatedat ' (t) = � in the potential �eld de�ned by G.

For rotational primitiv es,the samecartesian coordinate systemis computed. Pro�les are de�ned along
the tra jectory for �xed valuesof ' (t), and extruded around it. The pro�le is then de�ned as G(�; t) where
� is the distance between the point p and its projection p0, and t is the parameter value of the tra jectory
at point p0. If the tra jectory is bounded, a particular attention has to be focussedon the extremities of
the tra jectories. Indeed, as illustrated in Figure 15 the pro�le must be de�ned in the boundaries �xed by
the limits of variation of the parameter along the pro�le.

Figure 16 shows an example of translational primitiv e. Three pro�les are de�ned along the tra jectory
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Figure 16: Example of implicit sweep ob ject. The three shown pro�les are extruded along a line
segment, and the resulting ob ject is combined with a simple primitiv e using our comp osition
metho d (see Section 4).

and interpolated with cubic functions. One can notice that the tra jectory is outside the secondpro�le.
Becauseour pro�les provide regular and homogenous�eld variations, our sweep objects can be correctly
combined with other volume objects.

7 Conclusion and Future Work

Accurate and intuitiv e manipulation of volume objects is the next required step to provide e�cien t volume
modelling software. In this paper we have presented somesolutions to these requirements when volumes
are composed. Recent work intro duced the notion of \implicit spaces"as a theoretical baseto accurately
control the transitions [18] and we have shown how this leadsus to the study of free-form implicit curves
controlled point-by-point. Pro�les require regular variations of their two-dimensional potential �eld and
the control of their extremities. The adaptation of a method proposedby Pasko et al [36] has allowed us
to provide open and closedpro�les, de�ning line segments or smooth curves,with su�cien t properties.

To manipulate volumesde�ned by the inequality f (p) � 0, we have grouped in a single modeling tool:
creation, sculpture and Boolean composition operators with sharp or smooth free-form transitions. We
have shown how accuracy is ensuredand explained how to understand and use our modeling metaphor
in an e�cien t way. The techniques described in this paper generalize the models given in [18] and
provide controllabilit y and freedomof expressionto the user and greatly extend the possibilities o�ered by
operators on volumetric objects. The point-by-point control curve provides the possibility of interactively
designing blended shapes, however more work needsto be done on volume data structure manipulation
and modeling interface designto add interactivit y to the modeling process.Adaptiv e structures like ADF
[3] and interactive ray casting algorithm for isosurfacevisualization [1] can be used respectively to store
a sampledpotential �eld and accurately render the surface. A sampled�eld structure storesthe potential
values after each operation, removing the expensive evaluation of an increasingly complicated potential
�eld function. This technique allows us to accurately render the modeledobject directly without the useof
an additional data structure like polygons. Thesereasonsprovide a good justi�cation for the investigation
of the combination of thesetechniques, to provide interactive volume modeling solutions.

Becausesampled volumes are large data structures, the development of multiresolution techniques to
store and reconstruct potential �elds represents another important step.

Free-form pro�les can also be used in implicit sweepobjects [20, 37]. Indeed, only pro�les de�ned by
single valued functions of R ! R are usedin implicit modeling, while there is no apparent reasonto limit
the user by the form of the pro�le they want to sweep. Our pro�les allowed us to create swept objects
de�ned by an inequality f (p) � 0. Sincethey have regular and homogenous�eld variations, sweepobjects
are correctly combined with other volume objects.
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A Op erators bg\ and bgn

� Operator cg\ :

� 1 2]0; � =4[; � 2 2]� =4; � =2[:

At a point P(X P ; YP ) : � P = angle([OX ); [OP))

if X P = YP = 0 cg[ (X P ; YP ) = 0

if � P 2 [� 2 � � ; � 1] cg[ (X P ; YP ) = X P

if � P 2 [� 2; � 1 + � ] cg[ (X P ; YP ) = YP

if � P 2 ]� 1; � 2[ cg[ (X P ; YP ) = CP

where CP is the solution of :

(X P � CP :cot(� 2))2

(CP � CP :cot(� 2))2 +
(YP � CP :tan(� 1))2

(CP � CP :tan(� 1))2 = 1

if � P 2 ]� 1 + � ; � 2 + � [ cg[ (X P ; YP ) = CP

where CP is the solution of :

(CP :cot(� 1) � X P )2

(CP :cot(� 1) � CP )2 +
(CP :tan(� 2) � YP )2

(CP :tan(� 2) � CP )2 = 1

� Operator bgn:

Operator bgn is directly obtained from operator cg\ using the following expression:

bgn(X ; Y ) = cg\ (X ; � Y )

B Op erators eg\ and egn

� Operator fg\ :

To points p1 2 E3 and p2 2 E3 selectedby the user

corr espondpoints P1 and P2 such as :

P1(C0; f 2(p1)) and P2(f 1(p2); C0):

� 1 = angle([OX ); [OP1)) ; � 2 = angle([OX ); [OP2))

At a point P(f 1(p); f 2(p)) : � P = angle([OX ); [OP))

if YP = 0 fg[ (X P ; YP ) = 0

if X P = 0 fg[ (X P ; YP ) = 0

if � P � � 1 fg[ (X P ; YP ) = YP
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if � P � � 2 fg[ (X P ; YP ) = X P

if � P 2 ]� 1; � 2[ fg[ (X P ; YP ) = CP

where CP is the solution of :

(CP :cot(� 1) � X P )2

(CP :cot(� 1) � CP )2 +
(CP :tan(� 2) � YP )2

(CP :tan(� 2) � CP )2 = 1

� Operator egn:

Operator egn is directly obtained from operator fg\ using the following expression:

egn(X ; Y ) = fg\ (X ; 2:C0 � Y )

C Closed form solution for the evaluation of CP in our new com-
position operators

� Solution for the equation:

(CP :cot(� 1) � X P )2

(CP :cot(� 1) � CP )2 +
(CP :tan(� 2) � YP )2

(CP :tan(� 2) � CP )2 = 1

CP is the greater solution of the following equation:

a:CP
2 + b:CP + c = 0

with

a =
(tan(� 2) � 1)2

tan2(� 1)
+ tan2(� 2):

�
1

tan(� 1)
� 1

� 2

�
�

1
tan(� 1)

� 1
� 2

:(tan( � 2) � 1)2

b = � 2:

 

X P :
(tan(� 2) � 1)2

tan(� 1)
+ YP : tan(� 2):

�
1

tan( � 1)
� 1

� 2
!

c = X P
2:(tan(� 2) � 1)2 + YP

2:
�

1
tan(� 1)

� 1
� 2

CP is then obtained with:

CP =
� b+

p
(b2 � 4:a:c)
2:a

� Solution for the equation:

(X P � CP :cot(� 2))2

(CP � CP :cot(� 2))2 +
(YP � CP :tan(� 1))2

(CP � CP :tan(� 1))2 = 1
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CP is the lower solution of the following equation:

a:CP
2 + b:CP + c = 0

with

a =
(tan(� 1) � 1)2

tan2(� 2)
+ tan2(� 1):

�
1

tan(� 2)
� 1

� 2

�
�

1
tan(� 2)

� 1
� 2

:(tan( � 1) � 1)2

b = � 2:

 

X P :
(tan(� 1) � 1)2

tan(� 2)
+ YP : tan(� 1):

�
1

tan( � 2)
� 1

� 2
!

c = X P
2:(tan(� 1) � 1)2 + YP

2:
�

1
tan(� 2)

� 1
� 2

CP is then obtained with:

CP =
� b�

p
(b2 � 4:a:c)
2:a

� All the terms in � 1 and � 2 can be precomputed(once � 1 and � 2 are selected),which greatly decreases
the cost of the evaluation of CP . For instance, a can be totally pre-computed.


