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Abstract

This dissertation formalises and mechanises type slicing — a technique that in-
crementally explains program types by highlighting minimal program fragments.
Using this, a programmer can select any sub-term of a program and incrementally
explore complex types and concisely explain type errors. Crucially, this includes
highlighting context surrounding the term, differing from typical type error high-
lighting which simply states a term has the wrong type, but not what about the
surrounding contexts explains why it has this type.

I formalise this in a bidirectional, gradually-typed core calculus with explicit
System F style polymorphism, products, and sum types. Additionally, a novel
context classification judgement to formalise the notion of splitting type information
into that derived from a selected sub-term and that coming from the surrounding
context, which can be applied to arbitrary bidirectional type systems. Further, the
theory extends formally to ill-typed programs with error marks building upon the
marked lambda calculus of Zhao et al.
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1 Introduction

Programmers report that debugging and testing consumes 20-60% of their development
time [4], with a small fraction of difficult bugs absorbing a disproportionate share of that
effort [1]. In statically typed languages, many such bugs are caught statically at compile
time by type errors.

These type errors are conventionally reported at a single location, yet most errors
genuinely involve more than one source location [36]. The reported location is often
imprecise in two directions: often including code that does not directly contribute to the
error, yet at the same time misses regions of the surrounding context that do (for example,
non-local type information sourced from bindings). As a result, existing highlighting
systems show both too much and too little context to the programmer for any given
error. The error itself states only that the term has a differing type that was expected,
not why the system expected it.

This dissertation develops the theory of type slicing: a decomposable highlighting
system that allows terms to be selected and the type explained in a bidirectional locally
inferred type system. A programmer selects an expression and queries a part of the type,
v, that they wish to explain. The explanation picks out a minimal portion of the program
that suffices to justify the queried type.

A synthesis slice (section 4) of a selected term answers “which parts of the term
caused it to have type v?”; an analysis slice (section 5) of a selected term answers the
complementary question, “which parts of the surrounding program enforced that this term
have type v?”.

Slices can be refined: refining a query, say from an entire function type to just its
codomain, gives a smaller highlighted region for the refined query, supporting interactive
exploration complex types, where the programmer can incrementally focus into sub-parts
of the type that are of interest. For example, maybe only a small region of a large type
involed in a type error is erroneous.

The type slicing machinery applies even beyond errors (section 6); it is possible to
query any program regions responsible for any type information of interest, even well-
typed code. Hence, type slicing is a tool to explain any types in a program.

The accompanying Hazel prototype for this work is available on the type-slicing-v2
branch of the Hazel repository. The earlier prototype evaluated by Carroll [8] is separate,
and is available on the witnesses-type-slicing branch.
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1.1 Explanation by Example

This section previews the slicing apparatus formally introduced in later chapters through
three worked examples.

Figure 1 demonstrates a small example of a function parsing characters to single digits.
In (a) the function is queried for its synthesised type, Char - Option Digit, which is
explained by just taking a single branch from the function, and the corresponding part of
the Digit type.

Secondly, (b) asks why the argument is required to be a Char, explained by an analysis
slice retaining just the function application and the Char annotation on the function.

The formal mathematics of these two concepts are introduced in sections 4 and 5
explored upon a core calculus specified in section 3 which includes sum types, products,
and explicit polymorphism.

Synthesis slice Analysis slice
select parse_digit select '5'
query v = Char - Option Digit query v = Char
: type Option(A) = Some(A) | None type Option(A) = Some(A) | None
type Digit = Zero | One | Two | --- | Nine type Digit = Zero | One | Two | --- | Nine
let parse_digit = fun ¢ : Char -> let parse_digit = fun c : Char ->
case c of case c of
| '0" => Some Zero | '0' => Some Zero
| '"1' => Some One | '"1' => Some One
| '9'" => Some Nine | '9'" => Some Nine
| _ => None | _ => None
in parse_digit ('5') in parse_digit( '6')
fold fold
type Option(A) = Some(A) | O O
type Digit = Zero | [J O
let parse_digit = fun [ : Char -> let parse_digit = fun J : Char -> [
case [J of in parse_digit(O)
| [J => Some Zero :
| O

in parse_digit ([J)

(a) parse_digit synthesises type Char - (b) '5' analyses against type Char.

Option Digit.

The selected term structural ' : Required to form a valid program slice,
but irrelevant to the type.
binding: Used assumptions whose bodies are
recursively sliced.
bold /bold': Root sources of queried type
information.

selected :

synthesis: Slice explaining why the selected term
has queried type parts.
analysis: Slice explaining why the surrounding
context enforces queried type parts.
omitted: Omitted from slice (shown)
[J: Omitted from slice (folded)

Figure 1: Parsing a character into an Option Digit.

! The distinction between purely structural parts of a slice and bolded type sources is not formalised,
but is easy to implement in practice by tagging the leaves of the derivations during slicing.
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These slices can be queried on refined types, investigating only a subpart of the full

type.

Figure 2 demonstrates the power of this by debugging a static type error: it defines

a sequencing (seq) parser combinator to string together parsers sequentially, used to parse
4-digit pins.

(1)

(2)

(2b)

(2)

(3b)

(4)

The seq combinator is implemented incorrectly: the annotation and usage of the
f argument forgets to take the remaining unparsed string s'. However, as this
function is well-typed (but incorrect according to the programmers mental model),
the error is localised to the passed argument at the usage of seq.

The synthesis slice explains the type of the term in the marked error.

We can refine the synthesis slice to only show the outermost inconsistency in the
type: that the argument provided is a curried function.

The sequence combinator should indeed take a two argument function, so this is
correct. We instead look to the analysis slice for the error.

But, in general, if the error were inside the error squiggle, this slice shows that
the squiggle highlights more than required to demonstrate the outermost error (the
function itself, not the terms within).

The analysis slice explains the expected type, which is derived from the incorrect
annotation.

The original error squiggle does not alert the programmer that the annotation itself
could have been incorrect, despite this being a common occurrence (49% of the
time [21]), at least when annotating existing code, which is common in hybrid
static-dynamic typed language.

The refined analysis slice refines the explanation to just the single argument function
to some option type, which is what actually causes the conflict.

Because the slices do not arbitrarily blame the usage site like the error mark does,
we inspect the refined analysis slice to locate and fix the error in the annotation.

After fixing the annotation, a secondary error at the application of £ will be unveiled and
correctly localised by the standard method.

This situation could arise naturally after refactoring the argument passed into seq to
take an additional string argument. Here, the analysis slice points you directly to the
corresponding annotation that must be changed to perform the refactor.

Section 6 concerns the formal theory applying type slicing to ill-typed programs with
error marks, allowing for debugging of static type errors.
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(1) original program

. type Option(A) = Some(A) | None
: type Digit = Zero | One | Two | --- | Nine
: type Pin = Digit x Digit x Digit x Digit
: let seq = typfun<A> typfun<B>
{  fun (p : String -> Option (String x A)) -> :
fun (f : A -> Option (String X B)) —> @ ==- - — - - — - - o oo e oo e FE
fun (s : String) -> :
case p(s) of
| None -> None
: | Some(s', a) -> f a
. let digit_parser = fun (s : String) ->
:  parse_digit(s.head()).map(fun (d : Digit) -> (s.tail(), d))
. let parse_pin = fun (s : String) —>
: seq<Digit><Pin> digit_parser (fun (d; : Digit) ->
seq<Digit><Pin> digit_parser (fun (dz : Digit) ->
seq<Digit><Pin> digit_parser (fun (dz : Digit) ->
seq<Digit><Pin> digit_parser (

fun (dg : Digit) -> fun (s' : String) ->
: SDu e G o By G4 9)))
in parse_pin("1234")

term has type Digit -+ String - Option (String x Pin) but
was expected to have type Digit -+ Option (String x Pin)

synthesis query analysis query
) / N\ 3)
query v = Digit = String - Option (String x Pin) query v = Digit - Option (String x Pin)
~type Option(A) = Some(A) | OJ type Option(C)) = [J
type Digit = [J type Digit = [
type Pin = Digit x Digit x Digit x Digit type Pin = [
O let seq = typfun<A> typfun<B>
let [J = fun [J -> fun (O) ->
00O (fun (d4; : Digit) —> fun (00 : A => Option (String x B)) —>
00O (fun (dp : Digit) —> Il O
OO (fun (ds : Digit) -> Jull: 1ot 0 = #un O >
0o« 00 (fun O ->
00 (fun OO0 ->
fun (d. : Digit) -> fun (s' : String) -> 00 (fun O ->
some(s'y, (diy do, ds, da seq<Digit><Pin> 0 [1)))
) cin [
in [J ) }
reﬁneL uer refine query
(2b) e 4 (3b)
: queryv =0~ (O-0) : query v = - Option OJ
0 : type Option(l]) = [
let [ = fun [ > d
O (fun O —> let seq = typfun<(]> typfun<[>
O (fun O -> fun () -> .
O (fun O -> reﬁned fun (O ::0 :
O O el
fun () -> fun () -> [ let 0 = fun [ =>
) 00O (fun O ->
in [ 00O (fun O >

00 (fun O ->
seq<[><0> 0O '[1)))

in [J

Figure 2: Debugging a static type error in a parser for 4 digit PINs.

e e e e e e e e e e e e e e e e e e — =~



1 Introduction 11

Figure 3 demonstrates the power of type slicing when using gradual types by parsing a
character to a digit, and otherwise falling back to a string, i.e. Char + Digit + String.
Using the dynamic type we can infer an unannotated injection Left(a) into a sum type
with unknown right injection (A + [J) and Right (b) at [] + B.

Therefore, in an if statement we can join two injections (A + [1) LI (L] + B) to
determine a full static type A + B, with the slices identifying the branch from which each
type was inferred. No sum type annotations were required. This behaviour is similar to
union type inference, which is crucial in languages like TypeScript.

Importantly, we can use refined slices to query where each part of the sum type came
from. In the example we find that the Digit came from the then branch, and the String
from the right branch.

These situations are common in advanced type systems with set-theoretic types, where
types are combined non-trivially by code branches. The example shows promise that
type slicing could be especially applicable in explaining components of these set types
by identifying the branches from which each type component is sourced. However, the
current theory only explores combining dynamic code in branches and retrieving the
corresopnding static regions from the appropriate branches.

. type Option(A) = Some(A) | None

: type Digit = Zero | One | Two | --- | Nine
. let parse_digit = fun (¢ : Char) -> case c of
: | '0' => Some Zero | '1' => Some One | --- | '9' => Some Nine _ => None

¢ let parse_string : Char -> String = string_of_char
: let lex_atom = fun (¢ : Char) ->
© if is_digit(c) then Left(parse_digit(c).get()) else Right(parse_string(c))

in lex_atom (°5')

e ] ............................................................................... :

synthesis query
query v = Char + Digit + String

type Option(A) = Some(A) | [
type Digit = Zero | [
let parse_digit = fun [ -> case [J of

| [0 => Some Zero | [J
let parse_string : [J -> String = [J
let lex_atom = fun ([J : Char) =>

if [J then Left(parse_digit([]).get()) else Right(parse_string([1))

in lex_atom ([J)

refine to digit half refine to string half
query v = Char -+ Digit + [ query v = Char -+ [J + String
type Option(A) = Some(A) | OJ let parse_string : [J -> String = [J
type Digit = Zero | [J let lex_atom = fun (O : Char) ->
let parse_digit = fun [J -> case [J] of if O then [ else Right(parse_string([]))

| O => Some Zero | [J
let lex_atom = fun ([J : Char) ->
if [J then Left(parse_digit([]).get()) else [J

in lex_atom ([J)

in lex_atom ([J)

Figure 3: Lexing a character into a digit or string token.
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2 Background

In this chapter I introduce the key concepts underlying the core calculus formalised:
bidirectional typing, explicit polymorphism (System F), and gradual typing. I assume fa-
miliarity with standard type systems expressed via judgements, the simply-typed lambda
calculus, and basic set notation.

2.1 Bidirectional Types

Type slicing is formalised for bidirectional type systems [14]. Such a type system is an
algorithmic specification of typing judgements, naturally lending itself to direct typing
algorithms which do not require guessing of types during type checking. These systems
do require annotations, but annotation burden is lessened by locally inferring types [26]
resulting in annotations only at redexes (for most® expressions).?

This is achieved by specifying the mode of the type parameter in a typing judgement,
distinguishing when it is an input (type analysis/checking) and when it is an output (type
synthesis):

A;THeq T

Read as: e synthesises type T under typing assumptions I'. The type T is an output.
A;TkHel T

Read as: e analyses against type 7 under typing assumptions I'. The type 7 is an input.
This is where the terminology of synthesis / analysis slices is derived from.

When designing such a system, care must be taken to ensure mode correctness [7]: an
input must never need to be guessed. For example, the following function application rule
is mot mode correct:

A;ThHerlm—m A;ThReln
A; T Fe(er) | 7

Here I try to check ey with input 7y, which is not known from either an output of any
premise or from the input to the conclusion 7. On the other hand, the following is mode
correct:

A;TFEegtmm—m A TkFeln

A, T+ 61(62) ﬂ‘ T2

Now 77 is known, being synthesised from the first premise. We never have to “guess” any

types.
Such languages have two fundamental rules:

x:7€el A;TkefT
Svar AT Hx AT Sub A;TRHel 7

Variables synthesise their type from the typing assumptions. Subsumption bridges the
two modes: any term that can synthesise a type also analyses against that same type.

2 Not always in the presence of binding elimination forms, e.g. case expressions. See section 4.5.4 of [14].
3i.e. a function application must use an annotated function.
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2.2 Example: System F

System F [25, ch. 23] extends the simply-typed lambda calculus with parametric poly-
morphism: type functions Aa. e, universal types VYa. 7, and type application e (o). A
polymorphic function like the identity Aa. Az : . x has type Va. @ = « and can be
instantiated at any type.

System F can be expression within the bidirectional framework:

A TkReq T A;TFe A Va. 7/

SA STA
A;TFAa.e ) Va. T PP A;TEe(o) 40— a7

Type functions synthesis a V-type when the body synthesises under an extended type vari-
able context which may now reference the newly bound type variable. Type application
substitutes the bound type variable for a provided type argument.

2.3 Gradual Types

A gradual type system [30, 31] combines static and dynamic typing. Terms may be
annotated with the dynamic type [, marking regions of code omitted from static type-
checking but still interoperable with statically typed code. For example, the following
type-checks:

let x : =10 in x = "str"

Where ~ is string concatenation expecting inputs to be String. This would then cause a
runtime cast error when attempting to calculate 10 = "str".

2.3.1 Consistency

This is enabled by a consistency relation 71 ~ 75, a weakening of type equality. Consis-
tency replaces equality in the typing rules, allowing types to be used interchangeably when
they are consistent. Every type is consistent with the dynamic type [], and compound
types are consistent when their sub-parts are:

T ~T Ty~ T

T~ O~T T~T T| — To ~ T] = Ty

However, consistency is not transitive: Int ~ [ ~ Bool does not imply Int ~ Bool.
This non-transitivity is essential — preventing the dynamic type from collapsing all type
distinctions.

After type-checking, explicit casts are inserted into partially annotated programs by
elaboration. Then, at runtime, type errors which were masked by dynamic-type annota-
tions are caught as cast errors.

2.3.2 Graduality

A true gradual type system satisfies a gradual guarantee property, first specified by Siek
et al. in their refined criteria [31]. To specify this we first need to introduce the notion of
type precision, written 7 C 7/, which orders types by their dynamic content: [ is the least
precise type, and concrete types like Int — Bool are maximally precise, while compound
types can be partially dynamic, e.g. [] = Bool.

The only relevant part of graduality to Type Slicing is the downwards direction of the
static gradual guarantee.
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Downwards graduality. If a well-typed program is made less precise (type annotations
replaced by [J), it remains well-typed, possibly with a less precise type. In a bidirectional
setting: if A;T'Feffrand IVC T, e Ce, then 37. IV F e ) 7/ with 7/ C 7.

2.4 Lattice Background

The foundations for program highlighting in Type Slicing are built upon lattices, which I
introduce here.

A partial order (L,C) is a set L equipped with a reflexive, transitive, and antisym-
metric relation C. For example, precision in gradual typing forms a partial order, with
a [ b intuitively meaning “b carries at least as much type information as a”.

A lattice is a partial order in which every pair of elements in L have both a greatest
lower bound (a meet) and a least upper bound (a join) under the partial order. A lattice
is bounded if it has a bottom element 1 (L C x for all z) and a top element T (x T T
for all z). A meet-semilattice is a partial order in which every pair has a meet but
not necessarily a join; dually for a join-semilattice. A bounded lattice is distributive if
all(blc)=(allb)(allc) for all a,b,c.

The meet and join operations have natural interpretations under the precision inter-
pretation:

e The meet a1b is the most precise element that agrees with both a and b, retaining
the type information they share (Figure 4a).

o The join a L1b is the least precise element that is still as precise as both a and b,
combining all the type information present in either (Figure 4b).

Heyting algebras. A bounded distributive lattice is a Heyting algebra [5, 13] if it has
an implication operation a — b satisfying the adjunction:

cfalCb iff cC (a—b)

That is, a = b=|]{c|clMaC b} is the largest element whose meet with a is below b.
The pseudocomplement of a is —a = a — 1. Again, when interpreting [ as type precision,
a — b intuitively means: “what is the most precise element such that, combined with a,
the result is no more precise than b?” (Figure 4c.)

Co-Heyting algebras. Dually, a bounded distributive lattice is a co-Heyting alge-
bra [27, 13] if it has a subtraction operation a \ b satisfying:

alCbllc iff a\bCc

ie.a\b=[]{c|al blc} is the smallest element whose join with b is above a; the
supplement of a is ~a = T \ a. Reading L as type precision, a \ b answers: “what type
information in @ is missing from b?” (Figure 4d.)

Bi-Heyting algebras. A bi-Heyting algebra [27, 28] is simultaneously a Heyting algebra
and a co-Heyting algebra. Every finite bounded distributive lattice is a bi-Heyting algebra,
because the required suprema and infima are over finite sets [13].



2 Background 15

| \
\H_‘ |

(I
v <
a (E allb E b
(a) Meet as product. (b) Join as coproduct.
M b =
. bll(a\b) -=+ b
NS Ui N
§h T \
a—b)a a
(c) Implication as exponential. (d) Subtraction as co-exponential.
Figure 4: Lattice operations. Where some relations (solid arrows) induces

additional relations (dashed arrows).

Product lattices. Given two lattices (L1, ) and (Lo, Cy), their product Ly X Lo is
a lattice defined componentwise: (ai,as) T (by,bo) iff a3 Ty by and ay Ly by (Figure 5).
Meets and joins are similarly defined componentwise. If both lattices are bounded, dis-
tributive, or bi-Heyting, so is the product.

[41><L2
Lo
C,
(a1,b2) == (b1,b2) bo
=z
//
//
,/
Al 27 alls ki
,/
/
7
/
/ 5,
ar,az) —_ = (b1, az) az
C
al;l’bl
Ly

Figure 5: Product Lattice Precision

2.5 Well-Foundedness, Monotonicity, and Fixed Points

A partial order (L,LC) is well-founded if it admits no infinite strictly descending chain
To 1 x1 1 xe 1 ---. This is immediate on finite sets: every chain is bounded by the finite
cardinality |L|.

A function f: L — L is monotone if x L y implies f(z) = f(y), and anti-monotone
if x C y implies f(y) C f(x).

Lemma 2.1 (Monotonicity of co-Heyting subtraction). In a co-Heyting algebra (L,

,LI,\), the binary operation \ is monotone in its first arqgument and anti-monotone in its
second: for all a,a’,b,b’ € L,

aCd = a\bC d\b, bV = a\b Calb.
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Proof. By the universal property of \, x \y L z <= z L yLlz. First argument: take
z=a \b Thena Cbllz,s0a = d Cbllz, givinga\bLC z=a'\b. Second argument:
take z=a\b. Thena " bz C b Lz givinga\b' C z=a\b. O

Theorem 2.2 (Kleene Fixed Point, finite case). Let (L,C, 1) be a finite partial order
with bottom element L, and let f : L — L be monotone. Then f has a least fixed point
wf = fr(L) for somen <|L|.

Proof. The chain 1. C f(1) C f%(L) C --- is ascending by monotonicity. Since L is
finite, this chain must stabilise: there is some n < |L| with f*(L) = f**(L). So f™(L)
is a fixed point. Further, f"(L) is a least fixed point: let x be any fixed point of f.
We show f*(1) C x by induction on k. Base: | C x since L is the bottom. Step:
fEH(L) = f(f*(L)) C f(z) = = by monotonicity of f and the induction hypothesis. [

M
M

i f(L) L) —nf

Figure 6: Kleene iteration to the least fixed point puf.
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3 The Core Calculus

Legend: () fully mechanised, ) mechanised with postulates, /A not mechanised, " I impor-
tant theorem, = counterexample. Mechanisation: https://github.com/MaxCarroll0/
polymorphic-type-slicing-formalism.

In this chapter I present the core calculus which Type Slicing builds upon. It is a
bidirectional, gradually typed lambda calculus based on the Hazel calculus [20], extended

with products, sums, and explicit System F polymorphism. Then, upon this, I define and
prove several bi-Heyting lattices under a precision relation.

Core/*/Base 3.1 O Syntax & Relati()ns

The syntax of the core calculus is given in Figure 7. x is the unit type, and [ is a gap
/ hole serving a dual role: in the gradual typing interpretation it is the dynamic type,
and in the slicing interpretation it represents unrequired type information (to explain a
query). Similarly a [J in expressions represents omitted sub-expressions, irrelevant to the
explanation resulting from a query. In type checking, omitted expressions synthesise the
dynamic (omitted) type.

Types 7 and expressions e

ro=0|*|t=7|7Xx7|7+7|Va. 7|«

ex=U|x|x| z:1.e|x.ele(e)]| (e, e)|me|me

| tye|iwel(caseeofz.e|y.e)|Aa.e|e(r)|letx=cine

‘Derived forms‘ Definable in terms of the core syntax

(e:7) = (M\v:7. 7)(e) Bool £ % + x

A

A
true = (1 * false = 19 *

if e then e; else e; = (case e of 7. ¢ | . e3) (x ¢ FV(e1), y ¢ FV(e2))

Figure 7: Syntax of the core calculus up to a-equivalence (on variables z). FV(-) denotes
the set of free variables of an expression.

Core/Typ/

Consistency

3.1.1 () Consistency

Type consistency (Figure 8) is exactly as presented in standard gradual type systems
(section 2.3). That is, a weakening of equality, where every type is consistent with [, and
compound types are consistent when their components are. Consistency is reflexive and
symmetric but not transitive.

T1 ~ To| 71 is consistent with

TI~T  Ta~ T

~nO——— o~ ~k—————  ~ =
T~ [ e~ koo TN = Ty~ T = T)
/ / / /
TINTl T2r\./7'2 TlNTl TQNT2 7_r_\_/,7_/
~ X / / ~+ / / ~ /
TL X Ty ~ T] X Ty T+ To~T + T Vo. T ~Va. 1

Figure 8: Type consistency.


https://github.com/MaxCarroll0/polymorphic-type-slicing-formalism
https://github.com/MaxCarroll0/polymorphic-type-slicing-formalism
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3.1.2 () Precision

Precision (Figure 9) is a partial order that organises terms by information content: for
types, 7/ C 7 means 7 has at least as much type information as 7/. Here, [J is the global
minimum. Expression precision is defined analogously. Figure 10 illustrates this with a
small example.

7 C 7'| 7 is less precise than 7/
ntrn min
co0——— Co——— Co—— C= - -
UEr * L% al «o =0T =1
nCrn mnCn ntCrn mnCn Y TC 7
C x C+ C —
T X Ty L7 X T 41T+ Vo. 7 C Va. 7

Figure 9: Type precision.

A@:*x
/\a:*D /\xDx
)\a:DD
Ll
O

Figure 10: Hasse diagram of slices less precise than Ax: x . x, with each edge directed
from a less-precise slice up to a more-precise slice.

Precision on Typing Assumptions. In this calculus, I represent typing assumptions
as finite partial functions from variable names to types, with domain dom(I"). Precision
is defined by domain inclusion and pointwise precision on types in the (smaller) domain:

7 C 2 <= dom(y;) C dom(yz) and 71 (x) = vo(z) for all x € dom(v;)

That is, a less precise type assumptions set either assumes fewer variables’ types, or
assumes less precise types on the present variables.

Remark 3.1 (Assumptions vs Contexts Terminology). Typical literature refers to these
typing assumptions as ‘typing contexts’ 1 avoid this terminology as I use the context
to refer to the syntactic context around a subterm, i.e. in the same sense as used in
contextual dynamics (Harper [16, Chapter 5]).

Strictly descending on successively less precise terms will always terminate at an
‘'empty’ term in finite time. This is a useful property for calculating type slices (the-
orem 4.6).

Core/*/

Precision

Core/Assms/
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Bool = Bool [J = Bool =[] U
3 3

= — = — = — @
G  (Bod

Figure 11: A maximal descending chain in | Bool = Bool|.

Proposition 3.2 (A Downward Well-Foundedness of Precision). The strict precision or-
dering [ is downward well-founded on types, expressions, and assumptions. Fach family
has a bottom element under precision:

o Types and expressions: 1 = [].
o Assumptions: 1 = 0.

Proof. Each object is a finite tree over a finite alphabet of constructors. A strict descent
in precision must replace at least one non-[] position with [, as illustrated in Figure 11.
Since there are finitely many positions, any descending chain has length bounded by the
number of positions in the original term. And for assumptions, the finiteness of dom(I")
bounds the number of variables available. [

=" 3.2 () Lattice Properties
3.2.1 () Meets and Joins

The meet 7 175 is the greatest lower bound (GLB) of two types under precision. It is
defined inductively: types of the same ‘kind’* take meets of their components, and [ is
an annihilator (177 = [J). The meet is always defined: when the outermost kinds differ,
71 19 = [ is a valid (and greatest) lower bound. Since all all pairs have a meet, we have
that types form a meet-semilattice with lower bound [J(Section 2.4). Expression meet
is defined analogously. Assumption meets are defined pointwise and by intersecting the
domains.

The join 7 LI 75 is the least upper bound (LUB). It is similarly defined inductively
and componentwise, but with [ acting as the identity ((JLI7 = 7, 7 L1 = 7). However,
unlike meets, the join is only defined for consistent types (i.e. types of the same kind):
when 7, and 7 have different kinds, no upper bound exists.

Remark 3.3. One might hope to quotient types by consistency and form a join-semilattice.
But, this fails because consistency is not transitive: Int ~ [J ~ Bool does not imply
Int ~ Bool.

ez 32,2 () The Slice Lattice
For a fixed type 7, the slice lattice of T is the lower set under precision:
7] = {vlvET}

le|, |C]|, and |I'| are defined analogously for expressions, contexts, and assumptions.
Each slice lattice has top T = 7 and bottom | = [J. Then precision, meets, and joins
are simply lift unchanged into the slice lattice. Importantly all terms in the slice lattice
are consistent, so joins are always defined:

4 Top level type constructor
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Core/Typ/

Precision

Lemma 3.4 (O) Slices are Mutually Consistent). If vy = 7 and vy L 7, then vy ~ vs.

Hence, these slice lattices are bounded lattice. We also get that the lattice is distribu-
tive. And, they are on finite lattices:

Theorem 3.5 (A Slice Lattices are Finite). Each slice lattice |T], |e], |C], and |T'] is
finite. For a term with n positions, the slice lattice has at most 2" elements.

Every finite distributive lattice is a bi-Heyting algebra [13], so the slice lattices are
bi-Heyting: in a finite lattice the implication and subtraction operations below can be  coe/itattice
defined directly as a finite join / meet, respectively.

Theorem 3.6 () Slice Lattices are Bounded Distributive Bi-Heyting Algebras).
FEach slice lattice |T|, |e], |C], and |I'] is a bounded distributive bi-Heyting algebra:

o (O Bounded: bottom L =1 (or () for assumptions), top T =1 (ore, C,T).

« () Distributive: meet distributes over join, vi(vallvg) = (v Mvg)LI(v1Mvs)
(and dually).

e Bi-Heyting: equipped with

— O Implication: v; — ve = | [{v | v vy C vy } — the most precise slice
compatible with refining vy to at most vy;

— (O Subtraction: vy \ ve =[{v | v C vgllv} — the least precise slice
whose join with vy Tecovers vy.

Inductive Definition: Of course, calculating those joins / meets directly is very ineffi-
cient. We can define both inductively on slice lattices of the sub-terms, as demonstrated
by example below for the lattice |7 = 72| (inductively on |7 | and |72]).

e Implication - — -

J—=v =T
v—0=10 (when v 71 )
* ok = *
(U1 = vy) = (V] = v)) = (v = v)) = (Vg — v))
» Subtraction -\ -

O\v = 0O

v\ =w

x\ x = [

O if v; \ vy = and vy \ v =1

(v1 = v2) \ (v = vy) = {

(v1 \v]) = (vg \ V) otherwise

Remark 3.7 (Mechanisation of Bi-Heyting operators). The implication and subtraction
are only fully mechanised for the type-slice lattice |7], which is the only lattice for which
they are actually used in the forthcoming calculi.
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Notation: Slice Lattices as Highlighted Terms. An element of a slice lattice can
be notated as the original (top) term with omitted regions (replaced by a [J) left unhigh-
lighted and kept regions highlighted. For instance, the slice Int = [J in |Int = Bool|
can be represented as |Int = Bool.

The lattice operations have direct visual interpretations with this notation: meet [
is the intersection of highlighted regions, join LJ is the union, subtraction \ keeps the
source’s (LHS) highlights that are absent from the target (RHS), and implication —
keeps positions outside the source’s highlights and those inside the target’s. For example,
in [(x = %) X x/:

() = )X % [1 (k= %) X% = (% = *) X *
(k= %)X *x L (% = %) X% (x = %) X %
(k= %)X % — (x= %)X *x = (k= %) X %
(k= %)Xk \ (k= %)) Xk = (k= %)X *

No Boolean Lattice. The pseudo-complement —v = v —[] and the supplement ~v =
T \ v do not coincide on slice lattices, so they are not Boolean algebras. Take v = * =«

in [* = x|
U= k= k> k= ok = % = X,
~U = =k ok =ik = k= kL
The two disagree (x = % # * = x). Consequentially, the Boolean complementation laws

fail on either side: the Law of the Excluded Middle fails for pseudo-negation, and the
Principle of Contradiction fails for the supplement:

v ow = k= k x =%k = k=% £ k= %k
VI ~n = k=% [1 % =% = %=% # %= %

3.2.3 A Well-Foundedness of Slice Lattices

Proposition 3.8 (A Upward Well-Foundedness of Slice Lattices). For each of the four
families, the reversed strict precision ordering -1 on |-| is well-founded.

Proof. Each slice lattice is finite (Theorem 3.5). A finite poset with a top element admits
no infinite ascending chains. [

Combined with downwards well-foundedness (Proposition 3.2), this gives well-foundedness
in both directions within each slice.

3.3 () Typing Rules

The complete bidirectional typing rules are given in Figures 12 and 13, where types may

contain variables which must be within a type variable context A. That is, a type 7 is

well-formed under A, written A F 7 wf, if every free type variable in 7 is a member of A.
The rules are mostly standard, but I highlight notable features:
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A;T'Feq 7| e synthesises type 7 under type variable context A and typing assumptions I

O
M—ATroro A Tr=nas
rz:7€el
frvar AThRx T
- AFrmwl A;Tz:mbef n 1ot A;TEer . A;Te:mbest m
n ATHM N et =7 © A;THletz=ejines | 7
Aa;Thed T AFowf A;Thef T 71UVa.O=Va. 7
A I TApp

A;THAa ey Va. 1 A;TEelo) ) [aw o]
A;ThRerffr rU(=0)=n=mn ATFelmn

A
ﬂ PP A;Fl—el(BQ)ﬂTQ
ﬂ& A;Fl—el’ﬂTl A;Fl_egﬂTQ
A;Fl—(el, 62)ﬂ7’1><7’2
A;ThREefrr 7U(OxO) =7 X1 A;ThRefrr 7U(IxO) =7 x1n
m A;TEmeny fimz AT Emef m
A;TEeq T A;TEeq T
fro—x; freea—x
A;THppefr+0 A;THwef O+ 71
ANThefrr rU(0+0)=n4+m 7~
AT be g AT y:mobes 7
ficase

A;THcaseeofx. ey |y.ex 7] LITh
Figure 12: Synthesis rules.

A;T'Fell 7| e analyses against type 7 under A and I’

A;Treffr 7~7

e Tre 7
\ TU(d=0)=n=n ATlz:ntelmn
¢ A;THEA el T
A"lef 7'N7-1:>|:|
T =0=71=mn ATz:ntelmn
JAAnn
A;THX el T
A;TkReq 7 7TUO+0) =71+ m
ATye:nberlr ADy:mbe |7
lcase
A;TFcaseeofx.ep|y.ex || 7
TUO+0) =41 A;Trkeln tUO+0)=n4+7 A;Tkelmn
“ A;THyel T beo A;ThRwel 7

TUOxO)=mxn A Tkeln A;Tke |
A;Fl—(el, 62)UT
A;TFertnn A;D,z:mbey 7
A;THletz=ejiney | 7

&

Jlet

Figure 13: Analysis rules. |/Sub is the unique bridge from analysis to synthesis.
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o Join-based matching: Terms can synthesise [] which is not syntactically a func-
tion, but should be treated as such (it is consistent with the function type). We
can extract the argument and return types with a join: 7 ((J = [0) = 74 = 7.
Similarly for other compound types.’

« Case expressions can be type-checked in synthesis mode (ficase), require the
branch types 71 and 75 to be consistent, synthesising the join 7 LI 7.

e Dynamic sum types: Sum injections have synthesis rules which infer the absent
component of the sum with [J: ¢; e synthesises 7 4+ [J where e synthesises 7 (and
dually for ¢5). This allows sum types to be inferred across case branches by joining
types without annotations, like the behaviour shown in fig. 3 (section 1.1).

e Annotated vs. unannotated lambdas: Annotated lambdas, Az : 7. e, can syn-
thesise their type using the annotation on the argument, while A\z. e can only analyse
as there is no way to determine the type of the argument at the definition site.

o Unannotated Let bindings: Let bindings, let © = e; in ey, synthesise e; and use
this to type the body, without requiring annotation.

Core/Ctx/Base, 3.4 O ConteXt C]assiﬁcation

Core/Ctx/Precision,
Semantics/Statics/

“ree Context classification is a novel construction for bidirectional type systems. It is inspired
by one-hole contexts (zippers) of algebraic data types [17], decomposing a data structure
into a focused element and its surrounding context. I apply the same idea applies to
typing derivations: given a derivation of an expression e and focusing on a sub-term e’
in e, the classification decomposes it into the surrounding contezrt (carrying all typing
information outside the focused sub-term €’) and the focused sub-derivation (carrying all
typing information from inside the focused sub-term e’).

The classification also records the extra assumptions made available at the focus by
additional bound variables introduced in the captured context, and the mode of the focus
(whether or not the sub-term synthesises a type). Both of these are necessary to allow
type checking of the focus directly from the context classification derivation.

Remark 3.9. This construction replaces and generalises the notion of checking contexts
from the previous type slicing theory.

3.4.1 () Context Syntax
First, I define one-hole contexts on terms in Figure 14. The focus of the context is notated
(O and is restricted to a single position in an expression.

3.4.2 () Context Precision and Plugging Contexts

Then, for any context, you can substitute a term into the focus to produce a complete
term. This is notated by Cle], plugging e into context C.

Precision on contexts, C' L C, requires the two contexts to share the focus in the same
structural position, with componentwise precision on sub-terms and sub-contexts. Within

5 This is equivalent to the standard use of ‘matching functions’ in the gradual typing literature,
typically notated 7 » 71 = T5.
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One-hole expression contexts C

C:=0Q | e:1.C|Ax.C|C(e) | e(C)|C(r)
| (C,e)|(e,C) |t CliaC|mC|mC
| caseeofz.C|y. f|caseeofz. f|y.C
| Aa.C|letz=Cinel|letz=einC

Cle]| Plug expression e into the hole O
Ole] = e
(Ax:71.C)le] = Az : 7. Cle]
(Ci(e2))[e] = Cile](ea) (similarly for all other constructors)

Purely structural context: replace all sub-terms with [, preserving structure

DO = O D/\x:T. c = Ax L. Dc DC(e) = Dc(D) etc.

Figure 14: One-hole expression contexts. () marks the hole; Cle| plugs it.

— ('[¢]
Figure 15: Plug preserves precision (Lemma 3.10).

each slice lattice [C] (Section 3.2.2), the bottom is the purely structural context [¢: all
sub-terms omitted, preserving only the focus location (Figure 14).

Downwards well-foundedness holds within each |C| by the same argument as Propo-
sition 3.2.

Importantly, context plugging preserves precision:

Lemma 3.10 (() Plug Preserves Precision). If C' = C and € L e, then C'le] T Cle].
(Figure 15)

This allows slicing to independently slice the external type information from the con-
text and the internal type information of the focused term independently, while ensure
the whole program slice (plugging the two together) remains a valid slice of the original
program.

3.4.3 () The Classification Judgement

The context classification judgement is notated:
A;THCatd > TV [m]

reading as: “under type variable context A and assumptions I', context C in a derivation
of outer mode d has its focus typed under A’; I in focus mode m”.
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The outer derivation mode d records whether the whole expression C|e] is in a synthesis
derivation producing type 7 (d = 1} 7) or an analysis derivation against 7 (d = |} 7). The
focus mode m records what the focus e must satisfy: either m = 1 7/ (the focus must
synthesise type 7') or m = |} 7’ (the focus must analyse against 7'). Both the outer
derivation mode and focus mode carry a type, enabling the classification to track type
flow through the derivation.

Further, we record the focus assumptions I and the focus mode m as mentioned
previously. Finally, several rule require extra premises which systematically match with
the premises of the typing rule that each context classification rule represents.

Example. Consider the derivation of A; I' - ey(e2) f} 72 via {1App, where A; 't ey 1) T,
TtU({O=0)=n=>mn,and A; T ke | 7.

o Function position (e; is the focus, C = (O(ez2)): The corresponding classification
iss AT F Ofe) at 2 > A; T [t 7]. The focus must synthesise type 7 as
per the focus mode, with the extra premises being 7 LI/ ((] = [J) = 3 = 7 and
A;TFey || 7.

o Argument position (e, is the focus, C = e;(())): The corresponding classification
iss A;TFe(O)at o > A; T [} 71]. The focus analyses against 71 as per the
focus mode, with the extra premises being: A; 'Fe; frand 7 (= 0) =7 =
T2.

I give a few representative rules of context classification in Figure 16. The construction
of these rules is systematic, one for each typing rule and focus position. The only exception
being the identity contexts s(O) and a() (the base cases) saying that the focus mode must
match the outer derivation mode.

A;THCatd > AT [m] ‘ Context C at outer derivation mode d classifies its focus under

A’: T" in focus mode m

identity contexts (focus mode matches outer derivation mode):
sO a0

A;TEQatfrr o AT [ 7] A;THEQat o AT [ 7]

Synthesis mode: d = 1} 7 ‘ the overall expression Cle] synthesises:

A;TECatfrr > ATV [m] ru(@d=0)=n=>mn ATkelmn
A;THC(ex) at 2 > ATV [m]

SOq

AThRer 7 7U(d=0)=n=mn A;THCatln > AT [m]
A;TEe(C)at e > AT [m]

SO9

Subsumption: {} 7/ ~ | ’7" the unique bridge from synthesis to analysis derivation mode:

A;THCat 7 > AT [m]) 7~7
A;THCat 7> AT [m]

aSub

Figure 16: Selected context classification rules.
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Correctness of context classification is formalised via a totality theorem: every well-
typed expression can be decomposed into context and expression at some focus, with
a context classification matching a (consistent) typing derivation of the focused term.
Conversely, a soundness theorem states that a valid classification and expression satisfying
the focus typing mode can be composed into a well-typed plugged expression.

Theorem 3.11 (() Plug Decomposition — Totality). For any contezt C, expression
e, and outer derivation mode d:

o If A;T'FCle] fy 7, then there exist A', T", and m such that A; T'FC at 7 >
A’ T" [m] and e satisfies focus mode m under A'; TV,

o If A;T'FCle] Il 7, then there exist A', ", and m such that A; T HC at |} 7 >
A’ T [m] and e satisfies focus mode m under A'; TV,

Here “e satisfies focus mode m under A’; T " means: if m =1 7’ then A'; I" e {} 7/;
ifm=17" then A'; T'Fel 7.

Theorem 3.12 (() Plug Composition — Soundness). For any context C, expression
e, outer derivation mode d, and focus mode m: if A;'+Catd > A, T' [m] and
e satisfies focus mode m under A’; 1V, then Cle| satisfies outer derivation mode d
under A; T'.

3.5 () Metatheory: Graduality & Unicity Semantics/

Graduality

Finally, the static gradual guarantee (section 2.3), standard in gradual typing systems, is
an essential monotonicity theorem used to ensure efficient computability of type slices.

Theorem 3.13 () Static Gradual Guarantee — Synthesis). If IV C T', ¢/ C e, and
A; Tk e 7, then there exists T such that A; Ve 7/ and 7' C 7.

Theorem 3.14 () Static Gradual Guarantee — Analysis). If I" C T, ¢’ Ce, 7/ C 7,
and A; T'Fe || 7, then A; TV e || 7.

The same monotonicity extends to context classifications, where m’ = m lifts type
precision through the focus mode constructors: 17/ C {7 iff 77 C 7, and likewise for
l}. The focus modes itself (analysis or synthesis) is propagated unchanged through every
classification rule.

Theorem 3.15 () Static Gradual Guarantee — Context, Synthesis Position). If
IMETD,C"EC, and A; T FCat i1, o Ay; Ty [m], then there exist 7, T';, and
m’ with 7, 7, I Ty, m" Eom, and A; T Chat 7, > Ag; T [m].
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Figure 17: The static gradual guarantee — Synthesis (Theorem 3.13).

stavicgaaa- | Theorem 3.16 (O) Static Gradual Guarantee — Context, Analysis Position). If
el MET, CEC T, ETpyoand A; T Coat b, > Ap; Ty [m], then there ea-
ist Iy and m" with T, T Ty, m" CTm, and A; T"=Chat |7, > Ag; T [m/].

Theorem 3.17 (O) Synthesis Unicity). If A; Tk e {7 and A; T e {) 7o, then 1 = 7.

Corollary 3.18 (() Synthesis Precision). If IV C T, ¢/ Ce, A;TFef 7, and A; T'
e N7, then 7 C 7.

Mechanisation provenance. The Agda mechanisation of graduality on expression

typing (theorems 3.13 and 3.14) is loosely based on hazelgrove/hazelnut-polymorphism-
agda, but had to be re-proven from scratch to integrate with the Type Slicing core calcu-

lus.% The graduality theorems for context classification (theorems 3.15 and 3.16) are new

to this work, since context classification itself is novel.

5 Which is sufficiently similar to Hazel for this provenance to be useful.


https://github.com/hazelgrove/hazelnut-polymorphism-agda
https://github.com/hazelgrove/hazelnut-polymorphism-agda
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4 Synthesis Slices

Legend: () fully mechanised, () mechanised with postulates, /A not mechanised, © 1 impor-
tant theorem, = counterexample. Mechanisation: https://github.com/MaxCarroll0/
polymorphic-type-slicing-formalism.

The type information of a sub-term in a bidirectional type system is derived either from
within the term by synthesis, or from the surrounding context. This chapter defines
synthesis slices which concern how to explain an expression’s synthesised type, that is,
the type information internal to the expressions.

4.1 () Synthesis Slices

Consider a ‘program’ P = (T, e), that is, typing assumptions and an expression. When the
program synthesises a type (in some type variable context A)7, all of its type information
is contained within the synthesis derivation:

D : A;Tkeq T

Synthesis slices work in the following manner: Given the synthesis derivation D, we may
query the type 7 by taking a slice v in |[7]. A resulting synthesis slice is a ‘program
slice” p = (7,¢) in [I', e] which synthesises a type at least as precise as the query v; this
corresponds to a highlighted version of the original program.

Intuitively, v specifies the part of 7 we wish to explain; for example, querying v =
Int = [ for 7 = Int = Bool asks “which parts of the program account for the domain
being Int?”. Importantly, the resulting program slice might not include all the program
regions relevant to the query type, but will necessarily provide a consistent subset which
suffice to totally explain (independently synthesise) the query.

Definition 4.1 () Synthesis slice). A synthesis slice of D : A; ' e 7 onv € 7],
written SynSlice D 4 v, is a pair (v,5) € |I',e] such that A;~ F ¢ f} ¢ for some ¢ v
(with ¢ € |7] by graduality, theorem 3.13).

P ;) (F,@)
TTJ lﬁ
V- C___,

>
(by graduality)

Figure 18: Diagram of a synthesis slice; v C ¢ is the validity witness.

Many such synthesis slices exist. In particular, the original program (I, ) is necessarily
a synthesis slice; and for SynSlice D 4[], every slice of (', e) is a valid synthesis slice.

Slicing/Synthesis/
Synthesis

Type variable contexts are not sliced as the only information such slices would encode is whether a
"type variable was used, which can be extracted purely syntactically from the resulting slice. Typing
assumptions are different because we can partially require an assumption.


https://github.com/MaxCarroll0/polymorphic-type-slicing-formalism
https://github.com/MaxCarroll0/polymorphic-type-slicing-formalism

Slicing/
Counterexamples

— syn-—
preserves-join

Slicing/Synthesis/
Synthesis

Slicing/Synthesis/
Synthesis

minExists
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Exactness. Note that synthesis slices do not strictly demand v = ¢. I terms such slices
that do as exact synthesis slices. Exact slices are an intuitive way to define synthesis
slices, but we shall see that exactness is too strong a condition.

Definition 4.2 () Exact synthesis slice). EzactSynSlice D 4v is a synthesis slice (7,¢) :
SynSlice D 4 v whose synthesised type ¢ satisfies ¢ C v.

However, exact synthesis slices are too strong a constraint to use in general. They
need not exist:

Counterexample 4.3 (() Non-Existence of all Exact Synthesis Slices). Consider
Tk =k (2, 2)1(x = %) X (x = %), and query v = (x = ) x ([ = %).

Any strictly smaller slice of either x : x = % or (x,x) synthesises a type strictly
less precise that v. Yet the original program synthesises (x = %) X (x = *), strictly
more precise than v.

4.2 () Minimality

Synthesis slices give us some explanation of the query, but many are clearly useless, such
as the original program itself, which corresponds to fully highlighting the program. We
want to find minimal slices: those that further slicing any part of the program makes the
slice invalid (synthesising a type insufficient to cover the query).

Definition 4.4 (() Minimality). For an element a of a poset, a is minimal, IsMinimal (a),
when all ¢’ with @’ C a are in fact equal to a, have a’ = a.

Definition 4.5 () Minimal Synthesis Slices). A MinSynSlice D 4 v is a SynSlice D 4 v
minimal in SynSlice D 4 v under program-slice precision on |I', e].

4.3 () Existence of Minimal Slices

Crucially, any synthesis slice has a minimal slice below it (or is minimal):

Theorem 4.6 () Existence of minimal slices). For every s : SynSlice D € v, there
exists m : MinSynSlice D € v with m C s.

Proof. The slice lattice |I',e] is finite. Hence, {s' : SynSlice D 4 v | s C s} is finite,
which can be decided simply by enumerating all s’ : SynSlice D 4 v and deciding s’ C s.
If this set is empty, then s’ is minimal. 0

Consequentially, any derivation D has a minimal synthesis slice, as the original pro-
gram is a trivial inhabitant of SynSlice D 4 v for all v.

The proof above is not a practical algorithm. In reality, for any term, you can efficiently
compute the list of maximal slices that are strictly less precise than some given term (by
omitting exactly one leaf from the AST). Then pick the first maximal strict slice that
satisfies the query and recurse; if none of the slices satisfy the query, then you have found
a minimal slice. This is O(n x T') where n is the program size and T the type checking
complexity; type checking is linear in the program size for this calculus, so finding a
minimal slice is O(n?).
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Figure 19: An example Hasse diagram of program slices in |[pt]| overlayed with type
precision relations of their synthesised types (mostly induced by graduality). Classified
into a shaded region of valid synthesis slices, synthesising ¢; —J v.

Solid arrows show program precision . Dashed arrows show type precision . The
shaded region above the solid frontier and dotted boundary contains valid synthesis slices.
Ellipses mark minimal synthesis slices; the square marks an exact minimal slice.

See Figure 19 for an example lattice to explore, marking all minima (of which there
may be multiple, Counterexample 4.7).

Counterexample 4.7 (/A Non-Uniqueness of Minimal Slices). The program
if true then x else x has two incomparable minimal slices for v = x:
if (1 then * else [ ] and if [ ] then [] else .

Refining a query v to a smaller v/ C v descends further in the lattice, finding minima
which are less precise, but consistent with, the previous slice for v.

Theorem 4.8 () Monotonicity of minimal slices). Ifv; T vy in | 7| and my : MinSynSlice D«
vy, then there exists my : MinSynSlice D 4 vy with m; = my.

4-4 O Sub-slices Slicing/Synthesis/

FixedAssmsCalc

In practice, a user may not arrive at a query atomically. One might look at a synthesised
type, then refine the query to explore one component of it, then into a sub-component. For
this use case we get successive queries forming a descending chain v J v Jv” .-+, Due
to monotonicity, this chain can be associated with a chain of program slices p 1 p/ C - -.

Example. Refining v = * = % to v = * = [] on e = if true then z else y:
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assumptions assumptions
T . % = % T .k =%k
v'Cov

if true then z else [ —— if true then z else [

Branch hopping. This descending chain of program slices is useful because it intu-
itively aligns with the users thinking of refining an existing slice, and retrieving a refined
program consistent with the last query. Picking random minimal slices will not necessar-
ily form such a chain, giving rise to ‘branch hopping’ where highlighted regions switch
between branches when refining the query, which is undesirable from a UX perspective.
For example, refining v = % = x to v/ =[] = *:

assumptions assumptions

if true then x else y YE%if true then z else Y

Slicing/Synthesis/

4.5 () Decompositions

Decompositions

Instead of calculating slices by brute force (section 4.3), it would be ideal if we could
calculate minimal slices of a term from minimal subslices of its subterms. This section
proves that any minimal slice on a compound can indeed be created by composing minimal
slices on its subterm, suggesting that such approaches are indeed possible; these are further
explored in the optimisations of section 7.

Firstly, each compound typing rule must come with a slice combinator: an operation
that builds a synthesis slice from slices of the typing rule’s premises, joining their shared
assumptions. Then, we must be able to decompose a compound minimal slice into minimal
slices combined using the corresponding combinator.

I give the two of the cases: the product rule and the let binding rule. The remaining
cases are similar.

4.5.1 () Products

Given slices (y1,¢1) : SynSlice D, 4 vy and (72, <) : SynSlice Dy 4 vy for the two compo-
nents of a pair D = {jPair Dy D, (with synthesised types ¢1, ¢2), we form their product
slice (71,61) X (72,52) : SynSlice D 4 vy X vy by joining the two assumption slices and
pairing the term slices:

(y1,61) X (Y2,%2) = (1 L2, (61,2))

The pair synthesises (possibly more precise)® types ¢} x ¢4 ) ¢1 X ¢9 —J U1 X vo. For this
combinator, we get the following decomposition theorem:

mnproi- Theorem 4.8.1 (O) Case: Products). Let m . MinSynSlice {Pair Dy Dy € v X v5.
fecomest i Then there exist minimal my : MinSynSlice Dy € vy and mo : MinSynSlice Dy 4 vy with
m =mq X mMmsy.

8 Due to 7y LI 2 being larger than v, and v,
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() Converse Failure However, the converse is not true:

Counterexample 4.9 (() Paired minimal slices are not necessarily minimal). Con-
stder two minimal slices, both on query x = *:

assumptions assumptions
[x:*é*,y:*é*] Tk = %
if true then z else y and x

Note that left slice is minimal due to the assumption slice, omitting either x or y
would no longer synthesise x = . However, the pair combinator, which pairs the
expression slices and joins the assumption slices, produces:

assumptions

[x:*é*,y:*:*]

(if true then z else 'y, x)

Which is not minimal, the y outlined in red can be removed while still synthesising
(% = %) X (% = %) (the natural product of the queries of the components).

Hence, we cannot simply recurse through the typing derivation to calculate a slice on
v1 X vy from sub-slices of the components on v; and vy respectively. Section 7 solves this
issue.

4.5.2 () Let Bindings

A more subtle case is of let-bindings, which has difference assumptions for its two premises:

A;THFegtn A;x:mben
A;THletr=e ines |

MLet

A slice of a let-expression can be constructed from a slice (7y1,¢1) of the definition (syn-
thesising ¢;) and a slice (72, ¢2) of the body, constrained with an assumption consistency
condition: the body’s used assumptions for the bound variable x must be at most as
precise as the type synthesised by the slice of the definition:

Vo) =

Then, upon joining the assumptions for the two slices, we must remove the assumption
on x from the body (notated y,), as this is now provided by the definition:

(v1,1) def (12,52) = (71 L) (72)\ay leb 2 =61 in )

Theorem 4.8.2 (Case: Bindings).  Let m : MinSynSlice \\Let Dy Do 4 v. Then there
exists ¢1 € |11] and minimal slices my : MinSynSlice D, 4 ¢, (synthesising ¢)) and
mo = (7a,%2) : MinSynSlice Dy 4 v satisfying vo(z) C @), with m = my def my.



Slicing/Synthesis/
Synthesis

—lJsyn-closed

—lLIsyn-preserves-

join

_Usyn_

4 Synthesis Slices

4.6 () Contribution Slices

A natural way represent a ‘least’ slice that retains all information relevant to a query
type query, rather than just enough to consistently explain the type, would be to join all
minimal slices for the slices. These joins are necessarily unique and are ‘least’ in the sense

of being a least upper bound of actual minimal slices.

For this to make sense, closure of synthesis slices under joins is the crucial, joining
two synthesis slices explaining v should still explain v fully. This is a second instance
where exact synthesis slices are too strong, we do not get that joining two exact slices

synthesises exactly the joined query:

Counterexample 4.10 (() Joins do not preserve exactness). Consider D : (x :
x) F x  *. For the query v = [, consider two exact (but not minimal) slices:

x:UOFz0 and x : x = U0

However, their join synthesises x: x : x = x{)*, despite the join of the queries being

[1. This synthesis is not exact.

Even if we restrict this the exact slices to be minimal:

Counterexample 4.11 (() Joins do not preserve exactness, even under minimal-
ity). Consider D = x : x = x F (x,2) f} (x = %) X (x = *).
v = O x (O = %) and vy = (x = ) x [, we get minimal slices (z : O = *, ([, z))

and (x : x = ), (z,) respectively.

Joining these minimal slices gives the original derivation D, which synthesises (x =

%) X (x = %) I (x = ) x (0= %) = v; X vy.

However, the weaker validity condition for regular synthesis slices v C ¢, does allow

for join closure.

Theorem 4.12 (O) Closure of Synthesis Slices under Join). For (71,¢1)
SynSlice D 4 vy and (y2,<) : SynSlice D € vy, then (v1,61) L (72, 2) : SynSlice D <«
vy Ll v, with the joined slice taken pointwise: (1 L 7y2, ¢1 L G).

C U |
P1 PP s P2
) Jﬂ )
1/
P1 P ?2
|
Ll i L
C | |
v — v Uug 44— vy

Figure 20: Theorem 4.12.

Then for queries
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5 Analysis Slices

Legend: () fully mechanised, () mechanised with postulates, /A not mechanised, © 1 impor-
tant theorem, = counterexample. Mechanisation: https://github.com/MaxCarroll0/
polymorphic-type-slicing-formalism.

Analysis slices explain why a sub-terms is analysed against an expected type. The
principal difference from synthesis slices is the object being sliced: where a synthesis
slice sliced a derivation A; I' = e {) 7, an analysis slice slices a context classification
A;THCatd > A, TV [m] around the selected term. The expression slice ¢ is replaced
by a context slice k € |C]; everything else (minimality, existence, monotonicity) proceeds
analogously to Section 4.

5.1 () Analysis Slices Sicie/inaiysie/

Analysis

Analysis slices concern the classifications with focus mode m = |l7. A query v € [7]
specifies the part of 7 that we wish to explain.

Unlike synthesis slices, there are two possible outer derivations modes d. Analysis
slices are for sub-terms within a synthesising expression, but the alternative concept,
inner analysis slices, are for when the whole term is being analysed.

Definition 5.1 () Analysis slice). An analysis slice of Cls : A;T' = C at {7, >
AT [br] on v € |7], written AnaSlice Cls 4 v, is a pair (k,y) € |C,T'] such that
A;ykErat oy > A” T [|v] for some outer-type witness ¢ J v (with ¢ € |7,] by
graduality, theorem 3.15).

Definition 5.2 () Inner analysis slice). An inner analysis slice of Cls : A; I'=C at || 7, >
A T[] onw € | 7], written InnerAnaSlice Cls 4w, is a pair (k,7) € |C,T'] such that,
for some chosen outer-type Uouter € | 7] then A; vk at || vouer > A" TV [J v ].

5.2 O Minimality Slicing/Analysis/

Analysis

MinAnaSlice Cls €4 v defined analogously to Definition 4.4, minimising over the context
slice (k,7). Similarly for MinInnerAnaSlice Cls € v, except Uyyse,r is also minimised, i.e.
we additionally find a minimal outer type to the whole expressions check against, that
still checks the focus at our query v.

As before, minimal analysis slices need not be unique, but this non-determinism is
wholly inherited from synthesis.

5.3 () Existence of Minimal Slices e

Analysis

Theorem 5.3 () Existence of minimal analysis slices). For every s
AnaSlice Cls 4 v, there exists m : MinAnaSlice Cls 4 v with m T s; and anal-
ogously for InnerAnaSlice.

Proof. The slice lattice |C,T'] is finite, so {(x',7) C (k,7v) | (k',7')is a slice} is finite.
Enumerate it and descend; the chain terminates at a minimal element. [
Theorem 5.4 () Monotonicity of minimal analysis slices). If vy C vy in |7] and my :
MinAnaSlice Cls 4 vy, then there exists my : MinAnaSlice Cls €4 v; with my T meo;
analogously for InnerAnaSlice.


https://github.com/MaxCarroll0/polymorphic-type-slicing-formalism
https://github.com/MaxCarroll0/polymorphic-type-slicing-formalism

Semantics/Marking/

Semantics/Marking/
Judgment

6 Error Marking & Type Error Debugging 35

6 Error Marking & Type Error Debugging

Legend: () fully mechanised, () mechanised with postulates, /A not mechanised, I I impor-
tant theorem,  counterexample. Mechanisation: https://github.com/MaxCarrol10/
polymorphic-type-slicing-formalism.

This chapter associates the tools of this formalism with the error squiggles of fig. 2
(section 1.1). It demonstrates that we can not only use this calculus to “explain types”
in well-typed programs, but also effectively “explain type errors” in ill-typed programs.

This builds upon the theory of type error marking for bidirectional systems with holes
of Zhao et al. [37], which I briefly recap and extend to the type slicing core calculus
(section 3) in the next subsection.

6.1 () Error Marking

A marking algorithm is a pair of bidirectional judgements,
A:TFed e T and A;TFed el T,

reading “under A; T, the source expression e marks to the marked expression €, synthesis-
ing (resp. being analysed against) type 7”. The marked output ¢ has the same structure
as e but wraps each point of local type failure in a mark. The marks, representing high-
lighting an entire erroneous term e, are tabulated in table 1 alongside the corresponding
typing rule failures.

The core calculus studied gives rise to four classes of errors: type inconsistencies when
subsumption cannot be applied, shape errors when rules expect a sub-term to join (match)
a specific type shape, mode limitations where syntax which cannot synthesise its type is
expected to provide type information. And variable scoping errors, which do not pertain
to types, so cannot be debugged by type slicing.

Mark Class Failed Rule(s) . Error

(€] o type inconsistency Subsumption i e synthesises 7/ inconsistent with
i analysis type 7

(e)p shape Function Application : e is in a function position, but is not
: a function

QeD> n shape Case Expression | e is a case scrutinee, but is not a
: sum type

(€D« shape Product Projection e s projected as a product, but is
I not a product

(e)py shape Typfun Application | e is in a typfun positon, but is not a
' typfun

(Az.e)._. ~mode limitation Lambda Synthesis | Unannotated lambda in synthesis
| position

(Az.e)._. ~mode limitation Lambda Analysis . Unannotated  lambda  analysed
I against a non-function type

(k)1 scope Variables : Variable k£ has no binding in scope

Table 1: Error Mark Forms Classified

Importantly, marked terms can be type-checked by treating the marked terms as ‘non-
empty’ holes, synthesising [J (and recursively marking and type-checking the inner term).
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The validity of this method is formalised by two theorems: totality ensures marks
account for every possible typing error, and erasure ensures adding marks doesn’t change
the structure of the terms.

Theorem 6.1 () Totality of Marking). For every expression e and assumptions A;T.
There exists marked expression é and type T such that A; I'Fe 3 é { 7. And, for every
type 7', there exists € such that A; T Fed €& | 7.

Theorem 6.2 (O) Erasure of Marking). If A; ' - e 9 é 1 7 then erase(é) = e, and
likewise for analysis.

Mechanisation provenance. The Agda development is loosely based on the mechani-
sation accompanying Zhao et al. [37] — hazelgrove/error-localization-agda — but the
proofs are not direct ports. They were re-derived from scratch against the core calculus
of section 3, following the recipe proposed in the paper.

6.2 () Marked Context Classification

Context classification (section 3.4) gives a reading of where a one-hole context C' sits
in a derivation. This can be extended to marked context classification A;I'  C &
C at p > A’; T’ [m] threads a marked context C' alongside C' (with context marks defined
analogously to expressions), with one error rules per mark form in table 1.

For example, the type inconsistency mark can be inserted into context classification
with the following rule:

ATFC Cat 7 > AT [m] —(r ~7)

Sub -
T T O (C), at b7 o ALTY [m]

T/ obT

The marked context wraps the inner marked context C' in an inconsistency mark when
the analysed and synthesised types of the full plugged expression differ: 7/ 4 7. The full
rule set is collected in section A.

() A Worked Decomposition Take the expression:
let p: * X (¥ = %) = (%, true) in p.

The pair’s right component synthesises Bool but is analysed against * = * (from the
annotation), so marking should produce:

let p:x X (x = x) = (*, (truep,q 4, ) in P

Placing the focus on the marked term true gives:
C =letp:xx(x=x%) = (%, O)inp, e = true.

The classification builds C' from the inside out, first marking the focus with the type
inconsistency:

Step (rule) C so far

mso O
maSUbﬂ QODBooerJ*:%k
madzo ( *, qODBoolzf/*é* )

malet. .. let p:x X (x = %) = (%, (Ogoor s ) IN P

Semantics/Marking/

CtxMarking
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Plugging gives C[true]:

let p:* X (x = %) = (%, Qtrue[)BooM*?*) in p.

Marked context classification is validated with a pair of theorems mirroring the un-

marked plug totality and soundness theorems (theorems 3.11 and 3.12).

Theorem 6.3 (() Marked Plug Decomposition — Totality). For any context C, ex-
pression e, and outer derivation mode d:

o If A;T F C[el % €, 1 7, then there exist A/, T', C, ¢, and m such that
A;THECH Cat 7 > AT [m], e marks to é at focus mode m, and
¢, = Cle].

o If AT + C[el % €, || 7, then there exist A/, T', C, é, and m such that
A;THECH Cat 7 > AT [m], e marks to é at focus mode m, and
¢, = Cle].

Here “e marks to é at focus mode m” means: if m = 7" then N; I"F e e ) 7/
ifm=1\71" then N;T"Fes e | 7.

Theorem 6.4 (() Marked Plug Composition — Soundness). For any context C,
marked context C, outer derivation mode d, and focus mode m: if A;T F C %
Catd > AT [m] and e marks to ¢ at focus mode m, then Cle] marks to C[¢] at
outer derivation mode d.

6.3 The Debugging Recipe by Example

We may now relate the tools developed over the last 4 sections to explain type errors:

1. Place the focus (cursor) at some marked term. This splits the marked program

into a marked context C' and marked focus ¢, with C[¢] recovering the program; a
marked context classification at the focus is then derivable by totality (theorem 6.3).

. Synthesis slice the internal type information, the term at the focus, €, if the focus

mode m is in synthesis ({} 7).

. Analysis slice the external type information, the context classification itself, if the

focus mode m is in analysis ({} 7).

. Pick queries to explore the error. For type-inconsistency marks both the synthesis

and analysis slices exist (context classifications for both steps 2 and 3 exist), and you
can query only the inconsistent parts. For shape errors, query just the outermost
shape of the synthesised type; mode-limitation errors are analogous on the analysis
side.

I give some worked examples, with the following notation:

______________

o The synthesis slice of the focus is highlighted in blue.
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o The analysis slice of the surrounding context is highlighted in green. With purely
structural parts which don’t contribute to the type (i.e. bindings) in a lighter shade.”

6.3.1 Type inconsistency: (-, ,,

Consider the program

let p: %+ = * = (true, false) in p.

The RHS (true, false) synthesises Bool X Bool but is analysed against * = % — incon-

sistent head constructors. Marking inserts (- )p,q; xpoo1 pues» around the RHS:

let p : x = % = ((true, false)DBooleooloé*:»*:

in p.

Decomposition. The (context, focus) pair the marking factors into is
C =letp:x=x%x=()inp, e = (true, false),

with the focus at || (* = *). The two debugging queries run on the two sides of this split.

Synthesis side (blue, on the focus e). MinSynSlice at the minimal type-slice v
Bool x Bool that still witnesses v o6 (x = *):

e ~ (true, false) with v=0x 0.

Analysis side (green, on the context C). MinAnaSlice at the minimal ¢ C % = x
that still witnesses (% X *) o 9

C ~ letp: x = x =Oinp with v=0=0.

Full view.

synthesis query v = Bool xBool (= [ x [)

analysis query ¢ = * = * (= O=0)

let p: * = x = E(](true : false)DBoolXBool?&*ﬁ*i in p.

The slices pick out exactly what each side contributes to the failure.

The recipe approach does not arbitrarily blame either the synthesising term or the
analysing context for the error. A user who does want to trust the surrounding context
(typically, annotations) as is often done in conventional type error highlighting can simply
restrict the queries to include only the synthesis-side.

9 This idea of "purely’ structural parts is not formalised here, but is easy to implement in practice.
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6.3.2 Shape mismatches: (-|),_, (- |)>+, (Dps> - Dpy

The shape-mismatch marks ((-),_, (-),., (-)yy, (-),y) all share the same simple
recipe: the syntactic position of the focus requires a type kind, but the focus’s synthesised
type does not match this.

A representative example is e = true (*): the function position synthesises Bool,
which is a function, i.e. does not join with [J = [1:

synthesis query v = Bool
analysis query ¥ = —

(true) 1(x).

(-], (case * of ...), (-], (m1true), and (|, are analogous.

6.3.3 Unannotated Lambda against Non-Arrow: (-

~=

Unannotated lambdas Ay.e have no synthesis rule, type must be by the surrounding
context. Consequentially it has no synthesis type, so type inconsistencies are not marked
via subsumption, but instead by a mode limitation mark. In this situation all the relevant
type information is derived from the surrounding context, so we use analysis slices.
Consider the program:

let b: Bool = A\y.y in b.
The RHS A\y.y is a bare lambda analysed against Bool. Take the MinAnaSlice on the
enclosing context witnesses the context enforcing a non-function type (Bool):

synthesis query v = —

analysis query 1y = Bool
________ in b.

~=

6.3.4 Unbound variable: (k)1

The free-variable mark records a scope failure: there are no types involved.
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7 Optimising Type Slice Calculation

Legend: () fully mechanised, ) mechanised with postulates, /A not mechanised, " I impor-
tant theorem, = counterexample. Mechanisation: https://github.com/MaxCarroll0/
polymorphic-type-slicing-formalism.

The theory of Sections 4-5 establishes which slices exist, and provide a brute-force algo-
rithm. This section explores these structures further to improve the brute-force algorithm.

7.1 () Products of Synthesis Slices

The product counterexample of Section 4.5.1 is worth re-examining, which stated that
not all pairs of minimal slices can be paired into a minimal product slice. Consider the
following if statement:

D= (r:x= % y:*x= %), e = if true then z else y, T =% = %,

and ask for slices of D : A; ' = e {} 7 at the full query v = x = *. There are four
incomparable minimal full slices, displayed together as underlines:

assumptions
<
Tk =k Yok = %
& (®) (B) 15
if true then x else y
S a—
— D

The four labels encode four minimal slices of D at v:

(A) Both branches are retained; the assumption slice keeps x’s domain only and y’s
codomain only (joining to * = ).

(B) Symmetric to (A), taking the opposite choices for the assumption slice
(C) Else-branch omitted.

(D) Symmetric to (C): then-branch omitted.

Slices (A) and (B) are minimal because each variable is sliced differently across the
two uses, and none are program slices of each other. However, notice that (A) and (B)
are not subslices of the product with x, where only 2 minima exist:

assumptions

€T .k = % Yk = %
b
C)———=m W

o (if true then x else y , = )

(D)

Aliasing. When this expression is embedded in the product (if true then z else y, ),
the outer use of z joins onto the assumption slice. As slices (A) (B) (C) each also use z,
the assumptions are aliased, and in slices (A) (B) the assumptions now available in the if
statement are strictly greater, making the expression non-minimal.

Slicing/Synthesis/

FixedAssmsCalc
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Proposal. Use a stricter notion of synthesis slices that asks only “is the term irreducible
under the full assumptions I'?”. Slices (A) and (B) are ruled out, but (C) and (D) are
still valid. The next subsection makes this precise.

Slicing/Synthesis/ 7.2 O Term Slices

FixedAssmsSynthesis

To rule out slices like (A) and (B) of Section 7.1 we strengthen the notion of slice: rather
than allowing the assumption context to vary across |I'|, we fix it at the full I" and slice
the term alone. The resulting slice is a sliced term that, under the original assumptions,
still synthesises a type at least as precise as the query.

Definition 7.1 (() Term-minimal slice). A term-minimal slice of D : A; ' e} 7 on
v € | 7], written TermMin D 4 v, is a term slice ¢ € |e| such that A; I' F ¢ 1 ¢ for some
Y v (with ¢ € |7]| by graduality, theorem 3.13).

oo 7.3 () Term-Minimality

FixedAssmsSynthesis

Minimality lifts directly from the slice lattice on e alone:

Definition 7.2 (C) Minimal Term-Minimal Slices). A MinTermMin D<v isa TermMin D«
v minimal in TermMin D <« v under term-slice precision on |e].

The two notions of minimality do not coincide: term-minimality is strictly stronger.
Not all minimal slices are term-minimal under maximal assumptions.

—winemi- Counterexample 7.3 () Minimal # Term-Minimal). Slices (A) and (B) of Sec-
meedss - tion 7.1 are minimal synthesis slices but not term-minimal.

Slicing/Synthesis/

7.4 (1) Existence of Minimal Term-Minimal Slices

FixedAssmsSynthesis

As with synthesis slices, every term-minimal slice has a minimal slice below it:

tmin-exists

Theorem 7.4 () Existence of minimal term-minimal slices). For every s : TermMin D <
v, there exists m : MinTermMin D € v with m C s.

The rest of this chapter develops a structural calculus that characterises minimal term
slices via a judgement:

l'Feffr4v~ctYny,

read “the typing I' F e {} 7 at query v produces term slice ¢, synthesises v, and uses
assumptions vy”. The fourth output v is a minimal assumption slice to retrieve a minimal
slice corresponding to the term-minimal slice.

Slicing/Synthesis/

FixedAssmsCalc

Term-Minimal — Minimal Slice. A minimal slice is then obtained by pairing ¢ with
any minimal assumption context 7 still synthesising a type at least as imprecise as v.
This justifies the algorithmic strategy of the rest of the chapter: compute term-minimal
slices structurally, then promote them to full minimal slices.
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PP A;TFepes 2 €v~ gp(0) frecod(ypr) -y
fLan: A;Tyoem e 2 quz ~ b pa 4 y,mid1 Ay Tyai(dn Uwvr) Fsa fr 9
’ A; FFAm:Tl.GQ’ﬂTl = To 4 V] = VU2 w)\m:(qbl le).CQﬁ(¢1 UU”Z}Q[}& — ¥
ve # [ A Tixim Fea o qug ~ g P2 = y2, 01
ILet A;Ther i qur » gty 4y Ay Ty gy o)
A;Thletz=erinex 72 qv2 v let x = ¢ in g T4 =4 y1 Uy
| TLam Ao Theffrav~ct 4~

A;THAa.efVa. 7 «Va.v ~ Aa. s Va. ' -~

MTApp: see Section 7.5.3.‘

MCase: see Section 7.6.‘

Figure 21: Term-minimal slice calculus rules.
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7.5 () Calculating Term-Minimal Slices

As mentioned above, restricting to term-minimality allows products to be calculated by
pairing sub-slices at the corresponding sub-queries, i.e. for vy Xvs, slice the first component
at vy, similarly for the second. More generally, if a typing rule has sub-terms which
synthesise types, then recursively slice them. Otherwise, if a sub-term analyses against
a type, it can be omitted entirely as it does not provide type information (only checking
against existing type information).

The cases that deserve commentary are the binding constructs, function application,
and type application; the fjLam: and {jLet rules each carry a body re-typing premise
(rightmost) which re-derives the body’s typing under the binder slice v(z).

7.5.1 () Function Application

For example, for function application, omit the argument, and slice the function by [1 = v,
the argument type is not required to determine the return type:

A;ThFeln v#0 A TkFeftn=n<dd=v~wg Ty 47
A; T Fejen 7 €v ~ ¢p(0) cod(thr) -y

frApp

7.5.2 () Lambdas, Lets, and Type Abstractions

Rules which bind variables are more complex, as they abstract a variable used in the
minimised body. Slice them by first slicing the body, extracting the assumption it needed
for the bound variable from 7, then slice the definition / type annotation using this.
Notice that this is the opposite direction to typechecking.'® The corresponding rules are
fLam:, {Let, and {}TLam.

7.5.3 () Type Application

Type application works by matching the type function’s type against the query to collect
a list of constraints on the type variable, the join of which gives the sliced type argument
&. The type function is then sliced with a matched query U, where each a-position of
the query is replaced by a and non-a positions are carried through unchanged. Figure 22
illustrates the construction on a query whose two a-positions give differing constraints.

e Va. (a x oo x Bool), applied at o = *x = (Bool x Bool):
So e(o) 1 (* = (Bool x Bool)) x (x* = (Bool x Bool)) x Bool.

Query v = x =[] x [J= (Bool x 1) x [J
—— ~ ~ ”

o «

Matched query v = a x a x [

Constraints « =[] C « 0= (Bool x ) C «

Constraints Join 6 = % = (Bool x [J)

Figure 22: Type application.

106 g. let bindings type the definition first, then use the result to type the body.
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7.6 A Fixed Point Algorithm for Case Expressions

FixedAssmsSlicing

This is the complex case, minimal slices must have no redundant type information from
both branches, so the query must be split between the branches. However, simply splitting
the query disjointly between the branches is not enough to ensure minimality.

The Overlap Problem. Suppose a case expression case e of x.e; | y. ey synthesises
71 LI 7. Suppose we disjointly split a query v € |7 LI 75 into v € |7 and vy € |72].
Then slice the branches, but as minimal slices are not necessarily exact (theorem 4.3),
then they may synthesise strictly more prescise ¢; and 5. In this situation, branch 1
actually only needed to cover what 15 didn’t cover, which is stricly less than the v, it was
queried under, so it may not be minimal on this, and vice versa for branch 2.

v v
P | [ [ | V2 Y1 | | [ | 2
6verlap bverlap
U1 * s ' Tz o
(a) Disjoint split. (b) Residual queries.

Figure 23: Abstract View of Overlap and Residuals.

7.6.1 Branch Residuals

When exactly are two branch slices jointly minimal? Let v; and vy be the branch queries,
then when (see Figure 23b):

e v L v\ 1y Branch 1 is queried on not more than is actually provided by branch
2 or contained within v.

e vy L v\ 9. Branch 2 is queried on not more than is actually provided by branch
1 or contained within v.

e v L 1) LIy, The joined branch types actually cover the query.

It is still possible for ¥, and 15 to overlap, but any overlap is not contained in the queries,
so the branches are still minimal.

Iteration. However, these are mutually dependent slices, so they need iteration to solve.
Let v¢ be the query on the ith iteration, (c¢,?) be the resulting slice and similarly for
branch 2. Then iterate setting v{ = v \ ¥3, then setting vi = v \ ¢{. Starting at
(Y0, 49) = (T,00). We wish to show that 1); decreases monotonically and v, increases
monotonically.

As co-Heyting subtraction is anti-monotone in its second argument (theorem 2.1), then
as 1y increases,'! v; decreases and as 1); decreases, vy increases. At the start, 19 = [, so
1y increases on the first step, so v; decreases on the first step.

By monotonicity of minimum synthesis slices (theorem 4.8), we can find o; decreasing
and hence v decreasing. Hence, vy increases (by anti-monotonicity). However, an up-
wards monotonicity theorem, which would conclude the next step, that 1) monotonically

L All use of increase/decrease here is in the monotonic sense.
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v =0\ YY) ~ (o], 1)

1M
vy =0\ P~ (03,93)
e
v =0\ Py~ (0F,97) M
v == v\ Y]~ (03, 93)
s 71

Figure 24: Branch Fixed Point Iteration

increases, does not hold (theorem 7.5). But, when it does, v; would decrease inductively,
completing the loop.

Hence, when the chain 1y monotonically increases, then 1; monotonically decreases.
So, by Kleene’s finite fixed point theorem (theorem 2.2) this iteration leads to a fixed
point with v = v \ ¥y and vy = v \ ¥y, satisfying the first two constraints for jointly
minimal branches. The third condition v C )y LI 1y then follows from validity of the
branch slices (vy C )y):

vy L (v 1) (co-Heyting: a Z bl (a\ b))
=y Ll vy (definition of v)
C hp Lty (by v1 = #1).

Counterexample 7.5 () Upwards Non-Monotonicity of Term-Minimal Slices).
Fir T'= (2 : x x %) and D : A; T F if [J then z else (x,[]) f} * x *. The less
precise query v' = x x [ admits the following term-minimal slice:

assumptions

if [J then [ else (*,[])
The more precise query v = * X *, by contrast, has a unique term-minimal slice —
synthesising x X * forces use of z:

assumptions

if [] 'then z else []

The two are incomparable.

Therefore, this part of the algorithm is partial. In reality, this covers most cases, and
you can revert to the brute force algorithm otherwise. Devising a complete (non-brute
force) algorithm is left to future work. Another potential downside of this algorithm is
that it is biased, it prefers to select typing information from branch 1.
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7.6.2 Scrutinee Descent

The branches are now jointly minimal under the full context. But, case statements also
include bindings, whose type are sourced by another term. However, unlike with let
bindings, we can’t simply take the minimal assumptions of the branches, because those
may only provide enough to synthesise the residual queries v;, which may not cover the
original query v.?

As case scrutinee terms are typically small in real world code (e.g. if statements), we
can simply do a brute-force descent on the scrutinee. But, if the term is significantly larger
than the type, it makes sense to can perform a brute-force descent on the bound types
to find a minimal pair of assumptions to cover the query v: that is, x : ¢1;I' - oy F ]
and y : ¢o; I' F oy F o) with v T ¢} LI ¢); this can be done by descending upon the type
(hence why this is only useful when the type is smaller than the term). Then slice the
scrutinee according to ¢ + ¢o and use this as a smaller starding point to descend on.

() Optimisation: However, if v C vy Ll vy already, then you can do the same as the
let binding case: slice the scrutinee according to the (two) minimal assumptions required
for the branch bindings, and derive the minimal assumptions by joining the scrutinee and
branches minimal assumptions.

7.6.3 The Assumption Slice

At this point we have a term-minimal slice, but we still need a minimal assumption slice.
Again, this does not directly follow from the minimal assumptions for the branches indi-
vidually, due to aliasing of common assumptions. However, you can join these individual
minima alongside the minimal assumptions for the scrutinee (calculated by brute-force!
or over-approximated using the slice on ¢; + ¢,). This gives a set of valid assumptions to
synthesise v which will be near-minimum and work as a good starting point to brute-force
from.

7.7 /A Calculating Analysis Slices

Analysis slices are calculated directly from synthesis slices. The only rule the creates a
type checking judgement is function application. Consider the analysis slice of a function
argument on wvy; it is just the function application and a slice of the function under
L — v,.

The key difference is that analysis slices are constructed from the focus upwards. An
unannotated function is an inner (theorem 5.2) analysis slice; so it defers calculation of its
outer context by returning a minimal analysis type vyyuser to impose upon the unannotated
function which still imposes the original query, v, on the focus, i.e. Upyter = (1 — v. The
other analysis rules are similar. The only additional complexity is for binding constructs
which also must slice the bindings according to the assumptions required for the inner
analysis slice.

12 We only have that v T 1)1 Ll 5.
13 Ascending from ) being more efficient here.
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8 A Minimum-Size Slicing

Legend: () fully mechanised, () mechanised with postulates, /A not mechanised, " I impor-
tant theorem, = counterexample. Mechanisation: https://github.com/MaxCarroll0/
polymorphic-type-slicing-formalism.

We can calculate a minimal synthesis slice in polynomial time (section 4.3). However,
minimal slices are not unique, so a natural extension is to rank them by size and ask for a
minimal slice of minimum size. This chapter reduces the set cover optimisation problem to
calculating minimum size slice, meaning minimum-size slicing is NP-hard. I (informally)
prove this for term-minimal synthesis slices, and show that the argument extends to
general minimal synthesis slices; I expect, but do not show, that it extends further to
analysis slices, whose non-determinism is wholly inherited from synthesis (section 5.2).

8.1 /\ Definitions

Definition 8.1 (Size of an Expression Slice). For an expression slice ¢ € |e], the size [q|
counts non-[] syntactic positions:

|D|:0> |*|:17 |£L’|:1, |C(§1""7gk)|:1+2i|§i|'

Definition 8.2 (Minimum-Size TermMinimal Slice Problem (Min-TM-Slice)). Given a
derivation D : A; T' F e ) 7 and query v € |7, the minimum-size term-minimal slice
problem is to compute

minSize(D,v) £ min{ |o| : o € TermMin D < v }.

Definition 8.3 (Minimum Set Cover (Optimisation) Problem (Min-Set-Cover)). Given
a universe U = {1,...,n} and a family S = Sy,...,S,, C U, compute

K*(U,S) = min{|J|  JCA{L, - m} UjeJSj:U}'

The minimum set cover optimisation problem is NP-hard [19, §16.1, p. 414], hence
any polynomial reduction from it, is also NP-hard.

8.2 /A The reduction

Definition 8.4 (Reduction from Min-set-cover). Given an instance (U, Si,...,S,,) of
Min-Set-Cover, suppose wlog. |U| = n and Uj S; = U. Then construct D : A; T'Fefp 7
and query v = 7 as follows:

o Target type 7: 7 = * X (* X (---x (¥ X *))). Position i of 7 corresponds to

-~
n projections

element 7 of U.

« Encoding S; — T}: For each j, construct type slice family 7; € |7| by omitting
all projections i for i ¢ S;. Then | |, T; = 7 iff |J;S; = U, where | |; is the finite
join of family T;.

« Assumption context I': I' = (zy : T, ..., zy, : T),), so each z; synthesises T}
exactly under {}Var.
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e Let-chain leaves /;: For each j, define a chain of m — 1 let-bindings that thread
x; through fresh names:

A . . .
l; = letng =z;inlet ng =nyin --- let ny,_ 1 = ny_o in Ny

¢; synthesises T; by repeated application of {iLet, and has size 2m — 1. Any strict
sub-slice of ¢; breaks the chain and synthesises only [, so ¢; behaves as an all-or-
nothing unit.

o Case tree e: Construct any binary case tree with leaves /1, ..., ¢,,, scrutinees [,
and binders x.

By theorem 3.4 the leaves’ synthesised types are mutually consistent, so the case
rule applies at every node, giving A; I' - e () |_|j T; = A; T't= e {) 7. The tree has
size le] =m(2m — 1)+ (m — 1) =2m? — 1.

e Query: v=r.

This construction is trivially computable in polynomial time, O(n+m?+3_,|S;|) (quadratic
in m because of the per-leaf let chains).

Concretely, view each set S; as a variable x; whose type is a slice of the target carrying
* exactly where S; has an element. The chain ¢; at each leaf makes retaining x; in the
slice cost 2m — 1 (the full chain) and omitting it cost 0, for minimal slices.'* The per-leaf
cost 2m — 1 strictly dominates the (at most) (m — 1) variation in retained case nodes,
so the minimum-size slice agrees with the minimum set cover. Figure 25 draws this
correspondence on a 4-element universe.

ThUT3 =71
case

U (1 T = % X % X % X %
Sl T, =sx+x0OxO case\/ \case\
Sy {2,3} Ty = Ox*x%x[ 5 5
S3 Ty = O x O x %X %

Sy (1 4 Ty = % x [ x [ x kept J = {x1, x5}

min cover: {S1, S5} encoding S; — Tj

Figure 25: Set cover (left), the encoding (middle), and the induced case-tree slice (right),
with a minimal set cover selected.

8.3 A Correctness

Throughout this subsection, write J(o) = {j : ¢; is fully retained in ¢} for the set of
leaves whose entire let-chain is kept.

Lemma 8.5 (Validity is Set-Cover). A term-minimal slice o of D at v = 7 is valid iff
J(o) is a set cover of U.

Proof. A fully retained chain ¢; synthesises T}; any strict sub-slice of ¢; (or a fully gapped
leaf) synthesises []. Walking up the case tree, the case rule joins branch types pointwise,
so o synthesises | |, ;. Validity (2 7) holds iff every position of 7 is covered: iff
ch I(c) Si =U. O

14 Partially slicing any part of the chain is never minimal.
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Lemma 8.6 (Minimum Slice Size). For (I',e, 7) encoding Min-Set-Cover problem (U, S),
every minimum-size valid slice o has |J(o)| = K*(U,S). Hence K*(U,S) is recovered
from such a o by counting retained chains, in time O(|o|) = O(m?).

Proof. A minimum-size term-minimal slice o’ is associated with the set J(o’) by counting
the retained leaves. This requires a single loop over the case tree, whose size is quadratic
in m, so J(o') is computable in O(m?) time.

Any minimal slice ¢’ has size |.J(¢")|-(2m—1)+k where 0 < k < m counts the number of
case statements in the slice. Therefore, suppose ¢’ corresponds to a non-minimal solution
to set-cover, then by theorem 8.5, some ¢ has |J(o)| < |J(¢")|, hence:

lo| < |J(o)]-(2m —1)+m (bound on case-node count)
< () =1)-2m—1)+m (by [J(o)] < |J(a")])
=|J()]-2m—1)—m+1 (arithmetic)
<|o| (bound on case-node count).

Hence, o’ would not be a minimume-size slice; by contradiction, a minimum-sized ¢’ must
therefore correspond to a minimum set cover. [

Theorem 8.7 (Minimum-Size Term-Minimal-Slicing is NP-hard). Computing
minSize(D, v) is NP-hard.

Proof. Definition 8.4 is a polynomial-time reduction from Min-Set-Cover to Min-TM-Slice
with Lemma 8.6 recovering K*(U, S) from minSize(D, v) in polynomial time. Hence, NP-
hardness of Min-Set-Cover [19, §16.1, p. 414] transfers onto Min-TM-Slice. O

8.4 A Extension to Minimal Synthesis Slices

The reduction above can be embedded also into minimum synthesis slices in general, by
forcing the minimal assumptions slice to be full by producting the case tree with each of
the variables x; and querying each set in this product fully. This forces every variable to
be used fully in the assumption slice.

Definition 8.8 (Reduction to Min-Syn-Slice). Let (', ey, 7) be the term-minimal encod-
ing of Definition 8.4. Form the product expression and query

e = (eo, Ty, Ty ooy Tpy), v ETXTIXTyx X T,
under the same assumption context I' = (1 : Th, ..., 2y : Tpy).

Lemma 8.9 (Maximal Assumption Slice). For every valid slice p = (v,<) of A; T'Fe v
atv, vy=1T.

Proof. The (j+1)-th projection is z; and is queried at 7). This projection must synthesise
T; under « via {Var. Hence, we require vy(z;) =1;, so v =T O

Theorem 8.10 (Minimum-Size Syn-Slice is NP-hard). Computing min{|p| : p €
SynSlice D 4 v} is NP-hard.

Proof. By Lemma 8.9, |y| = |I'| is fixed by the input, and the outer-tuple variable positions
T1,...,T, contribute a further fixed m. Hence |p| = |T'|+m+|so|, where ¢ slices the case-
tree component ey, and minimising |p| reduces to the term-minimal problem on (eq, 7).
The construction is polynomial in n+m, and NP-hardness transfers from Theorem 8.7. [
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9 Relation to Other Forms of Slicing

Program slicing of various different forms, relating to dynamic execution, data dependen-
cies, and type errors, has been studied extensively. In this chapter I compare type slicing
with three other program slicing traditions: classical program slicing [35, 32|, Galois slic-
ing [23], and type error slicing [34, 15]. Type slicing differs from all three, but has some
similarities to Galois slicing.

9.1 Classical Program Slicing

Classical program slicing [35, 32] was developed for imperative programs. Slices are
syntactically obtained by deleting lines in the code, which is less flexible than omitting
arbitrary sub-terms in a syntax tree as used here. The equivalent of type queries is a
‘slicing criterion’, which is a (program-point, variable) pair, with the slice preserving the
runtime value of the chosen variable at the chosen point. Type queries have a more
complex, compound structure as compared to simple variables, and slices cannot preserve
the type query in general (theorem 4.3), so we adopt the notion of validity instead of
preservation.

Program slicing has static [35] and dynamic [18] variants, depending on whether the
slicing criterion is preserved over all inputs to the program or a particular execution. As
typing is deterministic (theorem 3.17), this distinction does not apply to type slicing.

9.2 Galois Slicing

Galois slicing [23] is a lattice-theoretic version of type slicign that has subsequently been
applied and related to a wide range of calculi and user interfaces [29, 22, 24, 3].

Type slicing is related in the use of lattices and precision. However, Galois slices define
a Galois connection, which unfortunately does not exist for type slicing.

9.2.1 Background: Galois connections and the adjoint functor theorem

For context, an order-theoretic Galois connection is defined as follows:

Definition 9.1 (Galois connection). Let (P,Cp) and (Q, Cq) be posets. A pair of mono-
tone maps f : P — @ and g : Q — P is a Galois connection, written f 4 g with f the
lower adjoint and ¢ the upper adjoint, when for every p € P and ¢ € )

fp) Coq <= pLpyglq).

Proposition 9.2 (Adjoint Functor Theorem for Complete Lattices [13, Prop. 7.34]). Let
P, Q be complete lattices. A monotone map g : QQ — P is the upper adjoint of a (necessarily
unique) Galois connection if and only if g preserves all meets. When g preserves meets,
the lower adjoint f is given pointwise by

fo)=[ HaeeQlgle) 2p}

9.2.2 Slicing

Perera et al. work in a functional setting in which a program e is evaluated under an
environment p to a value v, written p, e || v. For a fixed such terminating execution, they
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form the slice lattice |p,e| of partial programs below (p,e) and the slice lattice [v] of
partial values below v (Perera et al. refer to these as prefixes, Prefix(p, e) and Prefix(v)).
Type slices have the same shape as Perera’s slices: a partial program (here the slice p)
paired with a partial value (here the synthesised type 1), mediated by a derivation (here
the typing derivation).

Restricted to the slice lattice below the executed program, evaluation lifts to a function

eval,. : |p,e| = |v]

which is total, monotone, and crucially meet-preserving:

eval, (p1 1 p2) = eval,(p1) I eval, ¢ (ps).

By the adjoint functor theorem, eval,. is then the upper adjoint of a unique Galois
connection, with lower adjoint

uneval,. : [v] — |p,e], uneval, . (u) = |—|{p € |p,e| | eval,.(p) Ju}

This uneval, . is the ‘backward slice function’: it sends a partial-value query u to the meet
of all slices whose evaluation suffices to produce u, and that meet is itself in the set, so
uneval, .(u) is a least slice for w.

9.2.3 Failure of Meet-Preservation for Type Synthesis

The natural type-slicing analogue of eval,. is the synthesis function
(bD : LF,eJ — LTJ

which, given a slice p C (T, e), returns the unique synthesised type of p under D. The
function is well-defined by syn-unicity, monotone by syn-precision, and exists for any
derivation D.

However, the forward map ¢p is not meet-preserving in general. The case rule wit-
nesses this: consider a derivation

D:A;T'l (caseeof xy.e; | xg.e0) ) T

in which both branches independently synthesise the same non-gap type 7. The slice s;
keeping only the first branch and the slice sy keeping only the second each yield ¢p = T,
but their meet s;[1s5 omits both branches, giving ¢p(s;1s2) =T 7= ¢p(s1)Mdp(ss).

9.3 Type Error Slicing

Type error slicing, like type slicing, is a static analysis on a typing problem. Both share
the broad goal of attributing type-level information back to source positions, but differ in
language target, the underlying mathematical structure, and the scope.

Wand [34] and Haack and Wells [15] work in globally inferred Hindley-Milner: the
program is reduced to a system of equality constraints over type variables, and a type
error slice is computed as a minimal unsatisfiable subset of the constraint set, projected
back to the corresponding minimal subset of source positions.

These program slices are not structure preserving programs, they are flat sets of con-
straints and sources, rather than actual programs. This means the results themselves
cannot be type checker nor can they be executed.
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There is also a difference in scope. Type error slicing answers “why does this program
fail to type-check?”, whereas type slicing answers “why does this expression have this
type?”. Via marking (section 6) [37], which elaborates every well-formed expression into
a totally typed derivation, type slicing applies also to ill-typed programs, so “why this
type?” subsumes “why this fails to type-check?” as the special case of explaining the
type of a marked expression.
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10 Further Extensions & Applications

10.1 Further Extensions
10.1.1 Implicit Polymorphism

Globally inferred languages typically have much more confusing typing derivations and
type errors than locally inferred languages. Extending the calculus to implicit polymor-
phism in a bidirectional setting would expand the application significantly. In particular,
the ability to explain even well-typed code is particularly useful here as error marks are
often localised to the wrong location, resulting the real error being in well-typed code.
Adapting the constraint slicing systems of Wand [34] and Haack and Wells [15] to integrate
with type slicing is worth exploring.

10.1.2 Set Theoretic Types

Set theoretic types extend the type language with union, intersection, and negation. A
term can then carry several types simultaneously, allowing typing of overloaded functions,
and typecase constructs, commonly used in real world hybrid typed languages (e.g. Type-
Script, or Elixir [10]). These types could be added to extend the slice lattices of this paper
(section 3.2), and type slicing could be used to explain the sources of union types by omit-
ting appropriate branches (including typecase structures); similarly, irrelevant overloads
to functions would be omitted.

Figure 3 demonstrated a simple example of this by inferring sum types using dynamic
types, in much the same way as simple union types would be inferred over case statements.

Gradual set theoretic types have been explored by Castagna [11, 12], and more recently,
Angelo’s recent thesis [2] establishes graduality specifically for intersection types with a
proof of graduality.

10.1.3 Occurrence Typing

Occurrence typing [33] is another common technique in typing flexible or hybrid type
systems. Inside the true branch of if (typeof x === int) ... else ..., the type of
x is inferred as an int. These types are similarly difficult to reason about, especially
in large code, and, unlike the constraint-based type error slicing surveyed in section 9.3,
do genuinely require a syntactically well-formed program slice to reason about the affect
of data-flow on the types. Therefore, type slicing is a particularly good, and sufficiently
flexible, way to explain types in such a system. However, to my knowledge there is no
existing formal research of occurrence typing in a bidirectional setting.

10.2 Further Applications
10.2.1 Type-Modifying Refactorings

Refactoring a term such that its type changes would typically scatter type errors across
the refactored locations. Type slicing can be used to semi-automatically fix these type
eITors.

Many locations to refactor will have syntactically different surrounding contexts, but
may have the identical analysis contribution slices (extending contribution slice from
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section 4.6 to the analogous construct on minimal analysis slices).!> We could treat these
slices as templates which we define a refactor for, that performs edits to the elements in
the minimal slice itself, possibly moving, but not editing, entire folded terms.

These edits could be semi-automated by referring back to the user to fix each template,
or otherwise fully automatic by using dedicated solvers or LLMs. In particular, the slices
provide only the necessary context to an LLM, restricting edits to code regions actually
relevant to the type fixes. LLM edits on incomplete programs with holes is under active
research [6] in the Hazel language [20], which this core calculus (section 3) is very similar
to.

Figure 26 shows two syntactically distinct usages of a refactored helper term who
both collapse to the same minimal analysis slice. An edit on that template (e.g. replacing
Int with String) fixes both sites at once.

Changing these annotations will then lead to errors at other use sites not involved in
the initial refactor, and we can treat synthesis contribution slices as templates to change
in much the same way. By treating these edits as new refactorings, we would loop, fixing
errors at each step until none are left (or if making no progress).

Context A

let x : Int = helper(a) in

term has type String but was

expected to have type Int minimal analysis slice Identical analysis

slice (template)

1etD:Int=DNinD

minimal analysis slice %\L\WH
let [ : String = [ in O
Context B ) . ;
: Edited template
let y : Int = helper(£f(b)) in

print (y)

term has type String but was
expected to have type Int

Figure 26: Two distinct contexts with the same analysis slice, performing the same
(initial) fix.

10.2.2 Cast Slicing & Dynamics

A gradually-typed language elaborates source programs into a cast calculus and runs the
resulting casts dynamically. Type slices can be attached directly to those casts. Hence,
casts can then explain why they were inserted by pointing back to code; the source will be
a slice of the term being cast, and the target a slice of its context. Approximate minimal
slices can be tagged directly onto types allowing them to be decomposed at runtime,
allowing dynamic casts to point back to code. This is particularly useful for debugging
dynamic type errors, which do not typically point back to code, but do when carrying type
slices. However, the strong properties of slices being slices of the original program is not
maintained during dynamic execution. Tracking dynamic execution, perhaps integrating

15 Formally, we would compare their minimally scoped slices, in the sense of the minimally scoped checking
contexts in [9].
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ideas from Perera [23, 22|, would allow users to trace back casts to source code with
stronger guarantees. This application is detailed thoroughly in Carroll [8].
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11 Conclusions

This dissertation presents the type slicing theory for a bidirectional calculus with explicit
System F' polymorphism, bindings, products, and sums, mechanising a large majority of
the theory in Agda. A more rigorous account of typing assumptions involved in slices slices
was considered with extensive exploration of provably correct algorithms for calculating
type slices, including various optimisations.

The theory is formally integrated with the error-marking calculus of Zhao et al. [37],
formally connecting it to ill-typed programs, justifying its sound use in debugging all
static type errors of a program.

Type slicing was discussed to be substantially different from previous program slicing
techniques, of which there are several varieties, none of which being directly applicable to
the problem of explaining types in bidirectional type systems. Finally, further extensions
and applications were proposed, which would place type slicing as a promising tool for
use in practical gradually typed languages after extensions, both for explaining static and
dynamic types and for code refactoring.
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A () Context Classification: Full Rule Set Semsntics/seatica/

CtxTyping,
Semantics/Marking/

A;THCatd > ATV [m]| Context C at outer derivation mode d classifies its focus Crienne
under A’; IV in focus mode m

O A;TEQatf o AT [ 7] © A;TEQat o AT [ 7]

A;THCat 7 > AT [m] 7~7
A;THCat 7> AT [m]

AFnwf A;T,ximbECatf{mn > AT [m]

aSub

SA
A;THEAMm.Cat =1 > AT [m]
T~T =0 TUn=0=7mn=mn
\ AbFrwl A;TyzmbCatl > AT [m]
aAA:

A; T em.Cat b7 > AT [m]
tU0=0=n=>mn AT zntCat{n> AT [m]
A;THEXMz.Catl 7> AT [m]

a =

Figure 27: Unmarked context classification: holes, subsumption, and lambdas.

A;THCatfpr > ATV [m] rul=0=n=mn A;Tkeln
A;THCojeat o > AT [m]
A;TrhReffr tUl0=0O=n=>mn ATFHCatln > AT [m]
A;ThHeogCat > AT [m]
A;THCatfpr > AT [m] 7uvV-O=V- 7 Abowf
A;THC(oyrat 1 [0— o] > AT [m]
A;THECatfpr > ATV [m] 7U0xO=7 X7
A;TEmCatfm > ATV [m]
A;THECatfpr > AT [m] 7U0xO=7 X7
A;TEmCat e > ATV [m]
Ao;THECat 7> ATV [m]
A;THAa.Cat fVa.r > AT [m]

S01

S09

§<>1

ST

ST

sA

Figure 28: Unmarked context classification: application, type application, projections,
type abstraction.



A () Context Classification: Full Rule Set 61

A;THCat > AT [m] A;Thef
A;THC&eat x> ATV [m]
A;ThReffn A;THECatfhm > AT [m)
A;The&Cat x> AT [m]
TUOxO=mxm A;THECatln > AT [m] A;Tkeln
A;THC&eat || 7> AT [m]
tUOxO=nxmn ATreln A;THECatlm e AT [m]
A;Trhe&yCat || 7> AT [m]
A;THCat 7> AT [m]
A;THpCatffr+0 > AT [m]
[

S&1

5382

a&1

a&g

Sty

A;THECatfrr > AT [m
A;THwCatfO+7 > AT [m]
TtUO+0=m+47m A;THCatln > AT [m]

A;THpCat 7> AT [m]
TUO4+0=n+1n A THECatlm > AT [m]
A;THwCat > AT [m]

E1%)

aly

Qaly

Figure 29: Unmarked context classification: pairs and injections.

A;Thef T TUO+O=7n+7
A;TyembECatfrf o AT [m] ATyymbetrn 1~

scase;
A; T+ caseeofz.C|y.e at {7y > ATV [m]
A;TEHeq T rUO+0=7m4+m
ATy be 17 A;TyymbCat{ry > AT [m] 1~
scases
A; T+ caseeofz.e |y.Cat LUy > ATV [m]
A;TERe ToUO+0O=7m+m
A;TyembECat 7> AT [m]) Ay Tyymbe 7
acasey
A; Tk caseeofz.Cly.e at 7> ATV [m]
A;TFe 1o UO+0=14+7
A Tyembe L A;TyymbECatllr > AT [m]
acases

A; Tk casecofz.e/ |y.Cat | 7 > A, TV [m]

Figure 30: Unmarked context classification: case.
A;THCat 7 o AT [m] ATt e r
A;THdefCH eat 7 > ATV [m]
A;Theff 7 AT,z ECatf{r o ATV [m]

sde fy

sdefz A;THdefebysCat 7 > AT [m]

adefs A;THECat 7 > AT [m] Ay Tyor'bel T
A;THdefCHeat | 7> AT [m]

ade s A;Thef 7 AyT,er'bECatlr> AT [m]

A;THdefetsCat | 7> AT [m]

Figure 31: Unmarked context classification: let (def).
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A;THCS Catp > ATV [m]| Marked context C' 9+ C at outer position p clas-
sifies its focus under A’; I in focus mode m

msQ)

maQ)

ATEFO®Qatfr > AT [f7] A THEO® Qatllr > AT 7]

ATHC Cat i > AT [m] 7~7
A;THC Cat 7o AT [m]
A THECw Cat 7' v AT [m] —(r~71)
A;THC S (C)pyyat b > AT [m]

maSub

maSub{

AFmwf AT,ombFC Catfim s AT [m]

msA: ~
A;TEA.Co Aem.Cat i =1 > AT [m]
T~T1 =1 TUn=U=n=mn
AFnwf AT, zmbECe Catllmn > AT [m]
ma

A;THAzr.C e A Cat 7 > AT [m]

Figure 32: Marked context classification: holes, subsumption, annotated lambda.

rUd0=0=n=>n ADLznkFCsCatlmn > AT [m]
A;THM.C e Aa.Cat 7 > AT [m]

Vr,m.rlUO0=>0#n=>mn ATHFCwCatllo AT [m]

A THEM.Co (\2.C) . at b7 > AT [m]

A;THC Cat [0 AT [m]
A;TEMz.Co (W2 C) . at 10 > A TV [m]
ATHFCH Catfir s ATV [(m] rU0=>0O=n=mn A Tkexéln
A;THCored Cojéat i > ATV [m]
ATHCH Catfir o AT [m] Vr,mrUO=>0#Zn=>mn ATkewélD

maix=

mai= 1

msi=1

msoq

msoq

A;THCored (C)yo oréat 10 > AT [m]

A;Thereéefr rtUd=0O=n=n ATFC:Catln > AT [m]
A;TFeoaCéogCat i > AT [m]

A;Thexeéfr VrmrUuO=0#n=>mn ATFC®Catl> AT [m]

mMsoy

msoa

A;TFeoaC s (), 02 Cat 100 > AT [m]

Figure 33: Marked context classification: unannotated lambda and application.
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A;THC Catfir e AT [m] rUV-O=V-7  Abowf
A;THC(o) % Clo)yat 1[0 o] 7" > A T [m]
ATHC Catfir > AT [m] VrorUY-OZY- 7 Abowf
AT HC{o) & (C)yylo)at 10 > A T [m]
ATHFC Catfimg o AT [m] A;Thevéefn
ATHC& e C&réat i xm > AT [m]
A;ThFex et ATHCECatfin > AT [m]
A;ThHe& Cre&Cat i xm > AT [m]
rUOxO=nxmn ATHFC:Catlln > AT [m] A;Tkewéln
ATHC& e C&réatllr o AT [m]
rUOxO=nxmn ATkewéeln ATHCwCatln o AT [m]
A;The&y Crée&oCatllt o AT [m]

ms<>1q

ms<>11f

ms&q

ms&o

mad&q

mad&sy

Figure 34: Marked context classification: type application and pairs.

ATHCY Catfir > AT [m]
ATHuCw yCatfir+0 AT [m]
ATHCY Catfir > AT [m]
A;TECw pCattO+7 > AT [m]
rUO04+0=n+mn A TFCwCatlr o AT [m]
ATEC uyCat|r o AT [m]
rUO04+0=n+m A TFCwCatln > AT [m]
ATH©CrwCatlr > A I [m]
ATHC Catfir o AT [m] 7UOxO=71 xm
ATHFmMmCemCatn > AT [m]
ATHFCH Catfir > AT [m] 7U0xO=7 xm
ATHEmC B mCat{in > AT [m]
ATHFCH Catfir > AT [m] Vo, mrUOxO#n xm
ATHEmMC e (C),, at 10 > ATV [m]

msiy

msty

maty

maty

msmy

msme

msmi
> x

)
ATHC Catfir > AT [m] Vi, rUOxO# 7 X7
)

e A;TETC % o (C),, at 10 > AT [m)]

» X

Figure 35: Marked context classification: injections and projections.
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A;ThEes e T rUO+0=7m+7
ATyambECHCat i o AT [m] ATyymbed et o ~7h
mscase >
' A; Tk casecofz.C |y.¢ & caseéofx. C | y.¢ at 7] L7y > A TV [m]
A;F}—eQ—léﬂT V1, o. TUO+ O ZE 1+ 7
A THCH Cat i > ATV [m] AR (7
mscasey =
A; Tk caseeofr.C | y. €' 3 case (€], , ofz.C | y.¢" at 1 > A, TV [m]
A;Tres e T TUO+0=71+7
. ATy bECwCat iy o AT [m] A Tyymbed séd 4  —(r~1))
mscase ~
' A; T+ casecofr.C | y.e/ & caseéofz.C | y. ¢ at 1[0 > A, TV [m]
A;ThHexéef T o oTUlO+0=n+m
AsTembed e v AT ynkCewCatir s AT [m] 1 ~7)
mscase Z
’ A; Tk casecofz.¢ | y.C 9 caseéofz.é' | y.Cat 7] L7y > AT [m]
A;TFex e T VTl,TQ.TuD—f—D;‘ETl—i-Tg
A;TH e 11 A THECHCatfpry > AT [m]
mscases <
A; Tk caseeofr.e' | y.C 9 case (¢,  ofz.& [y.Cat 11 > ATV [m]
A;TFexeq T 5 rUO04+0=7m+7m
y AsTyembed e v AT ynbtCeCatirh > AT [m] (1] ~15)
mscase =
’ A; Tk casecofz.€¢ | y.C 9 caseéofz.é' | y.Cat 10 > A, TV [m]
Figure 36: Marked context classification: synthesis-mode case.
A;TEes e UO4+0=74+m
AsTyomECeCatllr o AT [m] Ay Tyymbed e
macase X
' A; Tk casecofz.C |y.¢ & caseéofx.C |y.¢' at |7 > A TV [m]
A;TEed e V7, . o WO+ HZ 1 + 7
A;Te:00FCew Catllr > AT [m] A T,y:OFe 8 |7
macase -
A; Tk caseeofr. C'|y.¢' - case (€, ofx.C |y.¢ at |7 > A TV [m]
A;THedéf 1o U+ U=7+7
A;Tiembe e lr ATyt Ce Cat > AT [m]
macase =
’ A; Tk casecofr.€¢ | y.C 3 caseéofz.é' |y.Cat |7 > ATV [m]
A;TFed e VTl,TQ.T()uVD—i-DiéTl—‘rTQ
ATk e |7 ATy Ce Catllr o AT [m]
macases

A; T+ casecofz.¢' | y.C % case (¢), , ofz.& |y.Cat |7 > AT [m]
ATHC Cat i > AT [m] AT,z Feseéqfr
A;THdefCFyed defC i éat 7 > ATV [m]
AThew e AT,or'FCwCatfr > AT [m]
A; T Fdefety C 9 defé by Cat 7 > ATV [m]

msde f1

msde fo

Figure 37: Marked context classification: analysis-mode case and let (synthesis).
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ATHC Catfir o AT [m] AT,zr'bFeté | r
A;THdefCFieddefCléat lr > ATV [m]
A;ThFeséefr A T,zr'-Cw Catllr o AT [m]
A;TFdefety C 9 deféty Catllr > ATV [m]
Aa;THC Catr > AT [m]
A;THAa.C 9 Aa.C at fVa.7 > A TV [m]

made f1

made fo

msA

Figure 38: Marked context classification: let (analysis) and type abstraction.
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