COMPUTER SCIENCE TRIPOS Part IT — 2014 — Paper 9

4 Denotational Semantics (MPF)

Let 7 be a PCF type.

(a) Consider the PCF terms

head : (nat - 71)—> 7
tail : (nat - 7) > nat > 7
repeat : (nat — 1) — nat — 7

given by the following definitions

head = fns: nat — 7.5(0)
tail = fns:nat — 7.fnn : nat. s(succn)
repeat = ﬁx( fonf:(nat - 7) — nat — 7.fns : nat — 7.fan : nat.

if (zeron) then (head s)
else if (zero(predn))then (head s)

else f (tails) (pred(predn)) >

Show that
[fns: nat — 7. tail(tail(repeat s)) | = [fns: nat — 7.repeat(tails) ]

in the domain (N, — [7]) = (N, — [7])). [6 marks]
Define a closed PCF term

shuffle : (nat — 7) — (nat — 7) — nat - 7
such that

[head] ([shuffle] s t) = [head s]

[tail] ([shuffle] s t) = [shuffle] ¢ ([tail] s)

for all s,t € (N — [7]). Briefly justify your answer. [5 marks]

(i) Define the notion of least pre-fixed point fiz(f) in a domain D of a
continuous function f in the function domain (D — D). [3 marks|

(i) Prove that
[repeat] C [fn s : nat — 7.shuffle s 5]

in the domain (N, — [7]) = (N, — [7])). [6 marks]



