2009 Paper 7 Question 8

Denotational Semantics

(a)

(b)

Let D be a poset and let f: D — D be a monotone function. Give the
definition of the least pre-fized point, fiz(f), of f. [3 marks]

Let D,E be domains and let p: D — FE and ¢q: F — D be continuous
functions.

(i) Prove that fiz(qop) T q(fiz(po q)). [4 marks]
(ii) Thereby also prove that p( fiz(q o p)) C fiz(po q). [4 marks]
Hence,

(%) fir(gop) = q(fix(poq)) and p(fix(gop)) = fir(poq) .

Let D, E be domains and let f : (D x E) — D be a continuous function. Define

f1: E = D to be the function f1 © Xe € E. fir(Ad € D. f(d, €)). Show that
fT is continuous. [5 marks]

Analogously, for a continuous function ¢ : (D x E) — E, let gt : D — E be
the function ¢* L \d € D.ﬁ:l:(/\e € E.g(d, e)). Then gt is continuous.

Let D,E be domains and let f: (D x E)— D and g: (D x E) — E be
continuous functions. Define h: (D x E) — (D x E) to be the continuous

function h & Md,e) € D x E.(f(d,e),g(d,e)).

(i) Prove that fiz(h) T ( fix(fT o g*), fix(g* o f1)). [2 marks]

[Hint: Recall (x) above and the pre-fixed point property of f7(e) and of
g*(d), for e = fiz(g* o f1) and d = fiz(f7 o g*) ]

(#) Let fix(h) = (x,y).
Prove that fiz(fT o g*) C x and fir(g* o fT) C y. [2 marks]

[Hint: Recall the pre-fixed point property of (z,y) = fiz(h) and the least
pre-fixed point property of fT(y) and of g*(z).]

Hence, fiz(h) = (ﬁx(fT o gt), fir(gt o fT) )



