WHERE WE'RE AT

Compositionality: [t] = [¢'] = [c[t]] = [c[¢']]. v
Soundness: forany type,t |, v = [t] = [v]. ‘/

Adequacy: for y = bool or nat, ift € PcF, and [t] = [v] thent UY V. ‘/
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Compositionality: [t] = [¢'] = [c[t]] = [c[¢']]. v
Soundness: forany type,t |, v = [t] = [v]. ‘/

Adequacy: for y = bool or nat, ift € PcF, and [t] = [v] thent UY V. ‘/

Now: back to contextual equivalence...
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CHARACTERIZING FORMAL APPROXIMATION

Contextual preorder is the one-sided version of contextual equivalence: T' 1 <, t’ : T
if for all C such that - =, C : y and for all values v,

clt] by v=clt'] I, v.
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CHARACTERIZING FORMAL APPROXIMATION

Contextual preorder is the one-sided version of contextual equivalence: T' 1 <, t’ : T
if for all C such that - =, C : y and for all values v,

s clt] by v=clt'] Iy v.
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MONOTONY OF FORMAL APPROXIMATION

Let 7 be a type, and assume #1,fy € PCF; are such that#; < i tp : 7. Then

QQ\(‘(//\T:\ bi’k‘/ﬂ' /;7

dqftlﬁdqrt‘z.
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LEMMA: APPLICATION CONTEXTS

To characterise contextual preorder between closed terms, applicative contexts are
enough.
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LEMMA: APPLICATION CONTEXTS

To characterise contextual preorder between closed terms, applicative contexts are

enough. @ _

Let #1, t5 be closed terms of type 7. Then #; <.t Iy : T if and only if, for every term
f:7 — bool,

f 11 Upoor true = f iy Ipoo1 true.
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CONTEXTUAL PREORDER AND FORMAL APPROXIMATION

Formal approximation corresponds to the contextual preorder.
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CONTEXTUAL PREORDER AND FORMAL APPROXIMATION

Formal approximation corresponds to the contextual preorder.

For all PcF types 7 and all closed terms y,t, € PCF;

t <cx tz: 7 [t] < 1.
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EXTENSIONALITY PROPERTIES OF CONTEXTUAL PREORDER

Fory = bool or nat, t; <. f3 : y holds if and only if

w.(t by v=11,)
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EXTENSIONALITY PROPERTIES OF CONTEXTUAL PREORDER

Fory = bool or nat, t; <. f3 : y holds if and only if

w.(t by v=11,)

At a function type 7 = 7/, 1) <.ix f2 : T = 7’ holds if and only if

Vt € Pcr,. (f1t <cx bt : T).
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FULL ABSTRACTION



FULL ABSTRACTION
FAILURE OF FULL ABSTRACTION



FULL ABSTRACTION

A denotational model is fully abstract if

h ZEx o 7= [tlﬂ = [[tZH € [7]
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A form of completeness of semantic equivalence wrt. program equivalence.
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FULL ABSTRACTION

A denotational model is fully abstract if

h ZEx o 7= [tlﬂ = [[tZH € [7]

A form of completeness of semantic equivalence wrt. program equivalence.

The domain model of PcF is not fully abstract.
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PARALLEL OR

The parallel or function por : B} x B} — B is defined as given by the following table:

por | true false L

true | true true ftrue
false | true false L

1 true 1 1

m



LEFT SEQUENTIAL OR

The (left) sequential or function or : B; x B — B is defined as

ef
or £ [funx:bool. funy:bool.if x then true else y]

It is given by the following table:

or |true false L

true | true true frue
false | true false L

1 1 1 1
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PARALLEL VS SEQUENTIAL OR

por |true false L
true | true true true
false | true false L

1 true 1 1

or |true false L
true | true true true
false | true false L

1 1 1 1
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PARALLEL VS SEQUENTIAL OR

por |true false L or |true false L
true | true true true true | true true true
false | true false L false | true false L

1 true 1 1 1 1 1 1

or is sequential, but por is not.
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UNDEFINABILITY OR PARALLEL OR

There is no closed PCF term
t:bool = bool — bool

satisfying
[[t]]=por:[BJ_—>[BJ_—>[BJ_ .

14



FAILURE OF FULL ABSTRACTION

The denotational model of PCF in domains and continuous functions is not fully abstract.
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The denotational model of PCF in domains and continuous functions is not fully abstract.

For well-chosen Ty pye and Tea1se,

Tirue Zctx Tfalse : (bool — bool — bool) — bool

[[Ttrue]] * [[Tfalse]] e(B->B—-B)—B
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FAILURE OF FULL ABSTRACTION

The denotational model of PCF in domains and continuous functions is not fully abstract.

For well-chosen Ty pye and Tea1se,

Tirue Zctx Tfalse : (bool — bool — bool) — bool

[[Ttrue]] * [[Tfalse]] e(B->B—-B)—B

ldea:

- forall f € PCFy401-sbool-sbool, €nsure Ty f fpoo1 .-
- but [Tp] (por) = [b].
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EXAMPLE OF FULL ABSTRACTION FAILURE

Tp © fun f:bool — (bool — bool).

if(f true Qpyo1) then
if (f Qpoor true) then
if (f false false) then Q1 else b
else Qpool
else Qpoo1
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