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PCF
TERMS AND TYPES



SYNTAX OF PCF

Types: 𝜏 ::= nat ∣ bool ∣ 𝜏 -> 𝜏

Terms: 𝑡 ::= 0 ∣ succ(𝑡) ∣ pred(𝑡) ∣
true ∣ false ∣ zero?(𝑡) ∣ if 𝑡 then 𝑡 else 𝑡
𝑥 ∣ fun 𝑥: 𝜏 . 𝑡 ∣ 𝑡 𝑡 ∣ fix(𝑡)
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TYPING FOR PCF (I)

Γ ⊢ 𝑡 : 𝜏 The term 𝑡 has type 𝜏 in context Γ

ZERO Γ ⊢ 0 : nat SUCC
Γ ⊢ 𝑡 : nat

Γ ⊢ succ(𝑡) : nat PRED
Γ ⊢ 𝑡 : nat

Γ ⊢ pred(𝑡) : nat

TRUE Γ ⊢ true : bool FALSE Γ ⊢ false : bool ISZ
Γ ⊢ 𝑡 : nat

Γ ⊢ zero?(𝑡) : bool

IF

Γ ⊢ 𝑏 : bool
Γ ⊢ 𝑡 : 𝜏 Γ ⊢ 𝑡′ : 𝜏

Γ ⊢ if 𝑏 then 𝑡 else 𝑡′ : 𝜏
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TYPING FOR PCF (II)

VAR
Γ(𝑥) = 𝜏
Γ ⊢ 𝑥 : 𝜏 FUN

Γ, 𝑥: 𝜎 ⊢ 𝑡 : 𝜏
Γ ⊢ fun 𝑥: 𝜎 . 𝑡 : 𝜎 -> 𝜏 APP

Γ ⊢ 𝑓 : 𝜎 -> 𝜏 Γ ⊢ 𝑢 : 𝜎
Γ ⊢ 𝑓 𝑢 : 𝜏

FIX
Γ ⊢ 𝑓 : 𝜏 -> 𝜏
Γ ⊢ fix(𝑓 ) : 𝜏

PCFΓ,𝜏 def= {𝑡 ∣ Γ ⊢ 𝑡 : 𝜏 } PCF𝜏 def= PCF⋅,𝜏
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PCF
OPERATIONAL SEMANTICS



PCF EVALUATION

Values: 𝑣 ::= 0 ∣ succ(𝑣)⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝑛

∣ true ∣ false ∣ fun 𝑥: 𝜏 . 𝑡

VAL
⊢ 𝑣 : 𝜏
𝑣 ⇓𝜏 𝑣 SUCC

𝑡 ⇓nat 𝑣
succ(𝑡) ⇓nat succ(𝑣)

PRED
𝑡 ⇓nat succ(𝑣)
pred(𝑡) ⇓nat 𝑣

ZEROZ
𝑡 ⇓nat 0

zero?(𝑡) ⇓bool true
… IFT

𝑏 ⇓bool true 𝑡1 ⇓𝜏 𝑣
if 𝑏 then 𝑡1 else 𝑡2 ⇓𝜏 𝑣 …

FUN
𝑡 ⇓𝜎->𝜏 fun 𝑥: 𝜎 . 𝑡′ 𝑡′[𝑢/𝑥] ⇓𝜏 𝑣

𝑡 𝑢 ⇓𝜏 𝑣 FIX
𝑡 (fix(𝑡)) ⇓𝜏 𝑣
fix(𝑡) ⇓𝜏 𝑣

Alternatively: small-step 𝑡 ⇝𝜏 𝑢, we have 𝑡 ⇓𝜏 𝑣 iff 𝑡 ⇝⋆𝜏 𝑢.
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EXAMPLES

plus def= fun 𝑥: nat. fix(fun(𝑝: nat -> nat)(𝑦: nat).
if zero?(𝑦) then 𝑥 else succ(𝑝 pred(𝑦)))

plus 3 1 ⇓nat 4

Ω𝜏
def= fix(fun 𝑥: 𝜏 . 𝑥)

Ω𝜏 ⇑𝜏 (diverges)

Try it out!
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TURING-COMPLETENESS

PCF is Turing-complete: for every partial recursive function 𝜙, there is a PCF term 𝜙 such
that for all 𝑛 ∈ ℕ, if 𝜙(𝑛) is defined then 𝜙 𝑛 ⇓nat 𝜙(𝑛).

(Later on: 𝜙 =
s
𝜙
{
).
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DETERMINISM

Evaluation in PCF is deterministic: if both 𝑡 ⇓𝜏 𝑣 and 𝑡 ⇓𝜏 𝑣 ′ hold, then 𝑣 = 𝑣 ′.

By (rule) induction on evaluation ⇓:
{(𝑡, 𝜏 , 𝑣) ∣ 𝑡 ⇓𝜏 𝑣 ∧ ∀𝑣 ′.(𝑡 ⇓𝜏 𝑣 ′ ⇒ 𝑣 = 𝑣 ′)}

Intuition: there is always exactly one rule which applies.
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PCF
CONTEXTUAL EQUIVALENCE



CONTEXTUAL EQUIVALENCE – INFORMAL

Two phrases of a programming language are contextually equivalent if any occurrences
of the first phrase in a complete program can be replaced by the second phrase without
affecting the observable results of executing the program.

The intuitive notion of program equivalence for programmers.
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EVALUATION CONTEXTS

C ::= − ∣ succ(C) ∣ pred(C) ∣ zero?(C) ∣
if C then 𝑡 else 𝑡 ∣ if 𝑡 then C else 𝑡 ∣ if 𝑡 then 𝑡 else C ∣
fun 𝑥: 𝜏 . C ∣ C 𝑡 ∣ 𝑡 C ∣ fix(C)

Typing extended to evaluation contexts: Γ ⊢Δ,𝜎 C : 𝜏 .

Γ ⊢Γ,𝜏 − : 𝜏
Γ ⊢Δ,𝜎 C : 𝜏1 -> 𝜏2 Γ ⊢ 𝑢 : 𝜏1

Γ ⊢Δ,𝜎 C 𝑢 : 𝜏2 …
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CONTEXTUAL EQUIVALENCE

Given a type 𝜏 , a typing context Γ and terms 𝑡 , 𝑡′ ∈ PCFΓ,𝜏 , contextual equivalence,
written Γ ⊢ 𝑡 ≅ctx 𝑡′ : 𝜏 is defined to hold if for all evaluation contexts C such that
⋅ ⊢Γ,𝜏 C : 𝛾 , where 𝛾 is nat or bool, and for all values 𝑣 ∈ PCF𝛾 ,

C[𝑡] ⇓𝛾 𝑣 ⇔ C[𝑡′] ⇓𝛾 𝑣 .

When Γ is the empty context, we simply write 𝑡 ≅ctx 𝑡′ : 𝜏 for ⋅ ⊢ 𝑡 ≅ctx 𝑡′ : 𝜏 .
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PCF
INTRODUCING DENOTATIONAL SEMANTICS



THE AIMS OF DENOTATIONAL SEMANTICS

• a mapping of PCF types 𝜏 to domains J𝜏 K;
• a mapping of closed, well-typed PCF terms ⋅ ⊢ 𝑡 : 𝜏 to elements J𝑡K ∈ J𝜏 K;
• denotation of open terms will be continuous functions.

Compositionality: J𝑡K = q𝑡′y ⇒ q
C[𝑡]y = q

C[𝑡′]y.
Soundness: for any type 𝜏 , 𝑡 ⇓𝜏 𝑣 ⇒ J𝑡K = J𝑣K.
Adequacy: for 𝛾 = bool or nat, if 𝑡 ∈ PCF𝛾 and J𝑡K = J𝑣K then 𝑡 ⇓𝛾 𝑣 .
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THE POWER OF DENOTATIONAL SEMANTICS

Proof principle: to show
𝑡1 ≅ctx 𝑡2 : 𝜏

it suffices to establish q𝑡1y = q𝑡2y ∈ J𝜏 K

Denotational equality is sound, but is it complete?
Does equality in the model imply contextual equivalence?

Full abstraction.
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DENOTATIONAL SEMANTICS FOR PCF
TYPES AND CONTEXTS



SEMANTICS OF TYPES

JnatK def= ℕ⊥ (flat domain)

JboolK def= 𝔹⊥ (flat domain)q𝜏 -> 𝜏 ′y def= J𝜏 K → q𝜏 ′y (function domain)
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SEMANTICS OF CONTEXTS

JΓK def= ∏𝑥∈dom(Γ)
qΓ(𝑥)y (Γ-environments)

• J⋅K = 𝟙 (one element set)
• J𝑥: 𝜏 K = ({𝑥} → J𝜏 K) ≅ J𝜏 K
•

q𝑥1: 𝜏1, … , 𝑥𝑛: 𝜏𝑛
y = q𝜏1y × ⋯ × q𝜏𝑛y
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DENOTATIONAL SEMANTICS OF PCF

To every typing judgement
Γ ⊢ 𝑡 : 𝜏

we associate a continuous function

JΓ ⊢ 𝑡 : 𝜏 K : JΓK → J𝜏 K
between domains. In other words,

J−K : PCFΓ,𝜏 → JΓK → J𝜏 K
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DENOTATION OF OPERATIONS ON 𝔹 AND ℕ

succ : ℕ → ℕ
𝑛 ↦ 𝑛 + 1

pred : ℕ → ℕ
0 ↦ undefined

𝑛 + 1 ↦ 𝑛
zero? : ℕ → 𝔹

0 ↦ true
𝑛 + 1 ↦ false

J0K (𝜌) def= 0 ∈ ℕ⊥JtrueK (𝜌) def= true ∈ 𝔹⊥JfalseK (𝜌) def= false ∈ 𝔹⊥

q
succ(𝑡)y (𝜌) def= succ⊥(J𝑡K (𝜌)) ∈ ℕ⊥q
pred(𝑡)y (𝜌) def= pred⊥(J𝑡K (𝜌)) ∈ ℕ⊥q
zero?(𝑡)y (𝜌) def= zero?⊥(J𝑡K (𝜌)) ∈ 𝔹⊥

q
if 𝑏 then 𝑡 else 𝑡′y def= if(J𝑏K (𝜌), J𝑡K (𝜌), q𝑡′y (𝜌)) ∈ J𝜏 K
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q
succ(𝑡)y = succ⊥ ∘ J𝑡K
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DENOTATION OF OPERATIONS ON 𝔹 AND ℕ
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if 𝑏 then 𝑡 else 𝑡′y def= if(J𝑏K (𝜌), J𝑡K (𝜌), q𝑡′y (𝜌)) ∈ J𝜏 Kq

if 𝑏 then 𝑡 else 𝑡′y = if ∘⟨J𝑏K , ⟨J𝑡K , q𝑡′y⟩⟩
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