
WHERE WE’RE AT

• We know how to construct fixed points using domains and continuous functions
(Kleene’s fixed point theorem).

• We know how to construct interesting domains and continuous functions.

• Missing: how to reason on fixed points?
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PCF EVALUATION

Values: 𝑣 ::= 0 ∣ succ(𝑣)⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝑛

∣ true ∣ false ∣ fun 𝑥: 𝜏 . 𝑡

VAL
⊢ 𝑣 : 𝜏
𝑣 ⇓𝜏 𝑣 SUCC

𝑡 ⇓nat 𝑣
succ(𝑡) ⇓nat succ(𝑣)

PRED
𝑡 ⇓nat succ(𝑣)
pred(𝑡) ⇓nat 𝑣

ZEROZ
𝑡 ⇓nat 0

zero?(𝑡) ⇓bool true
… IFT

𝑏 ⇓bool true 𝑡1 ⇓𝜏 𝑣
if 𝑏 then 𝑡1 else 𝑡2 ⇓𝜏 𝑣 …

FUN
𝑡 ⇓𝜎->𝜏 fun 𝑥: 𝜎 . 𝑡′ 𝑡′[𝑢/𝑥] ⇓𝜏 𝑣

𝑡 𝑢 ⇓𝜏 𝑣 FIX
𝑡 (fix(𝑡)) ⇓𝜏 𝑣
fix(𝑡) ⇓𝜏 𝑣

Alternatively: small-step 𝑡 ⇝𝜏 𝑢, we have 𝑡 ⇓𝜏 𝑣 iff 𝑡 ⇝⋆𝜏 𝑢.
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