Discrete Mathematics

Exercises 5

Marcelo Fiore Ohad Kammar Dima Szamozvancev

5. On sets

5.]. Basic exercises

1. Prove that C is a partial order, that is, it is:

a) reflexive: VsetsA.ACA

b) transitive: VsetsA,B,C.(ACBABCC)=—ACC

c) antisymmetric: VsetsA,B.(ACB ABCA) < A=B
2. Prove the following statements:

a) VsetsA. 0 CA

b) VsetsA. (Vx.x ¢A) < A=10
3. Find the union, and intersection of:

a) {1,2,3,4,5}and {—1,1,3,5,7}

b) {xeR|x>7}and{xeN|x>5}
4. Find the Cartesian product and disjoint unionof {1,2,3,4,5}and {—1,1,3,5,7 }.
5. LetI ={2,3,4,5}and foreachiel, letA, ={i,i+1,i—1,2-i}.

a) List the elements of all sets A; fori € I.

b) Let {A; |i €1} stand for {A;,A;5,A,,As }. Find [ J{A; |ieI}and (\{A;liel}.
6. Let U be a set. For all A,B € P(U), prove that:

a) A=B < (AUB=U A ANB=10)

b) Double complement elimination: (A°)*=A

c) The de Morgan laws: (AUB) =A“NB°and (ANB)* =A°UB¢

5.2. Core exercises
1. Prove that for all for all sets U and subsets A,B C U:

A)VX.ACX ABCX < (AUB)CX b)VY.YCAAYCB < Y C(ANB)

2. Either prove or disprove that, for all sets A and B,
a) ACB=>P(A) S P(B)
b) P(AUB) C P(A)UP(B)
c) P(A)UP(B) S P(AUB)
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d) P(AnB) S P(A)NnP(B)
e) P(A)NnP(B) C P(ANB)
3. Let U be a set. For all A, B € P(U) prove that the following statements are equivalent.

a) AUB=B b) ACB c) ANB=A d) B¢ CA°

4. ForsetsA,B,C,D, prove or disprove at least three of the following statements:
a) ACCABCD)=—AXBCCxD
b) (AUC)x(BUD)C (AxB)U(C x D)
c) AxC)uBxD)C(AuB)x(CuD)
d) Ax(BUC)S(AxB)U(AxC)
e) AxB)U(AxD)CAx(BUD)
5. For sets A,B, C, D, prove or disprove at least three of the following statements:
a) ACCABCD)=—AWBCCwWD
b) (AUB)WC C(AWC)U(BWC)
) AwC)U(BWC)C(AUB)WC
d) ANB)WC C(AWC)N(BWC)
e) AwC)N(BWC)CS(ANB)WC
6. Prove the following properties of the big unions and intersections of a family of sets 7 C P(A):

a) VUCA (VXeF.XCU) <= | JFcu

b) VLCA (VX €F.LCX) < LS(F

7. Let Abe a set.
a) Forafamily 7 C P(A), letid ={U CA|VS € F.S CU}. Prove that | JF = U.
b) Analogously, define the family £ € P(A) such that ﬂ F= U L. Also prove this statement.

5.3. Optional advanced exercises

1. Prove that for all families of sets F; and F,

UR)u((JR) =FEuvr)

State and prove the analogous property for intersections of non-empty families of sets.

2. For aset U, prove that (P(U),S,u,n,U,®,(-)%) is a Boolean algebra.


https://www.cl.cam.ac.uk/teaching/current/DiscMath/DiscMathProofsNumbersSetsNotes.pdf#page=299
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