Big unions

Example:

» Consider the family of sets

4 N\
the sum of the elements of
T = { TCI5]

\ T is less than or equal 2 )

= {0, {0}, {1}, {0,1}, {0,2} }

» The big union of the family T is the set [ J T given by the union of
the sets in T
nelJT &< dTeT.neT .

Hence, | JT ={0,1,2}.
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Big intersections

Example:
» Consider the family of sets

S = { S C [5] ‘ the sum of the elements of S is 6 }

— {{2>4}> {O>2>4}> {]>2>3}}

» The big intersection of the family 8 is the set ()8 given by the
iIntersection of the sets In S:
ne()s & vSed.neSs

Hence, (1S ={2}.
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Theorem 114 Let :]

F = {SQR‘(OeS)/\(VxeR.xeS = (X+1)€5)} :

Then, (i) N e Fand (ii) N C (F. Hence, (\F = N.

PROOF: a ReT

, ’gbec(ws,c o &J
amd N s cdped PdF

(pa AN S—MCC,M"?{S.
T
(L1=> M3 petune x £ NF

ot frre £e8 VS eF
Id swet Nes. xeN |
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SaTxA= § L1,a5] a eAf v
{2048 §(2, b | b €8} 7 7 1xA) N (124:B)

D1isjoint/ unions 55

Definition 116 The disjoint unioh A W B of two sets A and B is the

set \

AWB = ({1} xA)U ({2} xB) .

Thus,
Vx.x € (AWB) < (Ja€A.x=(1,a)) V (FIbeB.x=(2,b)).



Proposition 118 For all finite sets A and B,
ANB=0) = #(AUB) = #A+#B .

PROOF IDEA: /#M /#1- n-
A-_.Sﬂq,--,am], (B":ilgl(" :[9"‘%

%ﬂ)%zg ayq--- an. [91 --- Ln,'fl \

Corollary 119 For all finite sets A and B, = @) ‘ :H{B )

4 (AWB) = #A+ #B .
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b))
: / g

/f Relations

Definition 121 A (binary) relation R from a set A to a set B

R:A—+—B or ReRelA,B) ,
IS

RCAxB or RePA xB)

Notation 122 One typically writes aRb for (a,b) € R.
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Informal examples:

Pl v
» Computation.
» Typing. Pl
T
» Program equivalence.

» Networks. Ij' > ?' -

> Databases‘;\ gj PM MDBS‘-
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Examples:

» Empty relation.

D:A—+B (a0 b & false)
» Full relation.

(AxB):A—+—B (a (A X B)b & true)
» l|dentity (or equality) relation.

idy ={(a,a)]a€eA}:A—+A (aidy a’/ & a=a’)
» Integer square root.

R={(mn)|m=n*}:N-+2Z (MRn & m=n?

CX  HRZ
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Internal diagrams

Example:
R = { (O>O)>(O>_1)>(O>1)>(1>2)>(1>”>(2>]) }N—'%Z
S = { (1>O)>(1>2)>( >”)(2>3) } L= 1

N/\/R‘/—" L — £




Relational extensionality
R=§:A—+—B

|ff
Vae A.VYbeB. aRb & aSb
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Relational composition

?4 ——@HB s PCAhRe QG@W%)

S
B —+> C

Sok
A —+>C

(Soﬂ> C é==>d%/ (3' LeB e Kb a b8 C)
N

C

-

@
1A
A
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Theorem 124 Relational composition is associative and has the
identity relation as neutral element.

» Associativity.
ForallR:A—+—B,S:B—+—C,andT:C—+—D,

(ToS)oR o (S oR)

» Neutral element. ?
ForallR: A —+ B, ToS o R

ROidA — R = idBOR
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a (CFOS)Q K) ol

@32%.aﬁbAb@ﬁ\i
&= Fb oalb o Je. blcna cTdA

(= Fb.3c. alba bSc A A

o (ToGa) 4
& g—c. &(So ﬂ)c A CT”(.,
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Relations and matrices

Definition 125

1. For positive integers m andn, an (m x n)-matrix M over a
semiring (S,0,®,1,®) is given by entries M,; € S for all
0<i<mandl <j<n.

n)- walnes,
(M4K)ig = Maj @ Nig e
M (e )
<N®M)|§, :@ Q/IL‘,)ZQMRJ) ”%Me)

L R-
Theorem 126 Matrix multiplication is associative and has the

identity matrix as neutral element.
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