Quanfum Complexity Theory

Lecture ¢: BQP and QMA

Tom Gur

a5 UNIVERSITY OF




Quantum algorithims

" S @)@y @ (- J (10} 1 et |1y)
' ‘ - h g - . T oy ’
10}, H — A = [ P A am o
A H iy 5 ||V} + sl )

- \ -—
07 H QFT Eaall L p {10 4 eteivnanl 1)

. i

|0>q H I | /7( et _1-"4:. * { ‘/{:;/: “'}:‘ 1‘ ““} | 'T‘inl)..'.'fu.\ |-

U i [_a. N ‘) Tp) . -- l—{}-.{f:— L (|0} 4 e2rillsal |13
10} A
’ l P

|[’:‘) /—v{ ’: . I |U: - H | ) 1 H | . _'i e —',.?(\._
- |U"’. L tae - (‘Iw‘ «oe 2 |Ul..: (".II jn L. .

0, —HH__HEH —H—

\
I J

’
P N

i

0),, .

Repeat = 3\/’N Limes

1) lnitialize tput qubits + aucillas

2) Apply unitary gates

Why circuits and wot

3) Perform a measuremant | |
Turtng machines?



Quantum algorithims
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3 examples where quantum algorithms excel:
| Finding sub-group structure (Shor's factoring)
[l Rapid mixing of Markov chains (Grover's search)

Il Computing Fourier Transforms (QFT) 3



Example: quantum algorithm for parity

Goal: Given [ {0,1} — {0,1}, compute f(0) D f(1)

where f (s represented by U mapping |x) — (— 1)/ x)
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After Hadamard: %m) +L2| 1 =]+)

— 1) —_ 1V — 1)
After query: =D |O>+( D 1) _ D

V2 V2 V2
[£ £(0) = f(1) ,we get | + ), and after Hadamard |0)  Nothing but
[£ £(0) # f(1) ,we get | =), and after Hadamard | 1) Fourier analysis! o
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Quote of the day

[ think | can safely say that wobody understands quantum mechanics

— Richard Feynman

[£ you think quantum mechanics (s weird,
you should try quantum complexity theory

— Scott Aaronson s



Quantum complexity classes

BQP = “quantum P”

QMA = “quantum NP”




BQP

The sef of all problems solvable by a
poly-time uniform quantum circutts
(C“)MEN 075 Po(ywotw'a( Sl.Z-Q, W.p. = 2/3

(..,  Vxe{0,1}" PrC,x)=1,(x)] > 2/3)

T(n)-uniformity: C, can be generated in T(n) fime
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BQP Sounduness amplification

Claim 1 (Chernoff bound). Let A,, ..., A; be independent identically distributed random
variables taking values in {0,1}. Then,

Pr {

Let Ay, ..., A, be the outputs of tnvocations of a quantum circutt C(x).

s —1E[A,-]| > §

< 26—&5‘2/'2

1 S
Lef A = _ZAi be the average output,
150
The amplified guantum algorithm C' rules by mayjority.
Oun a T-wstance, E[A] > 2/3, and the Chernoff bound gives

Pr[|A — 2/3 > 1/6] < 2e~"WO72 = exp(—1)

The analysis for O-tnstances s symmetric.



Factoring

Given nEN output primes pq,** 0, s.t.

=Py 182 Pn

Dectsion problem Factor(n, k) = 1

FF v has a prime factor = k

Shor s algorithm Factor € BQP

We know  Factor € NP N coNP.



/J
Grover s search

Given a string x € {0,1}", output i € [n] such that x =1

01]0/0]0]0]0]0]0|0O]|T]0O0]0]0]0

Classical complexity? Q(n) Quantum complexity Q(/n)

Quantum Fourter Transform

Given (fy, for oo f) € CV  output the DET  (f1. forovs )

Classical complexity? O(NlogN) Quantum complexity O(log N)
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What the quantum Fourier transforim outputs

A m-qubit register has N = 27 amplitudes.
N—-1 N-1 A
D Ly — D filk)
=0 k=0
) %15
fk S e €2mjk/Nf-, |f| — 1
\/N 5 J 1 J
Exact QFT: O(m?) gates

Measurement samples a Fourter index. [t does not (ist all coeffictents.

Applications extract structure, such as a period or an <eigenphase.

11



QMA (Quam‘uw\ NP)

Def L€ QMA (f 3 BQP algorithm  s.t.
Vie L 3ly) st PrV(x)|yp) = 1] > 2/3

Vxg&L V) PriV(|x) ly)) =11 < 1/3

The witness contatns polynomially many qubits tn the nput length

For NP we had 3SAT as a complete problem

D=0 VXVX)AXVx; Vi) A(xgVox,Vxs)
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QMA-complete problem

Def A k-local Hamiltontan s H=H+--+H,,
where Vi H; 15 Hermitian acting on k qubits.

The energy H assign to |y s (w|H|y) .

The ground state minimise the energy E, = min{y|H|y).

lw)

Goal s E. < aorE.=bL7?

Physical tnterpretation

Sclf\réo([mgo.rls 29uation | (9)) = e | yw(0))
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Local Hamiltontan: the Promise

Polynomially many local terms act on n qubits.

1
H = E H H <I, b—a>

~ poly(n)
J=1

YES Qutside promise

E,<a a<Ey<b
O —
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Example of a QMA protfocol

Group membership (GM) problem: Group G, subgroup

H < G generated by {g(,...,g.}. Is h€ H?

NP proof: g, - & ... g =h Can n be exponential?
Group non-membership (GNM) problem: Group G, subgroup
H < G generated by {g(,...,g.}. Is h& H?

Not knowmn to be tn NP

What about QMA?
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Example of a QMA protfocol

Group non-membership (GNM) problem: Group G, subgroup

H < G generated by {g(,...,g.}. Is h& H?

QMA proof: |7) = Z &)

geH

Verifier: w.p. 1/2 umiformity test, w.p. 1/2 membership test
/ l

1. Sample b € H [+ L A

2. |+2 T H
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