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Classical Cook-Levin Theorem

Theorem. SAT s NP-Complete.

For any x € L, NP language L, we can encode it nto a

Boolean formula ¢ such that
x € L < ¢ s satisfiable

"Efficient verification < checking satisfying assignment

Proof Sketch, Consider a deterministic TM M Fhat runs tn T(n).
Encode computation as a tableau.

Check:

 lwitialization

+ Correct propagation (local)
* Correct oufput



Key 1deas tn Cook-Levin

» Each local clause checks a small neighborhood of the tableau
» Global correctness = all local checks are satisfied

Quanfum Analog:
» Boolean variables = qubits
+ Clauses — local Hamiltonian terms
» Satisfrability — ground-state energy = O

. I'i4 V74
e Nature ts local



Local Hamiltonians

+ Hamiltontans: energy operator that describes interactions of
quantum systems
+ Local Hamiltontans: each term only acts on constant number

of qubits

Physics: “What is the ground state of a local Hamiltonian?"
Computer Science: Can we efficiently verify such a state?”

» Embed k-SAT tuto local Hamiltonians

O 0 O O
C=(x1\/—'x2) L 01 0 O
- S - 100 00
O1) s an uusatisfying assignment
|01) fying assig 0000



Examples

* ¢ — Cl /\Cz/\C3, Cl — (xl V.X2), C2 — (_'XZVX3),C3 — (.X3 V.X4)
H= [{C1 ®I3,4+Il ®HC2®I4+II,2®HC3

(x|H|x) =0 < ¢px)=1

(x| H|x) counts the number of unsatisfied clauses

» MAX CUT: partition edges of an undirected graph
G = (V,E) tuto two disjoint sets E;, E, such that the
maximum number of edges possible crosses befween E,

and E, .



k-Local Hamiltonian Problem

H = ZHia supp(H;) < k
=1

Promise: efficiently computable a(n), f(n) € R satisfying
a(n) — p(n) 2 1/p(n)
Output:
» [f A (H) <an) or 4. (H) > p(n), accept
+ Accept/reyect arbitrarily otherwise
Note:

+ H does vot need to be diagonal, no geometric restrictions
> lnverse Po(ywoml'a{ gap L5 meorfamf

. Number of samples needed to tell apart the states ~ X



Quantum Cook-Levin Theorem

k-local Hamiltontan problems are QMA-complete.

Proof Sketch of k-CLH 15 tn QMA

Tr(H|y)(w|) = (w|H|y) = ) (w|H|w)

Verifier (given T copies of |w)):
+ Repeat T times:
» Randomly pick a term H, measure it on |y), record its value

+ Average the recorded scores



Main Obstacles

» Locally check quantum states

* product states

[P)=1d1) ® - ® |d,),
[d) =1d) ® - ® [ )
* entangled states

Cat.) = |0”>+\1”>,‘Caf_>: [0") = | 17)

V2 V2

Tye01 | Caty)(Caty |——|0” WO T T+~ Il” D1 = Tty | Cat_){Cat_|




Proof Sketch of Quantum Cook-Levin.

+ L€ OMA : 3{V } such that f x € L,
accepts | x) @ |yw) w.p. af least 2/3..

» Circutt V, can be broken down tnuto unitaries Uy, Uy, -+, Uy

3| yw) such that V,

es?

Natural atfempt..
do) = | x) ® |w)
¢1) = U (]x) ® |y))

| dr) = Ur--- U (| x) @ [w))

use local checks to vertfy |, 1) = U, (| d,).. hopeless even
for U =1
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Culprit & Solution: Entanglement

1 = ——(1) @ |0) + 1) ® | 1))

V2

[£ the fwo states are equal, then |n) = |y) @ | + )
|7) ts the ground state of H=1Q® | = Y — | ff |yw) = |yv')

Check |y =U|w)?
Cousider controlled unitary W:i=I® |0MO|+ U '@ |1){1]

1
Win)y=—Upy)®10)+ U y) ® | 1))
n) 73 W) ) W) )
n) s the ground state of H=WTIIQ | = Y = |)W £F
y') = Uly)
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Proof Sketch Countd.

+ Design Feymann-Kitaev Hamiltonians such that its ground state s
T

1
| Q) = [7) ® | €2;)
VT +1 Z; t
History state : | Q) =UU,_;---U(|x) ® |y) ® |0))
+ H = Hsmrt Hprop Hend

+ Starts OK. Q) = |x) @ |y) ® | 0)

+ Evolves OK based on unitaries.

+ Euds OK. Measuring the output qubit of the Final
snapshot state |Qr) yields | 1) with high probability.

X € Ly, 3| y) accepted by V,, the history state |Q) satisfies
all local terms

x €L, all states violate at least one condition .



Summary

+ k-local Hamiltonian problems are QMA-complete with T/poly
gap Promised

+ Greneric ground-state estimation problem s at (east as hard as
any QMA problem

» Find locality structure even when information ts stored globally

+ Quantum PCP Conjecture: constant gap tnstead of 1/poly is
still QMA-hard!
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