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Quantum Complexity Theory 
BQP and QMA complexity classes

Tom Gur
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1) Initialize input qubits + ancillas

2) Apply unitary gates 

3) Perform a measurement
Why circuits and not 

Turing machines?
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Example: quantum algorithm for parity

Goal: Given , compute  f : {0,1} → {0,1} f(0) ⊕ f(1)

where  is represented by , mapping  f U±
f |x⟩ → (−1) f(x) |x⟩

1

2
((−1) f(0) |0⟩ + (−1) f(1) |1⟩) =

(−1) f(0)

2
( |0⟩ + (−1) f(1)−f(0) |1⟩)

If  ,we get , and after Hadamard f(0) = f(1) | + ⟩ |0⟩

If  ,we get , and after Hadamard f(0) ≠ f(1) | − ⟩ |1⟩

1

2
|0⟩ +

1

2
|1⟩ = | + ⟩After Hadamard:

After query:
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BQP Soundness amplification

Let  be the outputs of invocations of a quantum circuit .A1, …, At C(x)

The amplified quantum algorithm  rules by majority.C′￼

On a 1-instance, , and the Chernoff bound gives𝔼[A] ≥ 2/3

Pr[ |A − 2/3 ≥ 1/6] ≤ 2e−t(1/6)2/2 = exp(−t)

The analysis for 0-instances is symmetric.

Let  be the average output.A =
1
t

t

∑
i=1

Ai
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Grover’s search

Given a string x ∈ {0,1}n , output i ∈ [n] such that xi = 1

Classical complexity? Ω(n) Quantum complexity Ω( n)

Quantum Fourier Transform

Given ( f1, f2, …, fN) ∈ ℂN , output the DFT ( ̂f1, ̂f2, …, ̂fN)

Classical complexity? O(N log N) Quantum complexity Õ(log N)



10



11



12



13

Quote of the day

I think I can safely say that nobody understands quantum mechanics 
      — Richard Feynman

If you think quantum mechanics is weird,  
you should try quantum complexity theory 

      — Scott Aaronson


