
Shallow Quantum Circuits
Alison Dauris and Vaibhav Mahajan



“Fourier Analysis has become an 

indispensable tool in the field [of 
theoretical computer science]”
- Ryan O’Donnell



Classical Circuits

• Alternate model of computation

• Directed acyclic graphs consisting of AND, 

OR and NOT

• {Cn} is T(n) sized if for all n, |Cn| ≤ T(n)



AC0

• AC0 is the class of polynomial size 

circuits with constant depth

• Question: what functions are 

computable in AC0?



Recap of Orthonormal Basis

• A vector can be represented as a linear combination of basis 
vectors

𝐯 =෍𝑣𝑖𝐞𝑖

𝑣𝑖 = 𝐯, 𝐞𝑖

• The basis vectors form an orthonormal set
• Unit vectors and mutually orthogonal

• 𝐞𝑖 , 𝐞𝑗 = ቊ
1, 𝑖 = 𝑗
0, 𝑖 ≠ 𝑗



Fourier Analysis of Functions

• We can do the same thing for functions

𝑓, 𝑔 = 𝔼𝑥 𝑓 𝑥 𝑔 𝑥

• If f and g have a discrete domain

𝑓, 𝑔 =
1

𝐷
෍

𝑥∈𝐷

𝑓 𝑥 𝑔 𝑥



Analysing Boolean Functions

• We can do Fourier analysis on Boolean functions
• We'll use {1, -1} instead of {0, 1}, using the mapping (-1)b

• Let f : {1, -1}n -> {1, -1} be a Boolean function

• The parity functions form an orthonormal set

𝜒𝑆 𝑥 =ෑ

𝑖∈𝑆

𝑥𝑖

For S ⊆ {1, …, n}



Fourier Analysis of Boolean Functions

We can compute the Fourier decomposition of any Boolean function

𝑓 𝑥 = ෍

𝑆⊆ 1,…,𝑛

መ𝑓 𝑆 ⋅ 𝜒𝑆 𝑥

where መ𝑓 𝑆 are the Fourier coefficients መ𝑓 𝑆 = 𝑓, 𝜒𝑆



Example Fourier Analysis

max(-1, x) = max(x, -1) = x

max(1, x) = max(x, 1) = 1

𝜒∅ 𝑥1, 𝑥2 = 1

𝜒 1 𝑥1, 𝑥2 = 𝑥1 𝜒 2 𝑥1, 𝑥2 = 𝑥2

𝜒 1,2 𝑥1, 𝑥2 = 𝑥1 ⋅ 𝑥2

max 𝑥1, 𝑥2 =
1

2
1 + 𝑥1 + 𝑥2 − 𝑥1𝑥2



Fourier Weight

We can define the Fourier weight as

𝑊=𝑘 𝑓 = ෍

𝑆⊆ 1,…,𝑛
: 𝑆 =𝑘

መ𝑓 𝑆 2

And similarly for W≤k[f] and W>k[f]. 



Result of Linial, Mansour and Nisan (1983)

• A function computed by an AC0 circuit has most of its Fourier 

weight on low-degree terms



Result of Linial, Mansour and Nisan (1983)



Parity not in AC0

If parity were in AC0, then we would require

𝑊=𝑛 𝑓 = 1 ≤ 𝑠 ⋅ 2−𝑛
Τ1 𝑑
⇒ 𝑠 ≥ 2𝑛

Τ1 𝑑



QAC0 Complexity Class
CZ/Toffoli Gates

Depth = O(1)



Motivation

Two possibilities:

1. Fan-out ∈ QAC0 and Parity ∈ QAC0
→ QAC0 more powerful than AC0 

2. Fan-out ∉ QAC0 and Parity ∉ QAC0
→ QAC0 incomparable to AC0 

In the quantum setting

  Parity      =  Fan-out

Fan-out ∈ AC0 , Parity ∉ AC0

What about QAC0?



Regular Pauli Decomposition

Pauli Strings: 



Unfortunately not useful

Classical setting: 

degree of Boolean 

function proxy for 

complexity

The degree n does 

not relate to 

complexity of U

X
X

X

X…



A subset of QAC0

• # Auxiliary qubits, a < O(polylog(n))

• Only 1 qubit output – a quantum channel



Introducing Channel Pauli Decomposition

• Convert the channel into a state, with a Pauli decomposition

Pauli weight at degree k:



Aim: Proving Low-Degree Concentration

For some low-degree k and small ε

Two main proof steps:

1. Show that weight depends on number of qubits the channel acts 

non-trivially on

2. Show that removing large CZs doesn’t affect the average 

circuit output



Proof part 1: Light-Cone argument 

Inputs

Output



Proof part 1: Light-Cone argument 

𝑙 qubits 
in the 

light-cone

Output

Result:



Proof part 2: Removing large CZs

Recall:

Insight: The larger m, the closer CZm is to Im

(closeness in terms of Frobenius norm distance)

Implication: For large m, can replace all CZm with Im to little error



Proof part 2: Removing large CZs

𝑙* qubits 
in the 

light-cone
Output

Channel ξC*



Main Theorem

Quite similar to

LMN result



Conclusions

Pauli and majority are not in QAC0
 

Limitation: Only applies to circuits with few auxiliaries

Would want to extend this result to all poly-size QAC0 circuits



Summary Comparison Table

AC0 QAC0

Structural
Fourier Concentration of AC0

Fourier Basis: Parity functions

Pauli Concentration of QAC0

Fourier Basis: Pauli Tensors

Complexity
Fan-out ∈ AC0 

Parity ∉ AC0

Fan-out ∉ QAC0 

Parity ∉ QAC0

Thank you for listening! Any questions?


	Slide 1: Shallow Quantum Circuits
	Slide 2: “Fourier Analysis has become an indispensable tool in the field [of theoretical computer science]”
	Slide 3: Classical Circuits
	Slide 4: AC0
	Slide 5: Recap of Orthonormal Basis
	Slide 6: Fourier Analysis of Functions
	Slide 7: Analysing Boolean Functions
	Slide 8: Fourier Analysis of Boolean Functions
	Slide 9: Example Fourier Analysis
	Slide 10: Fourier Weight
	Slide 11: Result of Linial, Mansour and Nisan (1983)
	Slide 12: Result of Linial, Mansour and Nisan (1983)
	Slide 13: Parity not in AC0
	Slide 14: QAC0 Complexity Class
	Slide 15: Motivation
	Slide 16: Regular Pauli Decomposition
	Slide 17: Unfortunately not useful
	Slide 18: A subset of QAC0 
	Slide 19: Introducing Channel Pauli Decomposition
	Slide 20: Aim: Proving Low-Degree Concentration
	Slide 21: Proof part 1: Light-Cone argument 
	Slide 22: Proof part 1: Light-Cone argument 
	Slide 23: Proof part 2: Removing large CZs
	Slide 24: Proof part 2: Removing large CZs
	Slide 25: Main Theorem
	Slide 26: Conclusions
	Slide 27: Summary Comparison Table

