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Fourler Analysis has become av
indispensable tool in +he field [of
theoretical computer science]”

-Ryan O Downvell




Classical Circnits

* Alternate model of computation
* Directed acyclic araphs consisting of AND, o

OR and NOT
(n) ()
(D (D

* {C,31s T(un) sized if for all w,

C,| <Tn)
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ACP

* ACP is the class of polynomial size
circuits with constant depth

o Question: what functions are
computtable in ACO?




Recap of Orthovormal Basis

o A vector can be represented as a linear combination of basis

Vectors
V = Z viei

Vi = (v, ei)

 The basis vectors form an orthonormal set
* Wit vectors and mutually orthogoval

1, i=j
leie) = {0, i # j



Fourier Avalysis of Fuuctions
* We cav do the same thing for functions
(f,9) = Ex|f(x)g(x)]

* I f and g have a discrete domain

(f,9) =51 Y F)g()
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Analysing Boolean Functions

* We can do Fourier analysis on Boolean functions
« We'll use {1, 413 instead of {0, 13, using the mapping (-1)"

e Let £ 81, 13" > 1, 13 be a Boolean functiow

* The parity fuuctions form aw orthovormal set

Xs(x) = 1_[ Xi
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Fourier Avalysis of Boolean Fuuctions

We can compurte the Fourier decomposition of any Boolean function

FO= ) f) x5t

Sc{1,...,n}

where £(S) are the Fourier coefficients f(S) = (f, xs)



Example Fourier Analysis

max(-1, x) = max(x, 1) = x
max(1, x) = max(x, 1) =1

X@(xl) xZ) — 1
X{1}(X1»xz) = X1 X{z}(xpxz) = X2

)({1,2}(951;962) = X1 X2

max(xq,x,) = > (14 x4+ x, —x1%5)



Fourier Welght

We can define the Fourier weight as

wkfl= ) ()
Sc{1,...,n}
|S|=k

And similarly for WsK[£] and W><[f]. W="Lim] = 1




Result of Linial, Mansour and Nisan (14%3)

* A function computed oy an ACP circnit has most of its Fourier
weight on low-degree terms

Theorem: Suppose f: {£1}" — {x1} is computed by a depth-d,

size-s ACO circuit. Then for all k € [n],

WHf1= ), S <527

|S|>k

kl/d



Result |
of Linial, Mansour and Nisan (1953 )

W=k£11
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Parity vot n ACP

W11

Parity Correlation Bound

Parity ¢ AC®

It parity were in ACP, then we would redquire
W=[fl=1<s-2""" = s>2n"

d



QACP Complexity Class

CZ[Toffoli Gates

T

[

Pepth = 0(1)



Wotivation

In the dquantum setting

R

Parity

It

Two possibilities:
1. Fan-out € QACP and Parity € QACC =2 QACC wmore powerful than ACP
2. Fan-out & QACP and Parity & QACP =2 QACP ucomparable to ACP



Regular Pauli Decomposition

n
Paull Strings: p ¢ {I/ K 2} Oh _ ZD
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Unfortumately vot useful

>

Classical setting:
dearee of Boolean
function proxy for
complexity

The degree v does
not relate to
complexity of U



A subset of QACO

» # Auxiliary qubits, a < O(polylog(n))

o Ouly 1 qubit output — a quantum chavvel

. n n+a—1 ) .
in p ~ # junk = out®

¥
T Ltrace

E(p) = b

aux g a ra out




Twutroducing Chawnel Panli Decomposition

o Convert the chawnel into a state, with a Pauli decomposition

Cbg (L ®g \( é“ﬂr><) B
-5 &, ()

P€?+l

Pauli weight ot degree ki W™ [(f)éu& 2

[P = u



Alm: ?rov’lm Low-Degree Concentration

VL Q=S C/J\Dé‘%(PBz g

[P1Zk For some low-degree k and swmall €

Two Wain proof steps:

1. Show that weight depends on number of dqubits the channel acts
non-trivially o

2. Show that removing large CZs doesw'+ affect the averaoe
C\rcnit ontput



Proof part 1: Light-Covne argument

(1 .—EX
. ’ X
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Inputs _._t >>§
| X
i
6 I: Output




Proof part 1: Light-Covne argument

X

§ X

[ qubit ? X
Aquits . #

v the ><
light-cone I
#
&

3 X
>>(<
I: Ontpunt

Result: W>{ [Cpécj =D



Proof part 2. Removing large CZs

Recall;

~{xy g o=

cz, V)=
| ¢ o Oheruwtre
% | (

Ple=1"") = 5m

Insight: The laraer w, the closer CZm 1s o I
(closeness in terms of Frobenins vorm distance)

Implication: For large m, can replace all CZwm with Iwm to little error



Proof part 2:Rewmovivg large CZs

[* qubits
v the
light-cone

f .|
&1%1*11

X
X
X
X

Channel (fc*

3 X
>>(<
‘ I: Ountput
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Wain Theorem

\/\/>k [ qbg l éc(P;‘ é O(SZ'ZJC)/AB '2Q

Theorem: Suppose f: {£1}" — {1} is computed by a depth-d,

| P{>k

Q(AH’@ SiVV\i[ﬁV s size-s ACO circuit. Then for all k € [n],

LWMN result WK £] = Z ASP < 5.2k
|S|>k



Conclusions
o
N (CPEX/ Parity Correlation Bound [Q A C %> - Pﬂfujﬁ ]

Parity ¢ AC® !

~+2.

> k

Pauli and majority are ot in QACP

Limitation: Ouly applies to circuits with few auxiliaries
Would want to extend this result to all poly-size QACP circnits



Summary Comparison Table

ACP QACP
Fourier Concentration of ACP Pauli Concentration of QACP
Structural . . . . | . .
Fourier Basis: Parity functions Fourier Basis: Pauli Tensors
~ Fan-ont € ACP Fan-ont & QACP
Complex . .
pleX Parity & ACY Parity & QACP

Thavk you for listening!  Any questions?
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