Quantum Complexity Theory

WMTP* = RE

Sam Shakeshaft



Outlive

Tw the previouns
lecture we saw the
power of interactive
proof systems

(I P=IP)

What happens when
we allow multiple
provers? (MIP)

What happens wheu
we give those
pProvers
evtanglement?

(MIP*)




Recap - RE

P
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x € P = M(x) halts @
x & P = M(x) may run forever

NOT-HALT




where gre we going?

ML SR E

This is a very exciting result!

Tsirelson’s problem: Is Qg = 0 ?

"Ts the set of correlations possible with a fluite tensor
product model the same as the set of correlations
possible with a commuting operator model”

Somehow, the result WIP* = RE +ells us the answer...



Starting Cassical

TP: Tuteractive proof

\
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e prover's goal can be thought of as maximisivg
the probability that the verifier accepts i+s proof



Levelling up

WMTIP: Multi-prover interactive proof
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Superpowered

WMIP" WMulti-prover interactive proof with entavglement

Prover

[/

Alice

% Verifier

Prover

\\
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Let w™(G) devote the maximum success prob of wonlocal aame G
Thew for a language L € MIP .

Completeness: XEL>w (G,)=2/3
Soundvess: x¢ L=>w (G,)<1/3



Superpowered

WMIP" WMulti-prover interactive proof with entavglement

* Provers have unbounded
Prover \ .
\ computational power aud share
Alice on unbounded wamber of

% Verifier @Wram@l@d quloits
% * But a polytime verifier can

surely only uteract with a poly
Bob number of those qubits

Prover

poly(n) qubits = 2P°Y() dim Hilbert space
Such a setup could be simulated with an NEXP wmachive, so
does that mean MIP* € NEXP7?



walt, but i+'s equal to RE??

For this to be

true, somehnow anw MIP*

protocol can encode a proof of halting v a way
that a polynomial +ime verifier can check

-

‘e provers a
which could ne
somelhnow It all

re also msim@ @mli@\mevﬁr

b them trick the verifier. But
WOrksS oUT...




The proof

3 ingredients

- Quavtum low degree test
- Rigidity of vonlocal games

-Recursive compressiov
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[P Example: Succinet 3 colonring

_

vertices

Want: ]

size
poly(n)

S (7 3-colourable?

u € {0,1}"°

_[

Cvput: Cireuit of size poly(n) which privts a graph G with 27

v € {0, 1}"

1 it (u, V) = Gc,
0 o.w.

"



WMIP Example: Succinet 3 colouring

A 3-colouring 1s a fumction X 15 expovential v v, so the
x:{0,1}"*—> {1,2,3} verifier cant read i+!

Ldea: €ncode x as a ‘low-degree polynomial

f: IF’C'I”—>IFq



W

[P Example: Succinet 3 colonring

P =
w+t-v|telF,}

] V@}’i'ﬁ@r

Pob

With f, defined such that fo(t) = f(£(t))

1%



Let’s play a game

PRecall CHSH:

Prover
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Alice

+ V@Y‘i'ﬁ@k’ \/ ﬁOOGP‘l’S l_F_F a @ b — *

Prover

\\

Pob

w.(CHSH) = 0.75  wx (CHSH) ~ 0.85
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Let’s play a game

CHSH exhibits a property called ‘rigidity’

NS *_
Pwin =~ W €

| U
Alice

% Verifier ) N |l/)0pt>
Az @ IhP) ~1le (Aopt)z X IhPopt)

Prover

[/

\\

Prover

BPob

These eduations just mean that bothh the entanglement and
measurements nsed in this strategy were close to those
nsed v the optimal strateay
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Let's play a game

The magic square game gives us pertect completeness

Alice 1s given a row or
column to report.
Tf row, must sum +to 1
Tf column, sum +o A1

single cell which overlaps
with Alice, and +hey must
anree

w.(MS) = 8/9
w * (MS) = 11

X, Xc
Bob is asked about a

10



Let's play a game

we use the following dquantum strateogy:

[¥) = |[EPR) ® |EPR)

I®X XQI X®X -

ZQ®I I ® Z ey Each cell describes the
operation o perform ou

—Z®X XQ®Z (X2)® (ZX) - the first and second

qubits respectively
N

Two key polnts!

Optimal state consists of 2 EPR pairs

I o win the magjic square game with 10077 probability, you have
done precisely the operations in this table, commanded by the verifier
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D@l@@aﬁom

What specifically does rigjidity arant us? The ability +to
self-test Alice and Bob to ensure they are sharing N £PR
pairs (and are performing Paull measurements on thewm)

This power will ultimately let us use Alice and Bob +o
verify duantum computations
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D@l@@aﬁom

With probability 1/2, the classical verifier does the following;:
1. (Rigidity test) Play the R-parallel magic square with Alice and Bob.

2. (Energy test)

(a) Tell Alice to teleport a ground state of H to Bob. Alice then responds with a sequence

of teleportation keys (a1,b1,...,agr,bg).

(b) Pick a random term i € [m], and let M € {I, X, Z}® denote the basis corresponding
to H;. Let (y1,...,yRr) denote the mapping from the basis sequence M to cell locations
in the 3 x 3 Magic Square as described above. Send Bob the string (y1,...,ygr). Bob
responds with outcomes (cq,...,cg).

(c) The classical verifier computes the corrections to (ds,...,dg) based on the teleportation
keys (a1,b1,...,agr,br), as well as the measurement choices M. Where:

di=<¢c;db; I M=X
c; O a; If ﬂ/LZZ

(d) The classical verifier decides to accept or reject based on i and (¢q,...,cg) just like in
the measurement-based protocol.

For our purposes, this shows that we can use untrusted
provers to carry out a specific duantum procedure of our
choice and report back the results honestly



Low degree test

y -
w+t-v|telF,}

] V@}’i‘ﬁ@r

Pob

With f, defined such that fo(t) = f(£(t))
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Quavtuim low degree test

m
uEIFq

P =
tutt-vlteF,} BOb

Verifier
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Strovg wardey

Prover

Z/‘

Alice

whew — it
That was a lot!

Verifier

\

Prover

Bol

So where are we now? The provers cav encode
expovientially large proofs into a low degree polynomial
while being leashed to ensure sonndness

Tw other words, we have a protocol which can solve any
problem in NEXP safely
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The end is vever the end is never the ewd is never the e

Theorem 2 (Simpler Compression Theorem). There exists an algorithm C' that takes as input
Turing machines and outputs Turing machines, and has the following property: Let G = (G,,)

denote a UGS such that every game G, is complexity at most O(n?), and let V denote the Turing
machine that computes (Gy). Then if the output of C on input V is a Turing machine V' which
computes a UGS G' = (G),) of polynomial-time computable games where for all n € N:

e (YES case) If w*(Gy) =1, then w*(G,,) =1
e (NO case) If w*(G,) < 1, then w*(G)) < 1

e The time complezity of G, is poly(logn) .

Tw simple terms:
* Have a turing machine that can efficiently

setup a desired wovlocal game v the family (Gy,)
* Geverate a game Gy which efficiently checks

(and maintains!) the sounduess of Gy,
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The end is vever the end is never the ewd is never the e

Gl

Verifier
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The end is vever the end is never the ewd is never the e

How to (sewmi-)solve the halting problem, a recipe:

Tvput: Turing machine W
Want: DPoes WM hal+7?

Define game Gy, as tollows, with V as the turing
machine that computes the sequence (G1, G, ...):

1. Run WM for v time steps. T+ W halted, accept
2. Else, compress V to obtain V which computes
(G5 G )
2. Run V' with input n+1 to obtain the description of

n+1

4. Play G, with Alice and Bob
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Summary and breather

- We can sewmi-solve the haltivg problem becanse we con
COMPIreEssS Aames recursively

- We can compress games thanks to the
- We can perform the
becaunse of the and the

specific properties of the low degree test.

- The fundamentally relies ov
duantum entanglement

pAC



Timplications

Jefinition 3. A strategy S = (|v), {A%}, {Bg}) is a commuting operator strateqy

e |¢)) € H for some Hilbert space H:
o {A%}, {Bg} are measurements acting on H

° AEBS = BSAE for all x, vy, a,b.

This geveralises the wmodel we've implicitly been assuming
this whole time, the tensor product model Qg :

) € Hy Q Hyp

{A%} are measurements acting on H 4

{B}‘?} are measurements acting on Hg



Timplications

Tsirelson’s Problem: does Qg = Q.72 NO!

WMIP* =RE implies that there exists a game Gyrwhich has
w * (Gy) =11 M halts
w * (Gy) < 1/2 otherwise

There is a result which shows that wg (G) can be approximated
from below and w.(G) from above, v finite time. Tf the +wo
values are equal, we can bonnd w * t€, also v finite time.

Let € = 1/2, thew we can find w * (Gyy) + 1/2, which would
nform us whether W halts or not - deciding the halting problewm!

But this is, impossible. Theretore we (Gy) # @ (Guy)
SO, Q@ -+



Thavk vou for listenivg)!

WMTP* = RE

Sam Shakeshaft
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