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Outline

In the previous 

lecture we saw the 

power of interactive 

proof systems 

(QIP=IP)

What happens when 

we allow multiple 

provers? (MIP)

What happens when 

we give those 

provers 

entanglement? 

(MIP*)
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Recap - RE

𝑥 ∈ 𝑃 ⟹ 𝑀 𝑥 halts
𝑥 ∉ 𝑃 ⟹ 𝑀 𝑥 may run forever
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Where are we going?

This is a very exciting result!

Tsirelson’s problem: Is Q⊗ = 𝑄c ?

“Is the set of correlations possible with a finite tensor 

product model the same as the set of correlations 

possible with a commuting operator model”

Somehow, the result MIP* = RE tells us the answer…
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Starting Classical

IP: Interactive proof

The prover's goal can be thought of as maximising

the probability that the verifier accepts its proof 
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Levelling up

MIP: Multi-prover interactive proof
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Superpowered

MIP*: Multi-prover interactive proof with entanglement

x ∈ ℒ ⇒ 𝜔∗(𝐺𝑥) ≥ 2/3Completeness:

Let 𝜔∗(G) denote the maximum success prob of nonlocal game G

Then for a language ℒ ∈ MIP ∗:

Soundness: x ∉ ℒ ⇒ 𝜔∗(𝐺𝑥) ≤ 1/3
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Superpowered

MIP*: Multi-prover interactive proof with entanglement

* Provers have unbounded 

computational power and share 

an unbounded number of 

entangled qubits

* But a polytime verifier can 

surely only interact with a poly 

number of those qubits

poly(n) qubits ⇒ 2𝑝𝑜𝑙𝑦 𝑛 dim Hilbert space
Such a setup could be simulated with an NEXP machine, so 

does that mean MIP∗ ⊆ NEXP?
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Wait, but it’s equal to RE??

For this to be true, somehow an MIP* 

protocol can encode a proof of halting in a way 

that a polynomial time verifier can check

The provers are also using entanglement 

which could help them trick the verifier. But 

somehow it all works out…
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The proof

3 ingredients

- Rigidity of nonlocal games

- Quantum low degree test

- Recursive compression
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MIP Example: Succinct 3 colouring

Input: Circuit of size poly(n) which prints a graph G with 2𝑛

vertices

Want: Is G 3-colourable?
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MIP Example: Succinct 3 colouring

Input: Circuit of size poly(n) which prints a graph G with 2𝑛

vertices

Want: Is G 3-colourable?

A 3-colouring is a function

𝜒: {0,1}𝑛→ {1,2,3}

Idea: Encode χ as a ‘low-degree polynomial’

𝜒 is exponential in n, so the 

verifier can’t read it!

f: 𝔽𝑞
𝑚 → 𝔽𝑞
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MIP Example: Succinct 3 colouring

f: 𝔽𝑞
𝑚 → 𝔽𝑞

ℓ =
{𝑢 + 𝑡 ∙ 𝑣|𝑡 ∈ 𝔽𝑞}

ℓ

𝑓ℓ

u

f(u)

With 𝑓ℓ defined such that 𝑓ℓ(t) = f(ℓ(t))
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Let’s play a game

Recall CHSH:

V accepts iff 𝑎 ⊕ 𝑏 = 𝑥 ∗ 𝑦

𝜔𝑐(CHSH) = 0.75 ω ∗ (CHSH) ≈ 0.85
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Let’s play a game

CHSH exhibits a property called ‘rigidity’

𝑝𝑤𝑖𝑛 ≈ 𝜔∗ − 𝜖
⇓

𝜓 ≈ 𝜖 𝜓𝑜𝑝𝑡

𝐴𝑎
𝑥 ⊗ 𝐼 𝜓 ≈ 𝜖 𝐴𝑜𝑝𝑡 𝑎

𝑥
⊗ 𝐼 𝜓𝑜𝑝𝑡

These equations just mean that both the entanglement and 

measurements used in this strategy were close to those 

used in the optimal strategy
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Let’s play a game

The magic square game gives us perfect completeness

Alice is given a row or 

column to report. 

If row, must sum to 1

If column, sum to -1

Bob is asked about a 

single cell which overlaps 

with Alice, and they must 

agree

𝜔𝑐(MS) = 8/9

ω ∗ (MS) = 1 !!
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Let’s play a game

Each cell describes the 

operation to perform on 

the first and second 

qubits respectively

|ψ〉 = |EPR〉 ⊗ |EPR〉

We use the following quantum strategy:

Two key points!

Optimal state consists of 2 EPR pairs

If you win the magic square game with 100% probability, you have 

done precisely the operations in this table, commanded by the verifier
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Delegation

What specifically does rigidity grant us? The ability to 

self-test Alice and Bob to ensure they are sharing N EPR 

pairs (and are performing Pauli measurements on them)

This power will ultimately let us use Alice and Bob to 

verify quantum computations
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Delegation

For our purposes, this shows that we can use untrusted 

provers to carry out a specific quantum procedure of our 

choice and report back the results honestly
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Low degree test

f: 𝔽𝑞
𝑚 → 𝔽𝑞

ℓ =
{𝑢 + 𝑡 ∙ 𝑣|𝑡 ∈ 𝔽𝑞}

ℓ

𝑓ℓ

u

f(u)

With 𝑓ℓ defined such that 𝑓ℓ(t) = f(ℓ(t))
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Quantum low degree test

ℓ =
{𝑢 + 𝑡 ∙ 𝑣|𝑡 ∈ 𝔽𝑞}

u ∈ 𝔽𝑞
𝑚
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Strong warden

Whew

That was a lot!

So where are we now? The provers can encode 

exponentially large proofs into a low degree polynomial 

while being leashed to ensure soundness

In other words, we have a protocol which can solve any 

problem in NEXP safely
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The end is never the end is never the end is never the end is never the end is never

In simple terms:

* Have a turing machine that can efficiently 

setup a desired nonlocal game in the family (𝐺𝑛)

* Generate a game 𝐺𝑛
′ which efficiently checks 

(and maintains!) the soundness of 𝐺𝑛
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The end is never the end is never the end is never the end is never the end is never
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The end is never the end is never the end is never the end is never the end is never

How to (semi-)solve the halting problem, a recipe:

Input: Turing machine M

Want: Does M halt?

Define game 𝐺𝑛 as follows, with V as the turing

machine that computes the sequence (𝐺1, 𝐺2, … ):

1. Run M for n time steps. If M halted, accept

2. Else, compress V to obtain V’ which computes 

(𝐺1
′ , 𝐺2

′ , … ).
3. Run V’ with input n+1 to obtain the description of 

𝐺n+1
′

4. Play 𝐺n+1
′ with Alice and Bob
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Summary and breather

- We can semi-solve the halting problem because we can 

compress games recursively

- We can compress games thanks to the Quantum Low 

Degree test.

- We can perform the Quantum Low Degree test 

because of the rigidity of nonlocal games and the 

specific properties of the low degree test. 

- The rigidity of nonlocal games fundamentally relies on 

quantum entanglement



Implications

This generalises the model we’ve implicitly been assuming 

this whole time, the tensor product model Q⊗:

|ψ〉 ∈ ℋ𝐴 ⊗ℋ𝐵

{𝐴𝑥
𝑎} are measurements acting on ℋ𝐴

{By
b} are measurements acting on ℋB

𝑄c



Implications

Tsirelson’s Problem: does Q⊗ = Qc? No!

But this is, impossible. Therefore 𝜔⊗(𝐺𝑀) ≠ 𝜔𝑐(𝐺𝑀)

So, Q⊗ ≠ Qc

MIP* = RE implies that there exists a game 𝐺𝑀which has 

ω ∗ (𝐺𝑀) = 1 if M halts 

ω ∗ (𝐺𝑀) < 1/2 otherwise

There is a result which shows that 𝜔⊗(G) can be approximated 

from below and 𝜔𝑐(G) from above, in finite time. If the two 

values are equal, we can bound ω ∗ ±ϵ, also in finite time. 

Let ϵ = 1/2, then we can find ω ∗ (𝐺𝑀) ± 1/2, which would 

inform us whether M halts or not - deciding the halting problem!



Thank you for listening!
MIP* = RE

Sam Shakeshaft
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