7ca((m W= - Leg(m,ny +n- L, (mm)

Multiplicative inverses in modular arithmetic

Corollary 92 For all positive integers m andn,
r 1. n-le;(myn) = ged(m,n) (mod m), and

2. whenever gcd(m,n) =1,

lc;(m,m)| s the multiplicative inverse of [n]y, in Z, .

1 Aoy iupy = 1 (o m) f ged(m,m) =
!
(1], [Lea(mm),,
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Key exchange

Mathematical modelling:

» Encrypt and decrypt by means of modular exponentiation:
ke, [
» Encrypting-decrypting have no effect:

By Fermat’s Little Theorem,
k!te=1 = ¥ (mod p)
for every natural number c, integer k, and prime p.

» Consider d,e,p suchthate-d=1+c- (p—1); equivalently,

d-e=1(modp—1) . /LLCKCJA‘"' 3
s (sl p)



Lemma 93 Letp be a prime and e a positive integer with
ged(p — 1,e) = 1. Define

d = [1C2(p—1,€)}

Then, for all integers K,

p—1 -

(k®)4 =k (mod p) .

PROOF:
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Natural Numbers
and mathematical induction

We have mentioned in passing that the natural numbers are
generated from zero by succesive increments. This is in fact the
defining property of the set of natural numbers, and endows it with
a very important and powerful reasoning principle, that of

Mathematical Induction, for establishing universal properties of
natural numbers.
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Principle of Induction

Let P(m) be a statement for m ranging over the set of natural
numbers N.

" 3re oase
» the statement P(0) holds, and

ANDUCTIVE STEP:

» the statement
vmneN. (Pn) = P(n+1))
also holds

then

» the statement
VYm € N.P(m)
holds.
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Binomial Theorem

Theorem 29 Foralln € N,

Plny = [ x+y)t = Y, (1) xRyt j

PROOF:

2xes CAYE - ?‘vﬂ\f ?LOB “Thet S,
(ﬁg) Z-Rzo(t)-znn?k

— 269 —



TOWWESTER: el Pln) = Flue)
([_o,‘t' nt &, non

freeint (“ﬁ))n“—’?;o (=) 2" gk @;‘)
DAl
kIf [ onay ek e ﬁa(zaﬁlm
CZ"'?)VH” ~ 2 > 2
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Principle of Induction
from basis ¢

Let P(m) be a statement for m ranging over the natural
numbers greater than or equal a fixed natural number £.

U
> /(N)gmolds ance

» VA >TiNN. (P (n) — P(n+1)) also holds

then
» Vm > {inN. P(m) holds.
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ey

» P({) and
\ INDueCTWE STEP

Lot n bea notnumber 2.4 ScbiiEry
A—%S/LU»AL P@)/\?M-H)A . A P @T’P ?(VL-HB

Principle of Strong Induction
from basis £ and Induction Hypothesis P(m).

Let P(m) be a statement for m ranging over the natural
numbers greater than or equal a fixed natural number £.

foglhee case

» Yn>TNN. ((Vke LnlP(k) = P(n+1))
hold, then
» Vm > {in N.P(m) holds.
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Fundamental Theorem of Arithmetic

Proposition 95 Every positive integer greater than or equal 2 is a
prime or a product of primes.

proor: XN 22 . P(n)
Pz nin pive o0 a8 proded of s
355 CAFC $sw- 3?(2) Tl

Lis priwe o 205 é@trv@f)f #WWS
Hildo swee L & peine.
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TWmeuve STEP.
B Jot n72 l?ﬁtﬂf%\.‘lférg,_
Aseane - H2) A PRIA--- A Pln) <§1+¢3
RIP ?év\'ﬂ)}w =

N i ping 00 A - a‘zrw(wfajﬁws
(and4): nH hraw;wemm.
logl(2) : nH Mdﬂriw,;/so nﬂz&-bgé;f
;;Fum(mbﬁf& o ad b el st Gt
1;"\0\»%%9(1«%2 ool s M&Wéaf«afr\,,
So we hdvt ,%(CIH\, Pa) ond P (b)







Theorem 96 (Fundamental Theorem of Arithmetic) For every
positive integer n there is a unique finite ordered sequence of
primes (p; < --- < py) with{ € N such that

n=1[[pn...,pd - —
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© po|n=T(p—pe)= T (%1— g
= {1] 49 1= fa
® o] w=T (3 —4)=T (P —r)
9] £9 it s
= p=g I (per-Pe) =T (§2,— Fr)



