Lemma 73 For all positive integers m and n,

D(n) ,fn|m
CD(m,n) = A«

\ CD(n, rem(m, n)) , otherwise

Since a positive integer n is the greatest divisor in D(n), the lemma
suggests a recursive procedure:

( .
n fn|m

ng(m> Tl) = 3

| ged (n, rem(m, n)) , otherwise

for computing the greatest common divisor, of two positive integers
m and n. This is

Euclid’s Algorithm
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gcd

fun gcd( m , n )
= let
val (g , r ) = divalg(m , n )
in
if r = 0 then n
else gcd(n , r )

end
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Proposition 75 For all natural numbers m,n and a, b,
ifCD(m,n) =D(a) and CD(m,n) = D(b) thena = b.

_J,Aﬁé DA = CD (m, n) = _D(’p)

da= aedB=D0)= alb 3.@423
Lib =) be Xb)=DA)= bla
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go’.% : -, C'MIV\) =D (k)
& [ den. @lmadln) & £l (&)
Proposition 75 For all natural numbers m,n and a, b,

ifCD(m,n) =D(a) and CD(m,n) = D(b) thena = b.

) > (Ve n. A= dima dln)
Proposition 76 For all natural numbers m,n and k, the
following statements are equivalent:

swe bk

1. CD(m,n) = D(k).

2. » klm A k|n, and <
»ﬁoral/naturalnumbers d,dlm A dn = d|k> = @()

Ne hoct srgud for (1)=(2).
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Definition 77 For natural numbers m,n the unique natural number
k such that

» k|m /A k|n, and
» for all natural numbersd,d| m N\ d|n — d|k.

Is called the greatest common divisor of m and n, and denoted
gcd(m,n).
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Theorem 78 Euclid’s Algorithm gcd terminates on all pairs of

S ———————————

positive integers and, for such m andn, the positive integer
gcd(m,n) is the greatest common divisor of m andn in the
sense that the following two properties hold:

(1) both gcd(m,n) | m and gcd(m,n) | n, and

(i1) for all positive integers d such that d | m and d | n it necessarily
follows that d | gcd(m,n).

proor: W hee  CD(m, n) = D(?_Cg/(mn)) ‘4?“('
$ormn s mm . So T algonithon i

ety o
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gcd m,

q n—+r

q>0 O<r<n, O<m<n

gcd n,r) gcd n, m)

rn [n q’ r+r
q >0,0<r <1
T gcd(rr)

04 ... r <rdn
? r+r 7/l"+'” 7 2r!

~l < V\/:L A %60( [/mfwl/\mlf\/ﬁ/aw O[Zb%n')
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Fractions in lowest terms

fun lowterms( m , n )
= let
val gcdval = gcd( m , n )
in
( m div gcdval , n div gcdval )

end
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Some fundamental properties of gcds

(r'kio ummla»?m

Lemma 80 For all positive integers 1, m, and n,
1. (Commutativity) scd(m, n) = ged(n, m), Gged (Z/ ")
2. (Associativity) gcd (1, ged(m,n)) = ged(ged(l, m),n), J
3. (Linearity)f gcd(l- m,l-n) =1-gcd(m,n).

PROOF: 61) )(3_6((%“)) CDCV"‘:"‘)

= > (nm)
L/ = D(4A (M) )
'g.?f{ (mpn) = ﬁc’(( ")

*Aka (Distributivity).
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Coprimality

Definition 81 Two natural numbers are said to be coprime when-
ever their greatest common divisor is 1.

Euclid’s Theorem

Theorem 82 For positive integers k, m, andn, ifk | (m-n) and
gcd(k,m) =1 thenk | n.

proor: Jot K m n T,

AfwM@kl@A ") awg(jci (Rym)=1

£TP: k| n a((n@ )2,
B»()@,v»\h.,klfaf p\»L\“@ i
39@ 1 n=n 4 (ks Jed (nky2m) sch(nb et




Corollary 83 (Euclid’s Theorem) For positive integers m and n,
and prime p, ifp | (m-n) thenp | m orp | n.

Now, the second part of Fermat’s Little Theorem follows as a
corollary of the first part and Euclid’s Theorem.

proor:  LeAmm be )00-77':(7- LA ¥ 22 3 prmn-L .
At p[ (M)
;@: F]W\ \/ FIV\/
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Fields of modular arithmetic

Corollary 85 For prime p, every non-zero elementi of Z,
has [i"%], as multiplicative inverse. Hence, Z,, is what in
the mathematical jargon is referred to as a field.

— 242 —



Extended Euclid’s Algorithm

o
@ 0 1n N o
N - - - -
b
o
L P2 0 n ¢
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ocd(34,13) || 8 = 34 —2. 13
gcd(13,8) || 5= 13 —1- 8
= 13 1. (34-2-13)
= —1-34+3-13
ocd(8,5) | 3= 8 —1 3
— [(34—2.13) -1 [=1-34+3.13)
= 2.34+(=5)-13
gcd(5,3) | 2= 5 —T- 3
~ T.34+313 -1 (2-34+(-5) - 13)
= —3.344+8-13
ocd(3,2) | 1= 3 —1- 2
= 2-34+(=5)-13) —1. (-3-34+8-13))
= 5.34+(—13)-13
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Integer linear combinations

Definition 64> An integer r is said to be a linear combination of a
pair of integers m and n whenever

there exist a pair of integers s and t, referred to as the
coefficients of the linear combination, such that

[st]-{m}ZT;

n

that is

s-m+t-n=r.

*See page 195.
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Theorem 87 For all positive integers m andn,
1. gcd(m,n) is a linear combination of m and n, and

2. apairlc;(m,n), le,(m,n) of integer coefficients for it,
I.e. such that

m

} = ged(myn)
n

[ lc1(m,n) ICZ(m> TL) } . {

can be efficiently computed.
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Proposition 88 For all integers m andn,

1 © 0 1
L) [T =moA [xa] [T =

n n
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Proposition 88 For all integers m andn,

tlanl[R]=m A [l [T] =

2. for all integers sq, t1, 11 and s,, t,, 1,
m m
[31 t1]’[n} =1 A [Sztz]’[n} =T
implies

S,*Slz_ hH—a,
[/7 [n}:ﬁ—l—Tzi
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Proposition 88 For all integers m andn,

tlanl[R]=m A [l [T] =

2. for all integers sq, t1, 11 and s,, t,, 1,

[31 t1]’{m}:r1 N\ [Sztz]’[m}:m

n n
implies
m
Y =T +T2
[1 z] {n} 1 2

3. for all integers k ands, t, r, hS bt

[st}-[:}:rimplies [}f}{}[m}:k

n
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We extend Euclid’s Algorithm gcd(m,n) from computing on pairs
of positive integers to computing on pairs of triples ((s,t), r) with
s, t integers and r a positive integer satisfying the invariant that

s, t are coefficientes expressing r as an integer linear combination

of m and n.
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gcd

fun gcd(m , n )
= let (g”'h\ [gzrh.)
. ~ s
fun gcditer(
= let
val (q,r) = divalg(rl,r2) (k r = r1-g*r2 *)

in
if r =0 /

then c <§l "#5‘;__ fh"?h}L‘ o

else gcditer( c ,

rl , c as r2 )

end

in (11 0) (011)-\’,
gcditer( Mo, n )
end
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egcd

fun egcd( m , n )

= let
fun egcditer( ((s1,t1),rl) , 1lc as ((s2,t2),r2) )
= let
val (q,r) = divalg(rl,r2) (k r = rl-g*r2 *)
1in
if r =0
then lc
else egcditer( 1lc , ((sl-g*s2,tl-g*t2),r) )
end
1n
egcditer( ((1,0),m) , ((0,1),n) )
end
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fun gcd(m , n ) = #2( egcd( m , n ) )

fun 1cil( m , n )

#1( #1( egcd(m , n ) ) )

fun 1c2( m , n )

#2( #1( egcd(m , n ) ) )
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Multiplicative inverses in modular arithmetic

Corollary 92 For all positive integers m and n,
1. n-le;(myn) = ged(m,n) (mod m), and

2. whenever gcd(m,n) =1,

lc;(m,m)| s the multiplicative inverse of [n]y, in Z, .
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