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ADEQUACY

Proposition
For any closed PCF term 𝑡 and value 𝑣 of ground type 𝛾 ∈ {nat, bool}

J𝑡K = J𝑣K ⇒ 𝑡 ⇓𝛾 𝑣

• We introduced the formal approximation relation for every type 𝜏 and context Γ:
⊲𝜏 ⊆ J𝜏 K × PCF𝜏 ⊲Γ ⊆ JΓK × PCFΓ

where PCFΓ is the set of substitutions ⋅ ⊢ 𝜎 : Γ
• We reduced the proof of adequacy to the fundamental property

Fundamental PropertyJ𝑡K ⊲𝜏 𝑡 for every 𝑡 ∈ PCF𝜏
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RECAP: FORMAL APPROXIMATION

For ⋅ ⊢ 𝑡 : 𝜏 and 𝑑 ∈ J𝜏 K we define:
𝑑 ⊲nat 𝑡 def⇔ (𝑑 ∈ ℕ ⇒ 𝑡 ⇓nat 𝑑)
𝑑 ⊲bool 𝑡 def⇔ (𝑑 = true ⇒ 𝑡 ⇓bool true) ∧ (𝑑 = false ⇒ 𝑡 ⇓bool false)
𝑑 ⊲𝜏→𝜏 ′ 𝑡

def⇔ ∀𝑒 ∈ J𝜏 K. ∀𝑢 ∈ PCF𝜏 . (𝑒 ⊲𝜏 𝑢 ⇒ 𝑑(𝑒) ⊲𝜏 ′ 𝑡 𝑢)

while for ⋅ ⊢ 𝜎 : Γ and 𝜌 ∈ JΓK, we define:
𝜌 ⊲Γ 𝜎 def⇔ ∀𝑥 ∈ dom(Γ). 𝜌(𝑥) ⊲Γ(𝑥) 𝜎(𝑥)
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PROPERTIES OF FORMAL APPROXIMATION

1. For every closed term ⋅ ⊢ 𝑡 : 𝜏 , the set 𝑆 = {𝑑 ∈ J𝜏 K ∣ 𝑑 ⊲𝜏 𝑡}

1.1 contains the bottom element ⊥J𝜏K;
1.2 it is down-closed (𝑑 ∈ 𝑆 ∧ 𝑑 ′ ⊑ 𝑑 ⟹ 𝑑 ′ ∈ 𝑆);
1.3 it is chain-closed.

2. For every type 𝜏 and element 𝑑 ∈ J𝜏 K,
2.1 If ∀𝑣. (𝑡 ⇓𝜏 𝑣 ⟹ 𝑡′ ⇓𝜏 𝑣) then 𝑑 ⊲𝜏 𝑡 ⟹ 𝑑 ⊲𝜏 𝑡′
2.2 If 𝑡′ ⇝𝜏 𝑡 then 𝑑 ⊲𝜏 𝑡 ⟹ 𝑑 ⊲𝜏 𝑡′
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THE FUNDAMENTAL PROPERTY

For any
• context Γ and type 𝜏
• term 𝑡 such that Γ ⊢ 𝑡 : 𝜏
• environment 𝜌 ∈ JΓK
• substitution ⋅ ⊢ 𝜎 : Γ

we have that

𝜌 ⊲Γ 𝜎 ⟹ J𝑡K(𝜌) ⊲𝜏 𝑡[𝜎].

Proof
We proceed by induction on Γ ⊢ 𝑡 : 𝜏 to show

Ψ(Γ, 𝑡, 𝜏 ) def⇔ ∀𝜌. ∀𝜎. (𝜌 ⊲Γ 𝜎 ⟹ J𝑡K(𝜌) ⊲𝜏 𝑡[𝜎])
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THE TYPING DERIVATION

ZERO Γ ⊢ 0 : nat

TRUE Γ ⊢ true : bool FALSE Γ ⊢ false : bool

SUCC
Γ ⊢ 𝑡 : nat

Γ ⊢ succ (𝑡) : nat PRED
Γ ⊢ 𝑡 : nat

Γ ⊢ pred (𝑡) : nat ISZ
Γ ⊢ 𝑡 : nat

Γ ⊢ zero? (𝑡) : bool

IF
Γ ⊢ 𝑏 : bool Γ ⊢ 𝑡 : 𝜏 Γ ⊢ 𝑡′ : 𝜏

Γ ⊢ if 𝑏 then 𝑡 else 𝑡′ : 𝜏 FUN
Γ, 𝑥: 𝜏 ⊢ 𝑡 : 𝜏 ′

Γ ⊢ fun 𝑥: 𝜏 . 𝑡 : 𝜏 -> 𝜏 ′

VAR
Γ(𝑥) = 𝜏
Γ ⊢ 𝑥 : 𝜏 APP

Γ ⊢ 𝑓 : 𝜏 -> 𝜏 ′ Γ ⊢ 𝑢 : 𝜏
Γ ⊢ 𝑓 𝑢 : 𝜏 ′ FIX

Γ ⊢ 𝑓 : 𝜏 -> 𝜏
Γ ⊢ fix(𝑓 ) : 𝜏
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