
Partial recursive functions





• n
i → Nn!N

n
i (x , . . . , xn) ↭ xi

• n → Nn!N

n(x , . . . , xn) ↭

• → N!N

(x) ↭ x +



f → NnωN g , . . . , gn → NmωN

f ↑ [g , . . . , gn] → NmωN

x , . . . , xm → N

f ↑ [g , . . . , gn](x , . . . , xm) ↓
f (g (x , . . . , xm), . . . , gn(x , . . . , xm))

↓
LHS ↓ RHS LHS RHS



f → NnωN g → Nn+ ωN

h → Nn+ ωN

(↑)

{
h(εx , ) ↓ f (εx)

h(εx , x + ) ↓ g(εx , x , h(εx , x))

εx → Nn
x → N

ρn(f , g) h

f g



→ N !N
{

(x , ) ↑ x

(x , x + ) ↑ (x , x) +

= ρ (f , g)

{
f (x ) ↭ x

g(x , x , x ) ↭ x +

f = g = ↓

= ρ ( , ↓ )



→ N!N

{
( ) ↑
(x + ) ↑ x

= ρ (f , g)

{
f () ↭
g(x , x ) ↭ x

= ρ ( , )



→ N !N

{
(x , ) ↑
(x , x + ) ↑ (x , x) + x

= ρ ( , ↓ ( , ))



f f → PRIM

PRIM



f f → PRIM

f → PRIM

•
• f , g , . . . , gn f ↓ (g , . . . , gn)

• f g ρn(f , g)



f f → PRIM

f → PRIM

ρn(f , g) → Nn+ ωN f → NnωN g → Nn+ ωN

f g F G

ρn(f , g) , . . . , n+ ,
F G , . . . , N

N ↔ n+



!! ( ,..., n+ , n+ )::=( ,..., n+ , )

""

F

""

+
!! = n+ ? !!

""

( ,..., n, n+ , n+ )::=( ,..., n, , )

""

G

##

( , n+ ,..., N )::=( , ,..., )$$





Minimization

Given a partial function f → Nn+1ωN, define µn
f → NnωN by

µn
f (εx) ↭ least x such that f (εx , x) = 0 and for

each i = 0, . . . , x ↑ 1, f (εx , i) is defined
and > 0
(undefined if there is no such x)

In other words

µn
f = {(εx , x) → Nn+1 | ↓y0, . . . , yx

(
x∧

i=0
f (εx , i) = yi ) ↔ (

x↑1∧

i=0
yi > 0) ↔ yx = 0}
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x /x ↑ x

x = x < x (x + )

↑ µ f (x , x )

f → N !N

f (x , x , x ) ↭
{

x ↔ x (x + )

x < x (x + )

x /x

x = PRIM



x /x ↑ x

x = x < x (x + )

↑ µ f (x , x )

f → N !N

f (x , x , x ) ↭
{

x ↔ x (x + )

x < x (x + )

x /x

x = PRIM



x /x ↑ x

x = x < x (x + )

↑ µ f (x , x )

f → N !N

f (x , x , x ) ↭
{

x ↔ x (x + )

x < x (x + )

x /x

x = PRIM



f f → PR

PR



f f → PR

f → PR

µn
f → NnωN f → Nn+ ωN

f F

µn
f

, . . . , n, F

, . . . , N N ↔ n+



""

( ,..., n)::=( ,..., n)

""

( ,..., n, n+ )::=( ,..., n, )

""

+

%%

( , n+ ,..., N )::=( , ,..., )

""

F

""

↗

&&

!! !! ::= !!


