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Partial recursive functions





• n
i → Nn!N

n
i (x , . . . , xn) ↭ xi

• n → Nn!N

n(x , . . . , xn) ↭

• → N!N

(x) ↭ x +
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f → NnωN g , . . . , gn → NmωN

f ↗ [g , . . . , gn] → NmωN

x , . . . , xm → N

f ↗ [g , . . . , gn](x , . . . , xm) ↘
f (g (x , . . . , xm), . . . , gn(x , . . . , xm))

↘
LHS ↘ RHS LHS RHS



f → NnωN g , . . . , gn → NmωN

f ↑ [g , . . . , gn] → NmωN

x , . . . , xm → N

f ↑ [g , . . . , gn](x , . . . , xm) ↓
f (g (x , . . . , xm), . . . , gn(x , . . . , xm))

f ↑ [g , . . . , gn](x , . . . , xm) = z y , . . . , yn
gi (x , . . . , xm) = yi i → { . . . n} f (y , . . . , yn) = z



f → NnωN g , . . . , gn → NmωN

f ↑ [g , . . . , gn] → NmωN

x , . . . , xm → N

f ↑ [g , . . . , gn](x , . . . , xm) ↓
f (g (x , . . . , xm), . . . , gn(x , . . . , xm))

f ↑ [g , . . . , gn](x , . . . , xm) = z y , . . . , yn
gi (x , . . . , xm) = yi i → { . . . n} f (y , . . . , yn) = z

n = f ↑ g f ↑ [g ]
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f ( ) ↘
f ( ) ↘
f (x + ) ↘ f (x) + f (x + )
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{
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f (x)
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x x ⇐
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f → NnωN g → Nn+ ωN

h → Nn+ ωN

(⇒)

{
h(εx , ) ↘ f (εx)

h(εx , x + ) ↘ g(εx , x , h(εx , x))

εx → Nn
x → N

ρn(f , g) h

f g



f → NnωN g → Nn+ ωN

h → Nn+ ωN

(⇒)
{
h(εx , ) ↘ f (εx)

h(εx , x + ) ↘ g(εx , x , h(εx , x))

εx → Nn
x → N

h ↭ {(εx , x , y) → Nn+ | ⇑y , y , . . . , yx
f (εx) = y ⇓ (

∧x≃
i= g(εx , i , yi ) = yi+ ) ⇓ yx = y}

(⇒)
h h

⇔ (⇒)
x ↖εx (h(εx , x) ↘ h

⇔(εx , x))



→ N !N
{

(x , ) ↘ x

(x , x + ) ↘ (x , x) +

= ρ (f , g)

{
f (x ) ↭ x

g(x , x , x ) ↭ x +

f = g = ↗

= ρ ( , ↗ )


