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λ-Terms, M

are built up from a given, countable collection of
• variables x , y , z , . . .

by two operations for forming λ-terms:
• λ-abstraction: (λx .M)

(where x is a variable and M is a λ-term)
• application: (MM

→)
(where M and M

→ are λ-terms).
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α-Equivalence M =α M →

is the binary relation inductively generated by the rules:

x =α x

z # (M N) M{z/x} =α N{z/y}
λx .M =α λy .N

M =α M
→

N =α N
→

M N =α M
→
N

→

where M{z/x} is M with all occurrences of x replaced by z .
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β-Reduction

Recall that λx .M is intended to represent the function f such that
f (x) = M for all x . We can regard λx .M as a function on λ-terms
via substitution: map each N to M [N/x ].
So the natural notion of computation for λ-terms is given by
stepping from a
β-redex (λx .M)N
to the corresponding
β-reduct M [N/x ]

Anuj Dawar Computation Theory



N [M/x ]

x [M/x ] = M

y [M/x ] = y y →= x

(λy .N)[M/x ] = λy .N [M/x ] y # (M x)
(N N )[M/x ] = N [M/x ]N [M/x ]



β-Reduction

One-step β-reduction, M → M
↑:

(λx .M)N → M [N/x ]

M → M
↑

λx .M → λx .M ↑
M → M

↑

M N → M
↑
N

M → M
↑

N M → N M
↑

N =ε M M → M
↑

M
↑ =ε N

↑

N → N
↑
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β-Reduction

E.g.
((λy .λz .z)u)y

!!

(λx .x y)((λy .λz .z)u)

""

##

(λz .z)y $$ y

(λx .x y)(λz .z)

%%
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β-Reduction

E.g.
((λy .λz .z)u)y

!!
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##
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%%

E.g. of “up to ε-equivalence” aspect of reduction:
(λx .λy .x)y =ε (λx .λz .x)y → λz .y
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β M ↭ M
→

M =α M
→

M ↭ M
→

M ↭ M
→

M
→ ↑ M

→→

M ↭ M
→→

(εx .x y )((εy z .z)u) ↭ y

(εx .εy .x)y ↭ εz .y



β M =β N

M =β N N M

α β
β

u ((εx y . v x)y) =β (εx . u x)(εx . v y)
(εx . u x)(εx . v y) → u(εx . v y)

u ((εx y . v x)y) =α u ((εx y ↑. v x)y)
→ u(εy ↑. v y)
=α u(εx . v y)
↓ (εx . u x)(εx . v y)



β M =β N

M =α M
↑

M =β M
↑

M → M
↑

M =β M
↑

M =β M
↑

M
↑ =β M

M =β M
↑

M
↑ =β M

↑↑

M =β M
↑↑

M =β M
↑

εx .M =β εx .M ↑

M =β M
↑

N =β N
↑

M N =β M
↑
N

↑



↭ M ↫ M ↭ M

M
→

M ↭ M
→ ↫ M



↭ M ↫ M ↭ M

M
→

M ↭ M
→ ↫ M

β

M =β M ↑M (M ↭ M ↫ M )



↭ M ↫ M ↭ M

M
→

M ↭ M
→ ↫ M

M =β M ↑M (M ↭ M ↫ M )
=β ↭ M ↭ M

→

M =β M
→

M ↭ M ↫ M M =β M =β M

M =β M

{(M ,M ) | ↑M (M ↭ M ↫ M )}
=β

M !! !! M M"""" !! !! M
→

M""""



↭ M ↫ M ↭ M

M
→

M ↭ M
→ ↫ M

M =β M ↑M (M ↭ M ↫ M )
=β ↭ M ↭ M

→

M =β M
→

M ↭ M ↫ M M =β M =β M

M =β M

{(M ,M ) | ↑M (M ↭ M ↫ M )}
=β

M !! !! M

##

##

M"""" !! !! M
→

$$

$$

M""""

M
→



↭ M ↫ M ↭ M

M
→

M ↭ M
→ ↫ M

M =β M ↑M (M ↭ M ↫ M )
=β ↭ M ↭ M

→

M =β M
→

M ↭ M ↫ M M =β M =β M

M =β M

{(M ,M ) | ↑M (M ↭ M ↫ M )}
=β

M =β M ↑M (M ↭ M ↫ M )



β

λ N β
β (λx .M)M →

M β N

M =β N N β



β

λ N β
β (λx .M)M →

M β N

M =β N N β

N β N ↭ N
→

N =ε N
→

N =β N N N β N =ε N

N =β N N ↭ M
→ ↫ N M

→

N =ε M
→ =ε N

β M ε



λ β
Ω ↬ (λx .x x)(λx .x x)

• Ω ↑ (x x)[(λx .x x)/x ] = Ω

• Ω ↭ M Ω =ε M

β N Ω =β N



λ β
Ω ↬ (λx .x x)(λx .x x)

• Ω ↑ (x x)[(λx .x x)/x ] = Ω

• Ω ↭ M Ω =ε M

β N Ω =β N

β

(λx .y)Ω ↑ y (λx .y)Ω ↑ (λx .y)Ω ↑ · · ·



Non-termination

Normal-order reduction is a deterministic strategy for reducing λ-terms:
reduce the “left-most, outer-most” redex first. More specifically:
A redex is in head position in a λ-term M if M takes the form

λx1 . . . λxn.(λx .M
↑)M1 M2 . . .Mm (n ↓ 0,m ↓ 1)

where the redex is the underlined subterm. A λ-term is said to be in head
normal form if it contains no redex in head position, in other words takes the
form λx1 . . . λxn. x M1 M2 . . .Mm (m, n ↓ 0).
Normal order reduction first continually reduces redexes in head position; if that
process terminates then one has reached a head normal form and one continues
applying head reduction in the subterms M1,M2, . . . from left to right.

Fact: normal-order reduction of M always reaches the β-nf of M if it
possesses one.
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