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Course Aims

1. Data and Codata:

• Develop mathematical foundations for recursion over (co)data

• Apply this theory to understand dynamic programming

2. Fixed point computations

• Use partial orders and lattices to formalize fixed point computations

• Apply categorical methods to incrementalize these computations

3. The Algebraic Path Problem

• Generically solve path problems over graphs with linear algebra

• Derive all-pairs shortest paths, convert DFAs to regular expressions, the Viterbi 

algorithm, etc
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Stuff, Structure, Property

• This course makes heavy use of algebraic structures

• But what are they?
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Stuff, Structure, Property

An algebraic structure consists of:

• Stuff: One or more sets

• Structure: Some operations on those sets

• Properties: Some properties of those operations
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Monoids: an Example

A monoid (𝑀, 1𝑀, ⋅) is:

• A set 𝑀 (called the carrier)

• An element 1𝑀 ∈ 𝑀 (called the unit)

• An operation (⋅) : 𝑀 × 𝑀 → 𝑀 (called the multiplication)

such that:

• for all 𝑚 ∈ 𝑀, we have 1 ⋅ 𝑚 = 𝑚
• for all 𝑚 ∈ 𝑀, we have 𝑚 ⋅ 1 = 𝑚
• for all 𝑚1, 𝑚2, 𝑚3 ∈ 𝑀, we have (𝑚1 ⋅ 𝑚2) ⋅ 𝑚3 = 𝑚1 ⋅ (𝑚2 ⋅ 𝑚3)
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What is a Monoid, Anyway?

• Note that a monoid is not a single thing

• In programming terms, it is an interface

• Multiple types can implement this interface

• Sometimes in multiple ways!

5



Examples of Our Example - 1

The natural numbers 𝑁 form a monoid:

• The unit is 1𝑁 = 0

• The multiplication is 𝑗 ⋅ 𝑘 = 𝑗 + 𝑘

• Note that 0 + 𝑗 = 𝑗 + 0 = 𝑗

• Also (𝑗 + 𝑘) + 𝑛 = 𝑗 + (𝑘 + 𝑛)
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Examples of Our Example - 2

The natural numbers 𝑁 form a monoid:

• The unit is 1𝑁 = 0

• The multiplication is 𝑗 ⋅ 𝑘 = max(𝑗, 𝑘)

• Note that max(0, 𝑗) = max(𝑗, 0) = 𝑗

• Also max(𝑗, max(𝑘, 𝑛)) = max(max(𝑗, 𝑘), 𝑛)
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Examples of Our Example - 3

The booleans 2 = {⊥, ⊤} form a monoid:

• The unit is 1𝑁 = ⊥

• The multiplication is 𝑗 ⋅ 𝑘 = 𝑗 ∨ 𝑘

• Note that ⊥ ∨ 𝑗 = 𝑗 ∨ ⊥ = 𝑗

• Also (𝑗 ∨ 𝑘) ∨ 𝑛 = 𝑗 ∨ (𝑘 ∨ 𝑛)
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Examples of Our Example - 4

The booleans 2 = {⊥, ⊤} form a monoid:

• The unit is 1𝑁 = ⊤

• The multiplication is 𝑗 ⋅ 𝑘 = 𝑗 ∧ 𝑘

• Note that ⊤ ∧ 𝑗 = 𝑗 ∧ ⊤ = 𝑗

• Also (𝑗 ∧ 𝑘) ∧ 𝑛 = 𝑗 ∧ (𝑘 ∧ 𝑛)
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Examples of Our Example - 3

Given a set 𝑋, the set of finite sequences (𝑥0, 𝑥1, …, 𝑥𝑛) form a monoid.

• The unit is 1𝑁 = ()

• The multiplication is concatenation (𝑥0, …) ⋅ (𝑦0, …) = (𝑥0, …, 𝑦𝑜, …)

• Note that () + ⃗𝑥 = ⃗𝑥 + () = ⃗𝑥

• Also ( ⃗𝑥 ⋅ ⃗𝑦) ⋅ ⃗𝑧 = ⃗𝑥 ⋅ ( ⃗𝑦 ⋅ ⃗𝑧)
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Examples of Our Example - 4

Given a finite set 𝑋, the powerset 𝒫︀(𝑋) forms a monoid:

• The unit is 1𝑁 = ∅

• The multiplication is 𝑆 ⋅ 𝑇 = 𝑆 ∪ 𝑇

• Note that ∅ ∪ 𝑆 = 𝑆 ∪ ∅ = 𝑆

• Also (𝑆 ∪ 𝑇) ∪ 𝑈 = 𝑆 ∪ (𝑇 ∪ 𝑈)
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Examples of Our Example - 5

Given a finite set 𝑋, the powerset 𝒫︀(𝑋) forms a monoid another way:

• The unit is 1𝑁 = 𝑋

• The multiplication is 𝑆 ⋅ 𝑇 = 𝑆 ∩ 𝑇

• Note that 𝑋 ∩ 𝑆 = 𝑆 ∩ 𝑋 = 𝑆

• Also (𝑆 ∩ 𝑇) ∩ 𝑈 = 𝑆 ∩ (𝑇 ∩ 𝑈)
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Warning!

A monoid is its carrier plus its operations:

(𝑁, 0, +) and (𝑁, 0, max) are two different monoids!

(2, ⊥, ∨) and (2, ⊤, ∧) are two different monoids!

(𝒫︀(𝑋), ∅, ∪) and (𝒫︀(𝑋), 𝑋, ∩) are two different monoids!
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Monoid Homomorphisms

Given a monoid (𝑀, 0, +) and a monoid (𝑁, 1, ×), a monoid homomorphism is:

A function 𝑓 : 𝑀 → 𝑁 such that:

• f(0) = 1

• for all 𝑚1, 𝑚2 ∈ 𝑀, we have 𝑓 (𝑚1 + 𝑚2) = 𝑓 (𝑚1) × 𝑓 (𝑚2)
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Monoid Homomorphisms

Suppose we have (𝒫︀(𝑋), ∅, ∪) and (2, ⊥, ⊤)

Let inhabited : 𝒫︀(𝑋) → 2 return ⊥ if it is empty, and ⊤ if it is nonempty

Then inhabited is a monoid homomorphism.
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Monoid Homomorphisms

Suppose we have (2, ⊥, ∨) and (𝑁, 0, max)

Define 𝑓 : 2 → 𝑁 as follows:

𝑓 (⊤) = 1
𝑓 (⊥) = 0

Then 𝑓  is a monoid homomorphism, since 𝑓 (⊥) = 0 and 𝑓 (𝑥 ∨ 𝑦) = max(𝑓 (𝑥), 𝑓 (𝑦))
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Monoid Homomorphisms

Suppose we have (𝑁, 0, +) and (𝒫︀(𝑋), ∅, ∪)

Class question: what are some monoid homomorphisms 𝑓 : 𝑁 → 𝒫︀(𝑋)?
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Categories

A category ℂ consists of:

• A set of objects Obj(ℂ)
• For each 𝐴, 𝐵 ∈ Obj(ℂ), a set of morphisms Hom(A, B)
• For each 𝐴 ∈ Obj(ℂ) an identity morphism idA ∈ Hom(A, B)
• For all 𝐴, 𝐵, 𝐶, a composition operator (; ) : Hom(A, B) × Hom(B, C) → Hom(A, C)

such that for all 𝑓 : 𝐴 → 𝐵, 𝑔 : 𝐵 → 𝐶, and ℎ : 𝐶 → 𝐷,

• idA; 𝑓 = 𝑓
• 𝑓 ; idB = 𝑓
• (𝑓 ; 𝑔); ℎ = 𝑓 ; (𝑔; ℎ)

(This is an algebraic structure!)
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Examples of Categories: Set

The category of sets consists of

• The objects are sets

• Hom(A, B) are the functions from 𝐴 to 𝐵
• idA is the identity function

• 𝑓 ; 𝑔 is (reversed) function composition 𝑔 ○ 𝑓
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The Category of Monoids

Monoids form a category Mon:

• The objects of Mon are monoids (𝑋, 1, ⋅)

• The hom-sets are given by:

HomMon((𝑋, 1, ⋅), (𝑌, 0, +)) = {𝑓 : 𝑋 → 𝑌 | 𝑓 is a monoid homomorphism}
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Examples of Categories: Matrices

The category of matrices consists of:

• The objects are natural numbers ℕ
• Hom(𝑚, 𝑛) is the set of 𝑚 × 𝑛 ℝ-valued matrices

• idn is the 𝑛 × 𝑛 identity matrix

• 𝑓 ; 𝑔 is matrix multiplication

Note that objects do not have to be sets: here they are the dimensions of the matrices.
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Examples of Categories: Relations

The category of relations consists of:

• The objects are sets

• Hom(𝐴, 𝐵) is 𝒫︀(𝐴 × 𝐵), the relations between 𝐴 and 𝐵:

• id𝐴 is the identity relation on 𝐴: {(𝑎, 𝑎) | 𝑎 ∈ 𝐴}
• 𝑓 ; 𝑔 is relational composition:

𝑓 ; 𝑔 = {(𝑎, 𝑐) | ∃𝑏.(𝑎, 𝑏) ∈ 𝑓 ∧ (𝑏, 𝑐) ∈ 𝑔}

Note that morphisms do not have to be functions: here, they are relations.
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Functors: Homomorphisms of Categories

Give categories ℂ and 𝔻, a functor 𝐹 : ℂ → 𝔻 is

• 𝐹Obj : Obj(ℂ) → Obj(𝔻)
• 𝐹Hom : ℂ(𝐴, 𝐵) → 𝔻(𝐹(𝐴), 𝐹(𝐵))

such that

• 𝐹(id𝐴) = id𝐹(𝐴)
• 𝐹(𝑓 ; 𝑔) = 𝐹(𝑓 ); 𝐹(𝑔)
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Examples of Functors: The Forgetful Functor

There is a functor 𝑈 : Mon → Set:

𝑈(𝑀, 1, ×) = 𝑈
𝑈(𝑓 : (𝑀, 1, ×) → (𝑁, 0, +)) = 𝑓

This is a forgetful functor: it “forgets” the monoid structure on its argument.
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Examples of Functors: The Forgetful Functor

There is a functor 𝐹 : Set → Mon:

• 𝐹(𝑋) = 𝑋∗ (the set of sequences on 𝑋)

• 𝐹(𝑓 : 𝑋 → 𝑌) : 𝑋∗ → 𝑌∗ = (𝑥0, …, 𝑥𝑛) ↦ (𝑓 (𝑥0), …, 𝑓 (𝑥𝑛))

This functor maps each set 𝑋 to the monoid of sequences of elements of 𝑋. The action of 

the functor on a function 𝑓 , takes a sequence of 𝑋-elements, and maps 𝑓  over each 

element.
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Structures on Categories: Products

Suppose we have objects 𝐴 and 𝐵. Then the triple (𝐴 × 𝐵, 𝜋1, 𝜋2) is a product, when

↑ 𝜋1 ↑𝜋2

↑
𝑓

↑
𝑔

↑

⟨𝑓 , 𝑔⟩

𝐴 𝐵

𝑋

𝐴 × 𝐵

∀𝑓 : 𝑋 → 𝐴, 𝑔 : 𝑋 → 𝐵, ∃!ℎ : 𝑋 → 𝐴 × 𝐵, (ℎ; 𝜋1 = 𝑓 ) ∧ (ℎ; 𝜋2 = 𝑔)
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Products: Sets

Given sets 𝑋 and 𝑌, the product 𝑋 × 𝑌 is the Cartesian product:

𝑋 × 𝑌 = {(𝑥, 𝑦) | 𝑥 ∈ 𝑋 ∧ 𝑦 ∈ 𝑌}

The projections are given by:

• 𝜋1 : 𝑋 × 𝑌 → 𝑋 = (𝑥, 𝑦) ↦ 𝑥
• 𝜋2 : 𝑋 × 𝑌 → 𝑌 = (𝑥, 𝑦) ↦ 𝑦

The universal map (𝑓 , 𝑔) is defined as:

⟨𝑓 , 𝑔⟩(𝑥) = (𝑓 𝑥, 𝑔𝑥)
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Products: Monoids

Given a monoid (𝑀, 0, +) and a monoid (𝑁, 1, ×), their product object is:

• The carrier 𝑀 × 𝑁
• The unit is 1𝑀×𝑁 = (0, 1)
• The multiplication is: (𝑚1, 𝑛1) ⋅ (𝑚2, 𝑛2) = (𝑚1 + 𝑚2, 𝑛1 × 𝑛2)

The projections are given by:

• 𝜋1 : 𝑀 × 𝑁 → 𝑀 = (𝑚, 𝑛) ↦ 𝑚
• 𝜋2 : 𝑀 × 𝑁 → 𝑁 = (𝑚, 𝑛) ↦ 𝑛
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Products: Matrices

In the category of matrices, the product 𝑚 × 𝑛 is the number 𝑚 + 𝑛.

The projections are given by:

• 𝜋1 : (𝑚 + 𝑛) → 𝑚 = (𝐼𝑚×𝑚
0𝑛×𝑚

)

• 𝜋2 : (𝑚 + 𝑛) → 𝑛 = (0𝑚×𝑛
𝐼𝑛×𝑛

)

So if 𝑚 = 3 and 𝑛 = 2, then:

𝜋1 : 5 → 3 =

(




1

0
0
0
0

0
1
0
0
0

0
0
1
0
0)






𝜋2 : 5 → 2 =

(




0

0
0
1
0

0
0
0
0
1)
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Structures on Categories: Coproducts

Suppose we have objects 𝐴 and 𝐵. Then the triple (𝐴 + 𝐵, 𝜄1, 𝜄2) is a coproduct, when

↑

𝜄1

↑

𝜄2

↑

𝑓

↑

𝑔

↑

[𝑓 , 𝑔]

𝐴 𝐵

𝑋

𝐴 + 𝐵

∀𝑓 : 𝐴 → 𝑋, 𝑔 : 𝐵 → 𝑋, ∃!ℎ : 𝐴 + 𝐵 → 𝑋, (𝜄1; ℎ = 𝑓 ) ∧ (𝜄2; ℎ = 𝑔)
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Coproducts: Sets

Given sets 𝑋 and 𝑌, the coproduct 𝑋 × 𝑌 is the disjoint union:

𝑋 + 𝑌 = {(0, 𝑥) | 𝑥 ∈ 𝑋} ∪ {(1, 𝑦) | 𝑦 ∈ 𝑌}

The injections are given by:

• 𝜄1 : 𝑋 → 𝑋 + 𝑌 = 𝑥 ↦ (0, 𝑥)
• 𝜄2 : 𝑌 → 𝑋 + 𝑌 = 𝑦 ↦ (1, 𝑦)

The universal map is given by:

[𝑓1, 𝑓2] = (𝑖, 𝑣) ↦ 𝑓𝑖(𝑣)
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Coproducts: Matrices

In the category of matrices, the coproduct 𝑚 + 𝑛 is the number 𝑚 + 𝑛.

The injections are given by:

• 𝜄1 : 𝑚 → (𝑚 + 𝑛) = (𝐼𝑚×𝑚 0𝑚×𝑛)

• 𝜄2 : 𝑛 → (𝑚 + 𝑛) = (0𝑛×𝑚 𝐼𝑛×𝑛)

So if 𝑚 = 3 and 𝑛 = 2, then:

𝜄1 : 3 → 5 =
(

1

0
0

0
1
0

0
0
1

0
0
0

0
0
0)

 𝜄2 : 2 → 5 = (0

0
0
0

0
0

1
0

0
1)
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Matrix coproduct example

An example of composing with 𝜄1:

(1 2 3) ·
(

1

0
0

0
1
0

0
0
1

0
0
0

0
0
0)

 = (1 2 3 0 0)

An example of composing with 𝜄2:

(4 5) · (0
0

0
0

0
0

1
0

0
1) = (0 0 0 4 5)
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Coproducts: Monoids

Given monoids (𝑀, 0, +) and (𝑁, 1, ⋅), we can construct the coproduct as follows:

1. Define X to the set of sequences of elements of 𝑀 and 𝑁 (eg, (𝑚0 𝑚1 𝑛2 𝑛3 𝑛4 … 𝑚𝑛))

2. Define an equivalence relation ≈ such that

• ( ⃗𝑥 0 ⃗𝑥′) ≈ ( ⃗𝑥 ⃗𝑥′)
• ( ⃗𝑥 1 ⃗𝑥′) ≈ ( ⃗𝑥 ⃗𝑥′)
• ( ⃗𝑥 𝑚 𝑚′ ⃗𝑥′) ≈ ( ⃗𝑥 𝑚+𝑚′ ⃗𝑥′)
• ( ⃗𝑥 𝑛 𝑛′ ⃗𝑥′) ≈ ( ⃗𝑥 𝑛+𝑛′ ⃗𝑥′)

3. Let the carrier be the quotient set 𝑋/≈.

Then the injections are:

• 𝜄1 : 𝑀 → 𝑀 + 𝑁 = 𝑚 ↦ [(𝑚)]
• 𝜄2 : 𝑀 → 𝑀 + 𝑁 = 𝑛 ↦ [(𝑛)]
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Inductive Types



Datatypes

Consider an OCaml datatype definition like:

type tree = 

   | Num : int -> tree

   | Plus : tree * tree -> tree

   | Times : tree * tree -> tree

We can define recursive functions like:

(* eval : tree -> int *)

let rec eval = function

  | Num n       -> n

  | Plus(l, r)  -> eval l + eval r 

  | Times(l, r) -> eval l * eval r 
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Defining a Fold

Now, let’s try to define a fold function for this datatype:

(* (int -> 'a) -> ('a * 'a -> 'a) -> ('a * 'a -> 'a) -> tree -> 'a *)

let rec fold0 num plus times = function

  | Num n       -> num n

  | Plus(l, r)  -> plus (fold0 num plus times l.

                         fold0 num plus times l)

  | Times(l, r) -> times (fold0 num plus times l,

                          fold0 num plus times l)

(* eval : tree -> int *)

let eval = fold0 (fun n -> n) (fun (n,m) -> n + m) (fun (n,m) -> n * m)

There is one argument per constructor. But The OCaml AST datatype has 192 entries…!
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Untying the Knot

Define a new datatype 'a treeF:

type 'a treeF = 

  | Num : int -> 'a treeF

  | Plus : 'a * 'a -> 'a treeF

  | Times : 'a * 'a -> 'a treeF

This supports a map function:

(* map : ('a -> 'b) -> 'a treeF -> 'b treeF *)

let map f = function

  | Num n          -> Num n 

  | Plus (a1, a2)  -> Plus(f a1, f a2)

  | Times (a1, a2) -> Times(f a1, f a2)

So 𝑇(𝐴) = ℤ + (𝐴 × 𝐴) + (𝐴 × 𝐴) and map sends 𝐴 → 𝐵 to 𝑇(𝐴) → 𝑇(𝐵)
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Tying the Knot

Now, we can separately do the type recursion:

type tree = 

  | In : tree treeF -> tree

which yields an obvious isomorphism:

(* into : : tree treeF -> tree  *) 

let into x = In x 

(* out : tree -> tree treeF *) 

let out (In x) = x 
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Redefining eval

We can still define the eval function, almost as before:

(* eval : tree -> int *)

let rec eval (In x) =

  match x with 

  | Num n       -> n

  | Plus(l, r)  -> eval l + eval r

  | Times(l, r) -> eval l * eval r
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Typing fold anew

Now, let’s define a new fold function:

(* fold : ('a treeF -> 'a) -> tree -> 'a *)

let rec fold falg x = 

   falg (map (fold falg) (out x))
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Typing fold anew

Now, let’s define a new fold function, more legibly:

(* fold : ('a treeF -> 'a) -> tree -> 'a *)

let rec fold (falg : 'a treeF -> 'a) (x : tree) =

  let o : tree treeF = out x in 

  let fa : 'a treeF   = map (fold falg) o in

  let result : 'a      = falg fa in

  result 
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Defining eval via fold

Now, let’s define an algebra for treeF:

(* eval_alg : int treeF -> int *)

let eval_alg = function

  | Num n       -> n 

  | Plus(n, m)  -> n + m 

  | Times(n, m) -> n * m 

This can be used to define eval as a fold:

(* eval : tree -> int *)

let eval = fold eval_alg
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Relating fold0 and fold

Starting with the type of fold0:

(ℤ → 𝐴) → (𝐴 × 𝐴 → 𝐴) → (𝐴 × 𝐴 → 𝐴) → 𝐴
≅ ((ℤ → 𝐴) × (𝐴 × 𝐴 → 𝐴) × (𝐴 × 𝐴 → 𝐴)) → 𝐴
≅ ((ℤ + (𝐴 × 𝐴) → 𝐴)) × (𝐴 × 𝐴 → 𝐴) → 𝐴
≅ ((ℤ + (𝐴 × 𝐴) + (𝐴 × 𝐴)) → 𝐴) → 𝐴
≅ (𝑇(𝐴) → 𝐴) → 𝐴

We finish with the type of fold!
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The Polynomial Functors

Let us consider some functors on 𝖲𝖾𝗍. Suppose 𝐹, 𝐺 : 𝖲𝖾𝗍 → 𝖲𝖾𝗍.

• The constant functor:

𝐴(𝑋) = 𝐴
𝐴(𝑓 ) = id𝐴

• The identity functor:

𝖨𝖽(𝑋) = 𝑋
𝖨𝖽(𝑓 ) = 𝑓

• The product functor:

(𝐹 ⊗ 𝐺)(𝑋) = 𝐹(𝑋) × 𝐺(𝑋)
(𝐹 ⊗ 𝐺(𝑓 ) = 𝐹(𝑓 ) × 𝐺(𝑓 )

• The sum functor:

(𝐹 ⊕ 𝐺)(𝑋) = 𝐹(𝑋) + 𝐺(𝑋)
(𝐹 ⊕ 𝐺)(𝑓 ) = 𝐹(𝑓 ) + 𝐺(𝑓 )
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Shapes of Datatypes

The polynomial functors let us model a datatype shape of the form

  type 'a shape =

    | C1 : (a1 * ... * an) 

    ...

    | Cn : (b1 * ... * bk) 

    

This is modelled as a sum of products:

• Each alternative is separated by an ⊕
• Each * is separated by an ⊗
• Occurences of 'a are mapped to 𝖨𝖽
• Occurences of types like int are mapped to ℤ
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Shapes of Datatypes

The polynomial functors let us model a datatype shape of the form

  type 'a intlist_f

    | Nil   : 'a intlist_f 

    | Cons  : int * 'a -> 'a intlist_f 

This is modelled as 𝐹List = 1 ⊕ (ℤ ⊗ 𝖨𝖽). The functorial action of 𝐹List is the map on the 

shapes:

(* map : ('a -> 'b) -> 'a intlist_f -> 'b intlist_f *)

let map f = function

  | Nil -> Nil

  | Cons(n, a) -> Cons(n, f a)
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Datatypes as Fixed Points of Functors

The recursive type definition gives rise to an isomorphism:

   type intlist = In of intlist intlist_f 

   let into x = (In x)  (* intlist intlist_f  -> intlist *)

   let out (In x) = x   (* intlist -> intlist intlist_f  *)

This suggests we want to model lists as the fixed point of a functor:

List ≅ 𝐹List(List)
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Properties of Folds

Recall the definition of fold:

let rec fold falg x = 

  falg (map (fold falg) (out x))

Witing (|𝑓 |) for the fold, our recursive definition tells us fold satisfy:

(|𝑓 |) = 𝑓 ∘ 𝐹List(|𝑓 |) ∘ out

= out; 𝐹List(|𝑓 |); 𝑓

Note that this is not obviously a definition in 𝖲𝖾𝗍! We need to show that it is well-

founded and that there is a unique solution.
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The category of 𝐹-algebras

Suppose 𝐹 is a endofunctor on 𝖲𝖾𝗍.

The category of 𝐹-algebras is defined as:

• Objects are pairs, (𝐴 ∈ 𝖲𝖾𝗍, 𝛼 : 𝐹(𝐴) → 𝐴).

• Morphisms 𝑓 : (𝐴, 𝛼) → (𝐵, 𝛽) are functions 𝑓 : 𝐴 → 𝐵 such that:

↑𝐹(𝑓 )

↑
𝑓

↑𝛼 ↑𝛽

𝐹(𝐴) 𝐹(𝐵)

𝐴 𝐵
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The initial 𝐹-algebra

Suppose (𝜇𝐹, into : 𝐹(𝜇𝐹) → 𝜇𝐹) is the initial object in the category of 𝐹-algebras. Then, 

for any object (𝐴, 𝑓 : 𝐹(𝐴) → 𝐴), there is a unique map (|𝑓 |) : 𝜇𝐹 → 𝐴 such that

↑𝐹(|𝑓 |)

↑

(|𝑓 |)

↑into ↑𝑓

𝐹(𝜇𝐹) 𝐹(𝐴)

𝜇𝐹 𝐴

The diagram says

into; (|𝑓 |) = 𝐹(|𝑓 |); 𝑓

If into and out form an isomorphism, 

then:

out; into; (|𝑓 |) = out; 𝐹(|𝑓 |); 𝑓
(|𝑓 |) = out; 𝐹(|𝑓 |); 𝑓
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Summarized Requirements

Given a polynomial functor 𝐹, we want to find:

1. A set 𝜇𝐹 such that (into, out) : 𝐹(𝜇𝐹) ≅ 𝜇𝐹
2. (𝜇𝐹, into) forms the initial object of the category of 𝐹-algebras

Then 𝜇𝐹 will accurately model our the datatype.
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Constructing 𝜇𝐹 by successive approximation

Concretely, let’s look at 𝐹List:

𝐹0
List(0) = 0 = ∅

𝐹1
List(0) = 1 + (ℤ × 0) = {𝜄1(∗)}

𝐹2
List(0) = 1 + (ℤ × (1 + (ℤ × 0))) = {𝜄1(∗)} ∪ {𝜄2(𝑛, 𝜄1(∗)) | 𝑛 ∈ ℕ}

…
𝐹𝑛+1

List (0) = 1 + (ℤ × 𝐹𝑛
List(0)) = {𝜄1(∗)} ∪ {𝜄2(𝑛, 𝑣) | 𝑣 ∈ 𝐹𝑛

List(0)}

𝐹𝑛
List(0) is the set of list values of length ≤ 𝑛!
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Defining 𝜇𝐹

Define

𝜇𝐹 = ⋃
𝑛∈ℕ

𝐹𝑛(0)

We need to ask:

1. Is there a pair of into : 𝐹(𝜇𝐹) → 𝜇𝐹 and out : 𝜇𝐹 → 𝐹(𝜇𝐹) that form an isomorphism?

2. If so, is (𝜇𝐹, into) an initial 𝐹-algebra?
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Monotonicity of polynomial functors

Theorem. If 𝐹 is a polynomial functor, and 𝐴 ⊆ 𝐵 then 𝐹(𝐴) ⊆ 𝐹(𝐵).

Proof. By induction on 𝐹. (See notes for proof)

Since 0 ⊆ 𝐹(0), this theorem implies that if 𝑚 ≤ 𝑛, then 𝐹𝑚(0) ⊆ 𝐹𝑛(0).
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Uniformity of polynomial functors

Theorem. If 𝐹 and 𝐺 are polynomial functors, and 𝑥 ∈ 𝐺(𝜇𝐹) then there exists an 𝑛 such 

that 𝑥 ∈ 𝐺(𝐹𝑛(0)).

Proof. By induction on 𝐹. (See notes for proof)
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into and out for 𝜇𝐹

Theorem. The map into : 𝐹(𝜇𝐹) → 𝜇𝐹 can be defined as into (𝑥) = 𝑥, and the map out :
𝜇𝐹 → 𝐹(𝜇𝐹) can be defined as out (𝑥) = 𝑥.

Proof. These trivially form an isomorphism: the proof is that they have the correct 

codomain!

into:

1. Assume 𝑥 ∈ 𝐹(𝜇𝐹).

2. By uniformity, 𝑥 ∈ 𝐹(𝐹𝑛(0)).

3. Hence 𝑥 ∈ 𝐹𝑛+1(0).

4. Hence 𝑥 ∈ 𝜇𝐹.

out:

1. Assume 𝑥 ∈ 𝜇𝐹. Hence 𝑥 ∈ 𝐹𝑛(0).

2. Since 𝐹0(0) = ∅, we know 𝑛 = 𝑚 + 1.

3. So 𝑥 ∈ 𝐹𝑚+1(0) = 𝐹(𝐹𝑚(0)).

4. Since 𝐹𝑚(0) ⊆ 𝜇𝐹 and 𝐹 is monotone, 

𝐹(𝐹𝑚(0)) ⊆ 𝐹(𝜇𝐹).

5. Hence 𝑥 ∈ 𝐹(𝜇𝐹).
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The well-foundedness of (|𝑓 |)

Theorem. For any polynomial functor 𝐹 and map 𝑓 : 𝐹(𝐴) → 𝐴, the map (|𝑓 |) : 𝜇𝐹 → 𝐴 

can be defined as

(|𝑓 |) = 𝑓 ∘ 𝐹(|𝑓 |) ∘ out

Proof. To show this is well-defined, we show that for any 𝑛, the expression (|𝑓 |) defines a 

map 𝐹𝑛(0) → 𝐴, by induction on 𝑛.
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Initiality

To establish initiality, we need to show that (|𝑓 |) is the only 𝐹-algebra homomorphism 

𝜇𝐹 → 𝐴.

Theorem. If ℎ : (𝜇𝐹, into) → (𝐴, 𝑓 ), then ℎ = (|𝑓 |).

Proof. We show that for all 𝑛 and all 𝑥 ∈ 𝐹𝑛(0), we have ℎ(𝑥) = (|𝑓 |)(𝑥).
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Coinductive Types



𝐹-Algebras Describe a Family of Constructors

A group is a set 𝐺 plus some operations:

 A zero element 𝑒 : 𝐺

 A negation neg : 𝐺 → 𝐺

 A binary operation (·) : 𝐺 × 𝐺 → 𝐺
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𝐹-Algebras Describe a Family of Constructors

A group is a set 𝐺 plus some operations:

 A zero operation 𝑒op : 1 → 𝐺

 A negation neg : 𝐺 → 𝐺

 A binary operation (·) : 𝐺 × 𝐺 → 𝐺
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𝐹-Algebras Describe a Family of Constructors

A group is a set 𝐺 plus some operations:

 Zero or negation 𝑓 : (1 + 𝐺) → 𝐺

 

 A binary operation (·) : 𝐺 × 𝐺 → 𝐺

We can reconstruct the original operations as follows:

 The original 𝑒 = 𝑓 (𝜄1(∗))
 The original negation neg(𝑔) = 𝑓 (𝜄2(𝑔))
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𝐹-Algebras Describe a Family of Constructors

A group is a set 𝐺 plus some operations:

 Zero or negation or multiplication 𝑓 : (1 + 𝐺 + (𝐺 × 𝐺)) → 𝐺

 

 

We can reconstruct the original operations as follows:

 The original 𝑒 = 𝑓 (𝜄1(∗))
 The original negation neg(𝑔) = 𝑓 (𝜄2(𝑔))
 The original multiplication 𝑔1 · 𝑔2 = 𝑓 (𝜄3(𝑔1, 𝑔2))
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Inductive Types are Finite Data

Inductive types are unbounded but finite data (e.g., lists), described by:

• A family of constructors into : 𝐹(𝜇𝐹) → 𝜇𝐹
• Structurally recursive defintions, taking an algebra 𝑓 : 𝐹(𝐴) → 𝐴 to a fold (|𝑓 |) : 𝜇(𝐹) →

𝐴
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Infinite Lists in Haskell

In Haskell,

ints : Int -> [Int]

ints n = n : (ints (n+1))     -- this won't go into an infinite loop!

square : Int -> Int

square n = n * n 

squares = map square (ints 0) -- yields 0, 1, 4, 9, 16, ...

main = do

  putStrLn (show (squares !! 3 + squares !! 4))

will terminate and print 25.
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Infinite Lists in OCaml?

let ints n = n :: ints(n+1)

let v = ints 0
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Infinite Lists in OCaml?

let ints n = n :: ints(n+1)

let v = ints 0

When we try to run it:

    utop[48]> ints 0;;

    Stack overflow during evaluation (looping recursion?).
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But What About Infinite Data?

Not all programs are guaranteed to terminate:

• Text editors

• Web browsers

• Operating systems

• Databases

• All of these respond to input, and keep responding, until externally terminated.

• Take state and input to produce state and output
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Infinite Streams in OCaml

type stream = S : 'a * ('a -> int * 'a) -> stream 

let unfold : ('a -> int * 'a) -> 'a -> stream = 

  fun step s -> S(s, step)

    

let ints : int -> stream = 

  fun n -> let step n = (n, n+1) in 

           unfold step n 

let toggle : stream = 

  let step b = (Bool.to_int b, not b) in

  unfold step true

A stream is a state, plus a function which returns an element and an updated state.
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Using Infinite Streams

(* stream -> int * stream *)

let out (S(s, step)) = 

  let (n, s') = step s in

  (n, S(s', step))

(* int -> stream -> int list *) 

let rec take n s = 

  match n with 

  | 0 -> []

  | n -> let (x, s') = out s in

         x :: take (n-1) s' 

utop[78]> take 5 (ints 0);;

- : int list = [0; 1; 2; 3; 4]

utop[79]> take 5 toggle;;

- : int list = [1; 0; 1; 0; 1]
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The Stream API So Far

Viewed as an abstract type, we can define everything in terms of unfold and out:

 module type Stream = sig

   type t

   val unfold : ('a -> int * 'a) -> 'a -> t 

   val out : t -> int * t 

 end
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The Stream API So Far

Observe that the type family type 'a t = int * 'a is a functor:

 type 'a t = int * 'a 

 (* map : ('a -> 'b) -> 'a t -> 'b t *)

 let map f (n, a) = (n, f a)

This suggests the possiblity of a generic construction! For example:

   let into : stream t -> stream = 

     fun ns -> unfold (map out) ns 
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Coinductive Types, Generically

We want to write something with the following API:

module type FUNCTOR = sig

  type 'a t

  val map : ('a -> 'b) -> 'a t -> 'b t 

end

module type COINDUCTIVE = functor (F : FUNCTOR) -> 

  sig 

    type t 

    val unfold : ('a -> 'a F.t) -> 'a -> t

    val out : t -> t F.t

    val into : t F.t -> t 

  end
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Implementing Coinductive Types

module CoInd : COINDUCTIVE = functor (F : FUNCTOR) -> struct

  type t = Build : (('a -> 'a F.t) * 'a) -> t 

  let unfold coalg seed = Build(coalg, seed)

  let out (Build(coalg, seed)) = 

    let shape = coalg seed in    (* shape : a F.t *)

    let g     = unfold coalg in  (* g : a -> t *)

    let h     = F.map g in       (* h : a F.t -> t F.t *)

    h shape                      (* result : t F.t *)

   let into fs = unfold (F.map out) fs

end
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Coinductive Types, Mathematically

A map 𝑓 : 𝐴 → 𝐹(𝐴) is an 𝐹-coalgebra.

• Coalgebras are dual to algebras

• Algebras model construction

• Coalgebras model observation

Given an (𝐴, 𝑓 : 𝐴 → 𝐹(𝐴)), we want to find a map ⟨𝑓 ⟩ : 𝐴𝑡𝑜𝜈𝐹. This suggests thinking of 

studying final 𝐹-coalgebras.

74



The category of 𝐹-coalgebras

Suppose 𝐹 is a endofunctor on 𝖲𝖾𝗍. The category of 𝐹-coalgebras is defined as:

• Objects are pairs, (𝐴 ∈ 𝖲𝖾𝗍, 𝛼 : 𝐴 → 𝐹(𝐴)).

• Morphisms 𝑓 : (𝐴, 𝛼) → (𝐵, 𝛽) are functions 𝑓 : 𝐴 → 𝐵 such that:

↑𝐹(𝑓 )

↑
𝑓

↑
𝛼

↑
𝛽

𝐹(𝐴) 𝐹(𝐵)

𝐴 𝐵
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The terminal 𝐹-coalgebra

Suppose (𝜈𝐹, out : 𝜈𝐹 → 𝐹(𝜈𝐹) is the terminal object in the category of 𝐹-algebras. Then, 

for any object (𝐴, 𝑓 : 𝐴 → 𝐹(𝐴)), there is a unique map ⟨𝑓 ⟩ : 𝐴 → 𝜈𝐹 such that

↑𝐹⟨𝑓 ⟩
↑

⟨𝑓 ⟩

↑
out

↑
𝑓

𝐹(𝜈𝐹) 𝐹(𝐴)

𝜈𝐹 𝐴

The diagram says

⟨𝑓 ⟩; out = 𝑓 ; 𝐹⟨𝑓 ⟩

If into and out form an isomorphism, 

then:

⟨𝑓 ⟩; out; into = 𝑓 ; 𝐹⟨𝑓 ⟩; into
⟨𝑓 ⟩ = 𝑓 ; 𝐹⟨𝑓 ⟩; into
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Approximations of Streams

Consider the stream functor 𝐹 = ℤ ⊗ 𝖨𝖽. Let’s consider powers of 𝐹:

𝐹0(1) = 1 ≅ ℤ0

𝐹1(1) = ℤ × 1 ≅ ℤ1

𝐹2(1) = ℤ × (ℤ × 1) ≅ ℤ2
…

𝐹𝑛+1(1) = ℤ × 𝐹𝑛(1) ≅ ℤ𝑛+1
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Approximations of Streams

• Suppose we have an approximate stream 𝑥𝑛+1 ∈ 𝐹𝑛+1(1).

• How do we find 𝑥𝑛 ∈ 𝐹𝑛(1), the first 𝑛 elements?

• Observe:

1. ! : 𝐹(1) → 1 is the terminal map – it sends ℤ × 1 → 1.

2. So 𝐹𝑛(!) : 𝐹𝑛+1(1) → 𝐹𝑛(1).

3. This remembers the first 𝑛 elements, and drops the 𝑛 + 1-st.

• Furthermore, from 𝑥 ∈ 𝜈𝐹, we should be able to approximate it 𝜋𝑛 : 𝜈𝐹 → 𝐹𝑛(1).
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The Approximation Diagram, Pictorially

↑

!

↑

𝐹(!)

↑

𝐹2(!)

↑

𝜋0
↑

𝜋1
↑

𝜋2

↑
𝜋3

1 𝐹(1) 𝐹2(1) 𝐹3(1)

𝜈𝐹

The diagram at the bottom is called the terminal diagram. 𝜈𝐹 is the limit of this diagram.
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The Limit Property of 𝜈𝐹
↑

!

↑

𝐹(!)

↑

𝐹2(!)

↑⟨𝑓𝑖⟩

↑

𝜋0

↑

𝜋1

↑

𝜋2

↑

𝜋3

↑

𝑓0

↑

𝑓1

↑

𝑓2

↑

𝑓3

1 𝐹(1) 𝐹2(1) 𝐹3(1)

𝜈𝐹

𝑋
• 𝜈𝐹 is the “greatest lower bound” of the 

diagram

• Any family of maps commuting with 

the projections factors through 𝜈𝐹.
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Constructing 𝜈𝐹

We define 𝜈𝐹 as follows:

𝜈𝐹 ≡ {𝑣 ∈ Π𝑛 : ℕ.𝐹𝑛(1) | ∀𝑚 ≤ 𝑛. 𝑣𝑚 = 𝑝𝑛,𝑚(𝑣𝑛)}

𝑝𝑛,𝑚 : 𝐹𝑛(1) → 𝐹𝑚(1)
𝑝𝑛,𝑚 = id𝐹𝑛(1)  when 𝑛 = 𝑚
𝑝𝑛,𝑚 = 𝐹𝑛(!); 𝑝𝑛−1,𝑚  when 𝑛 > 𝑚

and

𝜋𝑛 : 𝜈𝐹 → 𝐹𝑛(1)
𝜋𝑛 = 𝑣 ↦ 𝑣𝑛
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The Projective Limit

↑
𝑎0

↑

𝑎1

↑

𝑎2
↑

𝜋0
↑

𝜋1
↑

𝜋2
↑

𝜋3

𝐴0 𝐴1 𝐴2 𝐴3

lim 𝐴𝑖

lim 𝐴𝑖 is a projective limit of the 𝐴𝑖, if 𝑎𝑖-compatible families of maps factor through 

lim 𝐴𝑖.
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Polynomial Functors Preserve Projective Limits

Theorem. If lim 𝐴𝑖 is a projective limit of a diagram 𝑎𝑖 : 𝐴𝑖+1 → 𝐴𝑖 for 𝑖 ∈ ℕ, then 

𝐹(lim 𝐴𝑖) ≅ lim 𝐹(𝐴𝑖), where lim 𝐹(𝐴𝑖) is the projective limit of the diagram 𝐹(𝑎𝑖) :
𝐹(𝐴𝑖+1) → 𝐹(𝐴𝑖).

Proof. By induction on 𝐹 (see the notes). It is important that the action of the 

isomorphism is compatible with the projections.
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𝐹(𝜈𝐹) ≅ 𝜈𝐹

Theorem. There exists an isomorphism 𝜈𝐹 ≅ 𝐹(𝜈𝐹) compatible with the projections.

Proof. The key idea is that the apply 𝐹 to the terminal diagram yields a diagram that 

looks exactly like the terminal diagram, except with the 𝐹0(1) = 1 tip cut off. So it 

suffices to show that lim 𝐹𝑖(1) ≅ lim 𝐹𝑖+1(1), which follows because the map into the 

terminal object 1 is always unique. So the isomorphism can just “shift the projections” to 

the left or right in an information-preserving way.
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The unfold

Theorem. Given a coalgebra 𝛼 : 𝐴 → 𝐹(𝐴), there is a unique coalgebra homomorphism 

⟨𝛼⟩ : (𝐴, 𝛼) → (𝜈𝐹, out).

Proof.

1. We construct a cone 𝛼𝑖 : 𝐴 → 𝐹𝑖(1) by recursion on 𝑖.
2. This gives a unique map ⟨𝛼⟩ : 𝐴 → 𝜈𝐹.

3. We can then use the universal property of projective limits to show that it is a unique 

𝐹-coalgebra homomorphism.
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From Divide-and-Conquer to Dynamic Programming



Quicksort

  let below x y = y < x 

  let rec qsort xs =

    match xs with 

    | [] -> []

    | x :: xs -> let (ls, rs) = List.partition (below x) xs in

                 qsort ls @ [x] @ qsort rs 

• This is a non-structural recursion

• Each recursive call is on a “smaller” argument

• How can we formalize this?
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How Does Quicksort Work?

  let below x y = y < x 

  let rec qsort xs = 

    match xs with 

    | [] -> []

    | x :: xs -> let (ls, rs) = List.partition (below x) xs in

                 qsort ls @ [x] @ qsort rs 

qsort is a divide-and-conquer algorithm:

• The divide step picks an element, and splits the list into the smaller and greater 

elements

• The conquer step takes a pivot and two sorted lists, and concatenates them
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Making Pivoting Into Data

    type 'a pivot = 

      | Nil 

      | Pivot of 'a * int * 'a 

    

    let map f = function

      | Nil              -> Nil

      | Pivot(a1, x, a2) -> Pivot(f a1, x, f a2)

• The 'a pivot type is a functor

• It models the recursive shape of qsort

88



The split coalgebra

    (* split : int list -> int list pivot *)

    let split = function

      | [] -> Nil

      | x :: xs -> let (ls, rs) = List.partition (below x) xs in

                   Pivot(ls, x, rs)

xs returns:

• Nil if is empty

• Pivot(ls, x, rs) if the list is nonempty

• is a coalgebra for the pivot functor

• It implements the “divide” part of “divide and conquer”

89



The concat algebra

    (* concat : int list pivot -> int list *)

    let concat = function

      | Nil              -> []

      | Pivot(ls, x, rs) -> ls @ [x] @ rs 

concat s:

• returns [] if passed Nil

• Concatenates the arguments if passed Pivot(ls, x, rs)

• is an algebra for the pivot functor

• It implements the “conquer” part of “divide and conquer”
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Quicksort Original

  let rec qsort xs =

    match xs with 

    | [] -> []

    | x :: xs -> let (ls, rs) = List.partition (below x) xs in

                 qsort ls @ [x] @ qsort rs 
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Quicksort (Co)algebraically

  let rec qsort xs = 

    concat(match split xs with

           | Nil -> Nil

           | Pivot(ls, x, rs) -> Pivot(qsort ls, x, qsort rs))

1. We use split xs to partition the data

2. Apply qsort recursively on sublists ls and rs

3. Use concat to reassemble result
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A Further Simplification

  let rec qsort xs = 

    concat(match split xs with

           | Nil -> Nil

           | Pivot(ls, x, rs) -> Pivot(qsort ls, x, qsort rs))

• Note that the match block simply applies qsort to ls and rs

• That is, we are map-ing qsort over the result of split xs
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Look Ma, No Pattern Matching!

  let rec qsort xs = 

    concat(map qsort (split xs))

• We have abstracted over the entire divide-and-conquer structure.

• This suggests we can separate the recursion as well
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Introducing Hylomorphisms

  (* hylo : ('a -> 'a pivot) -> ('b pivot -> 'b) -> 'a -> 'b *)

  let rec hylo coalg alg a = 

    alg (map (hylo coalg alg) (coalg a))

  let qsort xs = hylo split concat xs 

• We have abstracted over the entire divide-and-conquer structure.

• This suggests we can separate the recursion as well
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Hylomorphisms Generically

module type FUNCTOR = sig

  type 'a t 

  val map : ('a -> 'b) -> ('a t -> 'b t)

end

module Hylo(F : FUNCTOR) = struct

  let rec fix coalg alg a = 

    alg (F.map (fix coalg alg) (coalg a))

end

let quicksort xs = 

    let module Fix = Hylo(Pivot) in 

    Fix.fix split concat xs 
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From Divide-and-conquer to Dynamic Programming

The longest common subsequence problem:

• 𝑠 is a subsequence of a string 𝜔, if you can get 𝑠 by deleting elements of 𝜔
‣ "hello" ≤ "hello world"

‣ "world" ≤ "hello world"

‣ "hold" ≤ "hello world"

• Given two strings 𝑠1 and 𝑠2, what is the length of the longest string which is a 

subsequence of both?
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The view Coalgebra for Strings

type s = Suffix of string * int 

let make s = Suffix(s, 0)

(* view : s -> (char * s) option *)

let view (Suffix(s, i)) = 

  if i = String.length s then 

    None

  else 

    Some(s.[i], Suffix(s, i+1))

• We represent suffixes of strings as a string plus an offset

• The view function is a coalgebra which lets us look at characters one-by-one
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The Naive Recursive Algorithm

let rec lcs s1 s2 = 

  match view s1, view s2 with

  | None, _ | _, None -> 0 

  | Some(c, s1'), Some(c', s2') when c = c' -> 1 + lcs s1' s2' 

  | Some(_, s1'), Some(_, s2')            -> max (lcs s1 s2') (lcs s1' s2)

• If the first characters are the same, then we can include it.

• Otherwise, try deleting the first character of either string and recurring

• This is exponential time…!
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LCS as a coalgebra-to-algebra morphism, 1

We introduce a type to model the three cases of the algorithm:

    type 'a t = 

      | Empty 

      | CommonHead of 'a 

      | DiffHead of 'a * 'a 

    let map f = function

      | Empty -> Empty

      | CommonHead a -> CommonHead (f a)

      | DiffHead(a1, a2) -> DiffHead(f a1, f a2)
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The Divide Phase

We introduce a coalgebra to observe the inputs:

  let lcs_coalg (s1, s2) = 

    match view s1, view s2 with

    | None, _ 

    | _, None -> Empty

    | (Some(c, s1'), Some(c', s2')) -> 

       if c = c' then

         CommonHead(s1', s2')

       else

         DiffHead ((s1, s2'), (s1', s2))
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The Conquer Phase

Likewise, we can introduce an algebra to combine solutions:

let lcs_alg x = 

  match x with 

  | Empty -> 0 

  | CommonHead n -> n + 1

  | DiffHead(m, n) -> max m n 
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A Slow Solution

let lcs_slow (s1, s2) = 

  let module R = Hylo(LCS_F) in  

  R.fix lcs_coalg lcs_alg (make s1, make s2)

• This is still slow, because it’s the same as the naive algorithm
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Fixing the Fixed Point Operator

module Memo(F : FUNCTOR) = struct

  let fix coalg alg x = 

    let h = Hashtbl.create 0 in

    let rec loop x = 

      match Hashtbl.find_opt h x with

      | Some v -> v 

      | None -> let v = alg (F.map loop (coalg x)) in

                Hashtbl.add h x v;

                v

    in

    loop x

end

We can write a new fixed point, which memoizes the solutions!
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Fast LCS

Now, we can change this:

let lcs_slow (s1, s2) = 

  let module R = Hylo(LCS_F) in  

  R.fix lcs_coalg lcs_alg (make s1, make s2)

to this:

let lcs (s1, s2) = 

  let module R = Memo(LCS_F) in  

  R.fix lcs_coalg lcs_alg (make s1, make s2)

and we have an asympotically efficient solution!
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Divide and Conquer

• Divide-and-conquer is a pair of a coalgebra and an algebra

• By changing the definition of the fixed point, we can avoid recomputing subproblems

• This just is dynamic programming
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Tomorrow, and tomorrow, and tomorrow, Creeps in this petty pace 

from day to day, To the last syllable of recorded time

Unfortunately, not all coalgebras are well-founded:

   (* illfounded : unit -> unit pivot *)

   let illfounded () = Node((), 0, ())

   (* whatever : int pivot -> int *)

   let whatever (x : int pivot) = 0 

   utop[122]> hylo illfounded whatever ()

   Interrupted.

illfounded does not give smaller results on each call. 💔
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Preorders and the Descending Chain Condition

• A preorder (𝑋 ∈ 𝖲𝖾𝗍, (≤) ∈ 𝑋 × 𝑋) is a preorder when ≤ is reflexive and transitive

• We write 𝑥 < 𝑦 when 𝑥 ≤ 𝑦 and 𝑦 ⪇ 𝑥
• 𝑋 satisfies the descending chain condition when there are no infinite sequences such that

𝑥0 > 𝑥1 > 𝑥2 > …
• Dually, 𝑋 satisfies the ascending chain condition when there are no infinite sequences

𝑥0 < 𝑥1 < 𝑥2 < …
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Well-Founded Preorders

Suppose (𝑋, ≤) is a preorder, and 𝐴 is a subset of 𝑋

• 𝑎 ∈ 𝐴 is minimal, if for all 𝑏 ∈ 𝐴, 𝑏 ≤ 𝑎 implies 𝑎 ≤ 𝑏.

• (𝑋, ≤) is well-founded if every inhabited subset 𝐴 ⊆ 𝑋 has a minimal element
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Well-Foundedness is the Descending Chain Condition

Theorem. (𝑋, ≤) is well-founded if and only if it satisfies the descending chain 

condition.

Proof. ⇒
1. Assume 𝑋 is well-founded.

2. Assume there is an infinite descending chain 𝑥0 > 𝑥1 > …
3. The set {𝑥0, 𝑥1, …} is a set without a minimal element.

4. This is a contradiction!

110



Well-Foundedness is the Descending Chain Condition

Theorem. (𝑋, ≤) is well-founded if and only if it satisfies the descending chain 

condition.

Proof. ⇐
1. Assume 𝑋 has no infinite descending chains.

2. For a contradiction, assume 𝑋 is not well-founded.

3. So we have an inhabited subset 𝐴 ⊆ 𝑋, with 𝑥 ∈ 𝐴 and no minimal elements.

4. Then ↓ (𝑎) = {𝑏 ∈ 𝐴 | 𝑏 < 𝑎} is inhabited for all 𝑎 ∈ 𝐴.

5. Define 𝐴𝑛 = (↓)𝑛(𝑥). All of these sets are inhabited.

6. Choose an 𝑎𝑛 ∈ 𝐴𝑛 for all 𝑛, so 𝑎0 > 𝑎1 > 𝑎2 > …
7. This is an infinite descending chain: contradiction!
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The Principle of Well-Founded Induction

Suppose that 𝑋 is a well-founded preorder and 𝑃 : 𝑋 → 2 is a property on 𝑋. If:

for all 𝑎 ∈ 𝑋, i(∀𝑏 < 𝑎.𝑃(𝑏)) implies 𝑃(𝑎)

Then we have

∀𝑥 ∈ 𝑋.𝑃(𝑥)

Proof. Let 𝑄 = {𝑥 ∈ 𝑋 | ¬𝑃(𝑥)}.

• If 𝑄 empty, then 𝑃 holds for all of 𝑋.

• If 𝑄 is inhabited, then 𝑄 has a minimal element 𝑎.

• This means for any 𝑥 ∈ 𝑋, if 𝑥 < 𝑎 then 𝑃(𝑥) must hold.

• Therefore 𝑃(𝑎) – which contradicts 𝑎 ∈ 𝑄.
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Well-Founded Coalgebras

If 𝑋 is a well-founded preorder, we say 𝑓 : 𝑋 → 𝑋 is decreasing when 𝑓 (𝑥) < 𝑥.

• Since 𝑥 > 𝑓 (𝑥) > 𝑓 2(𝑥) > … for all 𝑥, each 𝑥 eventually yields a fixed point of 𝑓

• But a coalgebra has type 𝛼 : 𝑋 → 𝐹(𝑋): how do we formalize the idea of a decreasing 

function now?
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Functorial Comparison

Suppose 𝐹 is a polynomial functor, and (𝑋, ≤) is a well-founded preorder. We define the 

relation (<
𝐹

) ⊆ 𝐹(𝑋) × 𝑋 as follows:

𝑥 <
𝖨𝖽

𝑦 ⇔ 𝑥 < 𝑦

𝑥 <
𝐴

𝑦 ⇔ ⊤

(𝑎, 𝑏) <
𝐺⊗𝐻

𝑦 ⇔ 𝑎 <
𝐺

𝑦 ∧ 𝑏 <
𝐻

𝑦

𝜄1(𝑣) <
𝐺⊕𝐻

𝑦 ⇔ 𝑣 <
𝐺

𝑦

𝜄2(𝑣) <
𝐺⊕𝐻

𝑦 ⇔ 𝑣 <
𝐻

𝑦

(We can define ≤
𝐹

 similarly.)
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Well-Founded Coalgebras

Definition. If 𝐹 is a polynomial functor, (𝑋, ≤) is a well-founded preorder, and 𝑑 : 𝑋 →
𝐹(𝑋) is an 𝐹-coalgebra, we say 𝑑 is well-founded if for all 𝑥 ∈ 𝑋, we have that 𝑑(𝑥) <

𝐹
𝑥.

This means that

1. Every recursive occurence of 𝑋 in 𝑑(𝑥) is smaller than 𝑥.

2. This ensures that the recursive calls will eventually terminate, thanks to the 

descending chain condition.
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The Recursion Theorem

Theorem. Suppose 𝐹 is a polynomial functor, 𝑑 : 𝐴 → 𝐹(𝐴) is a well-founded 𝐹-

coalgebra, and 𝑠 : 𝐹(𝐵) → 𝐵 is any 𝐹-algebra. Then there exists a unique function 

satisfying the equation

𝜑 = 𝑑; 𝐹(𝜑); 𝑠

Proof. By well-founded induction 𝑋, with a nested induction on 𝐹.
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Fixed Points on Lattices



Many Algorithms Compute Fixed Points

Suppose we have a graph 𝐺 with nodes 𝑁 and an edge relation 𝐸 ⊆ 𝑁 × 𝑁.

• Q: How do we tell if 𝑛0 leads to 𝑛1 in one step?

• A: We check if (𝑛0, 𝑛1) ∈ 𝐸.

• Q: How do we tell if 𝑛0 leads to 𝑛1 in one or more steps?

• A: We check if (𝑛0, 𝑛1) is in 𝐸+, the transitive closure of 𝐸
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The Transitive Closure of a Relation

The transitive closure 𝐸+ is the smallest set satisfying the following equation:

𝐸+ = 𝐸 ∪ (𝐸 · 𝐸+)

This says that:

• Everything in 𝐸 must be in 𝐸+

• If 𝐸 says 𝑛0 is connected to 𝑛1, and 𝑛1 reaches 𝑛2 via 𝐸+, then 𝐸+ must contain the fact 

that 𝑛0 reaches 𝑛2.

𝐸+ must be the smallest satisfying set to rule out “junk” paths (eg, consider 𝑁 × 𝑁).
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Computing Transitive Closure by Fixed Point Iteration

Now, define:

𝑇 : 𝒫︀(𝑁 × 𝑁) → 𝒫︀(𝑁 × 𝑁)
𝑇(𝑅) = 𝐸 ∪ (𝐸 · 𝑅)

We want to define 𝐸+ as the least fixed point of 𝑇. To do this, we observe that

1. 𝑇 is monotone (𝑅 ⊆ 𝑆 implies 𝑇(𝑅) ⊆ 𝑇(𝑆))

2. ∅ is the least element in the ⊆ order

3. Because 𝒫︀(𝑁 × 𝑁) is finite, the series

∅ ⊆ 𝑇(∅) ⊆ 𝑇2(∅) ⊆ …

must have a fixed point.
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Fixed Points More Generally

(𝑋 ∈ 𝖲𝖾𝗍, (≤) ∈ 𝒫︀(𝑋 × 𝑋), ⊥ ∈ 𝑋, (∨) ∈ 𝑋 × 𝑋 → 𝑋) is a join-semilattice when

• (𝑋, ≤) is a partially ordered set.

• ∨ is monotone in both arguments.

• ⊥ is the least element: ⊥ ≤ 𝑥 for all 𝑥 ∈ 𝑋.

• ∨ computes least upper bounds:

‣ 𝑥 ≤ 𝑥 ∨ 𝑦 for all 𝑥, 𝑦 ∈ 𝑋.

‣ 𝑦 ≤ 𝑥 ∨ 𝑦 for all 𝑥, 𝑦 ∈ 𝑋.

‣ if 𝑥 ≤ 𝑧 and 𝑦 ≤ 𝑧 then 𝑥 ∨ 𝑦 ≤ 𝑧 for all 𝑥, 𝑦, 𝑧 ∈ 𝑋.
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Fixed Points on Semilattices

Theorem. If 𝑋 is a semilattice satisfying the ascending chain condition, and 𝑓 : 𝑋 → 𝑋 is 

monotone, then there exists a least fixed point 𝜇𝑓  of 𝑓 .

Proof. (Existence)

Consider the chain

⊥ ≤ 𝑓 (⊥) ≤ 𝑓 2(⊥) ≤ …

The ascending chain condition means that there must exist an 𝑛 after which 𝑓 𝑛+𝑘(⊥) =
𝑓 𝑛(⊥). Take 𝑓 𝑛(⊥) to be 𝜇𝑓 : obviously 𝑓 (𝜇𝑓 ) = 𝜇𝑓 .
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Fixed Points on Semilattices

Theorem. If 𝑋 is a semilattice satisfying the ascending chain condition, and 𝑓 : 𝑋 → 𝑋 is 

monotone, then there exists a least fixed point 𝜇𝑓  of 𝑓 .

Proof. (Minimality)

Suppose 𝑥 is any other fixed point of 𝑓 . Then, consider the two chains

⊥
≤
𝑥

≤

=

𝑓 (⊥)
≤

𝑓 (𝑥)

≤

=

𝑓 2(⊥)
≤

𝑓 2(𝑥)

≤

=

…
…
…

So if 𝜇𝑓 = 𝑓 𝑛(⊥), then 𝑓 𝑛(⊥) ≤ 𝑓 𝑛(𝑥) = 𝑥
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Monotone Functions on Semilattices?

Theorem. If 𝑋 is a semilattice satisfying the ascending chain condition, and 𝑓 : 𝑋 → 𝑋 is 

monotone, then there exists a least fixed point 𝜇𝑓  of 𝑓 .

• The natural notion of morphism on semilattices are semilattice homomorphisms

• But this theorem is about monotone functions (so it’s ok if 𝑓 (⊥) ≠ ⊥)

• What gives, categorically?
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The Forgetful Functor from Semilattices to Posets

The forgetful functor 𝑈 : 𝖲𝖾𝗆𝗂𝖫𝖺𝗍 → 𝖯𝗈𝗌𝖾𝗍 is defined as:

• 𝑈(𝑋, ≤, ⊥, ∨) = (𝑋, ≤)
• 𝑈(𝑓 ) = 𝑓

Essentially, we forget the extra lattice structure, and forget that 𝑓  is a lattice 

homomorphism, remembering only that it is monotone.

However, both ⊥ : 1 → 𝑈(𝑋) and ∨ : 𝑈(𝑋) × 𝑈(𝑋) → 𝑈(𝑋) are morphisms of 𝖲𝖾𝗆𝗂𝖫𝖺𝗍.
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The Category of Posets

𝖯𝗈𝗌𝖾𝗍 is defined as follows:

• Objects are pairs (𝑋 ∈ 𝖲𝖾𝗍, (≤) ∈ 𝒫︀(𝑋 × 𝑋)), where ≤ is a partial order:

‣ 𝑥 ≤ 𝑥 (reflexivity)

‣ if 𝑥 ≤ 𝑦 and 𝑦 ≤ 𝑧 then 𝑥 ≤ 𝑧 (transitivity)

‣ if 𝑥 ≤ 𝑦 and 𝑦 ≤ 𝑥 then 𝑥 = 𝑦 (antisymmetry)

for all 𝑥, 𝑦, 𝑧 ∈ 𝑋
• Hom((𝑋, ≤ 𝑋), (𝑌, ≤ 𝑌)) are the monotone functions:

{𝑓 : 𝑋 → 𝑌 | ∀𝑥, 𝑥′ ∈ 𝑋. 𝑥 ≤ 𝑋𝑥′ ⟹ 𝑓 (𝑥) ≤ 𝑌𝑓 (𝑥′)}

This category has a lot of structure!
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The Terminal Object

• The terminal poset 1 is ({∗], {(∗, ∗)}).

• For any poset 𝑋, the map !𝑋 : 𝑋 → 1 is the constant map 𝑥 ↦ ∗.
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Products

Suppose (𝑋, ≤) and (𝑌, ≤) are posets. The product poset is given by:

• The carrier is 𝑋 × 𝑌.

• We say (𝑥, 𝑦) ≤ (𝑥′, 𝑦′) holds if 𝑥 ≤ 𝑥′ and 𝑦 ≤ 𝑦′.

• The projection maps are as in 𝖲𝖾𝗍: 𝜋𝑖(𝑥1, 𝑥2) = 𝑥𝑖
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Coproducts

Suppose (𝑋, ≤) and (𝑌, ≤) are posets. The coproduct poset is given by:

• The carrier is 𝑋 + 𝑌.

• We say 𝜄1(𝑥) ≤ 𝜄1(𝑥′) holds if 𝑥 ≤ 𝑋𝑥′

• We say 𝜄2(𝑦) ≤ 𝜄2(𝑦′) holds if 𝑦 ≤ 𝑌𝑦′

• The injection maps are as in 𝖲𝖾𝗍.
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Exponentials

Suppose (𝑋, ≤) and (𝑌, ≤) are posets. The exponential 𝑋 ⇒ 𝑌 poset is given by:

• The carrier is the function space 𝑋 → 𝑌.

• The order is pointwise:

𝑓 ≤ 𝑔 ⇔ ∀𝑥 ∈ 𝑋, 𝑓 (𝑥) ≤ 𝑔(𝑥)

‣ The currying and application maps are as in 𝖲𝖾𝗍:

𝜆 : Hom(𝑋 × 𝑌, 𝑍) → Hom(𝑋, 𝑌 ⇒ 𝑍)
𝜆(𝑓 ) = 𝑥 ↦ (𝑦 ↦ 𝑓 (𝑥, 𝑦))

𝖾𝗏𝖺𝗅 : Hom((𝑋 → 𝑌) × 𝑋, 𝑌)
𝖾𝗏𝖺𝗅 = (𝑓 , 𝑥) ↦ 𝑓 (𝑥)
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Discretization

Suppose that (𝑋, ≤) is a poset. We define the discretization functor 𝐷 : 𝖯𝗈𝗌𝖾𝗍 → 𝖯𝗈𝗌𝖾𝗍 as 

follows:

𝐷(𝑋, ≤) = (𝑋, =)
𝐷(𝑓 ) = 𝑓

Discretization forgets the order on elements, so that elements are in an order relationship 

only with themselves. Also, 𝐷(𝑋 × 𝑌) ≅ 𝐷(𝑋) × 𝐷(𝑌), and 𝐷() forms a comonad:

𝜀 : Hom(𝐷(𝑋), 𝑋)
𝜀 = 𝑥 ↦ 𝑥

𝛿 : Hom(𝐷(𝑋), 𝐷(𝐷(𝑋)))
𝛿 = 𝑥 ↦ 𝑥
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The Purpose of Discretization

The main use of discretization is that it lets us embed ordinary set-theoretic functions 

into 𝖯𝗈𝗌𝖾𝗍:

𝖯𝗈𝗌𝖾𝗍(𝐷(𝑋, ≤), (𝑌, ≤)) ≅ 𝖲𝖾𝗍(𝑋, 𝑌)

Consider what it means to be a monotone function out of 𝐷(𝑋):

• Suppose 𝑓 ∈ 𝖯𝗈𝗌𝖾𝗍(𝐷(𝑋, ≤), (𝑌, ≤)).

• Then 𝑓 : 𝑋 → 𝑌, and for all 𝑥, 𝑥′ ∈ 𝑋 such that 𝑥 ≤ 𝐷(𝑋)𝑥′, we have 𝑓 (𝑥) ≤ 𝑓 (𝑥′).

• But 𝑥 ≤ 𝐷(𝑋)𝑥′ means 𝑥 = 𝑥′, and so the conclusion is trivial: we want 𝑓 (𝑥) ≤ 𝑓 (𝑥).

• This is immediate from reflexivity of ≤.

131



The Powerset Functor

We can define the powerset functor 𝒫︀() : 𝖯𝗈𝗌𝖾𝗍 → 𝖲𝖾𝗆𝗂𝖫𝖺𝗍 as follows:

𝒫︀((𝑋, ≤)) = (𝒫︀(𝑋), ⊆, ∅, ∪)

𝒫︀(𝑓 : 𝑋 → 𝑌) = 𝐴 ↦ {𝑓 (𝑥) ∈ 𝑌 | 𝑥 ∈ 𝐴}

Composed with the forgetful functor 𝑈 : 𝖲𝖾𝗆𝗂𝖫𝖺𝗍 → 𝖯𝗈𝗌𝖾𝗍, we get a functor 𝒫︀; 𝑈 :
𝖯𝗈𝗌𝖾𝗍 → 𝖯𝗈𝗌𝖾𝗍 that sends (𝑋, ≤) to (𝒫︀(𝑋), ⊆). We also have maps

⊥ : Hom(1, 𝑈(𝒫︀(𝑋)))
⊥ = () ↦ ∅

∨ : Hom(𝑈(𝒫︀(𝑋)) × 𝑈(𝒫︀(𝑋)), 𝑈(𝒫︀(𝑋)))
∨ = (𝐴, 𝐵) ↦ 𝐴 ∪ 𝐵
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Fixed Points

Suppose 𝐿 is a lattice satisfying the ascending chain condition. Then, we have a fixed 

point construction:

𝖿𝗂𝗑 : Hom(𝐷(𝑋) × 𝑈(𝐿), 𝑈(𝐿)) → Hom(𝐷(𝑋), 𝑈(𝐿))
𝖿𝗂𝗑 = 𝑓 ↦ (𝑥 ↦ 𝜇(𝑙 ↦ 𝑓 (𝑥, 𝑙)))

This is essentially a very slight generalization the fixed point construction we saw earlier: 

given a fixed 𝑥, we can construct a monotone function on 𝐿, and then find its least fixed 

point.
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A Lambda-Calculus for Fixed-Point Computations



Language Design Considerations

Here are some considerations:

1. Monotone functions on lattices satisfying the ACC have fixed points.

2. 𝖯𝗈𝗌𝖾𝗍 is a cartesian closed category

This suggests:

Look for an extension of the simply-typed lambda calculus to model these computations
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A Grammar of Types

Let us write down a grammar of types:

Types 𝐴, 𝐵 ⩴ 1 | 𝐴 × 𝐵 | 𝐴 + 𝐵 | 𝐴 → 𝐵 | 𝒫︀(𝑇) | [𝐴]

Finite Types 𝑆, 𝑇 ⩴ 1 | 𝑆 × 𝑇 | 𝑆 + 𝑇 | 𝒫︀(𝑇) | [𝑇]

Lattice Types 𝐿, 𝑀 ⩴ 1 | 𝐿 × 𝑀 | 𝒫︀(𝑇)

• Finite types have:

‣ finite cardinality

‣ computable comparison and equality

• Lattice types also have a computable ⊥ element and ∨ operation,
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A Grammar of Terms

Contexts Γ ⩴ · | Γ, 𝑥 :
𝑞

𝐴
Qualifiers 𝑞 ⩴ · | 𝐷

Terms 𝑒 ⩴ 𝑥 Variables
| 𝜆𝑥 : 𝐴. 𝑒 | 𝑒1 𝑒2 Functions
| ⟨⟩ | ⟨𝑒1, 𝑒2⟩ | 𝜋𝑖(𝑒) Tuples
| 𝜄𝑖(𝑒) | 𝖼𝖺𝗌𝖾(𝑒, 𝜄1(𝑥) → 𝑒1, 𝜄2(𝑦) → 𝑒2) Sums
| {𝑒} | ⊥ | 𝑒1 ∨ 𝑒2 | 𝖿𝗈𝗋 (𝑥 ∈ 𝑒1). 𝑒2 Sets
| [𝑒] | 𝗅𝖾𝗍 [𝑥] = 𝑒1 𝗂𝗇 𝑒2 Discrete Types
| 𝖿𝗂𝗑 𝑥 : 𝐿. 𝑒 Fixed Points
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Typing Variables

𝑥 :
𝑞

𝐴 ∈ Γ
Var

Γ ⊢ 𝑥 : 𝐴
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Typing Products

UnitI
Γ ⊢ ⟨⟩ : 1

Γ ⊢ 𝑒1 : 𝐴 Γ ⊢ 𝑒2 : 𝐵
PairI

Γ ⊢ ⟨𝑒1, 𝑒2⟩ : 𝐴 × 𝐵
Γ ⊢ 𝑒 : 𝐴1 × 𝐴2 PairE
Γ ⊢ 𝜋𝑖(𝑒) : 𝐴𝑖
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Typing Sums

Γ ⊢ 𝑒 : 𝐴𝑖 SumI
Γ ⊢ 𝜄𝑖(𝑒) : 𝐴1 + 𝐴2

Γ ⊢ 𝑒 : 𝐴 + 𝐵 Γ, 𝑥 : 𝐴 ⊢ 𝑒1 : 𝐶 Γ, 𝑦 : 𝐵 ⊢ 𝑒𝑒 : 𝐶
SumE

Γ ⊢ 𝖼𝖺𝗌𝖾(𝑒, 𝜄1(𝑥) → 𝑒1, 𝜄2(𝑦) → 𝑒2) : 𝐶

139



Typing Functions

Γ, 𝑥 : 𝐴 ⊢ 𝑒 : 𝐵
FunI

Γ ⊢ 𝜆𝑥 : 𝐴. 𝑒 : 𝐴 → 𝐵
Γ ⊢ 𝑒1 : 𝐴 → 𝐵 Γ ⊢ 𝑒2 : 𝐴

FunE
Γ ⊢ 𝑒1 𝑒2 : 𝐵
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Typing Sets

[Γ] ⊢ 𝑒 : 𝑇
One

Γ ⊢ {𝑒} : 𝒫︀(𝑇)
Bot

Γ ⊢ ⊥ : 𝐿
Γ ⊢ 𝑒1 : 𝐿 Γ ⊢ 𝑒2 : 𝐿

Join
Γ ⊢ 𝑒1 ∨ 𝑒2 : 𝐿

Γ ⊢ 𝑒1 : 𝒫︀(𝑇) Γ, 𝑥 :𝐷 𝑇 ⊢ 𝑒2 : 𝐿
Choice

Γ ⊢ 𝖿𝗈𝗋 (𝑥 ∈ 𝑒1). 𝑒2 : 𝐿

We define [Γ] as follows:

[·] = ·
[Γ, 𝑥 : 𝐴] = [Γ]

[Γ, 𝑥 :𝐷 𝐴] = [Γ], 𝑥 :𝐷 𝐴
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Typing Discretization

[Γ] ⊢ 𝑒 : 𝐴
DiscI

Γ ⊢ [𝑒] : [𝐴]
Γ ⊢ 𝑒1 : [𝐴] Γ, 𝑥 :𝐷 𝐴 ⊢ 𝑒2 : 𝐶

DiscE
Γ ⊢ 𝗅𝖾𝗍 [𝑥] = 𝑒1 𝗂𝗇 𝑒2 : 𝐶
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Typing Fixed Points

[Γ], 𝑥 : 𝐿 ⊢ 𝑒 : 𝐿
Fix

Γ ⊢ 𝖿𝗂𝗑 𝑥 : 𝐿. 𝑒 : 𝐿
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Using Datafun: Booleans

Because we might or might not want to equip booleans with an order, there are actually 

two encodings of booleans:

• 𝐵 = 1 + 1

‣ 𝗍𝗋𝗎𝖾 = 𝜄1(⟨⟩) and 𝖿𝖺𝗅𝗌𝖾 = 𝜄2(⟨⟩)
‣ if-then-else is a case expression

• 𝖻𝗈𝗈𝗅 = 𝒫︀(1)

‣ 𝖿𝖺𝗅𝗌𝖾 = ∅ and 𝗍𝗋𝗎𝖾 = {⟨⟩}, so 𝖿𝖺𝗅𝗌𝖾 < 𝗍𝗋𝗎𝖾
‣ 𝗐𝗁𝖾𝗇(𝑒1) 𝑒2 – one sided conditional that returns 𝑒2 : 𝐿 if 𝑒1 is true, and ⊥ otherwise

‣ 𝗐𝗁𝖾𝗇(𝑒1) 𝑒2 = 𝖿𝗈𝗋 (𝑥 ∈ 𝑒1). 𝑒2
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General Lattice Comprehensions

Instead of nesting 𝖿𝗈𝗋 (𝑥 ∈ 𝑒1). 𝑒2 expressions, we will often write comprehensions:

{𝑒1 | 𝑥 ∈ 𝑒2, 𝑏1, 𝑦 ∈ 𝑒3, …}

This gets desugared as follows:

{𝑒1 | ·} = {𝑒1}
{𝑒1 | 𝑥 ∈ 𝑒2, …} = 𝖿𝗈𝗋 (𝑥 ∈ 𝑒2). {𝑒1 | …}

{𝑒1 | 𝑏, …} = 𝗐𝗁𝖾𝗇(𝑏) {𝑒1 | …}
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Pattern Matching

We will use pattern matching as in ML or Haskell, with one addition. The elimination 

form for discretization is a pattern matching form:

𝗅𝖾𝗍 [𝑥] = 𝑒1 𝗂𝗇 𝑒2

So we will extend the language of patterns with [𝑝] to match a value at discrete type.

𝑑 : [𝐴] × [𝐵] → [𝐴 × 𝐵]
𝑑 = 𝜆⟨[𝑥], [𝑦]⟩. [⟨𝑥, 𝑦⟩]

146



Examples of Datafun Programs



Set Operations

𝗆𝖾𝗆𝖻𝖾𝗋 : [𝑇] → 𝒫︀(𝑇) → 𝖻𝗈𝗈𝗅
𝗆𝖾𝗆𝖻𝖾𝗋 [𝑥] 𝑠 = 𝖿𝗈𝗋 (𝑥 ∈ 𝑠). (𝑥 = 𝑦)

(∩) : 𝒫︀(𝑇) → 𝒫︀(𝑇) → 𝒫︀(𝑇)
𝑋 ∩ 𝑌 = {𝑥 | 𝑥 ∈ 𝑋, 𝗆𝖾𝗆𝖻𝖾𝗋 [𝑥] 𝑌}

(∙) : 𝒫︀(𝑇1 × 𝑇2) → 𝒫︀(𝑇2 × 𝑇3) → 𝒫︀(𝑇1 × 𝑇3)
𝑋 ∙ 𝑌 = {⟨𝑥, 𝑧⟩ | ⟨𝑥, 𝑦1⟩ ∈ 𝑋, ⟨𝑦2, 𝑧⟩ ∈ 𝑌, 𝑦1 = 𝑦2}

147



Higher-Order Set Operations

𝗆𝖺𝗉 : [𝑆 → 𝑇] → 𝒫︀(𝑆) → 𝒫︀(𝑇)
𝗆𝖺𝗉 [𝑓 ] 𝑋 = {𝑓 𝑥 | 𝑥 ∈ 𝑋}

𝖿𝗂𝗅𝗍𝖾𝗋 : ([𝑇] → 𝖻𝗈𝗈𝗅) → 𝒫︀(𝑇) → 𝒫︀(𝑇)
𝖿𝗂𝗅𝗍𝖾𝗋 𝑓 𝑋 = {𝑥 | 𝑥 ∈ 𝑋, 𝑓 (𝑥)}
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Regular Expressions

Suppose we have the following functions:

𝗅𝖾𝗇 : [𝗌𝗍𝗋] → ℕ
𝗅𝖾𝗇 𝑠 = the length of 𝑠

𝖼𝗁𝖺𝗋𝗌 : [𝗌𝗍𝗋] → 𝒫︀(ℕ × 𝖼𝗁𝖺𝗋)
𝖼𝗁𝖺𝗋𝗌 [𝑠] = {⟨𝑖, 𝑐⟩ | the 𝑖-th character of 𝑠 is 𝑐}

149



The Type of a Regular Expression Matcher

We can define a type for regular expression matchers as follows:

𝗍𝗒𝗉𝖾 𝗋𝖾 = [𝗌𝗍𝗋] → 𝒫︀(ℕ × ℕ)

The idea is 𝑟 is a regexp, and then if (𝑖, 𝑗) ∈ 𝑟([𝑠]), then the substring 𝑠[𝑖…𝑗] matches the 

regular expression 𝑟.
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Sequencing

𝖼𝗁𝗋 : [𝖼𝗁𝖺𝗋] → 𝗋𝖾
𝖼𝗁𝗋 [𝑐] = 𝜆𝑠. {⟨𝑖, 𝑖 + 1⟩ | (𝑖, 𝑐′) ∈ 𝖼𝗁𝖺𝗋𝗌 𝑠, 𝑐 = 𝑐′}

𝗌𝖾𝗊 : 𝗋𝖾 → 𝗋𝖾 → 𝗋𝖾
𝗌𝖾𝗊 𝑟1 𝑟2 = 𝜆𝑠. 𝑟1(𝑠) ∙ 𝑟2(𝑠)

𝖾𝗉𝗌 : 𝗋𝖾
𝖾𝗉𝗌 𝑠 = {⟨𝑖, 𝑖⟩ | 𝑖 ∈ ((𝗆𝖺𝗉 [𝖿𝗌𝗍](𝖼𝗁𝖺𝗋𝗌 𝑠)) ∨ {𝗅𝖾𝗇(𝑠)})}
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Alternation and repetition

𝖻𝗈𝗍 : [𝖼𝗁𝖺𝗋] → 𝗋𝖾
𝖻𝗈𝗍 𝑠 = ⊥

𝗈𝗋 : 𝗋𝖾 → 𝗋𝖾 → 𝗋𝖾
𝗈𝗋 𝑟1 𝑟2 = 𝜆𝑠. 𝑟1(𝑠) ∨ 𝑟2(𝑠)

𝗌𝗍𝖺𝗋 : 𝗋𝖾 → 𝗋𝖾
𝗌𝗍𝖺𝗋 𝑟 = 𝜆𝑠. 𝖾𝗉𝗌(𝑠) ∨ 𝗍𝗋𝖺𝗇𝗌(𝑟(𝑠))
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Example

The following regular expression matches any number ‘a’s followed by any number of 

‘b’s:

𝑟 = 𝗌𝖾𝗊 (𝗌𝗍𝖺𝗋 (𝖼𝗁𝗋 'a'))(𝗌𝗍𝖺𝗋 (𝖼𝗁𝗋 'b'))

When we invoke it:

𝑟 ['aabb']
⤇ {⟨0, 4⟩, ⟨1, 4⟩, ⟨2, 4⟩, ⟨0, 3⟩, ⟨1, 3⟩, ⟨2, 3⟩, ⟨0, 2⟩, ⟨1, 2⟩, ⟨2, 2⟩, ⟨0, 0⟩, ⟨0, 1⟩, …}

This returns every pair of matching ranges!
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Regular Expression Matching, Take 2

• The previous implementation returns all matching ranges.

• To figure out if there’s a match starting at 𝑖, we have to find all matches and filter

• Can we do something more efficient?
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Matching from a position

We can define another type for regular expression matching as follows:

𝗍𝗒𝗉𝖾 𝗋𝖾 = [𝗌𝗍𝗋] → [ℕ] → 𝒫︀(ℕ)

• This takes a string 𝑠 and an integer 𝑖, and returns a set of ending positions.

• So if 𝑗 ∈ 𝑟 [𝑠] [𝑖], then the substring 𝑠[𝑖…𝑗] matches the regexp
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Sequencing

𝖼𝗁𝗋 : [𝖼𝗁𝖺𝗋] → 𝗋𝖾
𝖼𝗁𝗋 ([𝑐]) = 𝜆𝑠. 𝜆[𝑖]. {𝑖 + 1 | (𝑗, 𝑐′) ∈ 𝖼𝗁𝖺𝗋𝗌, 𝑖 = 𝑗, 𝑐 = 𝑐′}

𝗌𝖾𝗊 : 𝗋𝖾 → 𝗋𝖾 → 𝗋𝖾
𝗌𝖾𝗊 𝑟1 𝑟2 𝜆𝑠. 𝜆[𝑖]. {𝑘 | 𝑗 ∈ 𝑟1 𝑠 [𝑖], 𝑘 ∈ 𝑟2 𝑠 [𝑗]}

𝖾𝗉𝗌 : 𝗋𝖾
𝖾𝗉𝗌 = 𝜆𝑠. 𝜆[𝑖]. {𝑖}

156



Alternation and Repetition

𝖻𝗈𝗍 : 𝗋𝖾
𝖻𝗈𝗍 = 𝜆𝑠. 𝜆[𝑖]. ⊥

𝗈𝗋 : 𝗋𝖾 → 𝗋𝖾 → 𝗋𝖾
𝗈𝗋 𝑟1 𝑟2 = 𝜆𝑠. 𝜆𝑖. (𝑟1 𝑠 𝑖) ∨ (𝑟2 𝑠 𝑖)

𝗌𝗍𝖺𝗋 : [𝗋𝖾] → 𝗋𝖾
𝗌𝗍𝖺𝗋 [𝑟] = 𝜆𝑠. 𝜆[𝑖]. (𝖿𝗂𝗑 𝑋. {𝑖} ∨ {𝑘 | 𝑗 ∈ 𝑋, 𝑘 ∈ 𝑟 𝑠 [𝑗]})
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Example

The following regular expression matches any number ‘a’s followed by any number of 

‘b’s:

𝑟 = 𝗌𝖾𝗊 (𝗌𝗍𝖺𝗋 (𝖼𝗁𝗋 'a'))(𝗌𝗍𝖺𝗋 (𝖼𝗁𝗋 'b'))

When we invoke it:

𝑟 ['aabb'] 0
⤇ {⟨0, 4⟩, ⟨0, 3⟩, ⟨0, 2⟩, ⟨0, 1⟩, ⟨0, 0⟩}

This returns only matches starting at 0.
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From Regular Expressions to Parsing

A grammar 𝐺 is a finite set 𝑁 of nonterminals and an alphabet Σ of terminals, along with a 

finite set of rules of the form

𝑛𝑖 ⟶ 𝑟 where 𝑟 ∈ (𝑁 ⊎ Σ)⋆

𝐺 is in Chomsky normal form if every rule is of the form:

𝑛 ⟶ 𝑛1 𝑛2 where 𝑛1, 𝑛2 ∈ 𝑁
or

𝑛 ⟶ 𝑐 where 𝑐 ∈ Σ

(Every grammar can be put into CNF.)
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Deductive Parsing

• Parsing asks whether a string 𝑠 ∈ Σ⋆ can be generated a grammar 𝐺.

• The CYK algorithm is one of the simplest parsing algorithms, for CNF grammars.

• We can formulate CYK parsing as a set of inference rules as follows:

𝐴 → 𝐵 𝐶 ∈ 𝐺 𝐵(𝑖, 𝑗) 𝐶(𝑗, 𝑘)
𝐴(𝑖, 𝑘)

𝐴 → 𝑐 ∈ 𝐺 𝑠[𝑖] = 𝑐
𝐴(𝑖, 𝑖 + 1)

• The judgement 𝐴(𝑖, 𝑗) means: 𝐴 can generate substring 𝑠[𝑖…𝑗]
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CYK Parsing in Datafun: Types

We first define some auxilliary types:

𝗍𝗒𝗉𝖾 𝗇𝗈𝗇𝗍𝖾𝗋𝗆 = 𝐴 | 𝐵 | 𝐶 | …
𝗍𝗒𝗉𝖾 𝗋𝗎𝗅𝖾 = 𝖳𝖾𝗋𝗆 Σ | 𝖢𝗈𝗇𝖼𝖺𝗍 𝗇𝗈𝗇𝗍𝖾𝗋𝗆 𝗇𝗈𝗇𝗍𝖾𝗋𝗆
𝗍𝗒𝗉𝖾 𝗀𝗋𝖺𝗆𝗆𝖺𝗋 = 𝒫︀(𝗇𝗈𝗇𝗍𝖾𝗋𝗆 × rule)
𝗍𝗒𝗉𝖾 𝖿𝖺𝖼𝗍 = 𝗇𝗈𝗇𝗍𝖾𝗋𝗆 × ℕ × ℕ

(We will make free use of named sums rather than anonymous sums.)
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CYK Parsing

𝗂𝗍𝖾𝗋 : [𝗌𝗍𝗋] → [𝗀𝗋𝖺𝗆𝗆𝖺𝗋] → 𝒫︀(𝖿𝖺𝖼𝗍) → 𝒫︀(𝖿𝖺𝖼𝗍)
𝗂𝗍𝖾𝗋 [𝑠] [𝐺] 𝑅 =

{⟨𝑎, 𝑖, 𝑘⟩ | ⟨𝑎, 𝖢𝗈𝗇𝖼𝖺𝗍 𝑏 𝑐⟩ ∈ 𝐺, ⟨𝑏′, 𝑖, 𝑗⟩ ∈ 𝑅, ⟨𝑐′, 𝑗′, 𝑘⟩ ∈ 𝑅, 𝑏 = 𝑏′, 𝑐 = 𝑐′, 𝑗 = 𝑗′}
∪ {⟨𝑎, 𝑖, 𝑖 + 1⟩ | ⟨𝑎, 𝖳𝖾𝗋𝗆 𝑐⟩ ∈ 𝐺, ⟨𝑖, 𝑐′⟩ ∈ 𝖼𝗁𝖺𝗋𝗌 [𝑠], 𝑐 = 𝑐′}

𝗉𝖺𝗋𝗌𝖾 : [𝗌𝗍𝗋] → [𝗀𝗋𝖺𝗆𝗆𝖺𝗋] → 𝒫︀(𝗇𝗈𝗇𝗍𝖾𝗋𝗆)
𝗉𝖺𝗋𝗌𝖾 [𝑠] [𝐺] =

{𝑎 | (𝑎, 𝑖, 𝑗) ∈ (𝖿𝗂𝗑 𝑋. 𝗂𝗍𝖾𝗋 [𝑠] [𝐺] 𝑋), 𝑖 = 0, 𝑗 = 𝗅𝖾𝗇 [𝑠]}

𝗉𝖺𝗋𝗌𝖾 returns all the nonterminals that can generate the whole string.
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Dataflow Analysis: Types

We can define a language for imperative programs as follows:

𝗍𝗒𝗉𝖾 𝗏𝖺𝗋 = 𝗌𝗍𝗋
𝗍𝗒𝗉𝖾 𝗅𝖺𝖻𝖾𝗅 = ℕ
𝗍𝗒𝗉𝖾 𝗈𝗉 = 𝖤𝗊 | 𝖫𝖾 | 𝖠𝖽𝖽 | 𝖲𝗎𝖻 | 𝖬𝗎𝗅 | 𝖣𝗂𝗏
𝗍𝗒𝗉𝖾 𝖾𝗑𝗉𝗋 = 𝖵𝖺𝗋 𝗏𝖺𝗋 | 𝖭𝗎𝗆 ℕ | 𝖠𝗉𝗉𝗅𝗒 𝗈𝗉 𝗏𝖺𝗋 𝗏𝖺𝗋
𝗍𝗒𝗉𝖾 𝗌𝗍𝖺𝗍𝖾𝗆𝖾𝗇𝗍 = 𝖠𝗌𝗌𝗂𝗀𝗇 𝗏𝖺𝗋 𝖾𝗑𝗉𝗋 | 𝖨𝖿 𝖾𝗑𝗉𝗋 𝗅𝖺𝖻𝖾𝗅 𝗅𝖺𝖻𝖾𝗅
𝗍𝗒𝗉𝖾 𝗉𝗋𝗈𝗀𝗋𝖺𝗆 = 𝒫︀(𝗅𝖺𝖻𝖾𝗅 × 𝗌𝗍𝖺𝗍𝖾𝗆𝖾𝗇𝗍)

A program is a set of labels and statements, and evaluation can update the state and 

jump to either the next instruction, or to an explicitly-given label. (This is basically 3-

address code.)
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Dataflow Analysis: Primitives

𝗅𝖺𝖻𝖾𝗅𝗌 : 𝗉𝗋𝗈𝗀𝗋𝖺𝗆 → 𝒫︀(𝗅𝖺𝖻𝖾𝗅)
𝗅𝖺𝖻𝖾𝗅𝗌 𝑝 = 𝗆𝖺𝗉 [𝜆⟨𝑙, _⟩. 𝑙] 𝑝

𝗎𝗌𝖾𝗌 : [𝖾𝗑𝗉𝗋] → 𝒫︀(𝗏𝖺𝗋)
𝗎𝗌𝖾𝗌 [𝖵𝖺𝗋 𝑥] = {𝑥}
𝗎𝗌𝖾𝗌 [𝖠𝗉𝗉𝗅𝗒(𝗈𝗉, 𝑥, 𝑦)] = {𝑥, 𝑦}
𝗎𝗌𝖾𝗌 [𝖭𝗎𝗆 _] = ⊥

𝖽𝖾𝖿𝗌 : [𝗌𝗍𝖺𝗍𝖾𝗆𝖾𝗇𝗍] → 𝒫︀(𝗏𝖺𝗋)
𝖽𝖾𝖿𝗌 [𝖠𝗌𝗌𝗂𝗀𝗇(𝑥, _)] = {𝑥}
𝖽𝖾𝖿𝗌 [_] = ⊥
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One-Step Dataflow

𝗍𝗒𝗉𝖾 𝖿𝗅𝗈𝗐 = 𝒫︀(𝗅𝖺𝖻𝖾𝗅 × 𝗅𝖺𝖻𝖾𝗅)

𝗇𝖾𝗑𝗍 : 𝗅𝖺𝖻𝖾𝗅 → 𝗌𝗍𝖺𝗍𝖾𝗆𝖾𝗇𝗍 → 𝒫︀(𝗅𝖺𝖻𝖾𝗅)
𝗇𝖾𝗑𝗍 𝑖 (𝖨𝖿(_, 𝑗, 𝑘)) = {𝑗, 𝑘}
𝗇𝖾𝗑𝗍 𝑖 (𝖠𝗌𝗌𝗂𝗀𝗇(_, _)) = {𝑖 + 1}

𝖿𝗅𝗈𝗐 : 𝗉𝗋𝗈𝗀𝗋𝖺𝗆 → 𝖿𝗅𝗈𝗐
𝖿𝗅𝗈𝗐 𝑝 = {⟨𝑖, 𝑗⟩ | (𝑖, 𝑠) ∈ 𝑝, 𝑗 ∈ 𝗇𝖾𝗑𝗍 𝑖 𝑠, 𝑗 ∈ 𝗅𝖺𝖻𝖾𝗅𝗌 𝑝}
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Liveness Analysis

𝗅𝗂𝗏𝖾 : [𝗉𝗋𝗈𝗀𝗋𝖺𝗆] → [𝖿𝗅𝗈𝗐] → 𝒫︀(𝗅𝖺𝖻𝖾𝗅 × 𝗏𝖺𝗋)
𝗅𝗂𝗏𝖾 [𝗉𝗋𝗈𝗀𝗋𝖺𝗆] [𝖿𝗅𝗈𝗐] =
𝖿𝗂𝗑 𝐿.
𝖿𝗈𝗋 ((𝑖, 𝑠) ∈ 𝗉𝗋𝗈𝗀𝗋𝖺𝗆).

{⟨𝑖, 𝑣⟩ | 𝑣 ∈ 𝗎𝗌𝖾𝗌 𝑠}
∪ {⟨𝑖, 𝑣⟩ | ⟨𝑖′, 𝑗⟩ ∈ 𝖿𝗅𝗈𝗐, ⟨𝑗′, 𝑣⟩ ∈ 𝐿, 𝑖 = 𝑖′, 𝑗 = 𝑗′, ¬[𝗆𝖾𝗆𝖻𝖾𝗋 [𝑣] (𝖽𝖾𝖿𝗌 𝑠)]}

(where ¬ : [𝖻𝗈𝗈𝗅] → 𝖻𝗈𝗈𝗅).
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Categorical Semantics



Categorical Semantics

• Our intention is that a term Γ ⊢ 𝑒 : 𝐴 denotes a morphism in 𝖯𝗈𝗌𝖾𝗍.
• Because 𝖯𝗈𝗌𝖾𝗍 is a CCC, most of the structure is similar to the STLC

There are some differences:

• The interpretation of contexts and variables is more complex

• This is because [𝐴] forms a comonad, and the rules for it are less familiar
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Methodology of the Interpretation

We will define interpretation functions so that:

1. Types are objects of 𝖯𝗈𝗌𝖾𝗍.
2. Contexts are objects of 𝖯𝗈𝗌𝖾𝗍.
3. Well-typed terms Γ ⊢ 𝑒 : 𝐴 denote morphisms in 𝖯𝗈𝗌𝖾𝗍(⟦Γ⟧, ⟦𝐴⟧).
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Interpreting Types

⟦1⟧ = 1
⟦𝐴 × 𝐵⟧ = ⟦𝐴⟧ × ⟦𝐵⟧
⟦𝐴 + 𝐵⟧ = ⟦𝐴⟧ + ⟦𝐵⟧

⟦𝐴 → 𝐵⟧ = ⟦𝐴⟧ → ⟦𝐵⟧
⟦[𝐴]⟧ = [⟦𝐴⟧]

⟦𝒫︀(𝑇)⟧ = 𝑈(𝒫︀(⟦𝑇⟧))

“Renotational pedantics” indicates a good language design!
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Interpreting Contexts

⟦·⟧ = 1
⟦Γ, 𝑥 : 𝐴⟧ = ⟦Γ⟧ × ⟦𝐴⟧

⟦Γ, 𝑥 :𝐷 𝐴⟧ = ⟦Γ⟧ × [⟦𝐴⟧]
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Variable Lookup as a Judgement

Var
𝑥 : 𝑎 ∈ (Γ, 𝑥 : 𝐴)

DVar
𝑥 :𝐷 𝑎 ∈ Γ, 𝑥 :𝐷 𝐴

𝑥 :
𝑞

𝐴 ∈ Γ 𝑥 ≠ 𝑦
VarS

𝑥 :
𝑞

𝐴 ∈ Γ, 𝑦 :𝑟 𝐵
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Interpreting Variable Lookup

⟦𝑥 :
𝑞

𝐴 ∈ Γ⟧ ∈ 𝖯𝗈𝗌𝖾𝗍(⟦Γ⟧, ⟦𝐴⟧)

⟦𝑥 : 𝐴 ∈ Γ, 𝑥 : 𝐴⟧ = 𝜋2

⟦𝑥 : 𝐴 ∈ Γ, 𝑥 :𝐷 𝐴⟧ = 𝜋2; 𝜀

⟦𝑥 :
𝑞

𝐴 ∈ Γ, 𝑦 :𝑟 𝐵⟧ = 𝜋1; ⟦𝑥 :
𝑞

𝐴 ∈ Γ⟧
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Context Manipulations

𝖽𝗋𝗈𝗉Γ : ⟦Γ⟧ → ⟦[Γ]⟧

𝖽𝗋𝗈𝗉· = !
𝖽𝗋𝗈𝗉Γ,𝑥:𝐴 = 𝜋1; 𝖽𝗋𝗈𝗉Γ

𝖽𝗋𝗈𝗉Γ,𝑥 :𝐷𝐴 = 𝖽𝗋𝗈𝗉Γ × id⟦𝐴⟧

If [Δ] = Δ, then:

𝛿Δ : ⟦Δ⟧ → [⟦Δ⟧]
𝛿· = 𝑖𝐷 (where 𝑖𝐷 : 1 ≅ 𝐷(1))
𝛿Δ,𝑥 :𝐷𝐴 = (𝛿Δ × 𝛿𝐴); 𝑚𝐷 (where 𝑚𝐷 : [𝐴 × 𝐵] ≅ [𝐴] × [𝐵])
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Interpretation of Typing Derivations: Variables and Products

⟦Γ ⊢ 𝑒 : 𝐴⟧ : ⟦Γ⟧ → ⟦𝐴⟧

⟦Γ ⊢ 𝑥 : 𝐴⟧ = ⟦𝑥 :
𝑞

𝐴 ∈ Γ⟧

⟦Γ ⊢ ⟨⟩ : 1⟧ = !⟦Γ⟧

⟦Γ ⊢ ⟨𝑒1, 𝑒2⟩ : 𝐴1 × 𝐴2⟧ = 𝗅𝖾𝗍 𝑓 = ⟦Γ ⊢ 𝑒1 : 𝐴1⟧ 𝗂𝗇
𝗅𝖾𝗍 𝑔 = ⟦Γ ⊢ 𝑒2 : 𝐴2⟧ 𝗂𝗇
⟨𝑓 , 𝑔⟩

⟦Γ ⊢ 𝜋𝑖(𝑒) : 𝐴𝑖⟧ = ⟦Γ ⊢ 𝑒 : 𝐴1 × 𝐴2⟧; 𝜋𝑖
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Interpretation of Typing Derivations: Variables and Products

⟦Γ ⊢ 𝑒 : 𝐴⟧ : ⟦Γ⟧ → ⟦𝐴⟧

⟦Γ ⊢ 𝜄𝑖(𝑒) : 𝐴1 + 𝐴2⟧ = ⟦Γ ⊢ 𝑒 : 𝐴𝑖⟧; 𝜄𝑖
⟦Γ ⊢ 𝖼𝖺𝗌𝖾(𝑒, 𝜄1(𝑥) → 𝑒1, 𝜄2(𝑦) → 𝑒2) : 𝐶⟧ = 𝗅𝖾𝗍 𝑓 = ⟦Γ ⊢ 𝑒 : 𝐴1 + 𝐴2⟧ 𝗂𝗇

𝗅𝖾𝗍 𝑔 = ⟦Γ, 𝑥 : 𝐴1 ⊢ 𝑒1 : 𝐶⟧ 𝗂𝗇
𝗅𝖾𝗍 ℎ = ⟦Γ, 𝑦 : 𝐴2 ⊢ 𝑒2 : 𝐶⟧ 𝗂𝗇
⟨id⟦Γ⟧, 𝑓 ⟩; 𝖽𝗂𝗌𝗍; [𝑔, ℎ]

where 𝖽𝗂𝗌𝗍 : (𝐴 × (𝐵 + 𝐶)) ≅ (𝐴 × 𝐵) + (𝐴 × 𝐶)
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Interpretation of Typing Derivations: Functions

⟦Γ ⊢ 𝑒 : 𝐴⟧ : ⟦Γ⟧ → ⟦𝐴⟧

⟦Γ ⊢ 𝜆𝑥 : 𝐴. 𝑒 : 𝐴 → 𝐵⟧ = 𝜆(⟦Γ, 𝑥 : 𝐴 ⊢ 𝑒 : 𝐵⟧)
⟦Γ ⊢ 𝑒1 𝑒2 : 𝐵⟧ = 𝗅𝖾𝗍 𝑓 = ⟦Γ ⊢ 𝑒1 : 𝐴 → 𝐵⟧ 𝗂𝗇

𝗅𝖾𝗍 𝑣 = ⟦Γ ⊢ 𝑒2 : 𝐴⟧ 𝗂𝗇
⟨𝑓 , 𝑣⟩; 𝖾𝗏𝖺𝗅
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Interpretation of Discretization

⟦Γ ⊢ 𝑒 : 𝐴⟧ : ⟦Γ⟧ → ⟦𝐴⟧

⟦Γ ⊢ [𝑒] : [𝐴]⟧ = 𝖽𝗋𝗈𝗉Γ; 𝛿[Γ]; 𝐷(⟦[Γ] ⊢ 𝑒 : 𝐴⟧)
⟦Γ ⊢ 𝗅𝖾𝗍 [𝑥] = 𝑒1 𝗂𝗇 𝑒2 : 𝐶⟧ = 𝗅𝖾𝗍 𝑓 = ⟦Γ ⊢ 𝑒1 : [𝐴]⟧ 𝗂𝗇

𝗅𝖾𝗍 𝑔 = ⟦Γ, 𝑥 :𝐷 𝐴 ⊢ 𝑒2 : 𝐶⟧ 𝗂𝗇
⟨id⟦Γ⟧, 𝑓 ⟩; 𝑔
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Interpretation of Typing Derivations: Sets

⟦Γ ⊢ ⊥ : 𝐿⟧ = ⊥⟦𝐿⟧

⟦Γ ⊢ 𝑒1 ∨ 𝑒2 : 𝐿⟧ = 𝗅𝖾𝗍 𝑓 = ⟦Γ ⊢ 𝑒1 : 𝐿⟧ 𝗂𝗇
𝗅𝖾𝗍 𝑔 = ⟦Γ ⊢ 𝑒2 : 𝐿⟧ 𝗂𝗇
⟨𝑓 , 𝑔⟩; ∨⟦𝐿⟧

⟦Γ ⊢ {𝑒} : 𝒫︀(𝑇)⟧ = 𝗅𝖾𝗍 𝑓 = ⟦[Γ] ⊢ 𝑒 : 𝑇⟧ 𝗂𝗇
𝖽𝗋𝗈𝗉Γ; 𝛿[Γ]; 𝐷(𝑓 ); one

⟦Γ ⊢ 𝖿𝗈𝗋 (𝑥 ∈ 𝑒1). 𝑒2 : 𝐿⟧ = 𝗅𝖾𝗍 𝑓 = ⟦Γ ⊢ 𝑒1 : 𝒫︀(𝑇)⟧ 𝗂𝗇

𝗅𝖾𝗍 𝑔 = ⟦Γ, 𝑥 :𝐷 𝑇 ⊢ 𝑒2 : 𝐿⟧ 𝗂𝗇

⟨id⟦Γ⟧, 𝑓 ⟩; ⋁
𝑋

𝑔

178



Interpretation of Typing Derivations: Fixed Points

⟦Γ ⊢ 𝖿𝗂𝗑 𝑥 : 𝐿. 𝑒 : 𝐿⟧ = 𝗅𝖾𝗍 𝑓 = ⟦[Γ], 𝑥 : 𝐿 ⊢ 𝑒 : 𝐿⟧ 𝗂𝗇

𝖽𝗋𝗈𝗉Γ; 𝛿[Γ]; 𝖿𝗂𝗑 ((𝜀 × id⟦𝐿⟧); 𝑓 )
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Semi-Naive Evaluation



Implementing the Naive Fixed Point

If we implement 𝖿𝗂𝗑 : (𝐿 → 𝐿) → 𝐿 as a recursive function, it will look like this:

  let fix f = 

    let rec loop xᵢ = 

      let xᵢ₊₁ = f(xᵢ) in

      if xᵢ = xᵢ₊₁ then

        xᵢ₊₁

      else    

        loop xᵢ₊₁

     in

     f ⊥

How well does this perform?
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Transitive Closure Again

Suppose we have a finite set of nodes 𝑁 = {0, …, 𝑛}, and an edge relation 𝐸 : 𝒫︀(𝑁 × 𝑁). 

We can define the transitive closure as follows:

𝐸+ = 𝖿𝗂𝗑 𝑅. 𝐸 ∨ (𝐸 ∙ 𝑅)

What if 𝐸 is a line graph?

↑ ↑ ↑ ↑0 1 2 3 …

That is, 𝐸 = {(𝑖, 𝑖 + 1) | 𝑖 < 𝑛}
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The Steps of the Naive Algorithm

𝐸+
0 = ∅

𝐸+
1 = 𝐸 ∪ (𝐸 ∙ ∅)

𝐸+
2 = 𝐸 ∪ (𝐸 ∙ 𝐸+

1 )
…

𝐸+
𝑖+1 = 𝐸 ∪ (𝐸 ∙ 𝐸+

𝑖 )
…

Observe:

1. 𝐸 is size 𝑂(𝑛)
2. 𝐸+ = {(𝑖, 𝑗) | 𝑖 < 𝑗 ≤ 𝑛} – size 𝑂(𝑛2).

But:

1. 𝐸+
𝑘+1 = paths of length < 𝑘: size 𝑂(𝑛𝑘).

2. 𝑛 iterations ⟹ 𝑂(𝑛3) cost!

We are doing asymptotically too much 

work!

182



A Better Iteration

𝐷0 = 𝐸
𝐷𝑖+1 = 𝐸 ∙ 𝐷𝑖

𝐸+
0 = ∅

𝐸+
𝑖+1 = 𝐸+

𝑖 ∪ 𝐷𝑖

• 𝐷𝑖 are the paths exactly 𝑖 + 1 steps long.

• 𝐸+
𝑖  are the paths < 𝑖 steps longs.

• So 𝐸+
𝑖 ∪ 𝐷𝑖 are paths of length ≤ 𝑖 + 1

• We never re-add already known facts

• Performance is 𝑂(𝑛2)!
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Incremental Update Functions

𝐸+ is the fixed point of this function:

𝐹 : 𝒫︀(𝑁 × 𝑁) → 𝒫︀(𝑁 × 𝑁)
𝐹(𝑅) = 𝐸 ∪ (𝐸 ∙ 𝑅)

We can define a function to compute the 𝐷𝑖+1 from 𝐷𝑖 as follows:

𝐹′ : 𝒫︀(𝑁 × 𝑁) → 𝒫︀(𝑁 × 𝑁)
𝐹′(𝐷) = 𝐸 ∙ 𝐷
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A Mysterious Computation

𝐹(𝑅) = 𝐸 ∪ (𝐸 ∙ 𝑅)
𝐹′(𝐷) = 𝐸 ∙ 𝐷

Now, let’s compute 𝐹(𝑅 ∪ 𝐷):

𝐹(𝑅 ∪ 𝐷) = 𝐸 ∪ (𝐸 ∙ (𝑅 ∪ 𝐷))
= 𝐸 ∪ ((𝐸 ∙ 𝑅) ∪ (𝐸 ∙ 𝐷))
= (𝐸 ∪ (𝐸 ∙ 𝑅)) ∪ (𝐸 ∙ 𝐷)
= 𝐹(𝑅) ∪ (𝐸 ∙ 𝐷)
= 𝐹(𝑅) ∪ 𝐹′(𝐷)

• 𝐹′(𝐷): how 𝐹 changes when the input is increased from 𝑅 to 𝑅 ∪ 𝐷.

• This sounds like a … derivative!

185



Dream Code for Faster Fixed Points

let fix (f, f') = 

  let rec loop (xᵢ, dxᵢ) = 

    let xᵢ₊₁ = xᵢ ∪ dxᵢ in

    if xᵢ = xᵢ₊₁ then

      xᵢ₊₁

    else

     let dxᵢ₊₁ = f' xᵢ dxᵢ

     loop (xᵢ₊₁, dxᵢ₊₁)

   in

   (⊥, f ⊥)

• Assume 𝑓 : 𝐿 → 𝐿 and 𝑓 ′ : (𝐿 × 𝐿) → 𝐿
• f is the function

• f(x, dx) says how much f changes 

when the input x is increased by dx

• Our loop just needs to keep track of xᵢ 

and dxᵢ.
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Our Goal

1. We want to be able to take any Datafun term Γ ⊢ 𝑡 : 𝑋
2. Produce a “derivative” 𝑡′: how 𝑡 changes when Γ increases.

3. Use this to compute fixed points faster!
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Change Structures

Let us formalize the notion of a “change to an input” with a change structure.

A change structure 𝕏 is:

• A poset of values: 𝑋
• A poset of potential changes: Δ
• A validity relation: 𝑉 ⊆ 𝑋 × Δ
• An increasing update function: ⊕ : 𝑉𝕏 → 𝑋 such that 𝑥 ≤ 𝑥 ⊕ 𝑑𝑥
• A zero function: 𝟎 : 𝑋 → Δ such that 𝑥 ⊕ 𝟎(𝑥) = 𝑥
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A Sample Change Structure

• Values: 𝑋 = {𝑛 ∈ ℕ | 𝑛 < 100}
• Changes: Δ = ℕ
• Validity: 𝑉 = {(𝑛, 𝑑) | 𝑛 + 𝑑 < 100}
• Update: 𝑛 ⊕ 𝑑 = 𝑛 + 𝑑
• Zero function: 𝟎(𝑛) = 0
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Another Change Structure

Suppose we have a semilattice (𝐿, ≤ ⊥, ∨).

• Values: 𝐿
• Changes: Δ = 𝐿
• Validity: 𝑉 = 𝐿 × 𝐿
• Update: 𝑙1 ⊕ 𝑙2 = 𝑙1 ∨ 𝑙2
• Zero function: 𝟎(𝑙) = 𝑙

Another valid zero function would be 𝟎(𝑙) = ⊥.

190



Yet Another Change Structure

Suppose we have a change structure 𝕏 = (𝑋, Δ𝕏, 𝑉𝕏, ⊕𝕏, 𝟎𝕏). We can now define [𝕏] as:

• Values: [𝑋]
• Changes: Δ = 1
• Validity: 𝑉 = 𝑋 × 1
• Update: 𝑥 ⊕ () = 𝑥
• Zero function: 𝟎(𝑥) = ()

Ths is a degenerate change structure with no interesting changes!
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Morphisms of Change Structures: Derivatives

• As soon as we have two change structures 𝕏 and 𝕐, we need a notion of morphism

• But before we can define that, we need to figure out what a derivative is!

• In calculus, a derivative is a linear approximation:

If 𝑓 : ℝ𝑛 → ℝ𝑚, then 𝑓 ′ : ℝ𝑛 → (ℝ𝑛 ⊸ ℝ𝑚) such that

𝑓 ( ⃗𝑥 + 𝑑𝑥) ≈ 𝑓 ( ⃗𝑥) + 𝑓 ′( ⃗𝑥)( 𝑑𝑥)

(Linear functions (ℝ𝑛 ⊸ ℝ𝑚) can be represented with 𝑛 × 𝑚 matrices, whence the 

Jacobians of machine learning…)
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Derivatives of Change Structures

Suppose 𝕏 and 𝕐 are change structures, and 𝑓 : 𝑋 → 𝑌 is a monotone function.

An 𝑓 ′ : [𝑋] × Δ𝕏 → Δ𝕐 is a derivative of 𝑓 , when for all (𝑥, 𝑑𝑥) ∈ 𝑉𝕏:

𝑓 (𝑥 ⊕𝕏 𝑑𝑥) = 𝑓 (𝑥) ⊕𝕐 𝑓 ′(𝑥, 𝑑𝑥)

• The first argument is discrete, to allow different derivatives at different points

• Unlike calculus, one function can have multiple derivatives, since zeroes are not 

always unique
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The Seminaive Fixed Point

Suppose𝕃 is a lattice change structure over a lattice 𝐿 satisfying the ascending chain 

condition. Then, if 𝑓 : 𝐿 → 𝐿, and 𝑓 ′ : [𝐿] × 𝐿 → 𝐿 is a derivative of 𝑓 , we can define the 

series:

𝑥0 = ⊥ 𝑥𝑖+1 = 𝑥𝑖 ∨ 𝑑𝑥𝑖

𝑑𝑥0 = 𝑓 (⊥) 𝑑𝑥𝑖+1 = 𝑓 ′(𝑥𝑖, 𝑑𝑥𝑖)

By induction, we can show that 𝑥𝑖 = 𝑓 𝑖(⊥).

Hence 𝗌𝖾𝗆𝗂𝖿𝗂𝗑(𝑓 , 𝑓 ′) = 𝖿𝗂𝗑(𝑓 ).

Notice that we don’t care which derivative of 𝑓  it is!
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𝖯𝗋𝖾𝖧𝗈𝗆(𝕏, 𝕐)

We can now define the pre-homsets as:

𝖯𝗋𝖾𝖧𝗈𝗆(𝕏, 𝕐) = {(𝑓 , 𝑓 ′) : (𝑋 → 𝑌) × ([𝑋] × Δ𝕏 → Δ𝕐) | 𝑓 ′ is a derivative of 𝑓 }

We will write 𝖻𝖺𝗌𝖾(𝑓 ) for the first component and 𝖽𝖾𝗋𝗂𝗏(𝑓 ) for the second.

(This doesn’t quite work because of the existence of multiple valid derivatives, but we’ll 

fix it in a bit.)
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Identity Pre-morphisms

Suppose 𝕏 is a change structure. Then

𝖻𝖺𝗌𝖾(id𝕏) : 𝑋 → 𝑋
𝖻𝖺𝗌𝖾(id𝕏) = 𝜆𝑥 : 𝑋. 𝑥

𝖽𝖾𝗋𝗂𝗏(id𝕏) : [𝑋] × Δ𝕏 → Δ𝕏

𝖽𝖾𝗋𝗂𝗏(id𝕏) = 𝜆(𝑥, 𝑑𝑥). 𝑑𝑥

Observe that:

𝖻𝖺𝗌𝖾(id)(𝑥 ⊕ 𝑑𝑥) = 𝑥 ⊕ (𝑑𝑥)
= 𝖻𝖺𝗌𝖾(id)(𝑥) ⊕ 𝑑𝑥
= 𝖻𝖺𝗌𝖾(id)(𝑥) ⊕ 𝖽𝖾𝗋𝗂𝗏(id)(𝑥, 𝑑𝑥)
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Composition

Suppose 𝑓 : 𝖯𝗋𝖾𝖧𝗈𝗆(𝕏, 𝕐) and 𝑔 : 𝖯𝗋𝖾𝖧𝗈𝗆(𝕐, ℤ). Then

𝖻𝖺𝗌𝖾(𝑓 𝑔) : 𝑋 → 𝑍
𝖻𝖺𝗌𝖾(𝑓 𝑔) = 𝖻𝖺𝗌𝖾(𝑓 ); 𝖻𝖺𝗌𝖾(𝑔)

𝖽𝖾𝗋𝗂𝗏(𝑓 𝑔) : [𝑋] × Δ𝕏 → Δℤ

𝖽𝖾𝗋𝗂𝗏(𝑓 𝑔)(𝑥, 𝑑𝑥) = 𝑔′(𝑓 (𝑥), 𝑓 ′(𝑥, 𝑑𝑥))

• Q: This is type-correct, but does it make sense?

• A: This is the chain rule!
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High School Calculus

1. As babies, we learned that if 𝑓 : ℝ → ℝ, then the derivative is 
d𝑓
d𝑥 : ℝ → ℝ.

2. In university, you learn that 𝑓 ′ : ℝ → (ℝ → ℝ), but is linear in the second argument.

3. The relationship is as follows: 
d𝑓
d𝑥 |

𝑥0

= 𝑓 ′(𝑥0, 1)
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The High Derivative from the Real Derivative

Suppose ℎ(𝑥) = 𝑔(𝑓 (𝑥)).

dℎ
d𝑥|

𝑥
= ℎ′(𝑥, 1)

= 𝑔′(𝑓 (𝑥), 𝑓 ′(𝑥, 1))
= 𝑔′(𝑓 (𝑥), 1 ⋅ 𝑓 ′(𝑥, 1))
= 𝑔′(𝑓 (𝑥), 1) ⋅ 𝑓 ′(𝑥, 1)

=
d𝑔′

d𝑥 |
𝑓 (𝑥)

⋅
d𝑓
d𝑥 |

𝑥
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The Real Homset

We define Hom(𝕏, 𝕐) = 𝖯𝗋𝖾𝖧𝗈𝗆(𝕏, 𝕐)/(≈) where

(𝑓 , 𝑓 ′) ≈ (𝑔, 𝑔′) if and only if 𝑓 = 𝑔

• Our fast fixed point doesn’t care which derivative we use

• Distinguishing morphisms by derivative breaks universal properties

• So don’t distinguish them!

• As long as the derivative doesn’t “leak” into the base morphisms, the quotient proofs 

are not onerous.
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The Terminal Change Structure

• Values: 𝑋 = 1
• Changes: Δ = 1
• Validity: 𝑉 = 1 × 1
• Update: () ⊕ () = ()
• Zero function: 𝟎𝟙() = ()

The terminal morphism is easy to define and verify.
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The Product Change Structure

Suppose 𝕏 and 𝕐 are change structures:

• Values: 𝑋 × 𝑌
• Changes: Δ𝕏×𝕐 = Δ𝕏 × Δ𝕐

• Validity: 𝑉𝕏×𝕐 = {((𝑥, 𝑦), (𝑑𝑥, 𝑑𝑦)) | (𝑥, 𝑑𝑥) ∈ 𝑉𝕏, (𝑦, 𝑑𝑦) ∈ 𝑉𝕐}
• Update: (𝑥, 𝑦) ⊕𝕏×𝕐 (𝑑𝑥, 𝑑𝑦) = (𝑥 ⊕𝕏 𝑑𝑥, 𝑦 ⊕𝕐 𝑑𝑦)
• Zero function: 𝟎𝕏×𝕐(𝑥, 𝑦) = (𝟎𝕏(𝑥), 𝟎𝕐(𝑦))

Again, the morphisms are easy.

202



The Coproduct Change Structure

Suppose 𝕏 and 𝕐 are change structures:

• Values: 𝑋 + 𝑌
• Changes: Δ𝕏×𝕐 = Δ𝕏 + Δ𝕐

• Validity: 𝑉𝕏×𝕐 = {(𝜄1(𝑥), 𝜄1(𝑑𝑥)) | (𝑥, 𝑑𝑥) ∈ Δ𝕏}
∪ {(𝜄2(𝑦), 𝜄2(𝑑𝑦)) | (𝑦, 𝑑𝑦) ∈ Δ𝕐}

• Update: 𝜄1(𝑥) ⊕ 𝜄1(𝑑𝑥) = 𝜄1(𝑥 ⊕𝕏 𝑑𝑥)
𝜄2(𝑦) ⊕ 𝜄2(𝑑𝑦) = 𝜄2(𝑦 ⊕𝕐 𝑑𝑦)

• Zero function: 𝟎𝕏+𝕐(𝜄1(𝑥)) = 𝜄1(𝟎𝕏(𝑥))
𝟎𝕏+𝕐(𝜄2(𝑦)) = 𝜄2(𝟎𝕐(𝑦))

Again, the morphisms are easy.
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The Exponential Change Structure

Suppose 𝕏 and 𝕐 are change structures:

• Values: {𝖻𝖺𝗌𝖾(𝑓 ) | 𝑓 ∈ Hom(𝕏, 𝕐)}
• Changes: Δ = [𝑋] × Δ𝕏 → Δ𝕐

• Validity: we will define this on the next slide
• Update: 𝑓 ⊕ 𝑑𝑓 = 𝜆𝑥. 𝑓 (𝑥) ⊕𝕐 𝑑𝑓 (𝑥, 𝟎𝕏(𝑑𝑥))
• Zero function: 𝟎𝟙(𝑓 ) = by the axiom of choice
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Validity for Exponentials

Validity means: (𝑓 ⊕ 𝑑𝑓 )(𝑥 ⊕ 𝑑𝑥) = 𝑓 (𝑥) ⊕ 𝑑𝑓 (𝑥, 𝑑𝑥)

To understand this, let’s look at a picture:

↑𝑓 ′(𝑥, 𝑑𝑥)

↑

𝑑𝑓 (𝑥, 𝟎(𝑥))

↑(𝑓 ⊕ 𝑑𝑓 )′(𝑥, 𝑑𝑥)

↑

𝑑𝑓 (𝑥 ⊕ 𝑑𝑥, 𝟎(𝑥 ⊕ 𝑑𝑥))

↑

𝑑𝑓 (𝑥, 𝑑𝑥)

(𝑓 ⊕ 𝑑𝑓 )(𝑥) (𝑓 ⊕ 𝑑𝑓 )(𝑥 ⊕ 𝑑𝑥)

𝑓 (𝑥) 𝑓 (𝑥 ⊕ 𝑑𝑥)
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Validity for Exponentials

Suppose we have 𝑓  and 𝑑𝑓 .

Let 𝑔 = 𝑓 ⊕ 𝑑𝑓 = 𝜆𝑥. 𝑓 (𝑥) ⊕ 𝑑𝑓 (𝑥, 𝟎(𝑥))

Now, the conditions for validity are:

• There exists 𝑔′ such that 𝑔′ is a derivative for 𝑔.

• The three paths agree: for all (𝑥, 𝑑𝑥) ∈ 𝑉𝕏→𝕐:

𝑓 (𝑥) ⊕ 𝑑𝑓 (𝑥, 𝑑𝑥) = (𝑓 (𝑥) ⊕ 𝑑𝑓 (𝑥, 𝟎(𝑥))) ⊕ 𝑔′(𝑥, 𝑑𝑥)
= (𝑓 (𝑥) ⊕ 𝑓 ′(𝑥, 𝑑𝑥)) ⊕ 𝑑𝑓 (𝑥 ⊕ 𝑑𝑥, 𝟎(𝑥 ⊕ 𝑑𝑥))
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Zero-Changes for Exponentials are Derivatives

Suppose we have (𝑓 , 𝑑𝑓 ) in 𝑉𝕏→𝕐, and 𝑑𝑓  is a zero-change to 𝑓 . Then

𝑓 (𝑥 ⊕ 𝑑𝑥) = (𝑓 ⊕ 𝑑𝑓 )(𝑥 ⊕ 𝑑𝑥)
= 𝑓 (𝑥) ⊕ 𝑑𝑓 (𝑥, 𝑑𝑥)

This is exactly the derivative condition!

This is why we can also conjure up a zero by the axiom of choice: since every 𝑓  is by 

hypothesis differentiable, we can just magically choose that as the witness.
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Evaluation

We now define 𝖾𝗏𝖺𝗅 : Hom((𝕏 → 𝕐) × 𝕏, 𝕐).

𝖻𝖺𝗌𝖾(𝖾𝗏𝖺𝗅) : (𝑋 → 𝑌) × 𝑋 → 𝑌
𝖻𝖺𝗌𝖾(𝖾𝗏𝖺𝗅)(𝑓 , 𝑥) = 𝑓 (𝑥)

𝖽𝖾𝗋𝗂𝗏(𝖾𝗏𝖺𝗅) : [(𝑋 → 𝑌) × 𝑋] × (Δ𝕏→𝕐 × Δ𝕏) → Δ𝕐

𝖽𝖾𝗋𝗂𝗏(𝖾𝗏𝖺𝗅)((𝑓 , 𝑥), (𝑑𝑓 , 𝑑𝑥)) = 𝑑𝑓 (𝑥, 𝑑𝑥)
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The Exponential Transpose

Suppose we have 𝑓 : Hom(𝔸 × 𝕏, 𝕐). We construct 𝜆(𝑓 ) : Hom(𝔸, 𝕏 → 𝕐) as follows:

𝖻𝖺𝗌𝖾(𝜆(𝑓 )) : 𝐴 → 𝖻𝖺𝗌𝖾(Hom(𝕏, 𝕐))
𝖻𝖺𝗌𝖾(𝜆(𝑓 )) = 𝜆𝑎 : A. 𝜆𝑥 : X. 𝑓 (𝑎, 𝑥)

𝖽𝖾𝗋𝗂𝗏(𝜆(𝑓 )) : ([𝐴] × Δ𝔸) → ([𝑋] × Δ𝕏) → Δ𝕐

𝖽𝖾𝗋𝗂𝗏(𝜆(𝑓 )) = 𝜆(𝑎, 𝑑𝑎). 𝜆(𝑥, 𝑑𝑥). 𝖽𝖾𝗋𝗂𝗏(𝑓 )((𝑎, 𝑥), (𝑑𝑎, 𝑑𝑥))

Note the type of the premise implie a proof obligation – we have to show the returned 

function has a derivative.
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Lattices as Change Structures

Suppose we have a semilattice (𝐿, ≤ ⊥, ∨). We can define a functor 𝑈 from semilattices 

to change structures. 𝑈 sends a lattice to 𝐿 to a change structure 𝕃:

• Values: 𝐿
• Changes: Δ𝕃 = 𝐿
• Validity: 𝑉𝕃 = 𝐿 × 𝐿
• Update: 𝑙1 ⊕𝕃 𝑙1 = 𝑙1 ∨ 𝑙2
• Zero function: 𝟎𝕃(𝑙) = 𝑙
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Lattice Homomorphisms are their own Derivatives

Even lattice homomorphism 𝑓 : 𝐿 → 𝑀 becomes a change morphism 𝑈(𝑓 ) : 𝕃 → 𝕄:

base : 𝐿 → 𝐿
𝖻𝖺𝗌𝖾(𝑈(𝑓 )) = 𝑓

deriv : [𝐿] × 𝐿 → 𝑀
𝖽𝖾𝗋𝗂𝗏(𝑈(𝑓 )) = 𝜆(𝑙, 𝑑𝑙). 𝑓 (𝑑𝑙)

Every lattice homomorphism is its own derivative!
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Interpreting Fixed Points

Suppose 𝑓 : Hom(𝔸 × 𝑈(𝐿), 𝑈(𝐿)). Define 𝖿𝗂𝗑(𝑓 ) : Hom([𝔸], 𝑈(𝐿)) as follows:

base(fix(f)) : D(A) → L 

base(fix(f)) a = 

  let rec loop x dx = 

    let x' = x ∨ dx in 

    if x = x' then

      x 

    else        

      let dx' = deriv(f)((a, x), ((), dx)) in 

      loop (x', dx') 

  in loop(⊥, base(f)(a, ⊥))

deriv(fix(f)) : D(A) × 1 → L 

deriv(fix(f)) (a, ()) = ⊥ 

• Base is our dream code!

• It uses 𝖽𝖾𝗋𝗂𝗏(𝑓 ), but that’s 

ok since we get the same 

result no matter what

• 𝖽𝖾𝗋𝗂𝗏(𝖿𝗂𝗑(𝑓 )) has a trivial 

derivative, since 

𝖻𝖺𝗌𝖾(𝖿𝗂𝗑(𝑓 )) can’t change: 

its argument is discrete.

212



The Trick

• We have defined every bit of structure that the denotational semantics of Datafun use, 

but in change structures rather than 𝖯𝗈𝗌𝖾𝗍.

• So just reinterpret the language in the category of change structures!

• The base of the morphism is (almost) the same as the original 𝖯𝗈𝗌𝖾𝗍 interpretation.

• The only difference is at 𝖿𝗂𝗑(𝑓 ), where we use 𝗌𝖾𝗆𝗂𝖿𝗂𝗑(𝑓 , 𝑓 ′) instead – but it computes 

the same results, only faster!

213



Semirings, and Kleene algebras, and Graph Algorithms



Semirings

A semiring (𝑆 ∈ 𝖲𝖾𝗍, 0 : 𝑆, (+) : 𝑆 × 𝑆 → 𝑆, 1 : 𝑆, (⋅) : 𝑆 × 𝑆 → 𝑆) is a structure with the 

following properties:

• (𝑆, 0, +) forms a commutative monoid

• (𝑆, 1, ⋅) forms a monoid

• + and × have a left- and right-distributivity law:

‣ (𝑥 ⋅ 𝑦) + 𝑧 = (𝑥 ⋅ 𝑧) + (𝑦 ⋅ 𝑧)
‣ 𝑥 ⋅ (𝑦 + 𝑧) = (𝑥 ⋅ 𝑦) + (𝑥 ⋅ 𝑧)
‣ 0 ⋅ 𝑥 = 𝑥 ⋅ 0 = 0
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Semiring Homomorphisms

If 𝑆 and 𝑇 are semirings, then 𝑓 : 𝑆 → 𝑇 is a semiring homomorphism when:

• 𝑓 (0𝑆) = 0𝑇

• 𝑓 (𝑎 +𝑆 𝑏) = 𝑓 (𝑎) +𝑇 𝑓 (𝑏)
• 𝑓 (1𝑆) = 1𝑇

• 𝑓 (𝑎 ⋅𝑆 𝑏) = 𝑓 (𝑎) ⋅𝑇 𝑓 (𝑏)

Naturally semirings and semiring homomorphisms form a category.
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Examples of Semirings

• The natural number ℕ form a semiring (ℕ, 0, +, 1, ×) having the usual interpretation.

‣ This is the initial semiring!

‣ There is a unique semiring homomorphism ℕ → 𝑆 for any semiring 𝑆.

• The booleans 𝔹 form a semiring:

‣ 0 = ⊥ and 𝑏 + 𝑏′ = 𝑏 ∨ 𝑏′

‣ 1 = ⊤ and 𝑏 ⋅ 𝑏′ = 𝑏 ∧ 𝑏′.
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The Counting Semiring

• Let the carrier by ℕ ⊎ ∞.

• Define 0 = 0
• Let 𝑚 + 𝑛 = 𝑚 + 𝑛, with the additional equation ∞ + 𝑛 = ∞
• Let 1 = 1
• 𝑚 ⋅ 𝑛 = 𝑚 × 𝑛, with the additional two equations:

0 ⋅ ∞ = 0
𝑛 ⋅ ∞ = ∞ otherwise
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More Examples of Semirings

• Given a monoid (𝑀, 𝜀, ∗), the powerset 𝒫︀(𝑀) forms a semiring:

‣ 0 = ∅, and 𝐴 + 𝐵 = 𝐴 ∪ 𝐵.

‣ 1 = {𝜀} and 𝐴 ⋅ 𝐵 = {𝑎 ∗ 𝑏 | 𝑎 ∈ 𝐴 ∧ 𝑏 ∈ 𝐵}

• The “tropical semiring” is a semiring over ℕ ⊎ {∞}:

‣ 0 = ∞ and 𝑥 + 𝑦 = min(𝑥, 𝑦)

‣ 1 = 0 and 𝑥 ⋅ 𝑦 = 𝑥 + 𝑦
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Semimodules Over Semirings

A (left) semimodule 𝑀 over a semiring 𝑆 is:

• A commutative monoid (𝑀, 0, +)
• An action of 𝑆 on 𝑀: (∙) : 𝑅 × 𝑀 → 𝑀, such that

‣ 𝑠 ∙ (𝑚1 + 𝑚2) = 𝑠 ∙ 𝑚1 + 𝑠 ∙ 𝑚2
‣ (𝑠1 + 𝑠2) ∙ 𝑚 = 𝑠1 ∙ 𝑚 + 𝑠2 ∙ 𝑚
‣ 𝑟 ∙ (𝑠 ∙ 𝑚) = (𝑟 ⋅ 𝑠) ∙ 𝑚
‣ 1𝑆 ∙ 𝑚 = 𝑚
‣ 0𝑆 ∙ 𝑚 = 0𝑀

Intuition: like vector spaces parameterized over an arbitrary semiring 𝑆 rather than ℝ.
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Example of a Semimodule

If 𝑆 is a semiring, then 𝑆𝑛×𝑚 is a semimodule over 𝑆.

• 0𝑆𝑛×𝑚 is the 𝑛 times 𝑚 matrix of 0𝑆.

• 𝑚1 + 𝑚2 is defined by pointwise addition: (𝑚 + 𝑚′)𝑖,𝑗 = 𝑚′
𝑖,𝑗 +𝑆 𝑚′

𝑖,𝑗
• 𝑠 ∙ 𝑚 is defined by pointwise multiplication: (𝑠 ∙ 𝑚)𝑖,𝑗 = 𝑠 ⋅ 𝑚𝑖,𝑗

• If 𝐴 ∈ 𝑆𝑛×𝑘 and 𝐵 ∈ 𝑆𝑘×𝑚, then matrix multiplication 𝐴𝐵 ∈ 𝑆𝑛×𝑚 is defined.

• Note that 𝑆𝑛×𝑛 is iself a semiring, since matrix multiplication keeps you in 𝑆𝑛×𝑛.
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Ordered Semirings

A semiring (𝑆, 0, +, 1, ⋅) is ordered when it is equipped with a partial order (≤) ⊆ 𝑆 × 𝑆, 

such that

• for all 𝑠 ≤ 𝑠′ and 𝑡 ≤ 𝑡′ we have 𝑠 + 𝑡 ≤ 𝑠′ + 𝑡′

• for all 𝑠 ≤ 𝑠′ and 𝑡 ≤ 𝑡′ we have 𝑠 ⋅ 𝑡 ≤ 𝑠′ ⋅ 𝑡′
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Idempotent Semirings

• We say that a semiring 𝑆 is idempotent when 𝑥 + 𝑥 = 𝑥.

• This yields a partial order, called the natural order: 𝑥 ≤ 𝑦 when 𝑥 + 𝑦 = 𝑦.

In fact this makes (𝑆, 0, +) into a lattice, since now 0 is a minimal element and addition 

yields least upper bounds!

222



Closed Semirings and Kleene algebras

• We say that an ordered semiring 𝐾 is closed when:

‣ there is an operation (−)∗ : 𝐾 → 𝐾, such that

‣ that 𝑥∗ = 1 + 𝑥∗ ⋅ 𝑥 = 1 + 𝑥 ⋅ 𝑥∗

‣ If 𝑎 + 𝑏 ⋅ 𝑥 ≤ 𝑥 then 𝑏∗ ⋅ 𝑎 ≤ 𝑥
‣ If 𝑎 + 𝑥 ⋅ 𝑏 ≤ 𝑥 then 𝑎 ⋅ 𝑏∗ ≤ 𝑥

The latter two equations ensure that 𝑥∗ is the least solution to the equation.

A semiring is a Kleene algebra when it is an idempotent semiring closed with respect to 

its natural order.
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Examples of Kleene Algebras

• The booleans for a Kleene algebra

‣ 𝑏∗ = ⊤, since 𝑏∗ = 1 + 𝑏 ⋅ 𝑏∗ = ⊤ ∨ (𝑏 ∧ 𝑏∗) = ⊤

• The counting semiring forms a Kleene algebra:

𝑛∗ = 1 when 𝑛 = 0
𝑛∗ = ∞ otherwise

This is because we need 𝑛∗ = 1 + 𝑛 ⋅ 𝑛∗.
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The Regular Expressions

𝑟 ⩴ 𝑐 | 1 | 𝑟 · 𝑟′ | 0 | 𝑟 + 𝑟′ | 𝑟 ∗

1. 𝑟 + 0 = 0 + 𝑟 = 𝑟
2. 𝑟1 + (𝑟2 + 𝑟3) = (𝑟1 + 𝑟2) + 𝑟3
3. 𝑟1 + 𝑟2 = 𝑟2 + 𝑟1
4. 𝑟 + 𝑟 = 𝑟
5. 1 · 𝑟 = 𝑟 · 1 = 𝑟
6. 𝑟1 · (𝑟2 · 𝑟3) = (𝑟1 · 𝑟2) · 𝑟3
7. 𝑟1 · (𝑟2 + 𝑟3) = (𝑟1 · 𝑟2) + (𝑟1 · 𝑟3)
8. (𝑟1 + 𝑟2) · 𝑟3 = (𝑟1 · 𝑟3) + (𝑟2 · 𝑟3)
9. 𝑟 ∗ = 1 + 𝑟 · 𝑟 ∗ = 1 + 𝑟 ∗ · 𝑟

• (1-4) tell us (0, +) is a 

commutative, idempotent 

monoid

• (5-7) tell us (1, ·) is a monoid

• (7-8) are the distributivity 

properties of (+) and (·)
• 9 is the closure property of 𝑟 ∗
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A Finite Automaton

0 1

a
b

c

d

The transition matrix of this automaton is:

𝑇 = (𝑎
𝑐

𝑏
𝑑)

Observe that 𝑇2 yields that paths of length 2:

𝑇2 = (𝑎𝑎 + 𝑏𝑐
𝑐𝑎 + 𝑑𝑐

𝑎𝑏 + 𝑏𝑑
𝑐𝑏 + 𝑑𝑑)
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The All-Pairs Path Problem

• If 𝑇𝑘 are the paths of length 𝑘, then what describes all paths?

• It should be 1 + 𝑇 + 𝑇2 + 𝑇3 + …
‣ But this is the defining property of 𝑇∗…!
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The Matrix Equation

We want 𝑇∗ = 𝐼 + 𝑇 ⋅ 𝑇∗

𝑇∗ = (𝑡00
𝑡10

𝑡01
𝑡11

)

= 𝐼 + 𝑇 ⋅ 𝑇∗

= (1
0

0
1) + (𝑎

𝑐
𝑏
𝑑) ⋅ (𝑡00

𝑡10

𝑡01
𝑡11

)

= (1
0

0
1) + (𝑎 ⋅ 𝑡00 + 𝑏 ⋅ 𝑡10

𝑐 ⋅ 𝑡00 + 𝑑 ⋅ 𝑡10

𝑎 ⋅ 𝑡01 + 𝑏 ⋅ 𝑡11
𝑐 ⋅ 𝑡01 + 𝑑 ⋅ 𝑡11

)

(𝑡00
𝑡10

𝑡01
𝑡11

) = (1 + 𝑎 ⋅ 𝑡00 + 𝑏 ⋅ 𝑡10
𝑐 ⋅ 𝑡00 + 𝑑 ⋅ 𝑡10

𝑎 ⋅ 𝑡01 + 𝑏 ⋅ 𝑡11
1 + 𝑐 ⋅ 𝑡01 + 𝑑 ⋅ 𝑡11

)
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A System of Linear Equations

𝑡00 = 1 + 𝑎 ⋅ 𝑡00 + 𝑏 ⋅ 𝑡10

𝑡01 = 𝑎 ⋅ 𝑡01 + 𝑏 ⋅ 𝑡11

𝑡10 = 𝑐 ⋅ 𝑡00 + 𝑑 ⋅ 𝑡10

𝑡11 = 1 + 𝑐 ⋅ 𝑡01 + 𝑑 ⋅ 𝑡11

1. Note 𝑡10 = 𝑑∗ ⋅ 𝑐 ⋅ 𝑡00
2. Hence 𝑡00 = 1 + 𝑎 ⋅ 𝑡00 + 𝑏 ⋅ 𝑑∗ ⋅ 𝑐 ⋅ 𝑡00
3. Hence 𝑡00 = 1 + (𝑎 + 𝑏 ⋅ 𝑑∗ ⋅ 𝑐) ⋅ 𝑡00 �

4. So 𝑡00 = (𝑎 + 𝑏 ⋅ 𝑑∗ ⋅ 𝑐)∗

5. So 𝑡10 = 𝑑∗ ⋅ 𝑐 ⋅ (𝑎 + 𝑏 ⋅ 𝑑∗ ⋅ 𝑐)∗

A similar argument works for 𝑡10 and 𝑡11.
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The 2 × 2 Kleene Star

𝑇∗ =
(
 (𝑎 + 𝑏 ⋅ 𝑑∗ ⋅ 𝑐)∗

𝑑∗ ⋅ 𝑐 ⋅ (𝑎 + 𝑏 ⋅ 𝑑∗ ⋅ 𝑐)∗
𝑎∗ ⋅ 𝑏 ⋅ (𝑑 + 𝑐 ⋅ 𝑎∗ ⋅ 𝑏)∗

(𝑑 + 𝑐 ⋅ 𝑎∗ ⋅ 𝑏)∗
)


The regular expression 𝑇∗
𝑖,𝑗 gives the regular expression describing all paths between 

nodes 𝑖 and 𝑗.
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The 𝑛 × 𝑛 Kleene Star for 𝑛 > 2

Any 𝑛 × 𝑛 matrix can be divided into blocks as follows:

𝑇𝑛 =
(


𝐴

𝐶

𝐵

𝐷)


𝐴 and 𝐷 are square matrices with dimension < 𝑛, so define:

𝑇∗
𝑛 = ( (𝐴 + 𝐵 ⋅ 𝐷∗ ⋅ 𝐶)∗

𝐷∗ ⋅ 𝐶 ⋅ (𝐴 + 𝐵 ⋅ 𝐷∗ ⋅ 𝐶)∗
𝐴∗ ⋅ 𝐵 ⋅ (𝐷 + 𝐶 ⋅ 𝐴∗ ⋅ 𝐵)∗

(𝐷 + 𝐶 ⋅ 𝐴∗ ⋅ 𝐵)∗ )

This works because we can inductively compute Kleene star for smaller 𝑛!

231



Performance

𝑇∗
𝑛 = ( (𝐴 + 𝐵 ⋅ 𝐷∗ ⋅ 𝐶)∗

𝐷∗ ⋅ 𝐶 ⋅ (𝐴 + 𝐵 ⋅ 𝐷∗ ⋅ 𝐶)∗
𝐴∗ ⋅ 𝐵 ⋅ (𝐷 + 𝐶 ⋅ 𝐴∗ ⋅ 𝐵)∗

(𝐷 + 𝐶 ⋅ 𝐴∗ ⋅ 𝐵)∗ )

• Matrix multiplication is 𝑂(𝑛3) (Strassen’s algorithm doesn’t work here)

• There are 4 uses of ∗ and 8 multiplications.

𝑇(𝑛) = 8(𝑛
2 )

3
+ 4𝑇(𝑛

2 )

= 𝑛3 + 4𝑇(𝑛
2 ) = 𝑛3 + (4

8)𝑛3 + 42 ⋅ 𝑇(𝑛
4 )

= 𝑛3 + (4
8)𝑛3 + (4

8)
2
𝑛3 + 43 ⋅ 𝑇(𝑛

8 ) = 𝑛3(1 + 1
2 + 1

4 + …)

𝑇(𝑛) ∈ 𝑂(𝑛3)
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Algorithms and Implementations



Graph Reachability

Suppose we have a graph 𝐺 with a set of nodes 𝑁 and an edge relation 𝐸 ⊆ 𝑁 × 𝑁.

1. View the edge relation as a boolean-valued matrix: 𝐸 : 𝑁 × 𝑁 → 2.

2. These booleans are part of the Kleene algebra of booleans.

3. 𝐸∗ gives all-pairs graph reachability.

(This is what Floyd-Warshall is doing!)
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All-Pairs Shortest Paths

• Suppose we have a graph 𝐺 with a a set of nodes 𝑁 and an edge relation 𝐸 ⊆ 𝑁 × 𝑁.

1. Initialize a matrix:

𝑇(𝑖, 𝑗) = {1 when (𝑖, 𝑗) ∈ 𝐸
∞ otherwise

2. 𝑇 : 𝑁 × 𝑁 → ℕ ⊎ ∞, where entries are in the min-plus Kleene algebra.

3. 𝑇∗(𝑖, 𝑗) gives the length of the shortest path between 𝑖 and 𝑗

This is what Djikstra’s algorithm is doing (with a bit of cleverness to exploit sparsity).
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Counting Paths in a Graph

Suppose we have a graph 𝐺 with a set of nodes 𝑁 and an edge relation 𝐸 ⊆ 𝑁 × 𝑁.

1. Initialize a matrix:

𝑇(𝑖, 𝑗) = {1 when (𝑖, 𝑗) ∈ 𝐸
0 otherwise

2. 𝑇 : 𝑁 × 𝑁 → ℕ ⊎ ∞, where entries are in the counting algebra.

3. 𝑇∗ gives the number of paths between any two nodes.

Note that this algorithm counts the total number of paths, yielding infinity if there is a 

cycle.
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The Maximum Capacity Path Problem

Suppose we have a graph 𝐺 with a set of nodes 𝑁, edges 𝐸 ⊆ 𝑁 × 𝑁, and a capacity 

function 𝑐 : 𝐸 → ℕ. Given any two nodes 𝑖 and 𝑗, what maximizes the mininum capacity 

of any of the edges on each connecting path? (Draw a picture!)

1. Initialize a matrix:

𝑇(𝑖, 𝑗) = {𝑐(𝑖, 𝑗) when (𝑖, 𝑗) ∈ 𝐸
0 otherwise

2. 𝑇 : 𝑁 × 𝑁 → ℕ, where entries are in the min-max Kleene algebra

3. 𝑇∗ gives the the greatest
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Kleene’s Theorem

Suppose we have a labelled graph 𝐺: nodes 𝑁, edges 𝐸 ⊆ 𝑁 × 𝑁, with a map lab : 𝐸 → 𝐿.

1. Initialize a matrix:

𝑇(𝑖, 𝑗) = {lab(𝑖, 𝑗) when (𝑖, 𝑗) ∈ 𝐸
0 otherwise

2. 𝑇 : 𝑁 × 𝑁 → 𝗋𝖾𝗀𝖾𝗑𝗉, where entries are in the regular expressions.

3. 𝑇∗ gives the regular expression describing all paths between any two nodes

• This is Kleene’s theorem!

• Q: The 𝑂(𝑛3) bounds don’t make sense in this case: why?
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The Viterbi Problem

Suppose that we have a labelled graph 𝐺 with nodes 𝑁, edges 𝐸 = 𝑁 × 𝑁 and a 

transition map 𝑝 : 𝐸 → [0, 1] giving the transition probability. This has to satisfy the 

condition that for all 𝑖 ∈ 𝑁:

∑
𝑗∈𝑁

𝑝(𝑖, 𝑗) = 1

Problem: Given nodes 𝑖 and 𝑗, what is the most likely transition sequence between them?
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The Viterbi Semiring

Define the following Kleene algebra 𝑉:

• The carrier 𝑉 is [0, 1] ⊆ ℝ
• The additive structure is given by 0 = 0 and 𝑥 + 𝑦 = max(𝑥, 𝑦).

• The multiplicative structure is given by 1 = 1 and 𝑥𝑐 ⋅ 𝑦 = 𝑥 × 𝑦.

• The Kleene star is 𝑝∗ = 1.

Intuition: multiplication combines independent events, addition picks the best of a set.

The Kleene star is 1 because loops are optional and we can skip them.
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A Problem

If we compute 𝑇∗, then 𝑇(𝑖, 𝑗) gives us the probability of the most likely path between 𝑖 
and 𝑗.

But it doesn’t tell us the path!

How can we regain this information?
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The Argmax Semiring

Observe that if we have a sequence of transitions (𝑖, 𝑗), (𝑗, 𝑘), (𝑘, 𝑙), …, then we can 

compute its probability as follows:

𝑞 : 𝐸∗ → 𝑉
𝑞 = [] ↦ 1
𝑞 = ((𝑖, 𝑗) :: 𝑠) ↦ 𝑝(𝑖, 𝑗) ⋅ 𝑞(𝑠)
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The Argmax Semiring

Now, we define a new semiring 𝐴:

• The carrier is {(𝑝, 𝑋) ∈ 𝑉 × 𝒫︀(𝐸∗) | ∀𝑠 ∈ 𝑋.𝑞(𝑠) = 𝑝}
• The additive unit is 0 = (0, ∅).

• The addition is

(𝑝, 𝑋) + (𝑝′, 𝑌) =
{


(𝑝, 𝑋) when 𝑝 < 𝑝′

(𝑝′, 𝑌) when 𝑝 > 𝑝′

(𝑝, 𝑋 ∪ 𝑌) when 𝑝 = 𝑝′

• The multiplicative unit is 1 = (1, {[]})
• The multiplication is (𝑝, 𝑋) ⋅ (𝑝′, 𝑌) = (𝑝 ⋅ 𝑝′, 𝑋 ⋅ 𝑌)
• The Kleene star is: (𝑝, 𝑋)∗ = (1, {[]})
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The Viterbi Algorithm

Suppose that we have a labelled graph 𝐺 with nodes 𝑁, edges 𝐸 = 𝑁 × 𝑁 and a 

transition map 𝑝 : 𝐸 → [0, 1] giving the transition probability.

1. Initialize a matrix:

𝑇(𝑖, 𝑗) =
{

(𝑝(𝑖, 𝑗), {[(𝑖, 𝑗)]}) when (𝑖, 𝑗) ∈ 𝐸

(0, ∅) otherwise

2. 𝑇 : 𝑁 × 𝑁 → 𝐴, where entries are in the argmax semiring.

3. 𝑇∗(𝑖, 𝑗) gives the probability of the likeliest path between 𝑖 and 𝑗, and the paths with 

this probability!
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