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Supervision 1
Exercise 1. Define two different monoids whose carrier is the natural numbers.

Exercise 2. Add a property to the definition of monoid to make it into a commutative monoid.

Exercise 3. What are the initial and final objects in Poset, the category of partially ordered sets and mono-
tone functions?

Exercise 4. What are the initial and final objects in CMon, the category of commutative monoids and
monoid homomorphisms?

Exercise 5. What do products in Rel, the category of sets and relations, look like? (Hint. The product of 𝐴
and 𝐵 is not the cartesian product of sets!)

Exercise 6. The signature for INDUCTIVE has a comment saying that out is not strictly necessary. Show that
you can implement out using fold, into and F.map. Why did we include it in the API nonetheless?

Exercise 7. Prove that J𝐹K defines a functor for all 𝐹.

Exercise 8. Recall that if an object 𝐴 and a family of maps 𝑓𝑛 ∶ 𝐴 → 𝑋𝑛 forming a cone over the projective
diagram, the mediating map

#»

𝑓 can be explicitly given as:
#»

𝑓 (𝑎) = 𝑛 ↦ 𝑓𝑛(𝑎)

Verify that if there is any other ℎ ∶ 𝐴 → lim𝑋𝑖 such that 𝑓𝑖 = ℎ; 𝜋𝑖 for every 𝑖, then ℎ =
#»

𝑓 .

Exercise 9. The Levenshtein distance, or edit distance, between two strings be naively computed as follows
(writing ⟨⟩ for the empty string, and 𝑐 ⋅ 𝑠 for the string starting with the character 𝑐 and continuing with 𝑠):

lev(𝑠1, ⟨⟩) = |𝑠1|
lev(⟨⟩, 𝑠2) = |𝑠2|
lev(𝑐 ⋅ 𝑠′

1, 𝑐 ⋅ 𝑠′
2) = lev(𝑠′

1, 𝑠′
2)

lev(𝑐 ⋅ 𝑠′
1, 𝑑 ⋅ 𝑠′

2) = 1 + min(lev(𝑠1, 𝑠′
2), lev(𝑠′

1, 𝑠2), lev(𝑠′
1, 𝑠′

2))

Formulate this algorithm as a coalgera-to-algebramorphism, and then solve it with dynamic programming.
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Supervision 2
The semantics of change structures were engineered so that the type of changes is always a simple type. As
a result, it is possible to compute the derivative of a Datafun program, as another Datafun program!

Exercise 10. Give a function Δ which takes a Datafun type 𝐴, and returns Δ(𝐴), the type of changes to 𝐴.
Next, let’s define some notation. If Γ is a context, thenwe define�Γ and 𝑑Γ to be a new context as follows:

�(⋅) = ⋅
�(Γ, 𝑥 ∶ 𝐴) = �Γ, 𝑥 ∶D 𝐴
�(Γ, 𝑥 ∶D 𝐴) = �Γ, 𝑥 ∶D 𝐴

𝑑(⋅) = ⋅
𝑑(Γ, 𝑥 ∶ 𝐴) = 𝑑Γ, dx ∶ Δ𝐴
𝑑(Γ, 𝑥 ∶D 𝐴) = 𝑑Γ

So �Γ makes every variable discrete, and 𝑑Γ introduces a fresh variable dx for each montone variable 𝑥,
of the type of changes.

Exercise 11. Consider the fragment of Datafun where types are restricted to sums 𝐴 + 𝐵, products 𝐴 × 𝐵,
discrete types [𝐴], and sets 𝒫(𝐴).

Give a translation 𝛿() on well-typed that takes a derivation tree Γ ⊢ 𝑒 ∶ 𝐴 in this fragment, and produces
a new term �Γ, 𝑑Γ ⊢ 𝛿(𝑒) ∶ Δ(𝐴).

(Hint. The translation will not be precisely the same, since the definition of change structure we use is
different, but the paper Seminaïve Evaluation for a Higher-Order Functional Language by Michael Artnzenius
and Neel Krishnaswami should offer considerable inspiration.)

Exercise 12. Now we will extend this to full Datafun.

1. What goes wrong when we try to extend this translation to function types 𝐴 → 𝐵?

2. Suggest a change to our definition of the exponential change structure, whichwillmake this translation
easier to define. (Remember to update the definitions of the transpose and the evaluation maps as
well.)

3. Use this to extend your translation to cover functions as well.

4. Optional: Howdoes it differ from the one presented in Seminaïve Evaluation for a Higher-Order Functional
Language?

Exercise 13. Try implementing Datafun and the seminaive translation.

• Write a typechecker for Datafun, and implement your seminaive translation.

• Compile it to a functional language like OCaml or Haskell.
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