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Proof (and Refutation) Terms

Propositions A
True contexts I
False contexts A
Values e

Continuations R

Contradictions ¢

T|AAB| L |AVB | —A

| Tyx:A

| AyucA

() | (ee) | Le | Re | not(k)
uu:A.C

[ | [RFK] | fstk | sndk | not(e)
ux A.C

(ea k)



Expressions — Proof Terms

TP

(No rule for L) AR () : T true

M AFe:Atrue M AFe :Btrue .

A

M AF (e €):ANBtrue
[AFe:Atrue AFe:Btrue
VP4 VP,
AFLe:AVBtrue [AFRe:AVBtrue
X:Aerl MAFR:Afalse
Hyp —P

AR X:Atrue I A not(R) : —A true



Continuations — Refutation Terms

1R
(No rule for T) AR : L false
M AFR:Afalse I AFFRK:Bfalse .
v
[ AF [R K] AV Bfalse
MAFR:Afalse AR k:Bfalse
ARq ARy
A fstk: AABfalse AFsndk:AABfalse
X:Ae A AFe:Atrue
Hvp —R

AR x:Afalse I A+ not(e) : —A false



Contradictions

AFe:Atrue AR R:Afalse
I Ak (e|akR)contr

CONTR

A, u:AbEccontr x:A Ak ccontr
AR pu:Ac:Atrue AFpx:A c:Afalse




Operational Semantics

((e1,€2) [ang fStR) = (e1[a k)
((er,€2) lane sNdR) (e |& )
(Lelave [Ri Ry = (ela ki)
(Relavs [Ri,k2]) = (el k)

(not(R) |-a not(e)) +— (e a k)

(pu :A.cla k) —  [R/u]c

(e |apx:A.C) — [e/x]c .



Type Safety?

Preservation If ;- F ¢ contr and c ~ ¢’ then -;- - ¢’ contr.
Proof By case analysis on evaluation derivations!

(We don't even need induction!)



Type Preservation

((e1,€2) |ang fStR) ~ (€1 ]a R) Assumption

(1) (2)
I AF (er,e) : ANBtrue AR fstk:AABfalse

I A ((er,e2) |ans fStR) contr Assumption
(3)
—N—
A e :Atrue F;A}—ez:Btrue/\P
I A {e,e): AABtrue Analysis of (1)
(4)
—~
M ARFR:Afalse
ARy .
M AFfstk:AABfalse Analysis of (2)
-k {eq |a k) contr By rule on (3), (4)



Embedding Classical Logic into Intuitionistic Logic

- Intuitionistic logic has a clean computational reading
- Classical logic almost has a clean computational reading
- Q:Is there any way to equip classical logic with computational meaning?

- A: Embed classical logic into intuitionistic logic



But Isn't Classical Logic an Extension of Constructive Logic?

- Normally, we think of classical logic as “constructive logic plus
double-negation elimination”
- Surprisingly, classical logic is also a subset of intuitionistic logic!

- How can this work?



Double Negation Elimination

- The definition of negationis ~A£ A — L
- We cannot prove there are any functions ((A — 0) - 0) — A

Proof sketch
- We can model each type as a set.
- Model 0 as the empty set.
- Model A — B as the set of functions from A to B.
- A mathematical function from A to B is a functional relation.
- If A has any elements at all, then A — 0 has no elements.

- Then (A — 0) — 0 has no elements if A has any elements (and one
otherwise).
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Triple-Negation Elimination

In general, ==X — X is not derivable constructively. However, the following is
derivable:

Lemma For all X, there is a function tne : (===X) — =X

. Fg:X—=p oo EXxeX

R:—=—==X,x:X,q:=XFgx:p
oo FR=mX R:—=—=X,x:XFAg.gx: =X
kR:=—==X,x:XFR(AG.gx):p
kR:===XF M. R(Ag.qa): =X
-F AR Aa.R(Ag.ga): (———=X) = X

tne

1



- As a mathematical function space, A — 0 has at most one element.
- From a programming perspective, this is terrible!

- Define “quasi-negation” ~X £ X — p, where p is a fixed arbitrary type.
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Triple-Negation Elimination for Quasi-Negation

Triple-negation elimination still holds for quasi-negations:

Lemma For all X, there is a function tne : (~~~X) — ~X

o.Fg:X—=p cooExe X
R:mrrn X, X:X,q:~XEQgXx:p
o B R ~nX R X X XEAG.gX: ~oX
R:~r~~X x: XER(ANG.GX) D
R~~~ XE AXCR(AG.ga) : ~X
‘F AR AG.R(AG.qa) : (X)) — ~X

tne
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The Recipe for Embedding Classical Logic into Intuitionistic Logic

1. We define a translation function A°
2. It takes a classical type A and produces an intuitionistic type X.
3. Aand X should be equivalent classically, but not necessarily constructively.

4. Then, we define a translation function from classical terms into intuitionistic
terms.



Many Different Embeddings

- Many different translations of classical logic were discovered many times

- Gerhard Gentzen and Kurt Godel
- Andrey Kolmogorov

- Valery Glivenko

- Sigekatu Kuroda

- The key property is to show that ~~A° — A° holds.

15



The Kolmogorov Translation

Now, we can define another translation on types as follows:

—A® = ~Al
ADB® = ~~(A® = B*)
T =~
(AAB)® = ~~(A® x B*)
IE = ~n~l

(AVB)® = ~~(A®+B)

- Uniformly stick a double-negation in front of each connective.
- Deriving ~~A® — A® is particularly easy:
- The tne term will always work!



The Embedding Theorem

Theorem Classical terms embed into intutionistic terms:

1. fIAFe:Atruethenl®, ~A® - e®: A°.
2. IfT; A k:AfalsethenT®, ~A® F R® : ~A°.
3. IfII; A Fccontrthen T, ~AF c®: p.

Proof By induction on derivations - for a suitable choice of translation function.



Implementing Classical Logic Axiomatically

- The proof theory of classical logic is elegant
- Itis also very awkward to use:

- Binding only arises from proof by contradiction
- Difficult to write nested computations
- Continuations/stacks are always explicit

- Functional languages make the stack implicit
- Can we make the continuations implicit?



The Typed Lambda Calculus with Continuations

Types X = 1| XxY |0 | X+Y | X=>Y | X

Terms e x| () | (e,ey | fste | snde

abort | Le | Re | case(e,Lx — €',Ry — €")
M:X.e | eée

throw(e,e’) | letcontx. e

] Myxe X

Contexts I



Units and Pairs

— 1
M=) 1

Ne: X rFeée:y
M (e, e):XxY

X|

N-e: XxYy Ne: XxY
XE1

_ — xk
[-fste: X lsnde:Y
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Functions and Variables

X:Xel MHx:XFe:Y [Fe: X—=Y Mr-e':Xx
— HypP —1 —E
F-x:X FEXx:Xe: X—=Y F-ee:y
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Sums and the Empty Type

MN-e: X M-e:Y

— 4 —
M-Le:X+Y [-Re:X+Y

lFe: X+Y Mx:Xke:z ry:Yre':z

+E
It case(e,Lx — € Ry —e"):Z

N-e:0

—— 0OE
(no intro for 0) I+ aborte: Z
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Continuation Typing

Lu:—=XkFe:X Fe:—X r-e: X
CONT THROW
I+ letcontu : —X. e: X I+ throwy(e,e’) : Y
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Double-negation elimination:

dnex X=X
dnexy = Ak:-—X.letcontu : —X. throw(k, u)

The Excluded Middle:
t: XV =X
t = letcontu : =(X vV —X).

throw(u, R (letcontg : =—X.
throw(u, L (dnexq)))
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Continuation-Passing Style (CPS) Translation

Type translation (almost the Kolmogorov translation):

Translating contexts:

—X°

X —Y°
10

(X x Y)°
0°
X+Y)°

XO

e, x:A®
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The CPS Translation Theorem

Theorem If T+ e: XthenT®Fe®: X°.

Proof: By induction on derivations — we “just” need to define e®.
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The CPS Translation

x® = AR:~X°.XR

()* = AR:~1.R()

(e1,€7)° = AR:~(Xx V)% ey (Ax: X ex® (W : Yo R(X,Y)))
(fste)® = AR:~X°.e*(Ap: (X xY)°. k(fstp))

(snde)* = AR:~Y°.e*(Ap: (X x Y)°.k(sndp))

(Le)® = AR:~(X+Y)%.e® (M X R(LX))

(Re)* = AR:~(X+Y)%. e (A Y. R(RY))

case(e,Lx — e, Ry = e3)* = AR:~Z°.e*(Av: (X+Y)°. case(v,

L(x:X*) = ek
R(y:Y*) —esk)
(Mx:X.e)* = AR:~(A—=B)°.R(A\x:X*.e*)

(1) = Ak:~Yeet (A (X = Y)°.fes k) .



The CPS Translation for Continuations

(letcontu: —=X. e)®* = AR:~X°.[dni(R)/u](e*)

throw(es, e;)* = AR:~Y°.efes

dni: X = ~~X = M:X.AR:~X RX

- The rest of the CPS translation is bookkeeping to enable these two clauses to
work!
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Case I I throw(e;,e;) : Y

I throw(es, ey) : X
I'|—91 s X

r|—€2 X
Mr*Fey:—x®
r*Fes:xe
_X® — X®

Y® = ~~oYe
M*retel:p
r*,k:~Yketes:p

M EAR:~Yo. €F el i ~nY©

M EAR:~Y. eFe Y

Assumption
Subderivation
Subderivation
Induction
Induction
Definition
Definition

By app rule
By weakening
By lambda

By above
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Questions

1. Give the embedding (ie, the e® and k° translations) of classical into
intuitionistic logic for the Godel-Gentzen translation (see next slide).

2. Using the intuitionistic calculus extended with continuations, give a typed
term proving Peirce’s law:

(X—=Y)=X) =X
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The Godel-Gentzen Translation

Now, we can define a translation on types as follows:

—A° = ~A°

Te = 1

(ANB)® = A°xB°

L° = p

(AVB)° = ~(~A°x ~B°)

- This uses a different de Morgan duality for disjunction
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