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Terminal objects

1. A partial state transformer is a structure
SH1+S

in the category of sets.

A homomorphism of partial state transformers f : (S,0) — (T,7) isafunction f : S - T
such that the diagram

S—25>1+S

fl lidﬁf

T — 1+T
commutes; that is, for all s € S,

o ifo(s)=1u() e1+S,thenz(fs)=1() € 1+T;

o ifo(s) =1(s") € 1+S,fors” € S,then7(fs) =u(fs’) e1+T.
Consider the category of partial state transformers and their homomorphisms, with composi-
tion and identities as for functions.
Construct a terminal object in the category of partial state transformers and prove its universal
property.

2. In a category with a terminal object 1, a morphism p : 1 — X is called a point or global element

of the object X.

A category C with a terminal object 1 is said to be well-pointed if, for all objects X,Y € C, two
morphisms f,g: X — Y in C are equal if their compositions with all points of X are equal:

(Vp € C(LX), fop=gop) = f=g (1)

(a) Show that Set is well-pointed.

(b) Is the opposite category Set®? well-pointed?

[Hint: Observe that the left-hand side of the implication in (1) is vacuously true in the
case that C(1, X) is empty:.]



Initial objects
1. A pointed state transformer is a structure
15555
in the category of sets.

A morphism of pointed state transformers f : (S,s, o) — (T,t,7) is a function f : S — T such

that the diagram
s S
1 — l
x

T ——
T

f

f

<~ Wn

~

commutes.

Consider the category of pointed state transformers and their homomorphisms, with compo-
sition and identities as for functions.

Construct an initial object in the category of pointed state transformers and prove its universal
property.

Products

1. Let C be a category with binary products.

(a) For morphisms f € C(X,Y), g1 € C(Y,Z;) and g, € C(Y, Z;), show that

(g1.92) o f ={g10f. 920 f) € C(X, Z1 X Z)
(b) For morphisms f; € C(Xj, Y1) and f; € C(Xy, ¥2), define

fixfot{fiom, from) e C(X; XXz, Y1 XY3) (2)
For any ¢g; € C(Z,X;) and g, € C(Z, X3), show that
(i X f2) ©{g1,92) = {fro g1, f 0 g2) € C(Z, Y1 X V)

(c) Show that the operation fi, fo — fi X f; defined in (2) satisfies

(h1 X hy) o (k1 X ky) = (hy 0 k1) X (hy o k3)

idX X idy = idXXY

2. A pairing for a monoid (M, e,1) consists of elements py, p, € M and a binary operation (-, _) :
M x M — M satisfying, for all x,y,z € M,

p1{xy) =x
P2 {xy) =y
(p1:p2) =1

xy)-z={(x-zy- 2

Given such a pairing, show that the monoid, when regarded as a one-object category, has
binary products.



3. Let Cbe a category with binary products _X_and a terminal object 1. Given objects X, Y, Z € C,
construct natural isomorphisms

axyz (X XY)XZ=Xx(YXZ)
Ax 1 1xX =X
px X x1=X
xy : X XY =Y XX

4. A category C is called locally finite if, for all X,Y € objC, the set of morphisms C(X,Y) is
finite. C is said to be finite if it is both locally finite and obj C is finite.

(a) Prove that any finite category with binary products is a pre-order; that is, there is at most
one morphism between any pair of objects.

[Hint: If f,g : X — Y were distinct, use them to construct too large a number of mor-
phisms from X to the product Y” of Y with itself n ( > 0) times, for some suitable number
n.]

(b) Is every locally finite category with binary products a pre-order? (Either prove it, or give
a counterexample.)

Coproducts

1. A monoid (M, e,1) is said to be abelian (or commutative) if its multiplication is commutative:
Vx,ye M, xey=yex.

Let AbMon be the category whose objects are abelian monoids and whose morphisms, identity
morphisms and composition are as in Mon.

(a) Show that the product in Mon of two abelian monoids gives their product in AbMon.
(b) Given M;, M, € obj AbMon define morphisms
11 € AbMon(M;, M; X M,) and 1, € AbMon(M,, M; X M)

that make M; X M, into a coproduct in AbMon.

inl inr
2. In this question I use the notation A 2% A+ B —= Y for the coproduct of two objects A

and B in a category, as it will be clearer to make explicit the objects A and B in the notation
for the associated coproduct injections, inly g and inr4 p.

A category C is distributive if it has all binary products and binary coproducts, and for all
X,Y,Z € objC, using the defining property of the coproduct

inlxxyxxz inrxxyxxz

XXY ——S (XXY)+(XXZ)e————XXZ
the unique morphism

Oxyz: X XY)+(XXZ) = Xx(Y+2)



that makes the following diagram commute

XXY
idx)(inly’z
ianxY,Xle
1)
(XXY)+ (X XZ) —Z Xx(Y+2)
inrxxy,xxz
1dx Xinry »
XXZ

is an isomorphism.

(a) Using the usual product and coproduct constructs in the category Set, show that it is a
distributive category.

(b) Give, with justification, an example of a category with binary products and coproducts
that is not distributive.

(c) If Cis a distributive category and 0 is an initial object in C, prove that for all X € objC,
the unique morphism 0 — X X 0 is an isomorphism.

Algebras
1. A monoid object in a cartesian category C is a structure
MxMSMmE

in C such that the following diagrams commute:

id,
(M x M) x M2 0 s (M x M) 222 M x M
mxiday l l m (associativity)
MxM — M
id, id,,
1x M2 A M= Mx 1

o ml - (left and right unit)

(a) Show that a monoid object in Set is equivalently a monoid.

(b) Define a notion of morphism between monoid objects in C such that for C = Set it is
equivalently the notion of monoid homomorphism.

(c) f M = (M, e,1) is an abelian monoid, show that the functions m : M X M — M and
u: 1 — M defined by

m(x,y) =xey (x,y € M)
u() =1
determine morphisms m € Mon(M X M, M) and u € Mon(1, M). Show further that
(M, m, u) is a monoid object in Mon.

Show that every monoid object in Mon arises as above. [Hint: If necessary, search the
internet for “Eckmann-Hilton argument”.]



