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• A surface is a closed 2-manifold if it is locally 
homeomorphic to a disk everywhere
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Manifolds
Informally, if we can take any local patch from the surface, and flatten it somehow and possibly with some 
distortion into a disk on a plane, we call that surface a manifold.



• For every point     in , there is an open ball           of 
radius    centered at     such that 
is homeomorphic to an open disk

x
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Manifolds
The formal definition is just stating this with different terms.



• Each boundary point is homeomorphic to a half-disk
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Manifolds
Similarly, for a manifold with boundary, there are some neighborhoods, which we can map to half-disks. These 
correspond to the patches that intersect the boundary.



continuous 1-1 mapping

u

v

Things that can be discovered by local observation
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Differential Geometry Basics
For manifolds, we can define differential geometry.
It explains local properties of surfaces.
Let’s first assume we have a local parametrization with u and v.



p(u,v)

u

v

pu pv

p(u, v) =

0

@
x(u, v)
y(u, v)
z(u, v)

1

A, (u, v) 2 R2

pu =
�p(u, v)

�u
, pv =

�p(u, v)

�v
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Local Coordinates
As we have seen before, with such a parametrization, we can go on and define the tangent vectors spanning the 
tangent plane around the point p.



n(u, v) =
pu ⇥ pv

kpu ⇥ pvk

pu ⇥ pv 6= 0
Regular parametrization:

n

p(u,v)

u

v

pu pv

pu =
�p(u, v)

�u
, pv =

�p(u, v)

�v
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Surface Normal
The surface normal is defined as the vector orthogonal to the tangent plane.
Note that this slide is exactly the same as the one we had for parametric surfaces. The difference here is that we 
have a local parametric surface and hence it applies to all kinds of manifold surfaces.



n

p

pu pv

t

Unit-length t in the tangent plane

t = cos'
pu

kpuk
+ sin'

pv

kpvk

t

If pu and pv are orthogonal:

'
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Normal Curvature
Now we can define what curvature is.
Imagine you have a vector rotating on the plane.
This can be represented with a simple formula if we assume that the two basis vectors pu and pv are orthogonal.



n

p

pu pv

t

The curve  is the intersection 
of the surface with the plane 
through n and t.

Normal curvature:
n(') = n(�(p))
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Normal Curvature
There is a curve formed by the intersection of the surface and a plane spanned by the vectors t and n.
Normal curvature is the curvature of that curve at the point p.
Normal curvature is thus direction dependent.
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p(t) =

✓
x(t)
y(t)

◆
, t 2 [t0, t1]

t1t0

p(t) =

✓
x(t)
y(t)

◆
, t 2 [t0, t1]

t0

�
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Planar Curves
The definition of normal curvature tells us we can instead work with planar curves for each direction.
A planar curve is defined on a plane i.e. no third dimension. It can be parametrized by a single parameter t.
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p(t) =

✓
x(t)
y(t)

◆
, t 2 [t0, t1]

p(t) =

✓
x(t)
y(t)

◆
, t 2 [t0, t1]

t1t0 t0

Same curve has infinitely 
many parametrisations.

We can assume arc-length 
parametrization:
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@p(t)

@t

���� = 1

Planar Curves
A given curve can have many parametrisations.
Imagine walking on the curve. You can adjust your speed as you wish to go from one end to the other end.
We choose a specific parametrisation, where the absolute value of the derivative of the curve w.r.t. t is a constant.
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p(t) =

✓
x(t)
y(t)

◆
, t 2 [t0, t1]

p(t) =

✓
x(t)
y(t)

◆
, t 2 [t0, t1]
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Planar Curves
With such a so-called arc-length parametrisation, we can define the tangent vector, normal vector, and curvature 
in terms of the first and second derivatives of the curve with simplified forms.



13

p(t) =

✓
x(t)
y(t)

◆
, t 2 [t0, t1]
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<latexit sha1_base64="kYqfKaJSNe0b1P4kHgo33ZmxJak=">AAAB+3icbVDLSgNBEJyNrxhfazx6GQyCp7grvi5C0IvHCOYByRJ6J7PJkNnZYWZWDEl+xYsHRbz6I978GyfJHjRa0FBUddPdFUrOtPG8Lye3tLyyupZfL2xsbm3vuLvFuk5SRWiNJDxRzRA05UzQmmGG06ZUFOKQ00Y4uJn6jQeqNEvEvRlKGsTQEyxiBIyVOm5R4Svs42M8xu0BSAl43HFLXtmbAf8lfkZKKEO14362uwlJYyoM4aB1y/ekCUagDCOcTgrtVFMJZAA92rJUQEx1MJrdPsGHVuniKFG2hMEz9efECGKth3FoO2Mwfb3oTcX/vFZqostgxIRMDRVkvihKOTYJngaBu0xRYvjQEiCK2Vsx6YMCYmxcBRuCv/jyX1I/Kfvn5bO701LlOosjj/bRATpCPrpAFXSLqqiGCHpET+gFvToT59l5c97nrTknm9lDv+B8fAMjpJKZ</latexit>

r = 1/||

Best fitting circle
(osculating circle)

Planar Curves
In some works, you may see the term osculating or best fitting circle. This is a circle with a radius equal to the 
inverse of the absolute value of the curvature that is passing through the point p.
It is really the circle that fits best in the local region around p. Curvature gives us a second-order approximation.
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Tangent and osculating circle as local limits

<latexit sha1_base64="oFcbHiVtEhpmnvqlBWzCG0eRP94=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcsK9oFtKZn0ThuayQxJRihD/8KNC0Xc+jfu/Bsz7Sy09UDgcM695Nzjx4Jr47rfTmFldW19o7hZ2tre2d0r7x80dZQohg0WiUi1fapRcIkNw43AdqyQhr7Alj++zfzWEyrNI/lgJjH2QjqUPOCMGis9dkNqRn6QxtN+ueJW3RnIMvFyUoEc9X75qzuIWBKiNExQrTueG5teSpXhTOC01E00xpSN6RA7lkoaou6ls8RTcmKVAQkiZZ80ZKb+3khpqPUk9O1kllAvepn4n9dJTHDdS7mME4OSzT8KEkFMRLLzyYArZEZMLKFMcZuVsBFVlBlbUsmW4C2evEyaZ1Xvsnpxf16p3eR1FOEIjuEUPLiCGtxBHRrAQMIzvMKbo50X5935mI8WnHznEP7A+fwB9FGRHg==</latexit>p <latexit sha1_base64="oFcbHiVtEhpmnvqlBWzCG0eRP94=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcsK9oFtKZn0ThuayQxJRihD/8KNC0Xc+jfu/Bsz7Sy09UDgcM695Nzjx4Jr47rfTmFldW19o7hZ2tre2d0r7x80dZQohg0WiUi1fapRcIkNw43AdqyQhr7Alj++zfzWEyrNI/lgJjH2QjqUPOCMGis9dkNqRn6QxtN+ueJW3RnIMvFyUoEc9X75qzuIWBKiNExQrTueG5teSpXhTOC01E00xpSN6RA7lkoaou6ls8RTcmKVAQkiZZ80ZKb+3khpqPUk9O1kllAvepn4n9dJTHDdS7mME4OSzT8KEkFMRLLzyYArZEZMLKFMcZuVsBFVlBlbUsmW4C2evEyaZ1Xvsnpxf16p3eR1FOEIjuEUPLiCGtxBHRrAQMIzvMKbo50X5935mI8WnHznEP7A+fwB9FGRHg==</latexit>p

Planar Curves
One way to think about differential properties is starting from a set of points that are finitely apart and 
converging them towards a given point. For the tangent at p, imagine drawing a line segment between two points 
and making those points converge towards p. The resulting line segment’s direction gives you the tangent vector.
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Tangent and osculating circle as local limits

<latexit sha1_base64="oFcbHiVtEhpmnvqlBWzCG0eRP94=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcsK9oFtKZn0ThuayQxJRihD/8KNC0Xc+jfu/Bsz7Sy09UDgcM695Nzjx4Jr47rfTmFldW19o7hZ2tre2d0r7x80dZQohg0WiUi1fapRcIkNw43AdqyQhr7Alj++zfzWEyrNI/lgJjH2QjqUPOCMGis9dkNqRn6QxtN+ueJW3RnIMvFyUoEc9X75qzuIWBKiNExQrTueG5teSpXhTOC01E00xpSN6RA7lkoaou6ls8RTcmKVAQkiZZ80ZKb+3khpqPUk9O1kllAvepn4n9dJTHDdS7mME4OSzT8KEkFMRLLzyYArZEZMLKFMcZuVsBFVlBlbUsmW4C2evEyaZ1Xvsnpxf16p3eR1FOEIjuEUPLiCGtxBHRrAQMIzvMKbo50X5935mI8WnHznEP7A+fwB9FGRHg==</latexit>p <latexit sha1_base64="oFcbHiVtEhpmnvqlBWzCG0eRP94=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcsK9oFtKZn0ThuayQxJRihD/8KNC0Xc+jfu/Bsz7Sy09UDgcM695Nzjx4Jr47rfTmFldW19o7hZ2tre2d0r7x80dZQohg0WiUi1fapRcIkNw43AdqyQhr7Alj++zfzWEyrNI/lgJjH2QjqUPOCMGis9dkNqRn6QxtN+ueJW3RnIMvFyUoEc9X75qzuIWBKiNExQrTueG5teSpXhTOC01E00xpSN6RA7lkoaou6ls8RTcmKVAQkiZZ80ZKb+3khpqPUk9O1kllAvepn4n9dJTHDdS7mME4OSzT8KEkFMRLLzyYArZEZMLKFMcZuVsBFVlBlbUsmW4C2evEyaZ1Xvsnpxf16p3eR1FOEIjuEUPLiCGtxBHRrAQMIzvMKbo50X5935mI8WnHznEP7A+fwB9FGRHg==</latexit>p

Planar Curves
The same applies to osculating circles. In this case, we start from three points to define a circle.
We then converge those points towards p. The final circle is the best fitting circle at p.



• Principal curvatures
– Minimal curvature

– Maximal curvature

• Mean curvature

• Gaussian curvature

H =
�1 + �2

2
=

1

2⇥

Z 2�

0
�n(⇤)d⇤

K = �1 · �2

2 = max = max
'

n(')

1 = min = min
'

n(')
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Surface Curvatures
Now we know how to compute the normal curvature for each direction.
Other curvature-related definitions are derived from the normal curvature.



Euler’s Theorem: 
Planes of principal curvature
are orthogonal and independent
of parameterization.

n(') = 1 cos
2 '+ 2 sin

2 ', ' = angle with t1

n(') = 1 cos
2 '+ 2 sin

2 ', ' = angle with t1

planes
of principle
curvatures

normal
vector

tangent
plane
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Principle Directions
Recall that principle curvatures are the minimum and maximum normal curvatures.
The directions that correspond to these curvatures are the principal directions.
Euler’s theorem says: we can write any curvature as a linear combination of the principle curvatures.
The angle here is between the direction for the curvature and that for the minimum normal curvature. 



Isotropic:
all directions are 
principal directions

spherical (umbilical) planar

K > 0,1 = 2

<latexit sha1_base64="U0IkykM3+EkJ6p8cN7KsAX2iqRg=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFcCFlphTUhVJ0I7ipYC/QDkMmzbShmUxIMkIZCm58FTcuFHHrS7jzbUzbEbT1h8DHf87h5PyBYFRpx/mycguLS8sr+dXC2vrG5pa9vdNQcSIxqeOYxbIVIEUY5aSuqWakJSRBUcBIMxhcjevNeyIVjfmdHgriRajHaUgx0sby7b0beAGdY9gZICGQ78LzHyz7dtEpORPBeXAzKIJMNd/+7HRjnESEa8yQUm3XEdpLkdQUMzIqdBJFBMID1CNtgxxFRHnp5IYRPDROF4axNI9rOHF/T6QoUmoYBaYzQrqvZmtj879aO9HhqZdSLhJNOJ4uChMGdQzHgcAulQRrNjSAsKTmrxD3kURYm9gKJgR39uR5aJRLbqV0dlspVi+zOPJgHxyAI+CCE1AF16AG6gCDB/AEXsCr9Wg9W2/W+7Q1Z2Uzu+CPrI9vUNiVcA==</latexit>

K = 0

<latexit sha1_base64="P76Vxj7C+weLPxtUIZ2UdiSIjnU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUA9C0YvgpYJpC20om+2kXbrZhN2NUEp/gxcPinj1B3nz37htc9DWBwOP92aYmRemgmvjut9OYWV1bX2juFna2t7Z3SvvHzR0kimGPktEoloh1Si4RN9wI7CVKqRxKLAZDm+nfvMJleaJfDSjFIOY9iWPOKPGSv49uSZut1xxq+4MZJl4OalAjnq3/NXpJSyLURomqNZtz01NMKbKcCZwUupkGlPKhrSPbUsljVEH49mxE3JilR6JEmVLGjJTf0+Maaz1KA5tZ0zNQC96U/E/r52Z6DIYc5lmBiWbL4oyQUxCpp+THlfIjBhZQpni9lbCBlRRZmw+JRuCt/jyMmmcVb3z6tXDeaV2k8dRhCM4hlPw4AJqcAd18IEBh2d4hTdHOi/Ou/Mxby04+cwh/IHz+QNB+Y2w</latexit>
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Local Shape by Curvatures
We can characterize surfaces locally via curvatures. E.g. isotropic, i.e. the same curvature in all directions.



Local Shape by Curvatures

Anisotropic:
2 distinct 
principal 
directions

elliptic parabolic hyperbolic

k1> 0, k2> 0

k1= 0

k2 > 0

k1 < 0

k2 > 0

K > 0

<latexit sha1_base64="kuS8c6X26w9X/V27eLZtq9nGc3g=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUC9S9CJ4qWDaQhvKZjtpl242YXcjlNLf4MWDIl79Qd78N27bHLT1wcDjvRlm5oWp4Nq47rdTWFldW98obpa2tnd298r7Bw2dZIqhzxKRqFZINQou0TfcCGylCmkcCmyGw9up33xCpXkiH80oxSCmfckjzqixkn9PronbLVfcqjsDWSZeTiqQo94tf3V6CctilIYJqnXbc1MTjKkynAmclDqZxpSyIe1j21JJY9TBeHbshJxYpUeiRNmShszU3xNjGms9ikPbGVMz0IveVPzPa2cmugzGXKaZQcnmi6JMEJOQ6eekxxUyI0aWUKa4vZWwAVWUGZtPyYbgLb68TBpnVe+8evVwXqnd5HEU4QiO4RQ8uIAa3EEdfGDA4Rle4c2Rzovz7nzMWwtOPnMIf+B8/gBDf42x</latexit>

K = 0

<latexit sha1_base64="P76Vxj7C+weLPxtUIZ2UdiSIjnU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUA9C0YvgpYJpC20om+2kXbrZhN2NUEp/gxcPinj1B3nz37htc9DWBwOP92aYmRemgmvjut9OYWV1bX2juFna2t7Z3SvvHzR0kimGPktEoloh1Si4RN9wI7CVKqRxKLAZDm+nfvMJleaJfDSjFIOY9iWPOKPGSv49uSZut1xxq+4MZJl4OalAjnq3/NXpJSyLURomqNZtz01NMKbKcCZwUupkGlPKhrSPbUsljVEH49mxE3JilR6JEmVLGjJTf0+Maaz1KA5tZ0zNQC96U/E/r52Z6DIYc5lmBiWbL4oyQUxCpp+THlfIjBhZQpni9lbCBlRRZmw+JRuCt/jyMmmcVb3z6tXDeaV2k8dRhCM4hlPw4AJqcAd18IEBh2d4hTdHOi/Ou/Mxby04+cwh/IHz+QNB+Y2w</latexit>

K < 0

<latexit sha1_base64="TqC5dXLZXc8kr6PLcuIAvrdXrqo=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUMFD0YvgpYJpC20om+2kXbrZhN2NUEp/gxcPinj1B3nz37htc9DWBwOP92aYmRemgmvjut9OYWV1bX2juFna2t7Z3SvvHzR0kimGPktEoloh1Si4RN9wI7CVKqRxKLAZDm+nfvMJleaJfDSjFIOY9iWPOKPGSv49uSZut1xxq+4MZJl4OalAjnq3/NXpJSyLURomqNZtz01NMKbKcCZwUupkGlPKhrSPbUsljVEH49mxE3JilR6JEmVLGjJTf0+Maaz1KA5tZ0zNQC96U/E/r52Z6DIYc5lmBiWbL4oyQUxCpp+THlfIjBhZQpni9lbCBlRRZmw+JRuCt/jyMmmcVb3z6tXDeaV2k8dRhCM4hlPw4AJqcAd18IEBh2d4hTdHOi/Ou/Mxby04+cwh/IHz+QNAc42v</latexit>
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• Approximate surface normal and curvature via
Local surface approximation Global: discrete Laplace-Beltrami

20

Discrete Differential Geometry
So far, we have talked about surface normal and curvatures for smooth manifold surfaces.
In computer graphics, we often have discrete surfaces, e.g. triangle meshes.
How do we define these differential quantities then? There are local and global methods.



• Apply to coordinate function
f(x, y, z) = x p = (x, y, z)

mean 
curvature

unit
surface
normal

Laplace-
Beltrami

function on
surface M

�Mp = divMrMp = �2Hn 2 R3�Mp = divMrMp = �2Hn 2 R3
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Laplace-Beltrami Operator
Let’s start with the global method based on the Laplace-Beltrami operator. This operator is defined on a manifold 
surface. The key is approximating this operator when applied to the coordinate function p i.e. the location of each 
point on a discrete surface.



�Mp = divMrMp = �2Hn 2 R3�Mp = divMrMp = �2Hn 2 R3

Lu(vi) =
1

|N (i)|
X

j2N (i)

(vj � vi) =

0

@ 1

|N (i)|
X

j2N (i)

vj

1

A� vi

Lu(vi) =
1

|N (i)|
X

j2N (i)

(vj � vi) =

0

@ 1

|N (i)|
X

j2N (i)

vj

1

A� vi

vi

vj
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Discrete Laplace-Beltrami
For a mesh, a very simple definition is: for a vertex, take the mean of the difference vectors to the neighbors.
This is the same as averaging the neighboring vertex locations and subtracting it from the location of the vertex.
This gives us an approximation of -2Hn, where H is the mean curvature and n is the surface normal.



cj+1

<latexit sha1_base64="nPkayGiWrKxhpUXTGNpE3TdRiMo=">AAAB+XicbVDLSsNAFL2pr1pfUZduBosgCCWRgrorunFZwT6gDWUynbRjJ5MwMymUkD9x40IRt/6JO//GSZuFth4YOJxzL/fM8WPOlHacb6u0tr6xuVXeruzs7u0f2IdHbRUlktAWiXgkuz5WlDNBW5ppTruxpDj0Oe34k7vc70ypVCwSj3oWUy/EI8ECRrA20sC2+yHWYz9ISTZIny7cbGBXnZozB1olbkGqUKA5sL/6w4gkIRWacKxUz3Vi7aVYakY4zSr9RNEYkwke0Z6hAodUeek8eYbOjDJEQSTNExrN1d8bKQ6VmoW+mcxzqmUvF//zeokOrr2UiTjRVJDFoSDhSEcorwENmaRE85khmEhmsiIyxhITbcqqmBLc5S+vkvZlza3Xbh7q1cZtUUcZTuAUzsGFK2jAPTShBQSm8Ayv8Gal1ov1bn0sRktWsXMMf2B9/gCJp5Od</latexit>

cj

<latexit sha1_base64="tvnPcSyyM634y8QPJU66Wz/og+E=">AAAB9XicbVDLSsNAFL2pr1pfUZduBovgqiRSUHdFNy4r2Ae0sUymk3bsZBJmJkoJ+Q83LhRx67+482+ctFlo64GBwzn3cs8cP+ZMacf5tkorq2vrG+XNytb2zu6evX/QVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/uc79ziOVikXiTk9j6oV4JFjACNZGuu+HWI/9ICXZIH3IBnbVqTkzoGXiFqQKBZoD+6s/jEgSUqEJx0r1XCfWXoqlZoTTrNJPFI0xmeAR7RkqcEiVl85SZ+jEKEMURNI8odFM/b2R4lCpaeibyTylWvRy8T+vl+jgwkuZiBNNBZkfChKOdITyCtCQSUo0nxqCiWQmKyJjLDHRpqiKKcFd/PIyaZ/V3Hrt8rZebVwVdZThCI7hFFw4hwbcQBNaQEDCM7zCm/VkvVjv1sd8tGQVO4fwB9bnDzD1kvw=</latexit>

cj =

⇢
circumcenter of 4(vi,vj ,vj+1) if � < ⇥/2
midpoint of edge (vj ,vj+1) if � � ⇥/2

Ai =
X

j

Area (4(vi, cj , cj+1))
vj

<latexit sha1_base64="z9TQk2ZeQYimZd9GxRk7vVoMU6E=">AAAB83icbVBNSwMxFHxbv2r9qnr0EiyCp7IrBfVW9OKxgq2F7lKyabaNzWZDki2UpX/DiwdFvPpnvPlvzLZ70NaBwDDzHm8yoeRMG9f9dkpr6xubW+Xtys7u3v5B9fCoo5NUEdomCU9UN8SaciZo2zDDaVcqiuOQ08dwfJv7jxOqNEvEg5lKGsR4KFjECDZW8v0Ym1EYZZNZ/6lfrbl1dw60SryC1KBAq1/98gcJSWMqDOFY657nShNkWBlGOJ1V/FRTickYD2nPUoFjqoNsnnmGzqwyQFGi7BMGzdXfGxmOtZ7GoZ3MM+plLxf/83qpia6CjAmZGirI4lCUcmQSlBeABkxRYvjUEkwUs1kRGWGFibE1VWwJ3vKXV0nnou416tf3jVrzpqijDCdwCufgwSU04Q5a0AYCEp7hFd6c1Hlx3p2PxWjJKXaO4Q+czx+BlpID</latexit>

vj+1

<latexit sha1_base64="mtCWPVV+luUb+VzpqRPJg6uLCRA=">AAAB+XicbVDLSsNAFL2pr1pfUZduBosgCCWRgrorunFZwT6gDWUynbRjJ5MwMymUkD9x40IRt/6JO//GSZuFth4YOJxzL/fM8WPOlHacb6u0tr6xuVXeruzs7u0f2IdHbRUlktAWiXgkuz5WlDNBW5ppTruxpDj0Oe34k7vc70ypVCwSj3oWUy/EI8ECRrA20sC2+yHWYz9Ip9kgfbpws4FddWrOHGiVuAWpQoHmwP7qDyOShFRowrFSPdeJtZdiqRnhNKv0E0VjTCZ4RHuGChxS5aXz5Bk6M8oQBZE0T2g0V39vpDhUahb6ZjLPqZa9XPzP6yU6uPZSJuJEU0EWh4KEIx2hvAY0ZJISzWeGYCKZyYrIGEtMtCmrYkpwl7+8StqXNbdeu3moVxu3RR1lOIFTOAcXrqAB99CEFhCYwjO8wpuVWi/Wu/WxGC1Zxc4x/IH1+QOm+JOw</latexit>

vi

<latexit sha1_base64="BRVaGKo9UkNHoD+6R9Y0LZNkTPk=">AAAB9XicbVDLSsNAFL2pr1pfUZduBovgqiRSUHdFNy4r2Ae0sUymk3boZBJmJpUS8h9uXCji1n9x5984abPQ1gMDh3Pu5Z45fsyZ0o7zbZXW1jc2t8rblZ3dvf0D+/CoraJEEtoiEY9k18eKciZoSzPNaTeWFIc+px1/cpv7nSmVikXiQc9i6oV4JFjACNZGeuyHWI/9IJ1mg5RlA7vq1Jw50CpxC1KFAs2B/dUfRiQJqdCEY6V6rhNrL8VSM8JpVuknisaYTPCI9gwVOKTKS+epM3RmlCEKImme0Giu/t5IcajULPTNZJ5SLXu5+J/XS3Rw5aVMxImmgiwOBQlHOkJ5BWjIJCWazwzBRDKTFZExlphoU1TFlOAuf3mVtC9qbr12fV+vNm6KOspwAqdwDi5cQgPuoAktICDhGV7hzXqyXqx362MxWrKKnWP4A+vzB0ybkw4=</latexit>

✓

<latexit sha1_base64="W2PKfIkuMomCS5JZF2x4iAdaa48=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWsB/QhrLZbtq1m03YnQgl9D948aCIV/+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqAScJ9yM6VCIUjKKVWj0ccaT9csWtunOQVeLlpAI5Gv3yV28QszTiCpmkxnQ9N0E/oxoFk3xa6qWGJ5SN6ZB3LVU04sbP5tdOyZlVBiSMtS2FZK7+nshoZMwkCmxnRHFklr2Z+J/XTTG88jOhkhS5YotFYSoJxmT2OhkIzRnKiSWUaWFvJWxENWVoAyrZELzll1dJ66Lq1arX97VK/SaPowgncArn4MEl1OEOGtAEBo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AKfXjzQ=</latexit>

cj =

⇢
circumcenter of 4(vi,vj ,vj+1) if � < ⇥/2
midpoint of edge (vj ,vj+1) if � � ⇥/2

Ai =
X

j

Area (4(vi, cj , cj+1))
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Discrete Curvatures
We need two more definitions before we can get to curvatures on discrete surfaces, the area Ai and the angle q.
The Ai is the sum of each of the areas defined for each neighboring vertex.
Below,     defines a triangle.

cj =

⇢
circumcenter of 4(vi,vj ,vj+1) if � < ⇥/2
midpoint of edge (vj ,vj+1) if � � ⇥/2

Ai =
X

j

Area (4(vi, cj , cj+1))



• Mean curvature (sign according to normal)

• Gaussian curvature

• Principal curvatures

Ai

qj

K(vi) =
1

Ai
(2⇥ �

X

j

�j)

|H(vi)| = kLc(vi)k/2

1 = H �
p

H2 �K 2 = H +
p
H2 �K
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Discrete Curvatures
With these, we can now compute approximations of curvatures on discrete surfaces.
Mean curvature is estimated by the norm of the discrete Laplace-Beltrami operator applied to the coord. function.
Gaussian curvature is estimated (stated without proof) with a formula involving the area and angle we defined.
Principle curvatures can then be obtained from the mean and Gaussian curvatures.



Discrete Curvatures

Mean Curvature

25



• Extension to graphs and point clouds

ht(xi,xj) = e�kxi�xjk2/t

<latexit sha1_base64="m7+kgBkMeMGMlAaTBSK2VXrwv44="></latexit>

ht(xi, xj) = e�d(xi,xj)/t

<latexit sha1_base64="QE0RGzNgrPV4mn42uwiKwVFTX84=">AAACDXicbVDJSgNBEO2JW4xb1KOXxihE0DgjAfUgBL14jGAWSMahp6dj2vQsdNdIwpAf8OKvePGgiFfv3vwbO8shJj4oeLxXRVU9NxJcgWn+GKm5+YXFpfRyZmV1bX0ju7lVVWEsKavQUISy7hLFBA9YBTgIVo8kI74rWM3tXA382iOTiofBLfQiZvvkPuAtTgloycnutR3Idx1+iLvOwwG+wOwuOfImlGMMfSebMwvmEHiWWGOSQ2OUnex30wtp7LMAqCBKNSwzAjshEjgVrJ9pxopFhHbIPWtoGhCfKTsZftPH+1rxcCuUugLAQ3VyIiG+Uj3f1Z0+gbaa9gbif14jhtaZnfAgioEFdLSoFQsMIR5Egz0uGQXR04RQyfWtmLaJJBR0gBkdgjX98iypnhSsYuH8ppgrXY7jSKMdtIvyyEKnqISuURlVEEVP6AW9oXfj2Xg1PozPUWvKGM9soz8wvn4BaPyZQg==</latexit>

Lg(xi) =
1Pn

j=1 ht(xi, xj)

nX

j=1

ht(xi, xj)(xj � xi)

<latexit sha1_base64="XWVcpHuJuKAM0rwC4/PLNlkEoEI="></latexit>
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Discrete Laplace-Beltrami
We have considered meshes as a discrete surface so far.
We can do the same for graphs and point clouds: define an approximation of the application of the Laplace-
Beltrami operator to the coordinate function and approximate the curvatures.
In this case, the approximation is with Gaussian weights.



• Extension to graphs and point clouds
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Discrete Laplace-Beltrami
This approximation allows us to capture complex domains. In fact, any domain that can be point-sampled.


