
WHERE WE’RE AT

Compositionality: J𝑡K = q𝑡′y ⇒ q
C[𝑡]y = q

C[𝑡′]y.✓
Soundness: for any type 𝜏 , 𝑡 ⇓𝜏 𝑣 ⇒ J𝑡K = J𝑣K.✓
Adequacy: for 𝛾 = bool or nat, if 𝑡 ∈ PCF𝛾 and J𝑡K = J𝑣K then 𝑡 ⇓𝛾 𝑣 .✗
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FORMAL APPROXIMATION

𝑑 ⊲nat 𝑡
def⇔ (𝑑 ∈ ℕ ⇒ 𝑡 ⇓nat 𝑑)

𝑑 ⊲bool 𝑡
def⇔ (𝑑 = true ⇒ 𝑡 ⇓bool true)

∧(𝑑 = false ⇒ 𝑡 ⇓bool false)
𝑑 ⊲𝜏->𝜏 ′ 𝑡

def⇔ ∀𝑒 ∈ J𝜏 K , 𝑢 ∈ PCF𝜏 .(𝑒 ⊲𝜏 𝑢 ⇒ 𝑑(𝑒) ⊲𝜏 ′ 𝑡 𝑢)
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FUNDAMENTAL PROPERTY

For any

• context Γ, type 𝜏 and term 𝑡 such that Γ ⊢ 𝑡 : 𝜏
• environment 𝜌
• substitution 𝜎
• such that 𝜌 ⊲Γ 𝜎

we have J𝑡K (𝜌) ⊲𝜏 𝑡[𝜎].

Implies adequacy when Γ = ⋅ and 𝜏 is a base type.
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ADEQUACY
PROOF OF THE FUNDAMENTAL PROPERTY OF FORMAL APPROXIMATION



PROPERTIES OF FORMAL APPROXIMATION

1. The least element approximates any program: for any 𝜏 and 𝑡 ∈ PCF𝜏 , ⊥�𝜏 � ⊲𝜏 𝑡 ;
2. if 𝑑′ ⊑ 𝑑 and 𝑑 ⊲𝜏 𝑡 , then 𝑑′ ⊲𝜏 𝑡 ;
3. the set {𝑑 ∈ �𝜏 � ∣ 𝑑 ⊲𝜏 𝑡} is chain-closed;
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4. if ∀𝑣. 𝑡 ⇓𝜏 𝑣 ⇒ 𝑡′ ⇓𝜏 𝑣 , and 𝑑 ⊲𝜏 𝑡 , then 𝑑 ⊲𝜏 𝑡′.
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we have �𝑡� (𝜌) ⊲𝜏 𝑡[𝜎].
Proof! Induction on Γ ⊢ 𝑡 : 𝜏 :∀𝜌, 𝜎 . (𝜌 ⊲Γ 𝜎 ⇒ �𝑡� (𝜌) ⊲𝜏 𝑡[𝜎])
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