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INTRODUCING DENOTATIONAL SEMANTICS



THE AIMS OF DENOTATIONAL SEMANTICS

- a mapping of PcF types 7 to domains [z];
- a mapping of closed, well-typed PcF terms - =t : 7 to elements [t] € [7];

- denotation of open terms will be continuous functions.
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THE AIMS OF DENOTATIONAL SEMANTICS

- a mapping of PcF types 7 to domains [z];
- a mapping of closed, well-typed PcF terms - =t : 7 to elements [t] € [7];

- denotation of open terms will be continuous functions.

Compositionality: [t] = [t'] = [clt]] = [c[t']].
Soundness: forany typer,t |, v = [t] = [v].
Adequacy: fory = bool or nat, if ¢ € PcFy, and [t] = [v] thent UY V.
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ADEQACY FOR FUNCTION TYPES?

def def
v = funx:nat. (funy:nat.y)@ and v = funx:nat. 0.
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THE POWER OF DENOTATIONAL SEMANTICS

Proof principle: to show
I Sex 20 T

it suffices to establish

[ti] = [t.] € [7]
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THE POWER OF DENOTATIONAL SEMANTICS

Proof principle: to show
tl ECtX tz T
it suffices to establish

[t1] = 2] €[]

Clt] Vnae v = [Clt]] = VI (soundness)
= [c[t]] = V] (compositionality on [t;] = [t])
= C[ty] Unat v (adequacy)
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THE POWER OF DENOTATIONAL SEMANTICS

Proof principle: to show
tl ECtX tz T
it suffices to establish

[t1] = 2] €[]

Clt] Vnae v = [Clt]] = VI (soundness)
= [c[t]] = V] (compositionality on [t;] = [t])
= C[ty] Unat v (adequacy)

and symmetrically for C[t2] Unat v = C[t1] Upatr v, and similarly for bool.
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THE POWER OF DENOTATIONAL SEMANTICS

Proof principle: to show
tl ECtX t2 T

it suffices to establish

[ti] = [t.] € [7]

Denotational equality is sound, but is it complete?
Does equality in the model imply contextual equivalence?

84



THE POWER OF DENOTATIONAL SEMANTICS

Proof principle: to show
tl ECtX t2 T

it suffices to establish

[ti] = [t.] € [7]

Denotational equality is sound, but is it complete?
Does equality in the model imply contextual equivalence?

Full abstraction.
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DENOTATIONAL SEMANTICS FOR PCF

DEFINITION



SEMANTICS OF TYPES

[nat] o N, (flat domain)
[bool] & B, (flat domain)

[t > '] & [z] = [7’] (function domain)
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SEMANTICS OF CONTEXTS

m & [Txedoma [TG)] (environment)
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SEMANTICS OF CONTEXTS

m & [Txedoma [TG)] (environment)

- [] = 1 (one element set) _
- [x:t] = (x} - [7]) = [7] — 9(( —> 0(L € ULL ]7
A

: [[xlzfl’---’anTn]] = [[Tl]] 28 000 &% [Tnﬂ
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DENOTATIONAL SEMANTICS OF PCF

To every typing judgement
't:7

we associate a continuous function
[T=t:7]): I — [r]
between domains. In other words,

[-]:Pcrr, — [T — [r]
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To every typing judgement
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DENOTATION OF OPERATIONS ON B AND N

SucCcC :

N —

n =

N pred : N — N
. n+l — n
0 undefined
zero? : N — B

0 — ftrue
n+1 — false
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DENOTATION OF OPERATIONS ON B AND N

succ, : N, - N PR, ¢ nEj‘# : i\u
n — n+1l
L > 1 0 —» L
1 - 1
zero?, : N, — B}
0 = frue
n+1 — false
1 - 1
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DENOTATION OF OPERATIONS ON B AND N

Lo [el(p) X o €N,
[true] (p) L true eB;

[false] (p) L false eB;
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DENOTATION OF OPERATIONS ON B AND N

[o](p) = 0 eN,

[true] (p) L true eB;

[false] (p) o false eB;

<\~t .' [succ®] (p) = suce, (I1] (p)) €Ny
C () ol [ored®] (o) = pred, (1] (p)) eN,
M [zero?()] (p) = zero?, (If] (p)) €B,

[succ(®)] = succ °[t]



DENOTATION OF OPERATIONS ON B AND N

. [o](p) = O €N,
o .
N \('/b <Yh = [true] (p) ' true eB,
%‘ [false] (p) ' false eB,
N e
AN [succ®] (o) < suce,(11(p) €N,
[pred®] (p) = pred, (It] (p)) eN,

[zer2(0)] (p) % zero?, (11 (0) ¢B
Qe TD2D ) )

[if b thentelse '] = if([b] (p), I (p), [t'] () € ]

[if b thent elset’] =if o ([b],([t], [t']))
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DENOTATION OF THE A-CALCULUS OPERATIONS

\/CQQD =<
S

Cp & C ) 2 s e [r)]

[x] (p) = 7 (p)
PV - Tx
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DENOTATION OF THE A-CALCULUS OPERATIONS

def

IxI(p) = p(x) € [[(x)]
el () £ (u] @) (L] ()

[t ] = evale([t] . [t2])
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DENOTATION OF THE A-CALCULUS OPERATIONS

\ s © S

Vrgmxir.ﬂﬁg K < ) ¢ [
6] (0 = (6] () ([l (o)
Funx:z.t](p) = Adeld. Il (p,d)

T Ve EV % J) =[s)
@(WK ﬂ“‘])"’ {67 [funx:z.t] = cur([t])

m¢ (€1 »WD

t>0‘w
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DENOTATION OF FIXED POINTS

def

[fix fl1(p) = fix([f] (p))
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DENOTATION OF PCF TERMS

€ T\)

For any Pcr term t such that ' ¢ : 7, the object [t]
is well-defined and a continuous function [t] : [I'] —>E]
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CT<a — w2 IA)~T7]

- UY+taD o MAT = EA rt"t]

For any Pcr term t such that ' ¢ : 7, the object [t]
is well-defined and a continuous function [t] : [I'] — 7.

fteprcr: [t] € [l->@] = 1-[] = [r]

iR ;(L,O>
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DENOTATIONAL SEMANTICS FOR PCF

COMPOSITIONALITY



COMPOSITIONALITY

Suppose t,u € PCFp 4, such that
[t] = [u] : [A] — [o]

Suppose moreover that C[—] is a PcF context such thatT' -p , C : 7. Then

[c[t]] = [clu]] : (1] - [7].
reta] - Cef(te) = 0T <) Joudd
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A DENOTATION FOR EVALUATION CONTEXTS

IfT Fa g C : 7, then define [C] such that

el : (1Al = [o]) = [T - [7]
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A DENOTATION FOR EVALUATION CONTEXTS

IfT Fa g C : 7, then define [C] such that

el : (1Al = [o]) = [T - [7]

[-1(d) =4
[c ] (d)(p) = (L] (P[] (p)
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A DENOTATION FOR EVALUATION CONTEXTS

IfT Fa g C : 7, then define [C] such that

el : (1Al = [o]) = [T - [7]

[-1(d) =4
[c ] (d)(p) = (L] (P[] (p)

If T Fag C:Tand At : o, then

[elt]] = el (IeD)
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SUBSTITUTION PROPERTY OF THE SEMANTIC FUNCTION

Assume
i .Fl—u.:d } \— R tf%ﬂ '.T
X:o-t:T
Then for all p € [I1] @T,%i @A,) =
[tlu/x1] (p) = [t] (plx = [ul (p)D. “"—D x [Le)
In particular when I = - [t] : [o] — [r] and

T eTed [e[u/x1] = I£) Clul) T«) € TT) 0ol
fe il q W) el s]]
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