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THE AIMS OF DENOTATIONAL SEMANTICS

• a mapping of PCF types 𝜏 to domains �𝜏 �;
• a mapping of closed, well-typed PCF terms ⋅ ⊢ 𝑡 : 𝜏 to elements �𝑡� ∈ �𝜏 �;
• denotation of open terms will be continuous functions.

82



THE AIMS OF DENOTATIONAL SEMANTICS

• a mapping of PCF types 𝜏 to domains �𝜏 �;
• a mapping of closed, well-typed PCF terms ⋅ ⊢ 𝑡 : 𝜏 to elements �𝑡� ∈ �𝜏 �;
• denotation of open terms will be continuous functions.

Compositionality: �𝑡� = �𝑡′� ⇒ �
C[𝑡]� = �

C[𝑡′]�.
Soundness: for any type 𝜏 , 𝑡 ⇓𝜏 𝑣 ⇒ �𝑡� = �𝑣�.
Adequacy: for 𝛾 = bool or nat, if 𝑡 ∈ PCF𝛾 and �𝑡� = �𝑣� then 𝑡 ⇓𝛾 𝑣 .
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ADEQACY FOR FUNCTION TYPES?

𝑣 def= fun 𝑥: nat. (fun 𝑦: nat. 𝑦) 0 and 𝑣′ def= fun 𝑥: nat. 0.
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THE POWER OF DENOTATIONAL SEMANTICS

Proof principle: to show 𝑡1 ≅ctx 𝑡2 : 𝜏
it suffices to establish �𝑡1� = �𝑡2� ∈ �𝜏 �
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�𝑡1� = �𝑡2�
)⇒ C[𝑡2] ⇓nat 𝑣 (adequacy)

and symmetrically for C[𝑡2] ⇓nat 𝑣 ⇒ C[𝑡1] ⇓nat 𝑣 , and similarly for bool.
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THE POWER OF DENOTATIONAL SEMANTICS

Proof principle: to show 𝑡1 ≅ctx 𝑡2 : 𝜏
it suffices to establish �𝑡1� = �𝑡2� ∈ �𝜏 �

Denotational equality is sound, but is it complete?
Does equality in the model imply contextual equivalence?

Full abstraction.
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DENOTATIONAL SEMANTICS FOR PCF
DEFINITION



SEMANTICS OF TYPES

�nat� def= ℕ⊥ (flat domain)

�bool� def= 𝔹⊥ (flat domain)
�𝜏 -> 𝜏 ′� def= �𝜏 � → �𝜏 ′� (function domain)
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SEMANTICS OF CONTEXTS

�Γ� def= ∏𝑥∈dom(Γ) �Γ(𝑥)� (environment)
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SEMANTICS OF CONTEXTS

�Γ� def= ∏𝑥∈dom(Γ) �Γ(𝑥)� (environment)

• �⋅� = 𝟙 (one element set)
• �𝑥: 𝜏 � = ({𝑥} → �𝜏 �) ≅ �𝜏 �
•

�𝑥1: 𝜏1, … , 𝑥𝑛: 𝜏𝑛� ≅ �𝜏1� × ⋯ × �𝜏𝑛�
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DENOTATIONAL SEMANTICS OF PCF

To every typing judgement Γ ⊢ 𝑡 : 𝜏
we associate a continuous function

�Γ ⊢ 𝑡 : 𝜏 � : �Γ� → �𝜏 �

between domains. In other words,

�−� : PCFΓ,𝜏 → �Γ� → �𝜏 �
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DENOTATION OF OPERATIONS ON 𝔹 AND ℕ
succ : ℕ → ℕ𝑛 ↦ 𝑛 + 1 pred : ℕ ⇀ ℕ𝑛 + 1 ↦ 𝑛0 undefinedzero? : ℕ → 𝔹0 ↦ true𝑛 + 1 ↦ false
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DENOTATION OF OPERATIONS ON 𝔹 AND ℕ
succ⊥ : ℕ⊥ → ℕ⊥𝑛 ↦ 𝑛 + 1⊥ ↦ ⊥ pred⊥ : ℕ⊥ → ℕ⊥𝑛 + 1 ↦ 𝑛0 ↦ ⊥⊥ ↦ ⊥zero?⊥ : ℕ⊥ → 𝔹⊥0 ↦ true𝑛 + 1 ↦ false⊥ ↦ ⊥

88



DENOTATION OF OPERATIONS ON 𝔹 AND ℕ
�0� (𝜌) def= 0 ∈ ℕ⊥

�true� (𝜌) def= true ∈ 𝔹⊥
�false� (𝜌) def= false ∈ 𝔹⊥

88



DENOTATION OF OPERATIONS ON 𝔹 AND ℕ
�0� (𝜌) def= 0 ∈ ℕ⊥

�true� (𝜌) def= true ∈ 𝔹⊥
�false� (𝜌) def= false ∈ 𝔹⊥

�
succ(𝑡)� (𝜌) def= succ⊥(�𝑡� (𝜌)) ∈ ℕ⊥

�
pred(𝑡)� (𝜌) def= pred⊥(�𝑡� (𝜌)) ∈ ℕ⊥

�
zero?(𝑡)� (𝜌) def= zero?⊥(�𝑡� (𝜌)) ∈ 𝔹⊥

�
succ(𝑡)� = succ⊥ ∘ �𝑡�
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DENOTATION OF OPERATIONS ON 𝔹 AND ℕ
�0� (𝜌) def= 0 ∈ ℕ⊥

�true� (𝜌) def= true ∈ 𝔹⊥
�false� (𝜌) def= false ∈ 𝔹⊥

�
succ(𝑡)� (𝜌) def= succ⊥(�𝑡� (𝜌)) ∈ ℕ⊥

�
pred(𝑡)� (𝜌) def= pred⊥(�𝑡� (𝜌)) ∈ ℕ⊥

�
zero?(𝑡)� (𝜌) def= zero?⊥(�𝑡� (𝜌)) ∈ 𝔹⊥

�
if 𝑏 then 𝑡 else 𝑡′� def= if(�𝑏� (𝜌), �𝑡� (𝜌), �𝑡′� (𝜌)) ∈ �𝜏 �

�
if 𝑏 then 𝑡 else 𝑡′� = if ∘ ⟨�𝑏� , ⟨�𝑡� , �𝑡′�⟩⟩
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DENOTATION OF THE λ-CALCULUS OPERATIONS

�𝑥� (𝜌) def= 𝜌(𝑥) ∈ �Γ(𝑥)�
�𝑥� (𝜌) = 𝜋𝑥(𝜌)
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DENOTATION OF THE λ-CALCULUS OPERATIONS

�𝑥� (𝜌) def= 𝜌(𝑥) ∈ �Γ(𝑥)�
�𝑡1 𝑡2� (𝜌) def= (�𝑡1� (𝜌)) (�𝑡2� (𝜌))

�𝑡1 𝑡2� = eval ∘ ⟨�𝑡1� , �𝑡2�⟩
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DENOTATION OF THE λ-CALCULUS OPERATIONS

�𝑥� (𝜌) def= 𝜌(𝑥) ∈ �Γ(𝑥)�
�𝑡1 𝑡2� (𝜌) def= (�𝑡1� (𝜌)) (�𝑡2� (𝜌))

�fun 𝑥: 𝜏 . 𝑡� (𝜌) def= 𝜆𝑑 ∈ �𝜏 � . �𝑡� (𝜌, 𝑑)
�fun 𝑥: 𝜏 . 𝑡� = cur(�𝑡�)

89



DENOTATION OF FIXED POINTS

�
fix 𝑓 � (𝜌) def= fix(�𝑓 � (𝜌))
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DENOTATION OF PCF TERMS

For any PCF term 𝑡 such that Γ ⊢ 𝑡 : 𝜏 , the object �𝑡�
is well-defined and a continuous function �𝑡� : �Γ� → 𝜏 .
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DENOTATION OF PCF TERMS

For any PCF term 𝑡 such that Γ ⊢ 𝑡 : 𝜏 , the object �𝑡�
is well-defined and a continuous function �𝑡� : �Γ� → 𝜏 .

If 𝑡 ∈ PCF𝜏 : �𝑡� ∈ �⋅� → �𝜏 � = 𝟙 → �𝜏 � ≅ �𝜏 �
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DENOTATIONAL SEMANTICS FOR PCF
COMPOSITIONALITY



COMPOSITIONALITY

Suppose 𝑡 , 𝑢 ∈ PCFΔ,𝜎 , such that

�𝑡� = �𝑢� : �Δ� → �𝜎 �

Suppose moreover that C[−] is a PCF context such that Γ ⊢Δ,𝜎 C : 𝜏 . Then
�
C[𝑡]� = �

C[𝑢]� : �Γ� → �𝜏 � .
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A DENOTATION FOR EVALUATION CONTEXTS

If Γ ⊢Δ,𝜎 C : 𝜏 , then define �C� such that

�C� : (�Δ� → �𝜎 �) → �Γ� → �𝜏 �
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A DENOTATION FOR EVALUATION CONTEXTS

If Γ ⊢Δ,𝜎 C : 𝜏 , then define �C� such that

�C� : (�Δ� → �𝜎 �) → �Γ� → �𝜏 �

�−� (𝑑) = 𝑑
�C 𝑡� (𝑑)(𝜌) = (�C� (𝑑)(𝜌))(�𝑡� (𝜌))⋮

If Γ ⊢Δ,𝜎 C : 𝜏 and Δ ⊢ 𝑡 : 𝜎 , then
�
C[𝑡]� = �C� (�𝑡�)
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SUBSTITUTION PROPERTY OF THE SEMANTIC FUNCTION

Assume Γ ⊢ 𝑢 : 𝜎Γ, 𝑥: 𝜎 ⊢ 𝑡 : 𝜏
Then for all 𝜌 ∈ �Γ� �𝑡[𝑢/𝑥]� (𝜌) = �𝑡� (𝜌[𝑥 ↦ �𝑢� (𝜌)]).
In particular when Γ = ⋅, �𝑡� : �𝜎 � → �𝜏 � and

�𝑡[𝑢/𝑥]� = �𝑡� (�𝑢�)
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