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WHERE WE'RE AT

- the good objects: domain

- the good maps: continuous functions

- Kleene's fixed point theorem: every continuous function f: D — D on a domain D
has a least (pre-)fixed point, given by | |,cp f*(Lp).

- We need to construct domains and continuous functions!

- Flat domains: “base” cases (N, but also B)).

- Products of domains are domains, everything is componentwise.



CONSTRUCTIONS ON DOMAINS

FUNCTION DOMAINS



CPO/DOMAIN OF CONTINUOUS FUNCTIONS

Given two cpos (D,Cp) and (E,Cg), the function cpo (D — E,C) has underlying set
{f : D—> E| isa continuous function}

equipped with the pointwise order:

FEf SvdeD. f(d) g f/(d).
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CPO/DOMAIN OF CONTINUOUS FUNCTIONS

Given two cpos (D,Cp) and (E,Cg), the function cpo (D — E, C) has underlying set
{f : D> E| isa continuous function}

equipped with the pointwise order:

fCfSvdeD. f(d) g f/(d).

fCpseg& xCpy

f(x) Cg g(»)
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CPO/DOMAIN OF CONTINUOUS FUNCTIONS

Given two cpos (D,Cp) and (E,Cg), the function cpo (D — E,C) has underlying set
{f : D—> E| isa continuous function}

equipped with the pointwise order:
def
fEf evdeD. f(d)Eg f(d).

Argumentwise least elements and lubs:

1pop(d) = 1g (|_| fn> @ = | fud

n=>0 n>0
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FUNCTION OPERATIONS ARE CONTINUOUS

Evaluation, currying (f : (D’ x D) — E) and composition

eval: (D—>E)xD — E
(f.d) > f(d)

(
) 3' : 53 : DE.)f(d',d) %(A’ a>

o: (E->F)x(D—>E) — (D—F)
(f.8) = Ad € D. g(f(d))

are all well-defined and continuous.
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CONTINUITY OF THE FIXED POINT OPERATOR

fixx (D—>D) — D

is continuous.
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CONSTRUCTIONS ON DOMAINS

BACK TO THE INTRODUCTION



THE SEMANTICS OF A WHILE LOOP

[while X >0do (Y := X *Y; X := X — 1)]

is a fixed point of the following F : D — D, where D is (State — State):

[X - x,Y > y] ifx<0

Fw)([X » xY »y]) = {W([Xp_)x—l,Yl—)x-y]) ifx > 0.
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THE SEMANTICS OF A WHILE LOOP

[while X >0do (Y := X *Y; X := X — 1)]

is a fixed point of the following F : D — D, where D is (State, — State | ):

([ [X e xY ey ifx <0
Fw)([X = x,Y = y]) = {w([XHx—l,Y'—HC'y]) if x > 0.

F(1) = 1

State, — State is a domain!
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KLEENE’'S FIXED POINT THEOREM

Kleene's fixed point theorem:
weo = | |FY(L)
ieN

is the least fixed point of F, and in particular a fixed point.
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KLEENE’'S FIXED POINT THEOREM

Kleene's fixed point theorem:
weo = | |FY(L)

ieN

is the least fixed point of F, and in particular a fixed point.

We can compute explicitly

[X - x,Y > y] ifx <0

1o | X Y =
ool X o XY o = 0y o ey y] x>0

And check this agrees with the operational semantics.
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REASONING ON FIXED POINTS: SCOTT INDUCTION

Let D be a domain, f: D — D be a continuous function and S € D be a subset of D. If
the set S

(i) contains L,
(ii) is chain-closed, i.e. the lub of any chain of elements of S is also in S,

(iii) is stable for f,ie. f(S) C S, ’VﬁzgS/ g&)gg
then fix(f) € S.
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REASONING ON FIXED POINTS: SCOTT INDUCTION

Let D be a domain, f: D — D be a continuous function and S € D be a subset of D. If
the set S

(i) contains L,
(ii) is chain-closed, i.e. the lub of any chain of elements of S is also in S,
(iii) is stable for f,ie. f(S) C S,

then fix(f) € S.

o) B(x) = &(f(x)  (vieN.d(x) =0 |x)

iEN

SCOTTIND

O(fix(f))
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BUILDING CHAIN-CLOSED SETS

All the following are chain-closed:
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BUILDING CHAIN-CLOSED SETS

All the following are chain-closed:

{(x,y) e DxD | x C y}, didzef{xeD|x§d} and  {(x,y) € DxD | x = y}
~h%.\ C— Uy(

| H_I
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BUILDING CHAIN-CLOSED SETS

All the following are chain-closed:

{(x,y) e DxD | x C y}, didzef{xeD|x§d} and  {(x,y) € DxD | x = y}

flS={xeD| f(x) €S} ifSCEischain-closed, and f: D — E is continuous

P dain dord TR () o davn- dored
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BUILDING CHAIN-CLOSED SETS

All the following are chain-closed:
{(x,y) e DxD | x C y}, dldzef{xeD |xCd} and {(x,y) € DxD|x =7y}
flS={xeD| f(x) €S} ifSCEischain-closed, and f: D — E is continuous
SuT and ﬂSi if S, T and S; are

i€l
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BUILDING CHAIN-CLOSED SETS

All the following are chain-closed:

{(x,y) e DxD | x C y}, didzef{xeD|x§d} and  {(x,y) € DxD | x = y}
flS={xeD| f(x) €S} ifSCEischain-closed, and f: D — E is continuous

SuT and ﬂSi if S, T and S; are

i€l

VSdzef{yGEerD.(x,y)GS}QE ifSCDxEis
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THE "LOGICAL” VIEW

Any formula written using:

- signature: continuous functions + constants
- relations: equality, inequality
- logical connectives: conjuction, disjunction, universal quantification

is chain-closed.
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THE "LOGICAL” VIEW

Any formula written using:

- signature: continuous functions + constants
- relations: equality, inequality
- logical connectives: conjuction, disjunction, universal quantification

is chain-closed.

Given any set I, domains D, E, functions (f)ic;, 8: D — E, e € E,

O(x):=VyeEMNel, fi(x) Ey)vglx)=e

is chain-closed.
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EXAMPLE: DOWNSET

Assume f(d) C d, ie. dis a pre-fixed point of the continuous f : D — D. By Scott
induction ond |, fix(f) C d.
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EXAMPLE: DOWNSET

Assume f(d) C d, ie. dis a pre-fixed point of the continuous f : D — D. By Scott
induction on d |, fix(f) C d. (‘5@) . ST 5&/

) LS

LV
“) OJDQ,&(L.QQ/ > Ud cd
Proof! A4 scgd:s f@) EEO{)_{C/ v
D peg) s
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EXAMPLE: PARTIAL CORRECTNESS

Let w,,: State, — State; be the denotation of [K F—bsr 7/'\‘) (6

while X >0do (Y i= X ¥; X:= X — 1) 5}{ _ /}\PW}\J

Recall that w,, = fix(F) where

wx—1,x-y) ifx>0
Flw)(L) =1

FOn) ={ 0 e
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EXAMPLE: PARTIAL CORRECTNESS

Let wwo: State;, — State | be the denotation of
while X >0do (Y :=X*Y; X:=X—1)

Recall that w,, = fix(F) where

(x,y) ifx <0
F(w)(x, y) = z W(g_ 1,x-y) ifx>0
Fw)(1) = L w &, "3> %// &) W{%’ ) >#i

Claim:
Vx. Yy 2> 0. Weo(x, y) | = 71y (Weo(x,y)) >0

EC“}) - \7[9.%3&/0 _W—(x/%)\)}__;j\‘y (wéy@) >o
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EXAMPLE: PARTIAL CORRECTNESS

Let wwo: State;, — State | be the denotation of
while X >0do (Y :=X*Y; X:=X—1)

Recall that w,, = fix(F) where

((ny) if x <0
F(W)(x,y)—zw(x_Lx.y) if x>0

Flw)(L) =1

Claim:
Vx. Yy 2> 0. Weo(x, y) | = 71y (Weo(x,y)) >0

Proof: by Scott induction!
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