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CONTINUITY AND STRICTNESS

Given two cpos 𝐷 and 𝐸, a function 𝑓 : 𝐷 → 𝐸 is continuous if

• it is monotone, and
• it preserves lubs of chains, i.e. for all chains 𝑑0 ⊑ 𝑑1 ⊑ … in 𝐷, we have𝑓 (⨆𝑛≥0 𝑑𝑛) = ⨆𝑛≥0 𝑓 (𝑑𝑛)

Note: one direction is automatic.
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• it is monotone, and
• it preserves lubs of chains, i.e. for all chains 𝑑0 ⊑ 𝑑1 ⊑ … in 𝐷, we have𝑓 (⨆𝑛≥0 𝑑𝑛) = ⨆𝑛≥0 𝑓 (𝑑𝑛)

Note: one direction is automatic.

A function 𝑓 is strict if 𝑓 (⊥𝐷) = ⊥𝐸 .
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THESIS

All computable functions are continuous.
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All computable functions are continuous.

Typical non-continuous function: “is a sequence the constant 0”? (ℕ ⇀ 𝔹) ⇀ 𝔹0 0 ⊥ … ↦ ⊥0 0 0 0 1 … ↦ 10 0 0 0 0 0 0 0 ⊥ … ↦ ⊥0 0 0 0 0 0 0 0 0 … ↦ ?0 0 0 0 0 0 ↦ 0
Intuition: non-continuity ≈ “jump at infinity” ≈ non-computability

Later in the course: show the thesis… by giving a denotational semantics.

42
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KLEENE’S FIXED POINT THEOREM

Let 𝑓 : 𝐷 → 𝐷 be a continuous function on a domain 𝐷. Then 𝑓 possesses a least
pre-fixed point, given by fix(𝑓 ) = ⨆𝑛≥0 𝑓 𝑛(⊥).
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CONSTRUCTIONS ON DOMAINS
FLAT DOMAINS



FLAT DOMAIN ON 𝑋
The flat domain on a set 𝑋 is defined by:

• its underlying set 𝑋 ⨄{⊥} ;
• 𝑥 ⊑ 𝑥′ if either 𝑥 = ⊥ or 𝑥 = 𝑥′. 𝑋

⊥
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FLAT DOMAIN LIFTING

Let 𝑓 : 𝑋 ⇀ 𝑌 be a partial function between two sets. Then𝑓⊥ : 𝑋⊥ → 𝑌⊥𝑑 ↦ {𝑓 (𝑑) if 𝑑 ∈ 𝑋 and 𝑓 is defined at 𝑑⊥ if 𝑑 ∈ 𝑋 and 𝑓 is not defined at 𝑑⊥ if 𝑑 = ⊥
defines a strict continuous function between the corresponding flat domains.
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CONSTRUCTIONS ON DOMAINS
PRODUCTS OF DOMAINS



BINARY PRODUCT

The product of two posets (𝐷1, ⊑1) and (𝐷2, ⊑2) has underlying set𝐷1 × 𝐷2 = {(𝑑1, 𝑑2) ∣ 𝑑1 ∈ 𝐷1 ∧ 𝑑2 ∈ 𝐷2}
and partial order ⊑ defined by(𝑑1, 𝑑2) ⊑ (𝑑′1, 𝑑′2) def⇔ 𝑑1 ⊑1 𝑑′1 ∧ 𝑑2 ⊑2 𝑑′2
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PO× 𝑑1 ⊑1 𝑑′1 𝑑2 ⊑2 𝑑′2(𝑑1, 𝑑2) ⊑ (𝑑′1, 𝑑′2)=========================
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COMPONENTWISE LUBS AND LEAST ELEMENTS

lubs of chains are computed componentwise:⨆𝑛≥0(𝑑1,𝑛, 𝑑2,𝑛) = (⨆𝑖≥0 𝑑1,𝑖, ⨆𝑗≥0 𝑑2,𝑗 ).
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If (𝐷1, ⊑1) and (𝐷2, ⊑2) have least elements, so does (𝐷1 × 𝐷2, ⊑) with⊥𝐷1×𝐷2 = (⊥𝐷1, ⊥𝐷2)
Products of cpos (domains) are cpos (domains).
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FUNCTIONS OF TWO ARGUMENTS

A function 𝑓 : (𝐷 × 𝐸) → 𝐹 is monotone if and only if it is monotone in each argument
separately: ∀𝑑, 𝑑′ ∈ 𝐷, 𝑒 ∈ 𝐸. 𝑑 ⊑ 𝑑′ ⇒ 𝑓 (𝑑, 𝑒) ⊑ 𝑓 (𝑑′, 𝑒)∀𝑑 ∈ 𝐷, 𝑒, 𝑒′ ∈ 𝐸. 𝑒 ⊑ 𝑒′ ⇒ 𝑓 (𝑑, 𝑒) ⊑ 𝑓 (𝑑, 𝑒′).
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separately: ∀𝑑, 𝑑′ ∈ 𝐷, 𝑒 ∈ 𝐸. 𝑑 ⊑ 𝑑′ ⇒ 𝑓 (𝑑, 𝑒) ⊑ 𝑓 (𝑑′, 𝑒)∀𝑑 ∈ 𝐷, 𝑒, 𝑒′ ∈ 𝐸. 𝑒 ⊑ 𝑒′ ⇒ 𝑓 (𝑑, 𝑒) ⊑ 𝑓 (𝑑, 𝑒′).
Moreover, it is continuous if and only if it preserves lubs in each argument separately:𝑓 (⨆𝑚≥0 𝑑𝑚 , 𝑒) = ⨆𝑚≥0 𝑓 (𝑑𝑚, 𝑒)𝑓 (𝑑 , ⨆𝑛≥0 𝑒𝑛) = ⨆𝑛≥0 𝑓 (𝑑, 𝑒𝑛).
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DERIVED RULES FOR FUNCTIONS OF TWO ARGUMENTS

MON× 𝑓 monotone 𝑥 ⊑ 𝑥′ 𝑦 ⊑ 𝑦′𝑓 (𝑥, 𝑦) ⊑ 𝑓 (𝑥′, 𝑦′)
𝑓 (⨆𝑚 𝑥𝑚, ⨆𝑛 𝑦𝑛) = ⨆𝑚 ⨆𝑛 𝑓 (𝑥𝑚, 𝑦𝑛) = ⨆𝑘 𝑓 (𝑥𝑘, 𝑦𝑘)
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PROJECTION AND PAIRING

Let 𝐷1 and 𝐷2 be cpos. The projections𝜋1 : 𝐷1 × 𝐷2 → 𝐷1(𝑑1, 𝑑2) ↦ 𝑑1 𝜋2 : 𝐷1 × 𝐷2 → 𝐷2(𝑑1, 𝑑2) ↦ 𝑑2
are continuous functions.
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PROJECTION AND PAIRING

Let 𝐷1 and 𝐷2 be cpos. The projections𝜋1 : 𝐷1 × 𝐷2 → 𝐷1(𝑑1, 𝑑2) ↦ 𝑑1 𝜋2 : 𝐷1 × 𝐷2 → 𝐷2(𝑑1, 𝑑2) ↦ 𝑑2
are continuous functions.

If 𝑓1 : 𝐷 → 𝐷1 and 𝑓2 : 𝐷 → 𝐷2 are continuous functions from a cpo 𝐷, then the
pairing function ⟨𝑓1, 𝑓2⟩ : 𝐷 → 𝐷1 × 𝐷2𝑑 ↦ (𝑓1(𝑑), 𝑓2(𝑑))
is continuous.
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DOMAIN CONDITIONAL

The conditional functionif : 𝔹⊥ × (𝐷 × 𝐷) → 𝐷(𝑥, 𝑑) ↦ {𝜋1(𝑑) if 𝑥 = true𝜋2(𝑑) if 𝑥 = false⊥𝐷 if 𝑥 = ⊥
is continuous.
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GENERAL PRODUCT

Given a set 𝐼 , suppose that for each 𝑖 ∈ 𝐼 we are given a set 𝑋𝑖. The (cartesian) product of
the 𝑋𝑖 is ∏𝑖∈𝐼 𝑋𝑖
Two ways to see it:

• tuples: (… , 𝑥𝑖, … )𝑖∈𝐼 such that 𝑥𝑖 ∈ 𝑋𝑖;
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Special case: ∏𝑖∈𝔹 𝐷𝑖 corresponds to 𝐷true × 𝐷false.
Projections (for any 𝑖 ∈ 𝐼 ): 𝜋𝑖 : (∏𝑖∈𝐼 𝑋𝑖) → 𝑋𝑖
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GENERAL PRODUCT OF DOMAINS

Given a set 𝐼 , suppose that for each 𝑖 ∈ 𝐼 we are given a cpo (𝐷𝑖, ⊑𝑖). The product of this
whole family of cpos has

• underlying set equal to ∏𝑖∈𝐼 𝐷𝑖;
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Given a set 𝐼 , suppose that for each 𝑖 ∈ 𝐼 we are given a cpo (𝐷𝑖, ⊑𝑖). The product of this
whole family of cpos has

• underlying set equal to ∏𝑖∈𝐼 𝐷𝑖;
• componentwise order 𝑝 ⊑ 𝑝′ def⇔ ∀𝑖 ∈ 𝐼 . 𝑝𝑖 ⊑𝑖 𝑝′𝑖 .𝐼 -indexed products of cpos (domains) are cpos (domains), and projections are

continuous.
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