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Simplex Algorithm by Example
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Simplex Algorithm: Introduction

Simplex Algorithm
= classical method for solving linear programs (Dantzig, 1947)

= usually fast in practice although worst-case runtime not polynomial
= iterative procedure somewhat similar to Gaussian elimination
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Simplex Algorithm: Introduction

Simplex Algorithm

= classical method for solving linear programs (Dantzig, 1947)
= usually fast in practice although worst-case runtime not polynomial
= iterative procedure somewhat similar to Gaussian elimination

Basic Idea:

= Each iteration corresponds to a “basic solution” of the slack form

= All non-basic variables are 0, and the basic variables are
determined from the equality constraints

= Each iteration converts one slack form into an equivalent one while
the objective value will not decrease

= Conversion (“pivoting”) is achieved by switching the roles of one
basic and one non-basic variable

7. Linear Programming © T. Sauerwald Simplex Algorithm by Example



Simplex Algorithm: Introduction

Simplex Algorithm
= classical method for solving linear programs (Dantzig, 1947)

= usually fast in practice although worst-case runtime not polynomial
= iterative procedure somewhat similar to Gaussian elimination

Basic Idea:
= Each iteration corresponds to a “basic solution” of the slack form
= All non-basic variables are 0, and the basic variables are
determined from the equality constraints
= Each iteration converts one slack form into an equivalent one while
the objective value will not decrease < In that sense, it is a greedy algorithm.]
= Conversion (“pivoting”) is achieved by switching the roles of one
basic and one non-basic variable
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Extended Example: Conversion into Slack Form

maximise 3x;  + X2 + 2Xx3

subject to
Xy + x + 3x < 30
2X1 + 2X2 =+ 5X3 < 24
4xq + X + 2x3 < 36
X1, X2, X3 > 0
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Extended Example: Conversion into Slack Form

maximise 3x;  + X2 + 2Xx3

subject to
Xy + x + 3x < 30
2X1 + 2X2 =+ 5X3 < 24
4x4 + Xo + 2X3 < 36
X1, X2, X3 > 0

|
| . .
1 Conversion into slack form
|
Y
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Extended Example: Conversion into Slack Form

maximise 3x1 + Xo +
subject to
X1 + X2+
2xy  + 2x2 +
4 + X2+
X1, X2, X3
|
|
v
Z =
X4 = 30 —
X5 = 24 —
Xp = 36 —

2X3

3X3
5X3
2X3

IV IAIAIA

30
24
36

0

Conversion into slack form

3X1

X1
2X1
4X1

+

X2
X2
2X2
X2

2X3
3X3
5X3
2X3
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Extended Example: Iteration 1

z =
x4 = 30 -—
Xs = 24 —
X = 36 -

3xi  + Xo

X1 — Xo
2X1 — 2X2
4x 1 — Xo

2X3
3X3
5X3

2X3
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Extended Example: Iteration 1

z =
x4 = 30 -—
Xs = 24 —
X = 36 -

3x;  + X2

X1 — X2
2X1 — 2X2
4x 1 — X2

[Basic solution: (X7, %, ..., %) — (0,0,0,30, 24, 36) ]

2X3
3X3
5X3

2X3
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Extended Example: Iteration

1

z =
xs = 30
X5 = 24
X = 36

3x;  + X2

X1 — X2
2X1 — 2X2
4X1 — X2

[Basic solution: (X7, %, ..., %) — (0,0,0,30, 24, 36) ]

71
[This basic solution is feasible]

2X3
3X3
5X3

2X3
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Extended Example: Iteration 1

z =
xs = 30
X5 = 24
X = 36

3xi  + Xo

X1 — Xo
2X1 — 2X2
4X1 — Xo

[Basic solution: (X7, %, ..., %) — (0,0,0,30, 24, 36) ]

/1

[This basic solution is feasible] [Objective value is O.]

2X3
3X3
5X3

2X3
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Extended Example: Iteration 1

[Increasing the value of x; would increase the objective value.]

v
z = 3x;1  + X2 4+ 2X3
X4 = 30 — X1 — X2 — 3X3
X5 = 24 — 2X1 — 2X2 — 5X3
X6 = 36 — 4X1 — Xo — 2X3
i
[Basic solution: (X7, %, ..., %) — (0,0,0,30, 24, 36) ]

/
[This basic solution is feasible] [Objective value is 0.]
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Extended Example: Iteration 1

[Increasing the value of x; would increase the objective value.]

v
z = 3xy  + Xo + 2Xx3
X2 = 30 — Xy - Xo — 3x3
Xs = 24 — 2x1 — 2Xx2 — 5x3
X = 36 — 4x5 - Xo — 2X3

N
[The third constraint is the tightest and limits how much we can increase x; j
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Extended Example: Iteration 1

[Increasing the value of x; would increase the objective value.]

v
z = 3xy  + Xo + 2Xx3
X2 = 30 — Xy - Xo — 3x3
Xs = 24 — 2x1 — 2Xx2 — 5x3
X = 36 — 4x5 - Xo — 2X3

N

[The third constraint is the tightest and limits how much we can increase x; j

N

Switch roles of x; and x;:
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Extended Example: Iteration 1

[Increasing the value of x; would increase the objective value.]

v
z = 3xy  + Xo + 2Xx3
X2 = 30 — Xy - Xo — 3x3
Xs = 24 — 2x1 — 2Xx2 — 5x3
X = 36 — 4x5 - Xo — 2X3

N

[The third constraint is the tightest and limits how much we can increase x; j

N

Switch roles of x; and xs:
= Solving for x; yields:

Xo X3

X6

X1=9 ————— =

4 2

4
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Extended Example: Iteration 1

[Increasing the value of x; would increase the objective value.]

/4
z = 3xy  + Xo + 2Xx3
X4 = 30 — X1 — Xo — 3X3
X5 = 24 — 2X1 — 2X2 — 5X3
X6 = 36 — 4X1 — Xo — 2X3
N
[The third constraint is the tightest and limits how much we can increase x; j

N

Switch roles of x; and xs:
= Solving for x; yields:

_g_Xe X3 _Xe
"=9-F -5 -7

= Substitute this into x; in the other three equations
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Extended Example: Iteration 2

z = 27 +
Xy = 9 -
X4 21

X5 = 6 -

X2 X3
4 T2
X _ X3
4 2
32 5x
4 2
3é( 2 — 4X3
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Extended Example: Iteration 2

w = 210 - ¥ 5o, X%
x5:6—%—4xs+%
N

[Basic solution: (X1, %2, ...,X) = (9,0, 0,21, 6,0) with objective value 27]
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Extended Example: Iteration 2

[Increasing the value of x3 would increase the objective value.]

N
x = ¢ - % - 3 - %
x5:6—%—4X3+%
N

[Basic solution: (X1, %2, ...,X) = (9,0, 0,21, 6,0) with objective value 27]
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Extended Example: Iteration 2

[Increasing the value of x3 would increase the objective value.]

N
x = ¢ - % - 3 - %
X5=6—%—4x3+%

N
[The third constraint is the tightest and limits how much we can increase xa.j
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Extended Example: Iteration 2

[Increasing the value of x3 would increase the objective value.]

N
- X2 X3 _ 3%
z =2+ 7 + 3 4
Xy = 9 — X2 _ X3 _ %
_ 3 _ 5% X
X = 2 4 >t
X5 = 6 — % — 4x3 + %
N
[The third constraint is the tightest and limits how much we can increase xs.j
\
( N\
Switch roles of x; and xs:
\§ J
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Extended Example: Iteration 2

[Increasing the value of x3 would increase the objective value.]

N

- X X3 _ 3%
z =21 + F + % 4
Xy = 9 — X2 _ X3 _ %

_ 3 _ 5% X
X = 21 4 > T3
X5 = 6 - % — 4x3 + %

N
[The third constraint is the tightest and limits how much we can increase xs.j
\

( N\
Switch roles of x; and xs:

= Solving for x3 yields:

o3 B X% X
T2 8 4 8

. J
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Extended Example: Iteration 2

[Increasing the value of x3 would increase the objective value.]

N

- X X3 _ 3%
z =21 + F + % 4
Xy = 9 — X2 _ X3 _ %

_ 3 _ 5% X
X = 21 4 > T3
X5 = 6 - % — 4x3 + %

N
[The third constraint is the tightest and limits how much we can increase xs.j
\

( N\
Switch roles of x; and xs:

= Solving for x3 yields:

o3 3 X% X%
T2 8 4 8

= Substitute this into x3 in the other three equations
\§

J
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Extended Example: Iteration 3

X1 =

X3

X4 =

—_
—_
—_

HB oo N A‘

o =
>

5 oo o

-
o)
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Extended Example: Iteration 3

_ 111 X2 _ Xs 11
zZ = 7 * 718 8 16
_ 33 _ X X5 _ 5%
= 7 6 T 8 16
— 3 _ 33X _ X Xo
X5 = 2 8 5 T 8
_ 69 3xo Sxs Xe
X = 73 t J T 8 16
N
[Basic solution: (X1, %z, ..., %) = (2,0, 2,8, 0,0) with objective value 1! = 27.75]
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Extended Example: Iteration 3

[Increasing the value of x, would increase the objective value.]

N

[Basic solution: (X1, %z, ..., %) = (2,0, 2,8, 0,0) with objective value 1! = 27.75]

7. Linear Programming © T. Sauerwald Simplex Algorithm by Example



Extended Example: Iteration 3

[Increasing the value of x, would increase the objective value.]

N

N
[The second constraint is the tightest and limits how much we can increase xz.j
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Extended Example: Iteration 3

[Increasing the value of x, would increase the objective value.]

N

N
[The second constraint is the tightest and limits how much we can increase xz.j
[\

e 1
Switch roles of x> and x3:

&
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Extended Example: Iteration 3

[Increasing the value of x, would increase the objective value.]

N

N
[The second constraint is the tightest and limits how much we can increase xz.j
[\

e 1
Switch roles of x> and x3:

= Solving for x; yields:

_ 8x3 2X5 Xg
Xo =4 3 3-1-3,

&
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Extended Example: Iteration 3

[Increasing the value of x, would increase the objective value.]

N

N
[The second constraint is the tightest and limits how much we can increase xz.j
[\

e 1
Switch roles of x> and x3:

= Solving for x; yields:

_ 8x3 2X5 Xg
e=4-73 -3 +3

= Substitute this into xz in the other three equations
|

J
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Extended Example: Iteration 4

z = 28 -
xx = 8 +
Xo = 4
X, = 18
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Extended Example: Iteration 4

X2:4787X72§(5+)§5
x = 18 - 3 + %
N

[Basic solution: (X1, Xz, ...,Xs) = (8,4,0,18,0,0) with objective value 28 J
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Extended Example: Iteration 4

[AII coefficients are negative, and hence this basic solution is optimal!]

N
ZZZS—%_)E»_%
X2:47%,2§(5+%
X4:187)§3+%

N
[Basic solution: (X1, Xz, ...,Xs) = (8,4,0,18,0,0) with objective value 28 J
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Extended Example: Visualization of SIMPLEX

X3
X2

(0,12,0)

(0,0,4.8) @
e (8,4,0)
(8.25,0,1.5) @
Xq
(9,0,0)
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Extended Example: Visualization of SIMPLEX

X3
X2
(0,12,0)
12
(0,0,4.8) @
9.6
e (8,4,0)
(8.25,0,1.5) @ 28
27.75
Xq
(9,0,0)
27
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Extended Example: Visualization of SIMPLEX

X3
X2
(0,12,0)
12
(0,0,4.8) @
9.6
e (8,4,0)
(8.25,0,1.5) @ 28
27.75
Xq
(9,0,0)
27
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Extended Example: Visualization of SIMPLEX

X3
X2
(0,12,0)
12
(0,0,4.8) @
9.6
(0,0, e (8,4,0)
0 (8.25,0,1.5) @ 28
27.75
Xq
0.0.0)
27

7. Linear Programming © T. Sauerwald Simplex Algorithm by Example



Extended Example: Visualization of SIMPLEX

X3
X2
(0,12,0)
12
(0,0,4.8) @
9.6
(0,0; ‘ e (8,4,0)
0 (8.25,0,1.5) @ 28
27.75
Xq
0.0.0)
27

Exercise: How many basic solutions (including non-feasible
ones) are there?
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Extended Example: Alternative Runs (1/2)

X4 =
X5 =

X6 =

30
24
36

3x1
Xq
2X1

4x4

+ X2 +
_ X0 -
2% -

— Xo —

2X3
3x3
5x3
2X3
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Extended Example: Alternative Runs (1/2)

X4 =
X5 =

X6 =

30
24
36

3x1
Xq
2X1

4x4

+

X2
X2
2X2

X2

-+

2X3
3x3
5x3
2X3

|
} Switch roles of x> and xs

A\
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Extended Example: Alternative Runs (1/2)

X4 =
X5 =

X6 =

X2 =
X4 =

X6 =

30
24
36

12
18
24

3x1 + X +  2x3
Xq — Xo — 3)(3
2xq — 2o — 5x3
4x4 — Xo — 2X3
|

} Switch roles of x> and xs
\4

3x1 + % + %
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Extended Example: Alternative Runs (1/2)

z = 3xq + Xo + 2X3
X4 = 30 — Xq — Xo — 3)(3
X5 = 24 — 2x1 — 2o — 5x3
Xe = 36 — 4x4 — X2 — 2X3
|
} Switch roles of x> and xs
\4
z = 12 4+ 2 - B - 3
Xo = 12 — X1 — 5753 — %
Xq = 18 — Xo — % —+ %
X = 24 — 3 + 3 + B

|
} Switch roles of x; and xg
\4
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Extended Example: Alternative Runs (1/2)

Xy =
X5 =

X6 =

X =
Xy =

X6 =

X =

Xo =

30
24
36

12
18
24

28

3x1 + X +  2x3
X1 — Xo — 3x3
2xq — 2o — 5x3
4x4 — Xo — 2X3
|
} Switch roles of x> and xs
\4
X3 X5
X - 3 -7
5X3 X5
X 2 T2
X2 = 3 + %
X3 X5
?X1 + > + 5
} Switch roles of x; and xg
\4
X3 _ X _ 2%
6 6 3
X3 X5 _ X
5 t % 3
8 2% X6
3 3 t 3
X3 X5
2 T2
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Extended Example: Alternative Runs (2/2)

X4 =
X5 =

X6 =

30
24
36

3x
X1
2X1

4x4

- 2% -

2X3
3x3
5X3

2X3
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Extended Example: Alternative Runs (2/2)

X4 =
X5 =

X6 =

30
24
36

3x +
X1 —
2X1 —

4x4 —

X2
X2
2X2

X2

+

2X3
3x3
5X3

2X3

|
1 Switch roles of x3 and xs
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Extended Example: Alternative Runs (2/2)

X4 =
X5 =

X6 =

X4 =

X3 =

X6 =

30
24

4
R of ol i

+

3x
X1
2X1

4x4

+

X2
X2
2X2

X2

+

2X3
3x3
5X3

2X3

|
1 Switch roles of x3 and xs

11X1
5
X1

5
2X4

16X1
5

2Xs
3X5
X5

2x3
5
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Extended Example: Alternative Runs (2/2)

X4 =
X5 =

X6 =

z =

X4 =

X3 =

X6 =

Switch roles of x; and xg _--~~

‘,

30
24

N
co

R iR ofz of

4
m‘

+

3x
X1
2X1

4x4

+

X2
X2
2X2

X2

+

2X3
3x3
5X3

2X3

|
1 Switch roles of x3 and xs

11X1
5

X1

5

2X4

16X1
5

2Xs
3X5
X5

2x3
5
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X1

X3

X4

Extended Example: Alternative Runs (2/2)

z =
X4 =
X5 =
X6 =
zZ =
X4 =
X3 =
X6 =
Switch roles of x; and x5 _
-
— 111 X X5
= 7z *t 16 8
_ 33 Xo Xs
= 4 - 1% T %
_ 3 _ 3 X5
= 2 8 4
_ 69 3% 5X5.
= ¢ T T Tt 3

30
24

+

3x
X1
2X1

4x4

+

X2
X2
2X2

X2

2X3
3x3
5X3

2X3

|
1 Switch roles of x3 and xs

11X1
5

X1

5

2X4

16X1
5

2Xs
3X5
X5

2x3
5
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X1

X3

X4

Extended Example: Alternative Runs (2/2)

z =
X4 =
X5 =
X6 =
zZ =
X4 =
X3 =
X6 =

Switch roles of x; and x5 _
-
— 111 X X5
= 7z *t 16 8
_ 33 Xo Xs
= 4 - 1% T %
_ 3 _ 3 X5
= 2 8 4
_ 69 3% 5X5.
= ¢ T T Tt 3

30
24

+

3x
X1
2X1

4x4

+

X2
X2
2X2

X2

2X3
3x3
5X3

2X3

|
1 Switch roles of x3 and xs

11X1

5
X1
5

2X4

16X1
5

X2

5

X2
2Xo

X2

+

2Xs
3X5
X5

5
2%
5

~~~_ _ Switch roles of xo and x3
>
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Extended Example: Alternative Runs (2/2)

z = 3x + X2 + 2x3
X4 = 30 — X4 — Xo — 3x3
X5 = 24 - 2x1 — 2o — 5x3
X6 = 36 — 4x4 — Xo — 2X3

|
1 Switch roles of x3 and xs

z = % + HT)« + % - 25
x = 2B + 3 4+ 2 4 3
X _ 24 _ 2X1 _ 2Xo _ X5
s = %5 T T 5
- 132 _ 16x Xp 2x3
¥ = 5 5 5 + 75
Switch roles of x; and x5 _ -~~~ T~~~ __ Switch roles of x; and xs
<7 RS
111 X2 X5 11X X X
S T S S [ z = 28 - F - %
33 _ Xy X5 _ 5x X — 8  + X 4 X5
= 4 16 8 16 1= 6 6
— 3 3xo X5 Xe _ 8x: 2x;
3 - % - 7 t % e = 4 - F - %
69 3x: 5xs5 Xs — _ X3 X5
7ot %t ¥ - 1% o= 18 z v 3

7. Linear Programming © T. Sauerwald Simplex Algorithm by Example



Outline

Details of the Simplex Algorithm
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The Pivot Step Formally

PIvOT(N, B, A,b,c,v,l,e)

// Compute the coefficients of the equation for new basic variable x,.

let A be a new m x n matrix
be = bl/ale
for each j € N — {e}

aej = al/'/ale
o = 1/as
// Compute the coefficients of the remaining constraints.
for eachi € B — {/}

5 = b — alei’;e

for each j € N — {e}

ai./ = az/ azeaz;

ail = 7aieael
// Compute the objective function.
D = v+ c.b,
for eachj eN— {e}

¢ = K — Cellej
El = 7Ceae1
// Compute new sets of basic and nonbasic variables.
N=N-—{eu{l}
B=B- {l} u e}
return (N, B, A, b.e D)
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The Pivot Step Formally

PIvOT(N, B, A,b,c,v,l,e)

// Compute the coefficients of the equation for new basic variable x,.

let A be a new m X n matrix

ge = bl/ale " " N -
for each j € N — {e} Rewrite “tight” equation

dej = aij/are for enterring variable Xe.
Ziel = l/ale

// Compute the coefficients of the remaining constraints.
for cachi € B — {I}

E = b; —a,ei’;e

for each j € N — {e}

aij - al/ azeazj

Ziil = 7aieael
// Compute the objective function.
V=v+ cege
for eachj eN — {e}

¢ = K — Cellej
El = 7Ceae1
// Compute new sets of basic and nonbasic variables.
N=N-—{eu{l}
B=B- {l} u e}
return (N. B, A,b,c, V)
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The Pivot Step Formally

PIvOT(N, B, A,b,c,v,l,e)

// Compute the coefficients of the equation for new basic variable x,.
let A be a new m x n matrix

Ae - bl/ale ; o 5 .
for each j € N — {e} Rewrite “tight” equation

Qoj = aij/a. for enterring variable xe.
Ziel = l/ale

// Compute the coefficients of the remaining constraints.
for cachi € B — {I}

bi = b —aicb. Substituting Xe into
for cach j € N —{e} other equations.
ajj = Qij — djelej
Ziil = 7aieael
// Compute the objective function.
D = v+ c.b,
foreachj eN —{e,
¢ = < — Cellej
El = 7Ceael
// Compute new sets of basic and nonbasic variables.
N=N-—{eu{l}
B=B- {l} U {e}
return (N. B, A,b,E, D)
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The Pivot Step Formally

PIvOT(N, B, A,b,c,v,l,e)
1 // Compute the coefficients of the equation for new basic variable x,.

2 let A be anew m x n matrix

3 e = bl/ale . “yr ] H

4 foreach j € N — {e} Rewrite “tight” equation
5 Qe = ay/as. for enterring variable xe.
6 au = 1/a

7 // Compute the coefficients of the remaining constraints.

8 foreachi € B —{l}

9 bi = b —aicb. Substituting xe into

10 for cach j € N —{e} other equations.

11 ajj = Qjj —djelej

12 aip = —Qielel

13 // Compute the objective function.
14 vV =v+ch,

IS5 for each j € N — {e} Substituting xe into
16 G = ¢ = Cele objective function.
17 E] = 7ceae1

18 // Compute new sets of basic and nonbasic variables.
19 N=N-—{euil}

20 B=B- {l} U {e}

21 return (N,B,A,b,E,ﬁ)
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The Pivot Step Formally

PIvOT(N, B, A,b,c,v,l,e)

// Compute the coefficients of the equation for new basic variable x,.
let A be a new m x n matrix

AE - bl/ale 1 [y ” H
for each j € N — {e} Rewrite “tight” equation

Qoj = aij/a. for enterring variable xe.
Ziel = l/ale

// Compute the coefficients of the remaining constraints.
for cachi € B — {I}

bi = b —aicb. Substituting Xe into
for cach j € N —{e} other equations.
Qij = Qij = dielej
aj] = —djele]
// Compute the objective function.
V=0 +ch, o .
for cach j € N — {e} Substituting xe into
&) = ¢j = Cellej objective function.
Cp = —Cele
// Compute new sets of basic and nonbasic variables.

]Sl =N —{e}U{l} Update non-basic
B = B—{l}U{c} and basic variables
return (N, B, A,b,¢,D)
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The Pivot Step Formally

PIvOT(N, B, A,b,c,v,l,e)

// Compute the coefficients of the equation for new basic variable x,.
let A be a new m x n matrix

be = bi/ae

for cach j € N — { Rewrite “tight” equation

ae/ = al]/ale

for enterring variable xe.

der = 1/ay.
// Compute the coefficients of the remaining constraints.
for cachi € B — {I}

bi = b —aicb. Substituting Xe into
for cach j € N —{e} other equations.
djj = Ajj —Qjelej
aj] = —djele]
// Compute the objective function.
V=0 +ch, o .
for cach j € N — {e} Substituting xe into
G = ¢ = Cele objective function.
El = 7Ceael
// Compute new sets of basic and nonbasic variables.

]Sl =N —{e}U{l} Update non-basic
B = B—{l}U{c} and basic variables
return (N, B, A,b,¢,D)
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Effect of the Pivot Step (extra material, non-examinable)

Lemma 29.1

Consider a call to PIVOT(N, B, A, b,c,v,l,e) in which a, # 0. Let the
values returned from the call be (N, B, A, b, ¢, V), and let X denote the
basic solution after the call. Then
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Effect of the Pivot Step (extra material, non-examinable)

Lemma 29.1

Consider a call to PIVOT(N, B, A, b,c,v,l,e) in which a, # 0. Let the

values returned from the call be (N, E, 2\,5, C,V), and let X denote the
basic solution after the call. Then

1.
2.

3.

X; =0foreachj e N.
Xe = b,/a,e.

X; = b — aiebe for each i € B\ {e}.
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Effect of the Pivot Step (extra material, non-examinable)

Lemma 29.1

Consider a call to PIVOT(N, B, A, b,c,v,l,e) in which a, # 0. Let the

values returned from the call be (N, E, 2\,5, C,V), and let X denote the
basic solution after the call. Then

1. X; =0foreachjc N.

2. Xe = b,/a,e.

3. X, = b — ajbe foreach i € B\ {e}.
Proof:

7. Linear Programming © T. Sauerwald Details of the Simplex Algorithm



Effect of the Pivot Step (extra material, non-examinable)

Lemma 29.1

Consider a call to PIVOT(N, B, A, b,c,v,l,e) in which a, # 0. Let the

values returned from the call be (N, E, 7\,5, C,V), and let X denote the
basic solution after the call. Then

1. X; =0foreachjc N.
2. Xe = b,/a,e.
3. X, = b — ajbe foreach i € B\ {e}.

Proof:

1. holds since the basic solution always sets all non-basic variables to zero.
2. When we set each non-basic variable to 0 in a constraint

Xi = B/ — Zé,,xh
jeN
we have X; = b; for each i € B. Hence X = be = bi/a.
3. After substituting into the other constraints, we have

Xi = b,‘ = b,‘ — a,—ebe.
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Effect of the Pivot Step (extra material, non-examinable)

Lemma 29.1

Consider a call to PIVOT(N, B, A, b,c,v,l,e) in which a, # 0. Let the

values returned from the call be (N, E, 7\,5, C,V), and let X denote the
basic solution after the call. Then

1. X; =0foreachjc N.
2. Xe = b,/a,e.
3. X, = b — ajbe foreach i € B\ {e}.

Proof:

1. holds since the basic solution always sets all non-basic variables to zero.
2. When we set each non-basic variable to 0 in a constraint

Xi = B/ — Zé,,xh
jeN
we have X; = b; for each i € B. Hence X = be = bi/a.
3. After substituting into the other constraints, we have

Xi = B,‘ =b— a,—eBe. O
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Formalizing the Simplex Algorithm: Questions

Questions:
* How do we determine whether a linear program is feasible?

= What do we do if the linear program is feasible, but the initial basic
solution is not feasible?

* How do we determine whether a linear program is unbounded?
* How do we choose the entering and leaving variables?
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Formalizing the Simplex Algorithm: Questions

Questions:
* How do we determine whether a linear program is feasible?

= What do we do if the linear program is feasible, but the initial basic
solution is not feasible?

* How do we determine whether a linear program is unbounded?
* How do we choose the entering and leaving variables?

[Example before was a particularly nice one! ]
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The formal procedure SIMPLEX

SIMPLEX (A, b, ¢)

(N,B, A,b,c,v) = INITIALIZE-SIMPLEX (A4, b, ¢)
let A be a new vector of length m
while some index j € N hasc; > 0
choose an index e € N for which ¢, > 0
for each index i € B
ifa;,, >0
A; = bi/ai.
else A; = o0
choose an index / € B that minimizes A;
if Aj ==o00
return “unbounded”
else (N, B, A,b,c,v) = PIVOT(N, B, A,b,c,v,l,e)
fori = 1ton

ifi € B
)_C,' = b;
else x; =0
return (X, X,,...,%,)
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The formal procedure SIMPLEX

SIMPLEX (A, b, ¢)

let A be a new vector of length m

Returns a slack form with a
(N,B,A,b,c,v) = INITIALIZE-SIMPLEX (4, b, ¢) feasible basic solution (if it exists)

1

while some index j € N hasc; > 0
choose an index e € N for which ¢, > 0
for each index i € B
ifa,, >0
A; = bi/ai.
else A; = o0
choose an index / € B that minimizes A;
if Aj ==o00
return “unbounded”
else (N, B, A,b,c,v) = PIVOT(N, B, A,b,c,v,l,e)
fori = 1ton

ifi € B
)_C,' = b[
else x;, =0
return (X, X,,...,%,)
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The formal procedure SIMPLEX

SIMPLEX (4, b, ¢) Returns a slack form with a
(N,B,A,b,c,v) = INITIALIZE-SIMPLEX (4, b, ¢) feasible basic solution (if it exists)

1

choose an index e € N for which ¢, > 0

for each index i € B

ifa;, >0
A; = bi/ai.
else A; = o0

choose an index / € B that minimizes A;

if A; ==00
return “unbounded”

else (N, B, A,b,c,v) = PIVOT(N, B, A,b,c,v,l,e)

fori = 1ton

ifi e B
)_C,' = b[
else x;, =0
return (X, X,,...,%,)

1

7. Linear Programming © T. Sauerwald

Details of the Simplex Algorithm



The formal procedure SIMPLEX

SIMPLEX (4, b, ¢) Returns a slack form with a
(N,B,A,b,c,v) = INITIALIZE-SIMPLEX (4, b, ¢) feasible basic solution (if it exists)

1

choose an index e € N for which ¢, > 0
for each index i € B

ifa,, >0

A; = bi/ai.

else A; = o0
choose an index / € B that minimizes A
if A; ==00

return “unbounded”

else (N, B, A,b,c,v) = PIVOT(N, B, A,b,c,v,l,e)

fori = 1ton

ifi e B
)_C,' = b[
else x;, =0
return (X1, X5, ...,X,)

1

(Main Loop:

i

7. Linear Programming © T. Sauerwald

Details of the Simplex Algorithm




The formal procedure SIMPLEX

SIMPLEX (4, b, ¢) Returns a slack form with a
(N,B,A,b,c,v) = INITIALIZE-SIMPLEX (4, b, ¢) feasible basic solution (if it exists)

J

1
2 let A beanew vectorof lengthm_ _ _ _ __ __ __ _ 3=
3, while some ind.exj € Nhasc; >0 v (Main Loop:
41 choose an index e € N for which ¢, > 0 1 . . - .
5 1 for each index i € B | = terminates if all coefficients in
6 : i o 1 objective function are
. taje > ! non-positive
7 A; = bi/aje < ) ) ) )
g 1 else A; = 0o X u Llnel4 plcks_ lenternng yarlable
9 : choose an index / € B that minimizes A; : v il gl CuB it
10 ! if A; == 00 1 ® Lines 6 — 9 pick the tightest
1 | return “unbounded” ! constraint, associated with X
1
121 else (N,B.A,b,c,v) = PIVOT(N, B, A,b,c,v,l,e) 1 = Line 11 returns “unbounded” if
13 fori = 1ton there are no constraints
14 if i G_B = Line 12 calls PIvoT, switching
15 X = b roles of x; and X,
16 else ¥, = 0 ~
17 return (X1, X5, ...,X,)
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The formal procedure SIMPLEX

SIMPLEX (4, b, ¢) Returns a slack form with a
(N,B,A,b,c,v) = INITIALIZE-SIMPLEX (4, b, ¢) feasible basic solution (if it exists)

J

1
2 let Abeanew vectoroflengthm _ _ M=
3 :whilesomeindexjeNhascj>0 : fMainLoop:
41 choose an index e € N for which ¢, > 0 1 ) . . .
5! for cach index i € B 1 = terminates if all coefficients in
6 : i 0 ! objective function are
; : i aieA>< ~ b/, : non-positive
g ! else A“ _ 023 " :< = Line 4 picks enterring variable
[ . " SN
9 : choose an index / € B that minimizes A; : Xe With positive coefficient
10 ! if A ==0c0 1 ® Lines 6 — 9 pick the tightest
11 : return “unbounded” ! constraint, associated with x;
1
120 else (N,B,A,b,c,v) = PIVOT(N,B,A,b.c,v.l.e) 1 ® Line 11 returns “unbounded” if
13 fori =1ton there are no constraints
14 ifieB ® Line 12 calls PIvoT, switching
15 X = b; roles of x; and xe
16 else x; =0 ~
17 return (%1, %5, ..., %) ﬁ Return corresponding solution. ]
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The formal procedure SIMPLEX

SIMPLEX (4, b, ¢) Returns a slack form with a
1 (N,B,A,b,c,v) = INITIALIZE-SIMPLEX (4, b, ¢) feasible basic solution (if it exists)

1

1

41 choose an index e € N for which ¢, > 0 :
5 : for each index i € B :
6 : ifa;, >0 1
7 A; = bi/a;. X
8 : else A; = o0 1
9, choose an index / € B that minimizes A; :
10 : if Aj ==o00 1
11, return “unbounded” X
121 _else(N, B.Ab.c,v) =PIVOT(N,B, A bc.v.le)
13 fori = 1ton
14 ifi € B
15 )_C,' = b;
16 else x; =0
17  return (X, X3, ...,X,)

Lemma 29.2

Suppose the call to INITIALIZE-SIMPLEX in line 1 returns a slack form for which
the basic solution is feasible. Then if SIMPLEX returns a solution, it is a feasible
solution. If SIMPLEX returns “unbounded”, the linear program is unbounded.
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The formal procedure SIMPLEX

SIMPLEX (4, b, ¢) Returns a slack form with a
1 (N,B,A,b,c,v) = INITIALIZE-SIMPLEX (4, b, ¢) feasible basic solution (if it exists)

J

2

3 1
4 : choose an index e € N for which ¢, > 0 :
5, for each index i € B :
6 : ifa;, >0 1
7 A,‘ = b,-/aie :
8 : else A; = o0 1
9, :
10 ! 1
! 1
11y

choose an index / € B that minimizes A;
if A; ==00
return “unbounded”

Proof is based on the following three-part loop invariant:

Lemma 29.2 .I,/

Suppose the call to INITIALIZE-SIMPLEX in line 1 returns a slack form for which
the basic solution is feasible. Then if SIMPLEX returns a solution, it is a feasible
solution. If SIMPLEX returns “unbounded”, the linear program is unbounded.
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The formal procedure SIMPLEX

SIMPLEX (4, b, ¢) Returns a slack form with a
1 (N,B,A,b,c,v) = INITIALIZE-SIMPLEX (4, b, ¢) feasible basic solution (if it exists)

J

2

3 1
41 choose an index e € N for which ¢, > 0 :
5, foreachindexi € B !
6 : ifa;, >0 1
7 A,‘ = b,-/aie :
8 : else A; = o0 1
9, :
10 ! 1
! 1
11y

choose an index / € B that minimizes A;
if A; ==00
return “unbounded”

Proof is based on the following three-part loop invariant:

1. the slack form is always equivalent to the one returned by INITIALIZE-SIMPLEX,

2. for each i € B, we have b; > 0,
3. the basic solution associated with the (current) slack form is feasible.

Lemma 29.2 .I,/

Suppose the call to INITIALIZE-SIMPLEX in line 1 returns a slack form for which
the basic solution is feasible. Then if SIMPLEX returns a solution, it is a feasible
solution. If SIMPLEX returns “unbounded”, the linear program is unbounded.

7. Linear Programming © T. Sauerwald Details of the Simplex Algorithm



Outline

Finding an Initial Solution
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Finding an Initial Solution

maximise 2x;  — Xo
subject to
2X1 — Xo < 2
X1 — 5X2 < —4
X1, X2 > 0
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Finding an Initial Solution

maximise 2x;  — Xo
subject to
2X1 — X2 < 2
X4 — 5x2 < -4
X1, X2 > 0
|
i Conversion into slack form
v
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Finding an Initial Solution

maximise 2x;  — Xo
subject to
2X1 — Xo S 2
X4 — 5x2 < -4
X1, X2 > 0
|
i Conversion into slack form
v
z = 2xy  — Xo
X3 = 2 — 2Xx + Xo
Xxx = -4 - X1 + 5x
N

[Basic solution (x4, X2, X3, X4) = (0, 0,2, —4) is not feasible!]
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Geometric lllustration

2x 1 Xo

maximise
subject to

16

Finding an Initial Solution
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Geometric lllustration

2X1 Xo

maximise
subject to

16

Finding an Initial Solution
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Geometric lllustration

maximise 2xy  — Xo
subject to
2X1 — Xo < 2
X1 — bxx < —4 | Questions:
X1, X2 2 0 | = How to determine whether
Xo there is any feasible solution?
‘ ‘ = If there is one, how to determine
| | Iy an initial basic solution?
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Formulating an Auxiliary Linear Program

- n
maximise 2oim1 GX
subject to
n
21:1 ajX;

< b fori=1,2,...
x > 0 forj=1,2,...

S 3

7. Linear Programming © T. Sauerwald Finding an Initial Solution



Formulating an Auxiliary Linear Program

maximise Dot GiXi
subject to
Sisapx < b fori=1,2,...,m,
x > 0 forj=1,2,...,n

i Formulating an Auxiliary Linear Program
Y
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Formulating an Auxiliary Linear Program

maximise Dot GiXi
subject to
Sisapx < b fori=1,2,...,m,
x > 0 forj=1,2,...,n
i Formulating an Auxiliary Linear Program
Y
maximise —Xo
subject to

b fori=1,2,...,m,
0 forj=0,1,...,n

n
2oje1 8iXi — Xo
Xj

IV IA
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Formulating an Auxiliary Linear Program

maximise Dot GiXi
subject to
Sisapx < b fori=1,2,...,m,
x > 0 forj=1,2,...,n
i Formulating an Auxiliary Linear Program
Y
maximise —Xo
subject to

Siaixi—x < b fori=1,2,....m,
x > 0 forj=0,1,...,n
Lemma 29.11
Let Laux be the auxiliary LP of a linear program L in standard form. Then
L is feasible if and only if the optimal objective value of L is 0.
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Formulating an Auxiliary Linear Program

maximise Dot GiXi
subject to
Sisapx < b fori=1,2,...,m,
x > 0 forj=1,2,...,n
\i’ Formulating an Auxiliary Linear Program
maximise —Xo
subject to
Siaixi—x < b fori=1,2,....m,
x > 0 forj=0,1,...,n
Lemma 29.11

Let Laux be the auxiliary LP of a linear program L in standard form. Then
L is feasible if and only if the optimal objective value of L is 0.

Proof.
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Formulating an Auxiliary Linear Program

maximise Dot GiXi
subject to
Sisapx < b fori=1,2,...,m,
x > 0 forj=1,2,...,n
i Formulating an Auxiliary Linear Program
Y
maximise —Xo
subject to

Siaixi—x < b fori=1,2,....m,
x > 0 forj=0,1,...,n

Lemma 29.11

Let Laux be the auxiliary LP of a linear program L in standard form. Then
L is feasible if and only if the optimal objective value of L is 0.

Proof.
= “=": Suppose L has a feasible solution X = (X1, X2,...,Xn)
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Formulating an Auxiliary Linear Program

maximise Dot GiXi
subject to
Sisapx < b fori=1,2,...,m,
x > 0 forj=1,2,...,n
i Formulating an Auxiliary Linear Program
Y
maximise —Xo
subject to

Yiiaixi—x < b fori=1,2,....m,
x > 0 forj=0,1,...,n

Lemma 29.11

Let Laux be the auxiliary LP of a linear program L in standard form. Then
L is feasible if and only if the optimal objective value of L is 0.

Proof.
= “=": Suppose L has a feasible solution X = (X1, X2,...,Xn)
= Xo = 0 combined with X is a feasible solution to Laux with objective value 0.
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Formulating an Auxiliary Linear Program

maximise Dot GiXi
subject to
Sisapx < b fori=1,2,...,m,
x > 0 forj=1,2,...,n
i Formulating an Auxiliary Linear Program
Y
maximise —Xo
subject to

Yiiaixi—x < b fori=1,2,....m,
x > 0 forj=0,1,...,n
Lemma 29.11

Let Laux be the auxiliary LP of a linear program L in standard form. Then
L is feasible if and only if the optimal objective value of L is 0.

Proof.
= “=": Suppose L has a feasible solution X = (X1, X2,...,Xn)

= Xo = 0 combined with X is a feasible solution to Laux with objective value 0.
= Since Xg > 0 and the objective is to maximise —xg, this is optimal for Laux
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Formulating an Auxiliary Linear Program

maximise Dot GiXi
subject to
Sisapx < b fori=1,2,...,m,
x > 0 forj=1,2,...,n
i Formulating an Auxiliary Linear Program
Y
maximise —Xo
subject to

Yiiaixi—x < b fori=1,2,....m,
x > 0 forj=0,1,...,n

Lemma 29.11

Let Laux be the auxiliary LP of a linear program L in standard form. Then
L is feasible if and only if the optimal objective value of L is 0.

Proof.
= “=": Suppose L has a feasible solution X = (X1, X2,...,Xn)

= Xo = 0 combined with X is a feasible solution to Laux with objective value 0.
= Since Xg > 0 and the objective is to maximise —xg, this is optimal for Laux

= “<": Suppose that the optimal objective value of Layx is O
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Formulating an Auxiliary Linear Program

maximise Dot GiXi
subject to
Sisapx < b fori=1,2,...,m,
x > 0 forj=1,2,...,n
i Formulating an Auxiliary Linear Program
Y
maximise —Xo
subject to

Yiiaixi—x < b fori=1,2,....m,
x > 0 forj=0,1,...,n
Lemma 29.11
Let Laux be the auxiliary LP of a linear program L in standard form. Then
L is feasible if and only if the optimal objective value of L is 0.

Proof.
= “=": Suppose L has a feasible solution X = (X1, X2,...,Xn)

= Xo = 0 combined with X is a feasible solution to Laux with objective value 0.
= Since Xg > 0 and the objective is to maximise —xg, this is optimal for Laux

= “<": Suppose that the optimal objective value of Layx is O
= Then Xy = 0, and the remaining solution values (X1, X2, ..., Xn) satisfy L.
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Formulating an Auxiliary Linear Program

maximise Dot GiXi
subject to
Sisapx < b fori=1,2,...,m,
x > 0 forj=1,2,...,n
i Formulating an Auxiliary Linear Program
Y
maximise —Xo
subject to

Yiiaixi—x < b fori=1,2,....m,
x > 0 forj=0,1,...,n
Lemma 29.11
Let Laux be the auxiliary LP of a linear program L in standard form. Then
L is feasible if and only if the optimal objective value of L is 0.

Proof.
= “=": Suppose L has a feasible solution X = (X1, X2,...,Xn)

= Xo = 0 combined with X is a feasible solution to Laux with objective value 0.
= Since Xg > 0 and the objective is to maximise —xg, this is optimal for Laux

= “<": Suppose that the optimal objective value of Layx is O
= Then Xy = 0, and the remaining solution values (X1, X, ..., Xn) satisfy L. [
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= Let us illustrate the role of xy as “distance from feasibility”
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= Let us illustrate the role of xp as “distance from feasibility”
= We'll also see that increasing xg enlarges the feasible region
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Geometric lllustration

maximise —Xo
subject to
2X4 — X2 — Xo < 2
Xq — 5x2 — Xo < -4
Xo, X1, X2 > 0
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subject to
2X4 — X2 — Xo < 2
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Xo, X1, X2 > 0

7. Linear Programming © T. Sauerwald Finding an Initial Solution 19



Geometric lllustration

maximise
subject to

—Xo

«
=}

19

Finding an Initial Solution
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Geometric lllustration

maximise —Xo
subject to
2X4 — X2 — Xo < 2
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Geometric lllustration
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subject to
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Xo, X1, X2 > 0
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Geometric lllustration

maximise —Xo
subject to
2X1 — Xo —
X1 — 5X2 —
Xo, X1, X2

Xo

(AVAVARVAN
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Geometric lllustration
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subject to
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= Let us now modify the original linear program so that it is not
feasible
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= Let us now modify the original linear program so that it is not
feasible

= Hence the auxiliary linear program has only a solution for a
sufficiently large xg > 0!
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INITIALIZE-SIMPLEX

INITIALIZE-SIMPLEX (A, b, ¢)

15
16

let k be the index of the minimum b;
ifby >0 // is the initial basic solution feasible?
return ({1,2,...,n} , {n+1,n+2,....n +m}, A b, c,0)
form L, by adding —x, to the left-hand side of each constraint
and setting the objective function to —x,
let (N, B, A, b, c,v) be the resulting slack form for L
Il =n+k
// L. has n + 1 nonbasic variables and m basic variables.
(N,B,A,b,c,v) = PIVOT(N, B, A,b,c,v,1,0)
// The basic solution is now feasible for L.
iterate the while loop of lines 3—12 of SIMPLEX until an optimal solution
to L,y is found
if the optimal solution to L, sets Xq to 0
if X, is basic
perform one (degenerate) pivot to make it nonbasic
from the final slack form of L, remove x, from the constraints and
restore the original objective function of L, but replace each basic
variable in this objective function by the right-hand side of its
associated constraint
return the modified final slack form
else return “infeasible”
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INITIALIZE-SIMPLEX

Test solution with N = {1,2,...,n}, B={n+1,n+

INITIALIZE-SIMPLEX (4, b, ¢) 2,...,n+m}, X; = b; for i € B, X; = 0 otherwise.
1 let k be the index of the minimum b; =—
2 ifb, >0 // is the initial basic solution feasible?
3 return ({1,2,...,n} , {n+1,n+2,....n +m}, A b, c,0)
4 form L, by adding —x, to the left-hand side of each constraint

and setting the objective function to —x,

5 let (N, B, A,b,c,v) be the resulting slack form for L,

6 l=n+k

7 /| L. has n + 1 nonbasic variables and m basic variables.

8 (N,B,A,b,c,v) = PIVOT(N, B, A,b,c,v,1,0)

9 // The basic solution is now feasible for L.

0 iterate the while loop of lines 3—12 of SIMPLEX until an optimal solution
to L,y is found

11 if the optimal solution to L,,, sets Xq to 0

12 if X, is basic
13 perform one (degenerate) pivot to make it nonbasic
14 from the final slack form of L, remove x, from the constraints and

restore the original objective function of L, but replace each basic
variable in this objective function by the right-hand side of its
associated constraint

15 return the modified final slack form

16 else return “infeasible”
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Test solution with N = {1,2,...,n}, B={n+1,n+
2,...,n+m}, x; = b for i € B, X; = 0 otherwise.

let k be the index of the minimum b; =—
ifby >0 // is the initial basic solution feasible?
return ({1,2,...,n} , {n+1,n+2,....n +m}, A b, c,0)
form L, by adding —x, to the left-hand side of each constraint
and setting the objective function to —x, - - a
let (N, B, A, b, c,v) be the resulting slack form for L £ will be the leaving variable so
I =n+k that x, has the most negative value.
// L. has n + 1 nonbasic variables and m basic variables.
(N,B,A,b,c,v) = PIVOT(N, B, A,b,c,v,1,0)
// The basic solution is now feasible for L.
iterate the while loop of lines 3—12 of SIMPLEX until an optimal solution
to L,y is found
if the optimal solution to L, sets Xq to 0
if X, is basic
perform one (degenerate) pivot to make it nonbasic
from the final slack form of L, remove x, from the constraints and
restore the original objective function of L, but replace each basic
variable in this objective function by the right-hand side of its
associated constraint
return the modified final slack form
else return “infeasible”
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and setting the objective function to —x, - - a
let (N, B, A, b, c,v) be the resulting slack form for L £ will be the leaving variable so
I =n+k that x, has the most negative value.
// L. has n + 1 nonbasic variables and m basic variables.
(N, B, A,b,c,v) = PIVOT(N, B, 4.,b.¢,v.1,0) ‘( Pivot step with x, leaving and X, entering. ]
// The basic solution is now feasible for L.
iterate the while loop of lines 3—12 of SIMPLEX until an optimal solution
to Ly is found
if the optimal solution to L, sets Xq to 0
if X, is basic
perform one (degenerate) pivot to make it nonbasic
from the final slack form of L, remove x, from the constraints and
restore the original objective function of L, but replace each basic
variable in this objective function by the right-hand side of its
associated constraint
return the modified final slack form
else return “infeasible”
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Test solution with N = {1,2,...,n}, B={n+1,n+

INITIALIZE-SIMPLEX (4, b, ¢) 2,...,n+m}, X; = b; for i € B, X; = 0 otherwise.

15
16

let k be the index of the minimum b; =—
ifby >0 // is the initial basic solution feasible?
return ({1,2,...,n} , {n+1,n+2,....n +m}, A b, c,0)
form L, by adding —x, to the left-hand side of each constraint
and setting the objective function to —x, - - a
let (N, B, A, b, c,v) be the resulting slack form for L £ will be the leaving variable so
I =n+k that x, has the most negative value.
// L. has n + 1 nonbasic variables and m basic variables.
(N, B, A,b,c,v) = PIVOT(N, B, A,b,¢,v,1,0) ‘( Pivot step with x, leaving and X, entering. J
// The basic solution is now feasible for L.
iterate the while loop of lines 3—12 of SIMPLEX until an optimal solution
to Ly is found
if the optimal solution to L, sets X, to 0 This pivot step does not change
if Xo is basic ) ) ) the value of any variable.
perform one (degenerate) pivot to make it nonbasic
from the final slack form of L, remove x, from the constraints and
restore the original objective function of L, but replace each basic
variable in this objective function by the right-hand side of its
associated constraint
return the modified final slack form
else return “infeasible”
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Example of INITIALIZE-SIMPLEX (1/3)

maximise 2xy  — Xo
subject to
2X1 — X2
X1 — 5X2
X1, X2

IV IAIA
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Example of INITIALIZE-SIMPLEX (1/3)

maximise 2xy  — Xo
subject to
2X1 — X2
Xy — 55X
X1, X2

IV IAIA

|
i Formulating the auxiliary linear program
|

\4
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Example of INITIALIZE-SIMPLEX (1/3)

maximise 2xy  — Xo
subject to
2X1 — X2 < 2
X1 — 5X2 S —4
X1, X2 > 0

|
i Formulating the auxiliary linear program
|

A\
maximise - X
subject to
2X1 — X2 — X0 < 2
X1 — 5X2 — Xo < -4
X1, X2, Xo > 0
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Example of INITIALIZE-SIMPLEX (1/3)

maximise 2xy  — Xo
subject to
2X1 — X2
Xy — 55X
X1, X2

IV IAIA

|
i Formulating the auxiliary linear program
|

Y
maximise
subject to
2X1 — Xo
X1 — bx
X1, X2, Xo

Xo

Xo
Xo

IV AN IA

2
—4
0

|
| Converting into slack form
|

\4
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Example of INITIALIZE-SIMPLEX (1/3)

maximise 2xy  — Xo
subject to
2X1 — X2 < 2
X1 — 5X2 < —4
X1, X2 > 0

|
i Formulating the auxiliary linear program
|

A\
maximise - X
subject to
2X1 — X2 — X0 < 2
X1 — 5X2 — Xo < -4
X1, X2, Xo Z 0
|
| Converting into slack form
\Z
V4 = — X0
X3 = 2 - 2x9 + X2 + X
xx = -4 - X1 + 5 + X
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Example of INITIALIZE-SIMPLEX (1/3)

maximise 2xy  — Xo
subject to
2X1 — X2 < 2
X1 — 5X2 S —4
X1, X2 > 0

|
i Formulating the auxiliary linear program
|

A\
maximise - X
subject to
2X1 — X2 — X0 < 2
XX — 5% - x < -4
X1, X2, Xo > 0
Basic solution ‘
(0,0,0,2, —4) not feasible! | Converting into slack form
N v
V4 = — X0
X3 = 2 - 2 + X2 + X
xx = -4 - X1 + 5 + X
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Example of INITIALIZE-SIMPLEX (2/3)

Z =

X3 = 2 21 + X 4+ X
X4s = -4 - Xy + 5% + X
7. Linear Programming © T. Sauerwald Finding an Initial Solution 24



Example of INITIALIZE-SIMPLEX (2/3)

z = — Xo
X3 = 2 — 24 4+ X 4+ X
Xx = -4 - xx + 5 + X

|
i Pivot with X, entering and x4 leaving
2
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Example of INITIALIZE-SIMPLEX (2/3)

z
X3
X4

Xo
X3

2 — 24 4+ X 4+ X
-4 - x1 + 5% + X

|
i Pivot with x, entering and x4 leaving
2

< + 5xo - x4
4 4+ X — 5% + Xa
6 — X — 4% + Xz
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Example of INITIALIZE-SIMPLEX (2/3)

z = — Xo
X3 = 2 -  2x + X2 +  Xo
X4s = -4 - Xy + 5% + X

|
i Pivot with x, entering and x4 leaving
2

4 = -4 - x4 + 5xo - x4
Xo = 4 4+ X — 5% + Xa
] X = 6 — X1 — 4 + x4

[Basic solution (4,0,0,6,0) is feasible!]
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Example of INITIALIZE-SIMPLEX (2/3)

z = — Xo
X3 = 2 -  2x + X2 +  Xo
X4s = -4 - Xy + 5% + X

|
i Pivot with xo entering and x4 leaving
\Z

4 = -4 - x4 + 5xo - x4
Xo = 4 4+ X — 5% + Xa
] X = 6 — X1 — 4 + x4

[Basic solution (4,0,0,6,0) is feasible!

|
] i Pivot with x» entering and xp leaving

\4
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Example of INITIALIZE-SIMPLEX (2/3)

z = - X
X3 = 2 -  2x + X2 +  Xo
X4 = -4 - Xy + 5% 4+ X
|
1 Pivot with xo entering and x4 leaving
v
z = -4 - x5 4+ 5 - x
Xo = 4 4+ X — 5% + Xa
] X = 6 — xx — 4x + X

[Basic solution (4,0,0,6,0) is feasible!

X2

X3 =

S INETS

|
] i Pivot with x» entering and xp leaving

Y
Xo X1 X4
*45**915*15
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Example of INITIALIZE-SIMPLEX (2/3)

V4 = — Xo
X3 = 2 -  2x + X2 +  Xo
Xy = -4 - X1+ 5% 4+ X

|
i Pivot with xo entering and x4 leaving
\Z

4 = -4 - x4 + 5xo - x4
Xo = 4 4+ X — 5% + Xa
] X = 6 — X1 — 4 + x4

[Basic solution (4,0,0,6,0) is feasible!] b . ) i
! Pivot with x» entering and xp leaving

A\
V4 = — X0
X _ 14 + 4X0 _ 9X1 + X4
s = 5 " 5 5 5

[Optimal solution has xo = 0, hence the initial problem was feasible!j

7. Linear Programming © T. Sauerwald Finding an Initial Solution
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Example of INITIALIZE-SIMPLEX (3/3)

z
X2

X3 =

aois

Xo
Xo X1
5 t 3
4% _ 9
5 5

gixolx
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Example of INITIALIZE-SIMPLEX (3/3)

z = — X
4 _  x X1 Xs
S R R
_ 14 A0 . IX1 A4
¥ = 5 T 5 5 T 3

Set xo = 0 and express objective function
by non-basic variables
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Example of INITIALIZE-SIMPLEX (3/3)

z = — X
4 _  x X1 Xs
S R R
_ 14 A0 . IX1 A4
¥ = 5 T 5 5 T 3

by non-basic variables

i Set xo = 0 and express objective function
)] y

~N
z = -4 4 I %(oi
X = g + 2 o+ 2
X 14 9x X
s = 5 T 5
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Example of INITIALIZE-SIMPLEX (3/3)

z = — X
4 _  x X1 Xs
S R R
_ 14 A0 . IX1 A4
¥ = 5 T 5 5 T 3

i Set xo = 0 and express objective function
)] by non-basic variables
A\

~N
z — _4 + 9X1 _ X4
2 X . 2
— 1 4
Xo — 5 + 9‘5 +

[Basic solution (0, 2, %, 0), which is feasible!]
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Example of INITIALIZE-SIMPLEX (3/3)

z = — X
4 _  x X1 Xs
S R R
_ 14 A0 . IX1 A4
¥ = 5 T 5 5 T 3

i Set xo = 0 and express objective function
)] by non-basic variables
A\

~N
z — _4 + 9X1 _ X4
2 X . 2
— 1 4
Xo — 5 + 9‘5 +

[Basic solution (0, 2, %, 0), which is feasible!]

Lemma 29.12

If a linear program L has no feasible solution, then INITIALIZE-SIMPLEX
returns “infeasible”. Otherwise, it returns a valid slack form for which the
basic solution is feasible.
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Fundamental Theorem of Linear Programming

Theorem 29.13 (Fundamental Theorem of Linear Programming)
Any linear program L, given in standard form, either
1. has an optimal solution with a finite objective value,
2. is infeasible, or
3. is unbounded.

N\
\

If L is infeasible, SIMPLEX returns “infeasible”. If L is unbounded, SIMPLEX returns
“unbounded”. Otherwise, SIMPLEX returns an optimal solution with a finite objective value.

7. Linear Programming © T. Sauerwald Finding an Initial Solution 26



Fundamental Theorem of Linear Programming

Theorem 29.13 (Fundamental Theorem of Linear Programming)
Any linear program L, given in standard form, either
1. has an optimal solution with a finite objective value,
2. is infeasible, or
3. is unbounded.

N\
\

[ If L is infeasible, SIMPLEX returns “infeasible”. If L is unbounded, SIMPLEX returns ]

“unbounded”. Otherwise, SIMPLEX returns an optimal solution with a finite objective value.

Proof requires the concept of duality, which is not covered
in this course (for details see CLRS3, Chapter 29.4)
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Workflow for Solving Linear Programs

[Linear Program (in any form)]

|

( Standard Form ]
[ Slack Form J
No Feasible Solution Feasible Basic Solution
INITIALIZE-SIMPLEX terminates INITIALIZE-SIMPLEX followed by SIMPLEX

/

LP unbounded LP bounded
SIMPLEX terminates SIMPLEX returns optimum
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Linear Programming and Simplex: Summary and Outlook

Linear Programming
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Linear Programming and Simplex: Summary and Outlook

Linear Programming

= extremely versatile tool for modelling problems of all kinds

7. Linear Programming © T. Sauerwald Finding an Initial Solution

28
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Linear Programming

= extremely versatile tool for modelling problems of all kinds
= basis of Integer Programming, to be discussed in later lectures
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Linear Programming and Simplex: Summary and Outlook

Linear Programming

= extremely versatile tool for modelling problems of all kinds
= basis of Integer Programming, to be discussed in later lectures

~——— Simplex Algorithm

= |n practice: usually terminates in
polynomial time, i.e., O(m+ n)

X3

X2
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Linear Programming and Simplex: Summary and Outlook

Linear Programming

= extremely versatile tool for modelling problems of all kinds
= basis of Integer Programming, to be discussed in later lectures

~——— Simplex Algorithm X3
= |n practice: usually terminates in X2
polynomial time, i.e., O(m+ n)

= In theory: even with anti-cycling may
need exponential time

s
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Linear Programming and Simplex: Summary and Outlook

Linear Programming

= extremely versatile tool for modelling problems of all kinds
= basis of Integer Programming, to be discussed in later lectures

~— Simplex Algorithm X3
= |n practice: usually terminates in
polynomial time, i.e., O(m+ n)

= In theory: even with anti-cycling may
need exponential time
o

[

Research Problem: Is there a pivoting rule which
makes SIMPLEX a polynomial-time algorithm?

X2

s
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Linear Programming and Simplex: Summary and Outlook

Linear Programming

= extremely versatile tool for modelling problems of all kinds
= basis of Integer Programming, to be discussed in later lectures

~— Simplex Algorithm X3
= |n practice: usually terminates in
polynomial time, i.e., O(m+ n)

= In theory: even with anti-cycling may
need exponential time
o

[

Research Problem: Is there a pivoting rule which
makes SIMPLEX a polynomial-time algorithm?

Polynomial-Time Algorithms

X2

s
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Linear Programming and Simplex: Summary and Outlook

Linear Programming

= extremely versatile tool for modelling problems of all kinds
= basis of Integer Programming, to be discussed in later lectures

~— Simplex Algorithm X3
= |n practice: usually terminates in X2
polynomial time, i.e., O(m+ n)

= In theory: even with anti-cycling may
need exponential time .
o

s

Research Problem: Is there a pivoting rule which
makes SIMPLEX a polynomial-time algorithm?

Polynomial-Time Algorithms X3
= |nterior-Point Methods: traverses the X2
interior of the feasible set of solutions
(not just vertices!)

X1
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Linear Programming and Simplex: Summary and Outlook

Linear Programming

= extremely versatile tool for modelling problems of all kinds
= basis of Integer Programming, to be discussed in later lectures

~— Simplex Algorithm X3

= |n practice: usually terminates in X2
polynomial time, i.e., O(m + n)

= In theory: even with anti-cycling may

need exponential time )
W ‘\))(1
Research Problem: Is there a pivoting rule which
makes SIMPLEX a polynomial-time algorithm?

Polynomial-Time Algorithms X3
= |nterior-Point Methods: traverses the X2
interior of the feasible set of solutions
(not just vertices!)
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Outline

Appendix: Cycling and Termination (non-examinable)
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Termination

Degeneracy: One iteration of SIMPLEX leaves the objective value unchanged.
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Termination

Degeneracy: One iteration of SIMPLEX leaves the objective value unchanged.

z = Xr + X2 + X3
X4 = 8 — X1 — X2
X5 = Xo — X3
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Termination

Degeneracy: One iteration of SIMPLEX leaves the objective value unchanged.

z = Xr + X2 + X3
X4 = 8 — X1 — X2
X5 = Xo — X3

i Pivot with x; entering and xs leaving
\4
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Termination

Degeneracy: One iteration of SIMPLEX leaves the objective value unchanged.

z = Xr + X2 + X3
X4 = 8 — X1 — X2
X5 = Xo — X3

i Pivot with x; entering and xs leaving
\4

z = 8 + Xz — X4
X1 = 8 — Xo — X4
X5 = Xo — X3
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Termination

Degeneracy: One iteration of SIMPLEX leaves the objective value unchanged.

z = Xr + X2 + X3
X4 = 8 — X1 — X2
X5 = Xo — X3

i Pivot with x; entering and xs leaving
\4

z = 8 + X3 — X
X1 = 8 — X2 — X4
Xs = X2 = X3

i Pivot with x3 entering and xs leaving
v
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Termination

Degeneracy: One iteration of SIMPLEX leaves the objective value unchanged.

z = Xr + X2 + X3
X4 = 8 — X1 — X2
X5 = Xo — X3

i Pivot with x; entering and x4 leaving
\4

z = 8 + X3 — X4

X1 = 8 — Xo — Xa

X5 = Xo — X3
i Pivot with x3 entering and xs leaving
v

zZ = 8 4+ X2 - X2 — Xs

X1 = 8 — Xo — Xa

X3 = X2 - X5
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Termination

Degeneracy: One iteration of SIMPLEX leaves the objective value unchanged.

z = Xr + X2 + X3
X4 = 8 — X1 — X2
X5 = Xo — X3

i Pivot with x4 entering and x4 leaving
\4

z = 8 + X3 — X
X1 = 8 — X2 — X4
X5 = X2 — X3

|
Cycling: If additionally slack form at two ! Pivot with x3 entering and xs leaving
iterations are identical, SIMPLEX fails to terminate! |v

z = 8 + X - X4 - X5
X1 = 8 — X2 — X4
X3 = X2 - X5
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Exercise: Execute one more step of the Simplex Algorithm on
the tableau from the previous slide.
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Termination and Running Time

Cycling: SIMPLEX may fail to terminate.
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Termination and Running Time

It is theoretically possible, but very rare in practice.]

~NJ
Cycling: SIMPLEX may fail to terminate.
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Termination and Running Time

It is theoretically possible, but very rare in practice.]

~NJ
Cycling: SIMPLEX may fail to terminate.

Anti-Cycling Strategies
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Termination and Running Time

It is theoretically possible, but very rare in practice.]

~NJ
Cycling: SIMPLEX may fail to terminate.

Anti-Cycling Strategies

1. Bland’s rule: Choose entering variable with smallest index
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Termination and Running Time

It is theoretically possible, but very rare in practice.]

~NJ
Cycling: SIMPLEX may fail to terminate.

Anti-Cycling Strategies

1. Bland’s rule: Choose entering variable with smallest index
2. Random rule: Choose entering variable uniformly at random
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Termination and Running Time

It is theoretically possible, but very rare in practice.]

~NJ
Cycling: SIMPLEX may fail to terminate.

Anti-Cycling Strategies

1. Bland’s rule: Choose entering variable with smallest index
2. Random rule: Choose entering variable uniformly at random

3. Perturbation: Perturb the input slightly so that it is impossible to have
two solutions with the same objective value
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Termination and Running Time

It is theoretically possible, but very rare in practice.]

~NJ
Cycling: SIMPLEX may fail to terminate.

Anti-Cycling Strategies

1. Bland’s rule: Choose entering variable with smallest index
2. Random rule: Choose entering variable uniformly at random

3. Perturbation: Perturb the input slightly so that it is impossible to have

two solutions with the same objective value
S

LRepIace each b; by bi = b; + €, where € > €1 are all smaII.J
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Termination and Running Time

It is theoretically possible, but very rare in practice.]

~NJ
Cycling: SIMPLEX may fail to terminate.

Anti-Cycling Strategies

1. Bland’s rule: Choose entering variable with smallest index
2. Random rule: Choose entering variable uniformly at random

3. Perturbation: Perturb the input slightly so that it is impossible to have

two solutions with the same objective value
S

LRepIace each b; by bi = b; + €i, where € > €1 are all smaII.J

Lemma 29.7

Assuming INITIALIZE-SIMPLEX returns a slack form for which the ba-
sic solution is feasible, SIMPLEX either reports that the program is un-

bounded or returns a feasible solution in at most (") iterations.
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Termination and Running Time

It is theoretically possible, but very rare in practice.]

~NJ
Cycling: SIMPLEX may fail to terminate.

Anti-Cycling Strategies

1. Bland’s rule: Choose entering variable with smallest index
2. Random rule: Choose entering variable uniformly at random

3. Perturbation: Perturb the input slightly so that it is impossible to have

two solutions with the same objective value
S

LRepIace each b; by bi = b; + €i, where € > €1 are all smaII.J

Lemma 29.7

Assuming INITIALIZE-SIMPLEX returns a slack form for which the ba-
sic solution is feasible, SIMPLEX either reports that the program is un-

bounded or returns a feasible solution in at most (") iterations.
7

Every set B of basic variables uniquely determines a slack
form, and there are at most (") unique slack forms.
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