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Relations from [m] to [n] and (m x n)-matrices over Booleans
provide two alternative views of the same structure.

This carries over to identities and to composition/multiplication .
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D1irected graphs

Definition 130 A directed graph (A, R) consists of a set A and a
relation R on A (i.e. a relation from A to A).




Corollary 132 For every set A, the structure

(Rel(A) , ida o)

IS @ monoid. Nou/
Plprh)

Definition 133 ForR € Rel(A) andn € N, we let

R™ = Ro---oR € Rel(A)

N

n times

be defined asid, forn =0, andasRoR°™ forn =m + 1.
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Paths

Proposition 135 Let (A, R) be a directed graph. For alln € N and
s,t € A, s R°™" t Iff there exists a path of length n. in R with source s

and target t.
aor: oY) wAeAI 2
%O@x J(n=0) S ROty o /gj{ﬂb of 0 fron
— g
A 0
Y e— e
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Definition 136 ForR € Rel(A), let

L— R* =J{R™€eRel(A) [ neN} = [,y R" .

neN

Corollary 137 Let (A,R) be a directed graph. For all s,t € A,
s R°* t iff there exists a path with source s and targett in R.
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/\/@:
= M= Tt MM+ oo 4+ M

The (n x n)-matrix M = mat(R) of a finite directed graph ([n], R)
for n a positive integer is called its adjacency matrix.

The adjacency matrix M* = mat(R°*) can be computed by matrix
multiplication and addition as M,, where

y

M, = I,
\ My = In—l—(M'Mk)

This gives an algorithm for establishing or refuting the existence of
paths in finite directed graphs.
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Partial functions

Definition 141 A relation R : A —— B is said to be functional, and
called a partial function, whenever it is such that

Vae A.Vby,b, € B. aRb; /N aRb, =— b;=b, .

T sonm M" ,. Phun(AB) C ReL(A/B)

I
o Dlonl program . CA’x%)
(_> R IR_ MMM& b O

L — x7 (i#’)
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Theorem 143 The identity relation is a partial function, and the
composition of partial functions yields a partial function.

NB
f=g:A—B

Iff
Vae A.(f(a)]l & gla)l ) A f(a) =g(a)
W wlafi ow - jﬁ-,,d\..ﬁf) P@«TQA szJSh,

F T T C fie) \’f>
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Proposition 144 For all finite sets A and B,

#A=B) = B+ |~

PROOF IDEA: 75\’%‘0*‘1; 1“""}



Functions (or maps)

Definition 145 A partial function is said to be total, and referred
to as a (total) function or map, whenever its domain of definition

coincides with its source. @ 5\?%)

A T
Tl I

\) AW
[/f«ﬂf\_ 3/0-64\)

fto ¥

S

«/'W\(A 8) < ?m(m) C fd(m?)
‘/I W ,F.,,c/(Adw) A
i o

Theorem 146 For all f € Rel(A, B),

fe(A=B) & VacA.d'beB. afb .

— 413 —



st of Bovleo
vv_\_'é_t <\' Qv\w\‘).-v:jﬂ%
T fn) - BT




Proposition 147 For all finite sets A and B,

TS
#(A=B) = #B*A /\Pp

PROOF IDEA: sz\{lw
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Theorem 148 The identity partial function is a function, and the
composition of functions yields a function.

NB
1. f=g:A—=Biff Vae A.f(a) = g(a).

2. For all sets A, the identity function id, : A — A is given by the
rule
ida(a) = a

and, for all functions f: A — B and g : B — C, the composition
function go f: A — C is given by the rule

(gof)(a) =g(f(a))
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