Extended Euclid’s Algorithm
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gcd(34,13)
gcd(13, 8)

ged(8,5)

ged (5, 3)

ged(3,2)

8 = 34 —2.

5= 13 —1
= 13 —1
— —1-34+3-13

3= § —1.
— (34-2-13) -1
= 2344 (=5)-13

2= 5 1.
- T.3%+3.13 -1
— —3-34+8-13

1 = 3 —1.

7\

= (2-34+4(=5)-13) —1.

= 5.34+(=13)-13
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Integer linear combinations

Definition 64> An integer r is said to be a linear combination of a
pair of integers m and n whenever

there exist a pair of integers s and t, referred to as the
coefficients of the linear combination, such that

[st]-{m}ZT;

n

that is
S-V'/\-i-khm,-—llmn—tkn_: Ss-m+t-n=r.
h
(S-PRV\\- M+@*QW\)V\,

*See page 194.
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Theorem 87 For all positive integers m andn,
1. gcd(m,n) is a linear combination of m and n, and

2. apairlc;(m,n), le,(m,n) of integer coefficients for it,
I.e. such that

m

} = ged(myn)
n

[ lc1(m,n) ICZ(m> TL) } . {

can be efficiently computed.
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Proposition 88 For all integers m andn,
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Proposition 88 For all integers m andn,

tlanl[R]=m A [l [T] =

2. for all integers sq, t1, 11 and s,, t,, 1,

[31 t1}[:} =1 A [Sztz}’[:} =T
implies
SH L L.,o‘"é

L ae] | ™) = e

MA+h.ono Mifa= G mebint mifhn

= @'4 4’?1> m+ @-’-{2_) e

2,
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Proposition 88 For all integers m andn,

tlanl[R]=m A [l [T] =

2. for all integers sq, t1, 11 and s,, t,, 1,

[31 t1]’{m}:r1 N\ [Sztz]’[m}:m

n n
implies
m
Y =T +T2
[1 z] {n} 1 2

3. for all integers k ands, t, r, LS kit
[st}[:} — 1 implies [/{%}{:} — k-T .
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We extend Euclid’s Algorithm gcd(ﬁm,rlx) from computing on pairs
of positive integers to computing on pairs of triples ((s,t), r) with
s, t integers and r a positive integer satisfying the invariant that

s, t are coefficientes expressing r as an integer linear combination

of m and n.
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gcd

fun gcd(m , n )
= let
fun gcditer(((q,,%;,) )rl) , C as ((gzl‘bZJ,rQ )
= let
val (q,r) = divalg(rl,r2) (k r = r1-g*r2 *)

—

in

if r =0 ’tf ﬁ'f)_

then c
else gcditer( c (( \/ \/> >

end
B gcditer( ((4,0),111) , ((o,d)ln))
end
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egcd

fun egcd( m , n )

= let
fun egcditer( ((s1,t1),rl) , 1lc as ((s2,t2),r2) )
= let
val (q,r) = divalg(rl,r2) (k r = rl-g*r2 *)
1in
if r =0
then lc
else egcditer( 1lc , ((sl-g*s2,tl-g*t2),r) )
end
1n
egcditer( ((1,0),m) , ((0,1),n) )
end
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ML st s
#1@[,19).—. A
1%1(C41b) - b

#2( egcd(m , n ) )

fun gcd( m , n )

fun 1ci(m , n ) = #1( #1( egcd(m , n ) ) )

fun 1c2(m , n ) = #2( #1( egcd(m , n ) ) )

ﬁ_cg((hmj = 'Z_C_'!(m,n) . 4 é (m,n) e

For gcd (mn)=1,me hort;
&(w,h>-m+ém(wt")"’\: 4
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Multiplicative inverses in modular (ﬁitrhmetic

Corollary 92 For all positive integers m and n,
1. n-le;(myn) = ged(m,n) (mod m), and

2. whenever gcd(m,n) =1,

lc;(m,m)| s the multiplicative inverse of [n]y, in Z, .
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Natural Numbers
and mathematical induction

We have mentioned in passing that the natural numbers are
generated from zero by succesive increments. This is in fact the
defining property of the set of natural numbers, and endows it with
a very important and powerful reasoning principle, that of

Mathematical Induction, for establishing universal properties of
natural numbers.
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Principle of Induction

Let P(m) be a statement for m ranging over the set of natural

numbers N.
|f

» the statement P(0) holds, and

» the statement
vneN. (Pn) = P(n+1))
also holds

then

» the statement
VYm € N.P(m)
holds.
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Binomial Theorem

Theorem 29 Foralln € N,

P(V‘)g [(X+U)n = 2o () 'X”-y‘ij
PROOF: %\a °m0(».c,1h'0‘l-)
Bage n=o . hot i £TP .

f (2+9) 270 (&) x e
\ 1\

1 — (o) x"?"
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Principle of Induction
from basis ¢

Let P(m) be a statement for m ranging over the natural
numbers greater than or equal a fixed natural number £.
If

» P({) holds, and

» Vn>(CinN. (P(n) = P(n+1)) also holds
then

» Vm > {inN. P(m) holds.
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