Adequacy proof idea

1. We cannot proceed to prove the adequacy statement by a
straightforward induction on the structure of terms.

» Consider M tobe My Mo, fix(M').

2. S0 we proceed to prove a stronger statement that applies to
terms of arbitrary types and implies adequacy.

This statement roughly takes the form:

[M] < M for all types T and all M € PCF;

where the formal approximation relations

<; C 7] x PCF-

are logically chosen to allow a proof by induction.
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Requirements on the formal approximation relations, |

We want that, for v € {nat, bool },

() 1M] <, Mimplies ¥V ([M] = [V] = My, V)

J/

N

adequacy
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Chack Ty ot M inples adisuacy foc i

Definitionof d <1, M (d € [y], M € PCF,)
for v € {nat, bool}

(neN = Ml,,, succ(0))

(b = true = M ,,,; true)
& (b= false = M |,;,,; false)
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Proof of:( [M] <, M

plies adequacy

N_

Case v = nat.
[M] =[V]
— [M] = [succ™(0)]
— n=|M] <\ M
—> M |} succ”(0)

Case v = bool is similar.

forsomen € N

by definition of <J,,4¢
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Requirements on the formal approximation relations, Il

We want to be able to proceed by induction.
» Consider the case M = M M.

~~ logical definition
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Definition of
f<oor M (f€([7] = [7]),M € PCF,_)

f ;s M

¥ vz e[r], N € PCF,

(x < N = f(z) < M N)
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Requirements on the formal approximation relations, lli

We want to be able to proceed by induction.
» Consider the case M = fix(M').

~~ admissibility property
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Admissibility property

Lemma. For all types T and M € PCEF',, the set
{de|r]|d< M}

is an admissible subset of |T].

LES) F@)€]
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Further properties

Lemma. For all types T, elements d,d’ € 7], and terms
M,N,V € PCF,,

1.1f dCd and d <, M then d <, M.

fd<Mand VV M|, .V = N{|. V)
then d <1 N .

e o Th M= ml( frmh)
pd N= [z())
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Requirements on the formal approximation relations, IV

We want to be able to proceed by induction.
» Considerthecase M =fnax : 7. M’ .

~~ substitutivity property for open terms

==
- —
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Fundamental property

Theorem. Foralll' = (x1 — T1,..., %y > T,) and all
I'=M:7,if di < My, ..., d, <, M, then
[[Fl_M]][Ill%dl,,fnf%dn] = M[Ml/xl,,Mn/xn]

NB. Thecase I' = () reduces to

IM] < M
forall M € PCEF'.,.
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Fundamental property of the relations <;

Proposition. /fI' = M : 7 is a valid PCF typing, then for all
['-environments p and all 1'-substitutions o

p<ro = [['FM](p) 2 Mo]

e p <Ir 0 means that p() <Ir(y) o(x) holds for each
x € dom(T).

e M o] is the PCF term resulting from the simultaneous substitution
of o(x) for x in M, each x € dom(T").
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Contextual preorder between PCF terms

Given PCF terms M, M>, PCF type 7, and a type environment

I', therelation | I' = My <gix Mo : T

IS defined to hold iff

e Both the typings I' = M7 : 7 and |

'+ M5 : 7 hold.

e For all PCF contexts C for which C| M| and C|M>]| are

closed terms of type v, where v =
and for all values V' € PCF .,

nat orvy = bool,

C[Ml] UWV — C[MQ] UWV .

NB.

= M) 2 My Musax Mo
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Extensionality properties of <.

At a ground type v € {bool, nat },
My <ctx Mo : 7y holds if and only if

VVEPCny (Ml U,WV — MQU,VV) :

At a function type 7 — 7/,
My <.x M5 : 7 — 7/ holds if and only if

VM € PCF, (MlMéctx MQMZT/) :
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Topic 8

Full Abstraction
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Proof principle

For all types 7 and closed terms M7, My € PCF .,

[[Ml]] — [[MQ]] In [[T]] — M| = Mo i 7 .

Hence, to prove
M1 gctx M2 . T

It suffices to establish

[M1] = [Ma] in|7] .

105



Full abstraction

A denotational model is said to be fully abstract whenever denota-
tional equality characterises contextual equivalence.

» The domain model of PCEF is not fully abstract.

In other words, there are contextually equivalent PCE' terms
with different denotations.
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Failure of full abstraction, idea

We will construct two closed terms

131,13 € PCF(boal—>(b00l—>b00l —>bool

17 Z=ex 12 W O;]t[y\yev&,ém (Z»JAGL\

— [T1] # [T2]

such that

and

.
Jpe( By (RBD). (V£ R € By
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» We achieve 17 =.tx 1> by making sure that

VM € PCF poo1— (boot—boot) (11 M Wyoor & To M Yy )

Hence,
[T ([M]) = L = [T2]([M])
forall M € PCFbool—>(bool—>bool)-

» We achieve |T1] # [T5] by making sure that

[T1](por) # [T2](por)

for some non-definable continuous function

pOTE(BL%(BL—)BL)) :
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function

is the unique continuous function por : B | — (B, — B | ) such
that
por true _L = true

por L true = true

false

por false false

In which case, it necessarily follows by monotonicity that

por true true = true por false 1. = L
por true false = true por L false = L
por false true = true por L L = 1
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Undefinability of parallel-or

Proposition. There is no closed PCF term
P : bool — (bool — bool)

satisfying

[Pl =por:B, — (B, —-B,) .
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Parallel-or test functions

Fori = 1, 2 define

T, © fn f : bool — (bool — bool) .

if (f true (2) then
if (f Q true) then
if (f false false) then 2 else B;
else ()
else ()

def def
where B1 =~ true, Bs = false,

and O & fix(fnx : bool . x).
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Failure of full abstraction

Proposition.

Ty Zctx 15 : (bool — (bool — bool)) — bool

[[Tl]]#[[TQ]] E(BL%(BL%BL))%BL
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PCF+por

M ::=---|por(M,M)
I'= My :bool T+ Ms : bool
[' - por(M;i, Ms) : bool

Ml U’bool true MQ UbOOl true

pOI‘(Ml, MQ) UbOOl true por(Ml, MQ) U’bool true
My 4, false Ms |, false
por(My, Ms) ,,,; false
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Plotkin’s full abstraction result

The denotational semantics of PCF+por is given by extending that
of PCF with the clause

[T - por(M;, My)(p) = por ([T F Mi](p)) ([T F Ma](p))

This denotational semantics is fully abstract for contextual
equivalence of PCF+por terms:

I'-M Zux Mo : 7 & [[Fl—Ml]]:[[Fl_MQ]]
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