Denotational semantics of PCF

Proposition. For all typing judgements ' = M : T, the
denotation

II'E M| :[] — [7]

is a well-defined continous function.
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Denotations of closed terms

For a closed term M € PCF -, we get

[0 = M]:[0] — [7]

and, since [0] = { L }, we have

[M] = [0F M](L) € [7]

(M € PCF,)

84



Compositionality

Proposition. For all typing judgements ' = M : T and
'+ M’ : 7, and all contexts C[—| such thatT" = C[M] : 7’
andl" = C[M'] : 7/,

if [[=M]=[CFMY]:[]— [7]

then [I" +C[M]]| = [I"+C[M]] : [I'] — [']
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Soundness

Proposition. For all closed terms M,V € PCF .,

if M |).V then [M] =1[V] € [r] .
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Substitution property

Proposition. Suppose that1' = M : 7 and that
Clzw— 7] M'": 7/, sothat we also have I' = M'[M /x| : /.

Then,
[T F M'[M/z]] (p)
= [Tz — 7] = M| (p|z — [T+ M](p)])

forall p € [I].

In particular when I' = (), [{(x — 7) = M"] : [r] — [7'] and
|M'[M/z]| = [(z— 1) = M]([M])
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Topic 7

Relating Denotational and Operational Semantics
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Adequacy

For any closed PCF terms M and V' of ground type
v € {nat, bool} with V' a value -

Ml =[V]el] = My, V.
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Adequacy

For any closed PCF terms M and V' of ground type
v € {nat, bool} with V' a value

M} =1V]el] =— M{,V.

NB. Adequacy does not hold at function types:
fnz:7.(hy:7.y)x] = [Mmax:7.2] :|7]—|7]

but
fnx:7.(hy:7y)x f._. ha:7x
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Adequacy proof idea

1. We cannot proceed to prove the adequacy statement by a
straightforward induction on the structure of terms.

» Consider M tobe My Mo, fix(M').
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Adequacy proof idea

1. We cannot proceed to prove the adequacy statement by a
straightforward induction on the structure of terms.

» Consider M tobe My Mo, fix(M').

2. S0 we proceed to prove a stronger statement that applies to
terms of arbitrary types and implies adequacy.

90



Adequacy proof idea

1. We cannot proceed to prove the adequacy statement by a
straightforward induction on the structure of terms.

» Consider M tobe My Mo, fix(M').

2. S0 we proceed to prove a stronger statement that applies to
terms of arbitrary types and implies adequacy.

This statement roughly takes the form:

[M] < M for all types T and all M € PCF;

where the formal approximation relations

<; C 7] x PCF-

are logically chosen to allow a proof by induction.
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