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Contextual equivalence of PCF terms

Given PCF terms M, M5, PCF type 7, and a type

environment I, the relation | I' = My S Mo = T

IS defined to hold iff

e Both the typings I' = M7 : 7 and |

e For all PCF contexts C for which C
closed terms of type v, where v =
and for all values V' : ~,

'+ M5 : 7 hold.

M| and C|Ms] are
nat ory = bool,

C[Ml] U,,y V & C[MQ] U,y V.
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PCF denotational semantics — aims

PCF types 7 +— domains |7].

Closed PCF terms M : 7 +— elements [M] € [7].

Denotations of open terms will be continuous functions.
In particular: [M] = [M'] = [C[M]] = [C|M]].

Foranytype 7, M |}V = [M] = [V]. w~ [[2]
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PCF denotational semantics — aims

PCF types 7 +— domains [7].

Closed PCF terms M : 7 +— elements [M] € [7].

Denotations of open terms will be continuous functions.
In particular: [M] = [M'] = [C[M]] = [C[M']].
Foranytype 7, M ||V = [M] = [V].

For 7 = bool or nat, [M]| =[V]e|r] = M|, V.
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Theorem. For all types T and closed terms My, My € PCFE',

if [M1] and | Ms] are equal elements of the domain 7], then
M 1 gctx MQ - T.

G[ML] ‘H/r\/ = [[Q EM ] M = l[\/;H Sound nese
= [EMI7= V] W}m?“”d%
—_%P é[MZJ‘U/ V WA&C?\
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Theorem. For all types T and closed terms My, My € PCFE',

if [M1] and | Ms] are equal elements of the domain 7], then
M 1 gctx MQ - T.

Proof.

CIMi] ),V = [C[Mi]] = [V] (soundness)

= [C|Ms]] =[V] (compositionality
on [[Ml]] — [[MQ]])

= C|Ms| |,V  (adequacy)

and symmetrically. ]
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Proof principle

To prove
M1 gctx M2 . T

It suffices to establish

[M;] = [Mz] in [7]

?| The proof principle is sound, but is it complete? That is,
Is equality in the denotational model also a necessary
condition for contextual equivalence?
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Topic 6

Denotational Semantics of PCF
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For hePcF, el

Denotational semantics of PCF

To every typing judgement /1/[-2'1"')&; I’-HZZ)"'/I“HZ“]
48
FI_MT 621:zl,---,z""’.zr‘)

we associate a continuous function ?

[Tk M] - [T — [7] Ao (1)

=]

between domains.

2 st
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T.:= V\J, 1”“’( { Ty C2

Denotational semantics of PCF types

[nat] = N (flat domain)
[bool] B, (flat domain)
N _ O 1 2. - .. fﬁb{/f?)fl
12 N Vm— b=
. 1

where N = {0,1,2,...} and B = {true, false}.
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Denotational semantics of PCF types

[nat] = N (flat domain)

[bool] © B (flat domain)

/\/\ Avsmain CSh‘\MMM |
[T — T’]]déf [7] — [7] (function domain). 7&““0{1% |

where N = {0,1,2,...} and B = {true, false}.
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Denotational semantics of PCF type environments

] L erdom(r) [C'(x)]  (I-environments)

[z,:——v'&,---,th Tl = [Z4Y x --- X}Z-ZM:IJ
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Denotational semantics of PCF type environments

] © [ caomm [T'(z)]  (I-environments)
— the domain of partial functions p from variables
to domains such that dom(p) = dom(I") and
p(x) € [['(x)] forall x € dom(I")

Example:

1. For the empty type environment (),

0] ={ L}

where | denotes the unique partial function with
dom(L) = 0.
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2. [(e )] = ({z} = [7]) = [



00000

X ({@n} = [ml)
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Denotational semantics of PCF terms, |

[TWI—O(_U [ﬂ]] - N
T F0](p) % 0 e [nat] S 0

' - true](p) L true [bool]

[[" + false](p) © false € [bool]
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Denotational semantics of PCF terms, |

[T+ 0](p) & 0 € [nat]

' - true](p) L true [bool]

[[" + false](p) © false € [bool]

[T 2](p)€ p(z) € [C(x)] (€ dom(T))

”: 0, ZLH?’-/"'J‘KHZ"\["Ii:Z‘:] (f"l fr-y fo) = fll
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Denotational semantics of PCF terms, Il

[I" = suce(M)](p)

aer [[T'+ M](p) +1 [T+ M](p) # L
L it [[' - M](p) = L
niv [+ () (7Y = N

- suce (MY guee (V) By e i b
[ MY LT — )

[T+ ewcc)= So [NFHT
] L L

Col; /V\'i'-\/'\r-l—"{m—-)nﬂ
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Denotational semantics of PCF terms, Il

I+ suce(M)](p)

(

dgef | [I'F MJ](p)+1 if[I' = M](
1 if [[' = M]|(

)

S
L

=

\

[I' - pred(M)](p)

ot [[TF M](p)—1 #]TF M](p) >0
1 if [ = M](p) =0, L

M\H/ ‘?._"_(__(:C'LV) N_[‘—?NJ_

d[M)‘U’\/ 0,.L —) L
n+1 +— ro
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Denotational semantics of PCF terms, Il

[+ suce(M)](p)

(

wt [ITFMI(p) +1 [0+ M

)
L [0 - M](p) = L

S
L

\

[I' - pred(M)](p)

dof <’[[F - M](p) — 1 if [T+ M](p) >0
L it [[' - M](p) =0, L

{true if [ = MJ[(p) =0

\

def

II' = zero(M)|(p) = < false it [I'F M](p) >0

LT M](p) = L
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Denotational semantics of PCF terms, lli

" = if M7 then M, else Ms|(p)

{[[F = Mo[(p) it [I'F Mi](p) = true
def

("= Ms|(p) i [I'F Mi](p) = false
1 f [T F M

L

/N

=

N——"
|

[T+ My Ma](p) <€ ([T F Mi](p)) (IT F Ma](p) o f2)

; L] N — -
5T S i’l/\rl,-é-’né’ R__Z] M“]I-d]
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lf?TWZ] H«'G%

(Mawd | — (U
Denotatlonal se antlcs of PCF terms, IV

IC'Ffax:7.M|(p)

e x & dom(I)
T\ € c 7] [T]x— 7] = M](plx — d]) ( |

’fﬁ I—fvx z:Z.M?J = wwg_()[—f‘)z:u—r«'ﬂ > ,

NB: p|x — d| € [['|[x — 7]] is the function mapping x to d € [7]
and otherwise acting like p.

81



[T+ przm:
M- z—»c?]: [[FHF—?(Q_Z"M T
—a[é?b

[ﬂ[’xmzj
FMeeY s [l Y — 1L
L)

<

Ul
inh xMzH

£ Dxe —F 7
_f._

5 A @ b f4e)

Ou_r"ra b ('/G‘m{r



Denotational semantics of PCF terms, V

def

[I' - fix(M)](p) = fix([I' = M](p))

Recall that fix is the function assigning least fixed points to continuous
functions.
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Denotational semantics of PCF

Proposition. For all typing judgements ' = M : T, the
denotation

II'E M| :[] — [7]

is a well-defined continous function.
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