
Definition. A register machine is specified by:
! finitely many registers R0, R1, . . . , Rn

(each capable of storing a natural number);
! a program consisting of a finite list of instructions of

the form label : body, where for i = 0, 1, 2, . . ., the
(i + 1)th instruction has label Li.

Instruction body takes one of three forms:

R+
! L′

add 1 to contents of register R and
jump to instruction labelled L′

R− ! L′, L′′
if contents of R is > 0, then subtract
1 from it and jump to L′, else jump to
L′′

HALT stop executing instructions
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Computable functions
Definition. f ∈ Nn

⇀N is (register machine)
computable if there is a register machine M with at least
n + 1 registers R0, R1, . . . , Rn (and maybe more)
such that for all (x1, . . . , xn) ∈ Nn and all y ∈ N,

the computation of M starting with R0 = 0,
R1 = x1, . . . , Rn = xn and all other registers set
to 0, halts with R0 = y

if and only if f(x1, . . . , xn) = y.

N.B. there may be many different M that compute the same partial
function f .
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Overall structure of U’s program

1 copy PCth item of list in P to N; goto 2

2 if N = 0 then copy 0th item of list in A to R0 and halt,
else (decode N as 〈〈y, z〉〉; C ::= y; N ::= z; goto 3 )
{at this point either C = 2i is even and current instruction is R

+
i ! Lz,

or C = 2i + 1 is odd and current instruction is R
−
i ! Lj, Lk where z = 〈j, k〉}

3 copy ith item of list in A to R; goto 4

4 execute current instruction on R; update PC to next
label; restore register values to A; goto 1

L4 44



Overall structure of U’s program

1 copy PCth item of list in P to N; goto 2

2 if N = 0 then copy 0th item of list in A to R0 and halt,
else (decode N as 〈〈y, z〉〉; C ::= y; N ::= z; goto 3 )
{at this point either C = 2i is even and current instruction is R

+
i ! Lz,

or C = 2i + 1 is odd and current instruction is R
−
i ! Lj, Lk where z = 〈j, k〉}

3 copy ith item of list in A to R; goto 4

4 execute current instruction on R; update PC to next
label; restore register values to A; goto 1

To implement this, we need RMs for manipulating (codes of) lists of
numbers. . .
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