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Manifolds
• A surface is a closed 2-manifold if it is locally 

homeomorphic to a disk everywhere
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Manifolds
• For every point     in , there is an open ball           of 

radius    centered at     such that 
is homeomorphic to an open disk

x
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Manifolds with Boundary
• Each boundary point is homeomorphic to a half-disk
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Differential Geometry Basics

continuous 1-1 mapping

u

v

Things that can be discovered by local observation

@

@u

@

@v

@2

@2u

@2

@u@v
. . .
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Normal Curvature
n

p

pu pv

t

Unit-length t in the tangent plane

t = cos'
pu

kpuk
+ sin'

pv

kpvk

t

If pu and pv are orthogonal:

'
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Normal Curvature

n

p

pu pv

t

The curve  is the intersection 
of the surface with the plane 
through n and t.

Normal curvature:
n(') = n(�(p))
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Surface Curvatures
• Principal curvatures

– Minimal curvature

– Maximal curvature

• Mean curvature

• Gaussian curvature

H =
�1 + �2

2
=

1

2⇥

Z 2�

0
�n(⇤)d⇤

K = �1 · �2

2 = max = max
'

n(')

1 = min = min
'

n(')
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Principle Directions
Euler’s Theorem: 
Planes of principal curvature
are orthogonal and independent
of parameterization.

n(') = 1 cos
2 '+ 2 sin

2 ', ' = angle with t1

n(') = 1 cos
2 '+ 2 sin

2 ', ' = angle with t1

planes
of principle
curvatures

normal
vector

tangent
plane
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Local Shape by Curvatures

Isotropic:
all directions are 
principal directions

spherical (umbilical) planar

K > 0,1 = 2
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K = 0
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Local Shape by Curvatures

Anisotropic:
2 distinct 
principal 
directions

elliptic parabolic hyperbolic

k1> 0, k2> 0

k1= 0

k2 > 0

k1 < 0

k2 > 0

K > 0
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K < 0
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Discrete Differential Geometry
• Approximate surface normal and curvature via

Local surface approximation Global: discrete Laplace-Beltrami
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Laplace Operator
Laplace
operator

gradient
operator

2nd partial
derivatives

Cartesian
coordinates

divergence
operator

function in
Euclidean space

�f = divrf =
�2f

�x2
+

�2f

�y2
+ . . .

f : R3 ! R �f : R3 ! R

f : R3 ! R �f : R3 ! R
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Laplace Operator

�f = divrf =
�2f

�x2
+

�2f

�y2
+ . . .

gradf = rf =

✓
�f

�x
,
�f

�y
,
�f

�z

◆
divF = � · F =

�Fx

�x
+

�Fy

�y
+

�Fz

�z

f : R3 ! R �f : R3 ! Rf : R3 ! R �f : R3 ! R
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Laplace-Beltrami Operator
• Extension to manifold surfaces

Laplace-
Beltrami

gradient
operator

divergence
operator

function on
surface M

�Mf = divMrMf
f : M � R �f : M � R

f : M � R �f : M � R
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Laplace-Beltrami Operator
• Example: heat equation

�f = 0

s.t. f |@⌦ = f0

<latexit sha1_base64="vuoSKPukp9vAr2b0+LxNBM7BSRg="></latexit>

[Crane et al. 2013]
�Mf = 0

s.t. boundary conditions

<latexit sha1_base64="+ZfRCnDNNmbSFedTR5kadGl0CqA="></latexit>
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Laplace-Beltrami Operator
• Apply to coordinate function

f(x, y, z) = x p = (x, y, z)

mean 
curvature

unit
surface
normal

Laplace-
Beltrami

gradient
operator

divergence
operator

function on
surface M

�Mp = divMrMp = �2Hn 2 R3
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Laplace-Beltrami Operator
• Apply to coordinate function

f(x, y, z) = x p = (x, y, z)
mean 
curvature

unit
surface
normal

Laplace-
Beltrami

function on
surface M

�Mp = divMrMp = �2Hn 2 R3�Mp = divMrMp = �2Hn 2 R3
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Discrete Laplace-Beltrami
�Mp = divMrMp = �2Hn 2 R3�Mp = divMrMp = �2Hn 2 R3

Lu(vi) =
1

|N (i)|
X

j2N (i)

(vj � vi) =

0

@ 1

|N (i)|
X

j2N (i)

vj

1

A� vi

Lu(vi) =
1

|N (i)|
X

j2N (i)

(vj � vi) =

0

@ 1

|N (i)|
X

j2N (i)

vj

1

A� vi

vi

vj
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Discrete Laplace-Beltrami

Lc(vi) =
1

Ai

X

j�N (i)

1

2
(cot�ij + cot⇥ij)(vj � vi)

Aivi

vi

vj vj

aij

bij

vi

vj
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cj+1

<latexit sha1_base64="nPkayGiWrKxhpUXTGNpE3TdRiMo=">AAAB+XicbVDLSsNAFL2pr1pfUZduBosgCCWRgrorunFZwT6gDWUynbRjJ5MwMymUkD9x40IRt/6JO//GSZuFth4YOJxzL/fM8WPOlHacb6u0tr6xuVXeruzs7u0f2IdHbRUlktAWiXgkuz5WlDNBW5ppTruxpDj0Oe34k7vc70ypVCwSj3oWUy/EI8ECRrA20sC2+yHWYz9ISTZIny7cbGBXnZozB1olbkGqUKA5sL/6w4gkIRWacKxUz3Vi7aVYakY4zSr9RNEYkwke0Z6hAodUeek8eYbOjDJEQSTNExrN1d8bKQ6VmoW+mcxzqmUvF//zeokOrr2UiTjRVJDFoSDhSEcorwENmaRE85khmEhmsiIyxhITbcqqmBLc5S+vkvZlza3Xbh7q1cZtUUcZTuAUzsGFK2jAPTShBQSm8Ayv8Gal1ov1bn0sRktWsXMMf2B9/gCJp5Od</latexit>

cj

<latexit sha1_base64="tvnPcSyyM634y8QPJU66Wz/og+E=">AAAB9XicbVDLSsNAFL2pr1pfUZduBovgqiRSUHdFNy4r2Ae0sUymk3bsZBJmJkoJ+Q83LhRx67+482+ctFlo64GBwzn3cs8cP+ZMacf5tkorq2vrG+XNytb2zu6evX/QVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/uc79ziOVikXiTk9j6oV4JFjACNZGuu+HWI/9ICXZIH3IBnbVqTkzoGXiFqQKBZoD+6s/jEgSUqEJx0r1XCfWXoqlZoTTrNJPFI0xmeAR7RkqcEiVl85SZ+jEKEMURNI8odFM/b2R4lCpaeibyTylWvRy8T+vl+jgwkuZiBNNBZkfChKOdITyCtCQSUo0nxqCiWQmKyJjLDHRpqiKKcFd/PIyaZ/V3Hrt8rZebVwVdZThCI7hFFw4hwbcQBNaQEDCM7zCm/VkvVjv1sd8tGQVO4fwB9bnDzD1kvw=</latexit>

Discrete Laplace-Beltrami

cj =

⇢
circumcenter of 4(vi,vj ,vj+1) if � < ⇥/2
midpoint of edge (vj ,vj+1) if � � ⇥/2

Ai =
X

j

Area (4(vi, cj , cj+1))
vj

<latexit sha1_base64="z9TQk2ZeQYimZd9GxRk7vVoMU6E=">AAAB83icbVBNSwMxFHxbv2r9qnr0EiyCp7IrBfVW9OKxgq2F7lKyabaNzWZDki2UpX/DiwdFvPpnvPlvzLZ70NaBwDDzHm8yoeRMG9f9dkpr6xubW+Xtys7u3v5B9fCoo5NUEdomCU9UN8SaciZo2zDDaVcqiuOQ08dwfJv7jxOqNEvEg5lKGsR4KFjECDZW8v0Ym1EYZZNZ/6lfrbl1dw60SryC1KBAq1/98gcJSWMqDOFY657nShNkWBlGOJ1V/FRTickYD2nPUoFjqoNsnnmGzqwyQFGi7BMGzdXfGxmOtZ7GoZ3MM+plLxf/83qpia6CjAmZGirI4lCUcmQSlBeABkxRYvjUEkwUs1kRGWGFibE1VWwJ3vKXV0nnou416tf3jVrzpqijDCdwCufgwSU04Q5a0AYCEp7hFd6c1Hlx3p2PxWjJKXaO4Q+czx+BlpID</latexit>

vj+1

<latexit sha1_base64="mtCWPVV+luUb+VzpqRPJg6uLCRA=">AAAB+XicbVDLSsNAFL2pr1pfUZduBosgCCWRgrorunFZwT6gDWUynbRjJ5MwMymUkD9x40IRt/6JO//GSZuFth4YOJxzL/fM8WPOlHacb6u0tr6xuVXeruzs7u0f2IdHbRUlktAWiXgkuz5WlDNBW5ppTruxpDj0Oe34k7vc70ypVCwSj3oWUy/EI8ECRrA20sC2+yHWYz9Ip9kgfbpws4FddWrOHGiVuAWpQoHmwP7qDyOShFRowrFSPdeJtZdiqRnhNKv0E0VjTCZ4RHuGChxS5aXz5Bk6M8oQBZE0T2g0V39vpDhUahb6ZjLPqZa9XPzP6yU6uPZSJuJEU0EWh4KEIx2hvAY0ZJISzWeGYCKZyYrIGEtMtCmrYkpwl7+8StqXNbdeu3moVxu3RR1lOIFTOAcXrqAB99CEFhCYwjO8wpuVWi/Wu/WxGC1Zxc4x/IH1+QOm+JOw</latexit>

vi

<latexit sha1_base64="BRVaGKo9UkNHoD+6R9Y0LZNkTPk=">AAAB9XicbVDLSsNAFL2pr1pfUZduBovgqiRSUHdFNy4r2Ae0sUymk3boZBJmJpUS8h9uXCji1n9x5984abPQ1gMDh3Pu5Z45fsyZ0o7zbZXW1jc2t8rblZ3dvf0D+/CoraJEEtoiEY9k18eKciZoSzPNaTeWFIc+px1/cpv7nSmVikXiQc9i6oV4JFjACNZGeuyHWI/9IJ1mg5RlA7vq1Jw50CpxC1KFAs2B/dUfRiQJqdCEY6V6rhNrL8VSM8JpVuknisaYTPCI9gwVOKTKS+epM3RmlCEKImme0Giu/t5IcajULPTNZJ5SLXu5+J/XS3Rw5aVMxImmgiwOBQlHOkJ5BWjIJCWazwzBRDKTFZExlphoU1TFlOAuf3mVtC9qbr12fV+vNm6KOspwAqdwDi5cQgPuoAktICDhGV7hzXqyXqx362MxWrKKnWP4A+vzB0ybkw4=</latexit>

✓

<latexit sha1_base64="W2PKfIkuMomCS5JZF2x4iAdaa48=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWsB/QhrLZbtq1m03YnQgl9D948aCIV/+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqAScJ9yM6VCIUjKKVWj0ccaT9csWtunOQVeLlpAI5Gv3yV28QszTiCpmkxnQ9N0E/oxoFk3xa6qWGJ5SN6ZB3LVU04sbP5tdOyZlVBiSMtS2FZK7+nshoZMwkCmxnRHFklr2Z+J/XTTG88jOhkhS5YotFYSoJxmT2OhkIzRnKiSWUaWFvJWxENWVoAyrZELzll1dJ66Lq1arX97VK/SaPowgncArn4MEl1OEOGtAEBo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AKfXjzQ=</latexit>

cj =

⇢
circumcenter of 4(vi,vj ,vj+1) if � < ⇥/2
midpoint of edge (vj ,vj+1) if � � ⇥/2

Ai =
X

j

Area (4(vi, cj , cj+1))

23



Relation to Normal & Curvature

• Mean curvature (sign according to normal)

• Gaussian curvature

• Principal curvatures

Ai

qj

K(vi) =
1

Ai
(2⇥ �

X

j

�j)

|H(vi)| = kLc(vi)k/2

1 = H �
p

H2 �K 2 = H +
p
H2 �K
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Discrete Curvatures

Mean Curvature
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Discrete Laplace-Beltrami
• Extension to graphs and point clouds

ht(xi,xj) = e�kxi�xjk2/t

<latexit sha1_base64="m7+kgBkMeMGMlAaTBSK2VXrwv44="></latexit>

ht(xi, xj) = e�d(xi,xj)/t

<latexit sha1_base64="QE0RGzNgrPV4mn42uwiKwVFTX84=">AAACDXicbVDJSgNBEO2JW4xb1KOXxihE0DgjAfUgBL14jGAWSMahp6dj2vQsdNdIwpAf8OKvePGgiFfv3vwbO8shJj4oeLxXRVU9NxJcgWn+GKm5+YXFpfRyZmV1bX0ju7lVVWEsKavQUISy7hLFBA9YBTgIVo8kI74rWM3tXA382iOTiofBLfQiZvvkPuAtTgloycnutR3Idx1+iLvOwwG+wOwuOfImlGMMfSebMwvmEHiWWGOSQ2OUnex30wtp7LMAqCBKNSwzAjshEjgVrJ9pxopFhHbIPWtoGhCfKTsZftPH+1rxcCuUugLAQ3VyIiG+Uj3f1Z0+gbaa9gbif14jhtaZnfAgioEFdLSoFQsMIR5Egz0uGQXR04RQyfWtmLaJJBR0gBkdgjX98iypnhSsYuH8ppgrXY7jSKMdtIvyyEKnqISuURlVEEVP6AW9oXfj2Xg1PozPUWvKGM9soz8wvn4BaPyZQg==</latexit>

Lg(xi) =
1Pn

j=1 ht(xi, xj)

nX

j=1

ht(xi, xj)(xj � xi)

<latexit sha1_base64="XWVcpHuJuKAM0rwC4/PLNlkEoEI="></latexit>
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Discrete Laplace-Beltrami
• Extension to graphs and point clouds
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