ULn countable @(Mn@uﬁ

/a'\fﬂfCM: TW g’é&
Pw)e (N=r1) = (W=2(1)
Ml ,M?b' cawd?éLLL,



N.E%(N%[z]) (e Jhew . eh=s
© e (k)(®) = s(B)= ek)(»)

1 . QL&) . y
@ =0 n€n

, Z(o?@\) .
e(m) ---

e(o)
e(!)

e (») e(ney emi(!) - --

1 Lp/‘f o o2 |
S (’\/):.Mf f(n)@)










Unbounded cardinality

Theorem 156 (Cantor’s diagonalisation argument) For every
set A, no surjection from A to P(A) exists.
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Definition 157 A fixed-point of a function f : X — X is an element
x € X such that f(x) =

Theorem 158 (Lawvere’s fixed-point argument) For sets A and
X, if there exists a surjection A — (A = X) then every function
X — X has a fixed-point; and hence X is a singleton.
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Corollary 159 The sets
PN) = (N=[2]) = [0,1] =R

are not enumerable.

Corollary 160 There are non-computable infinite sequences of
bits.
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Axiom of choice

Every surjection has a section.
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Definition 145 A function f : A — B is said to be injective, or an
Injection, and indicated f : A — B whenever

Va;,a; € A. (f((l]) = f((lz)) — a1 =Q; .

rya \
A B o
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Proposittan: Every weclion 1 o muyection
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Theorem 146 The identity function is an injection, and the compo-
sition of injections yields an injection.

The set of injections from A to B is denoted

Inj(A, B)
and we thus have

Sur(A, B)

¢ &

%

Bij(A, B) Fun(A,B) € PFun(A,B) C Rel(A,B)

S
A <

Inj(A, B)

with

Bij(A,B) = Sur(A,B)NInj(A,B)
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Proposition 147 For all finite sets A and B,

)

ymiiap) = | B0 A THASHE
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PROOF IDEA:
aq .4-2 QL\V
J 1 L




DIRECET AND INVERSE

T MAGES









B i3
| o?oS\lT\M "T’.Q’(
Al Jp/w/\c/i\'&s JCTA'—VB

The MG/WO’?
ADa 2 (&
Aot ermnes @ jﬂmohm i : :P “’
1y

f P N N
/\425( < gurg‘cahve.
¢ over, Whomentr
L:A>B 8 imyeclive,

| —)
A —
jﬁ 3 ]C(/‘s) i< fm‘jc’_o’lﬁm,



,l//wa“éov‘«—c jeuvxcl\‘ems (lrts—efve ca(ohr\e,l,c@

(ofe ua(“g For om ﬂ\ac&t;ve O@MC;(”;W

¢ XCA X ?—.’I@X) |



De/f;mkm: Lo ]ﬂ:Aa‘E be & ‘fw\of(m.
Tie Mverse tma4e 4 YR 1t The 513
it{) c A of.éfimi AR

?@32 {aé‘:A\ faeYy






f‘eroF,osﬂ-%\“m; For ,F: AR, The W\rypﬁ%
B2Y ?O’) C A
o(,Q',TCrW"\M A &Anffhm




q &—

=0 L)

- aAl feeY]
:{ QC-:-A[ /F@W!Y}

- § a%—\ —F@\)GTKC

_(Jey)



Replacement axiom

The direct image of every definable functional property
on a set is a set.

Thu m})[ec&mm— vgiam ollows
M&V\AQI)‘{W # 2 8"'—_1~ . \
{JC@) \ CGI}
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Set-indexed constructions

For every mapping associating a set A; to each element of a set I,
we have the set

Uit Ai = U{Ailiel} = {al3ielae A} .
Examples:

1. Indexed disjoint unions:
L"jiel Ay = Uiel 1) x A4

2. Finite sequences on a set A:

A" = wnEN A"
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3. Finite partial functions from a set A to a set B:
(A —fin B) — @sgfpﬁn(;\) (S = B)
where

Pan(A) = {S C A Sis finite }

4. Non-empty indexed intersections: for I = (),

Nier At = {xeUAilVielxeA}

5. Indexed products:

[TaA = { ae (1= UgA) | YieLad ea )
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Proposition 153 An enumerable indexed disjoint union of
enumerable sets is enumerable.

6N »pc €T
N e Wi €1 P

Corollary 155 If X and A are countable sets then so are A*,

Pan(A), @and (X =4, A).
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Foundation axiom

The membership relation is well-founded.

Thereby, providing a

Principle of e-Induction .
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