Lemma 58 For all positive integers m and n,

D(n) ,fn|m
CD(m,n) = 4

\ CD(n, rem(m, n)) , otherwise

Since a positive integer n is the greatest divisor in D(n), the lemma
suggests a recursive procedure:

( .
n fn|m

ng(m> Tl) = 3

| ged (n, rem(m, n)) , otherwise

for computing the greatest common divisor, of two positive integers
m and n. This is

Euclid’s Algorithm
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gcd

fun gcd( m , n )
= let
val (g , r ) = divalg(m , n )
1n
if r = 0 then n
else gcd( n , r )

end
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Example 59 (gcd(13,34) = 1)

— N N N N
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Theorem 60 Euclid’s Algorithm gcd terminates on all pairs of
positive integers and, for such m andn, gcd(m,n) Is the greatest
common divisor of m and n in the sense that the following two
properties hold:

(1) both gcd(m,n) | m and gcd(m,n) | n, and

(i1) for all positive integers d such thatd | m and d | n it necessarily
follows that d | gcd(m,n).

PROOF: Peoot s
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Fractions in lowest terms

fun lowterms( m , n )
= let
val gcdval = gcd( m , n )
in
( m div gcdval , n div gcdval )

end
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Some fundamental properties of gcds

Lemma 62 For all positive integers 1, m, and n,
1. (Commutativity) gcd(m,n) = ged(n, m),

2. (Associativity) gcd (1, ged(m, n)) = ged(ged(1, m),n),

3.)(Linearity)f gcd(l- m,1l-n) =1-gcd(m,n).
PROOF:

Ne oo™ (g ) £-ged(mm) Lua sud A4
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T | £-4eA )

g\

*Aka (Distributivity).
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Euclid’s Theorem

Theorem 63 For positive integers k, m, andn, ifk | (m-n) and
gcd(k,m) =1 thenk | n.

PROOF: W k@«'“} A d gia((k)u«\:i




Corollary 64 (Euclid’s Theorem) For positive integers m andn,
and prime p, ifp | (m-n) thenp | m orp | n.

Now, the second part of Fermat’s Little Theorem follows as a
corollary of the first part and Euclid’s Theorem.
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