
Denotational semantics of PCF

Proposition. For all typing judgements Γ ⊢ M : τ , the

denotation

[[Γ ⊢ M ]] : [[Γ]] → [[τ ]]

is a well-defined continous function.
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Denotations of closed terms

For a closed term M ∈ PCFτ , we get

[[∅ ⊢ M ]] : [[∅]]→ [[τ ]]

and, since [[∅]] = {⊥ }, we have

[[M ]]
def
=

��
∅ ⊢ M

��
(⊥) ∈ [[τ ]] (M ∈ PCFτ )
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Compositionality

Proposition. For all typing judgements Γ ⊢ M : τ and

Γ ⊢ M ′ : τ , and all contexts C[−] such that Γ′ ⊢ C[M ] : τ ′

and Γ′ ⊢ C[M ′] : τ ′,

if [[Γ ⊢ M ]] = [[Γ ⊢ M ′]] : [[Γ]] → [[τ ]]

then
��
Γ′ ⊢ C[M ]

��
=

��
Γ′ ⊢ C[M ]

��
: [[Γ′]] → [[τ ′]]
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Soundness

Proposition. For all closed terms M,V ∈ PCFτ ,

if M ⇓τ V then [[M ]] = [[V ]] ∈ [[τ ]] .
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Substitution property

Proposition. Suppose that Γ ⊢ M : τ and that

Γ[x 7→ τ ] ⊢ M ′ : τ ′, so that we also have Γ ⊢ M ′[M/x] : τ ′.

Then,

��
Γ ⊢ M ′[M/x]

��
(ρ)

=
��
Γ[x 7→ τ ] ⊢ M ′

���
ρ
�
x 7→ [[Γ ⊢ M ]](ρ)

��

for all ρ ∈ [[Γ]].
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���
ρ
�
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��

for all ρ ∈ [[Γ]].

In particular when Γ = ∅, [[hx 7→ τi ⊢ M ′]] : [[τ ]]→ [[τ ′]] and

��
M ′[M/x]

��
=

��
hx 7→ τi ⊢ M ′

��
([[M ]])
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